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ACOUSTIC WAVES IN LONG RANGE RANDOM MEDIA∗

RENAUD MARTY† AND KNUT SOLNA‡

Abstract. We consider waves propagating through multiscale media. Much is known about waves
propagating through a medium that satisfies a scale separation assumption with random fluctuations
on a microscale. Here we go beyond this situation and consider waves propagating through a medium
defined in terms of a long range process. Such a medium can, for instance, be modeled in terms of a
one-dimensional fractional Brownian motion with variations on a continuum of scales. Fractal medium
models are used to model, for example, the heterogeneous earth and the turbulent atmosphere. We
set forth a framework using the theory of rough paths in which propagation problems of this nature
can be analyzed in the case with anticipative medium fluctuations with a Hurst exponent H > 1/2.
We show how the wave interacts with the medium fluctuations in this case and that the interaction is
qualitatively different from the situation where the medium satisfies a separation of scales assumption.
In the long range case considered here the travel time depends strongly on the particular medium
realization, but in fact the pulse shape does not.
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1. Introduction. Modeling in terms of a multiscale medium is important for
propagation problems in, for instance, the earth’s crust, the turbulent atmosphere,
turbulent boundary layers, sea ice, and outer space [9, 15, 19, 20, 34, 42, 44]. Com-
munication, remote sensing, and laser beam propagation schemes are affected by bad
weather and multiscale medium variations. Large scale research projects (the ABLE
ACE program Kirtland AFB, for instance [43]) have focused on gathering atmospheric
turbulence data and numerically simulating propagation of wave fields through syn-
thetic turbulence models that derive from these. Above a boundary layer atmospheric
turbulence may occur within a stratified environment, and the turbulent temperature
variations may be highly anisotropic; see [16, 36]. Rough and long range medium fluc-
tuations associated with multiscale modeling are also important in medical imaging,
device modeling, and nuclear technology, to name a few. The zone in between dif-
ferent tissue types (or in between different dielectrica) may in particular be strongly
heterogeneous with variation on a continuum of scales. In general, the detailed point-
wise variation of a multiscale medium, the refractive index, say, cannot be identified.
However, the statistics of this variation can be characterized. Optimal design of, for
instance, imaging and communication algorithms requires insight about how the wave
is affected by the rough medium fluctuations, that is, the nonlinear coupling between
medium and wave field statistics. This is particularly the case with modern high res-
olution sampling and imaging technology. Insight about the wave medium interaction
is also important in a range of other applications like design of sound-absorbing ma-
terials and nondestructive evaluation of fractured materials. A good understanding
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†Institut Elie Cartan Nancy, Nancy-Université, CNRS, INRIA, Boulevard des Aiguillettes, B.P.

239, F-54506 Vandœuvre lès Nancy, France (renaud.marty@iecn.u-nancy.fr).
‡Department of Mathematics, University of California at Irvine, Irvine, CA 92697 (ksolna@math.

uci.edu). Work partially supported by DARPA grant N00014-02-1-0603, ONR grant N00014-02-1-
0090, NSF grant 0307011, and the Sloan Foundation.

1065



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1066 RENAUD MARTY AND KNUT SOLNA

of how the wave interacts with variations on a continuum of small length scales is
therefore important.

Propagation of high frequency waves in smooth media is well understood. A lot is
also known about propagation in heterogeneous media that vary on a well-defined mi-
croscale. However, propagation in rough or multiscale media is not so well understood.
We will look at how propagating pulses interact with rough variations in the medium.
In [10, 11, 12] we considered propagation in rough media when the wave phenomenon
was modeled in terms of the paraxial or forward approximation. In [37] we considered
the full wave equation and a discrete multiscale medium. Here, we continue this line
of research by analyzing the full wave equation in the context of a one-dimensional
continuous multiscale medium modeled in terms of a long range process with slowly
decaying correlations, and we consider in particular fractional Brownian motion–based
media.

In the homogenization or effective medium regime, with the width of the propa-
gating pulse being large compared to the scale of the medium fluctuations and propa-
gation distances on the scale of the wavelength, the rapidly varying properties of the
medium can be replaced by their homogenized or averaged values. However, over long
propagation distances the accumulated effect of the scattering, associated with the
medium microstructure, gradually changes the pulse beyond the geometrical effects of
the high frequency analysis in the smooth homogenized medium. These modifications
depend in general on the particular medium realization. Thus, to describe the propa-
gation phenomenon it is not enough to consider only the mean wave field; one should
also aim at describing the character of the fluctuations in the wave field. A math-
ematical theory for pulse propagation has been developed in [1, 6, 14, 25]. It deals
with pulses in a particular realization of the random medium, and it explains why in
many cases the evolution of the pulse shape is to leading order deterministic. We refer
to this phenomenon as pulse stabilization. So far, two salient features of this “pulse
shaping” theory have been that it assumes a one-dimensional medium and a separa-
tion of scales for the medium heterogeneities, that is, that the medium has features
on microscales which are well separated from the macroscale. However, as explained
above, many empirical studies suggest that, for instance, the earth’s crust should be
modeled as containing fluctuations on a continuum of length scales. Stabilization and
pulse shaping in a two scale medium with slow lateral variations in the medium has
been analyzed in [38]. Here, we generalize the pulse shaping theory for a two scale
medium to the long range multiscale case.

We analyze acoustic waves propagating in a one-dimensional medium, modeled
in terms of a long range process. As a particular example we consider media defined
in terms of fractional Brownian motion. Fractional Brownian motion is a Gaussian
(self-similar) stochastic process and is often used as a model for processes containing
fluctuations on a continuum of length scales, for instance for modeling of turbulent
environments. The Hurst exponent H characterizes the roughness of the fractional
Brownian motion, and the value H = 1/2 gives standard Brownian motion. In the
simplest case with H = 1/2 the medium model that we consider satisfies a separation
of scales assumption. For H �= 1/2 the medium contains long range interactions and
variations on many scales. In this case the correlations in the medium have only poly-
nomial decay, and our objective is to analyze the effects such long range correlations
have on the propagating wave. Here, we shall analyze the case with H > 1/2 corre-
sponding to persistent fluctuations so that consecutive increments of the process are
positively correlated [13]. In fact, we shall show that the pulse shape is not affected
by the random medium fluctuations to leading order. However, the travel time of the
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pulse depends on the particular medium realization, and the travel time fluctuations
are large relative to the period of the pulse.

A number of studies of wave interaction with a fractal or multiscale object deal
with scattering caused by fractal interfaces. However, some authors have explored
wave-interaction with deterministic fractal media using numerical simulations [5, 21,
39]. Here, we present a mathematical analysis of acoustic pulse transmission through
a random fractal and illustrate our theoretical results with numerical simulations. In
section 2 we introduce the problem and review the basic wave decomposition approach
and the classical scale separation result. Next, in section 3 we introduce the multiscale
medium and summarize how the pulse shaping theory generalizes to these media. In
section 4, we illustrate our theoretical results with numerical simulations. Finally,
section 5 is devoted to the derivation of the main result.

2. Wave decomposition. The governing equations are the Euler equations giv-
ing conservation of moments and mass:

ρ(z)
∂u

∂t
(z, t) +

∂p

∂z
(z, t) = 0 ,(2.1)

1
K(z)

∂p

∂t
(z, t) +

∂u

∂z
(z, t) = 0 ,(2.2)

where t is the time, z is the depth into the medium, p is the pressure, and u the
particle velocity. The medium parameters are the density ρ and the bulk-modulus K
(reciprocal of the compressibility). We assume that ρ is a constant identically equal
to one in our nondimensionalized units and that 1/K is modeled as follows:

(2.3)
1

K(z)
=

{
1 + εκν

(
z

ε2

)
for z ∈ [0, Z] ,

1 for z ∈ R − [0, Z] ,

where κ ≥ 0. We introduce the right- and left-going waves

(2.4) A = p + u and B = u − p ,

where the boundary conditions are of the form

(2.5) A(z = 0, t) = f(t/ετ) and B(z = Z, t) = 0 ,

for a positive real number τ > 0 and a source function f . In order to deduce a
description of the transmitted pulse, we open a window of size ετ in the neighborhood
of the travel time of the homogenized medium and define the processes

(2.6) aε(z, s) = A(z, z + ετs) and bε(z, s) = B(z,−z + ετs) .

Observe that the background or homogenized medium in our scaling has a constant
speed of sound equal to unity and that the medium is matched so that in the frame
introduced in (2.6) the pulse-shapes of the right- and left-going waves are constant in
the slab if ν ≡ 0 or if we consider the homogenized medium [14]. We introduce next
the Fourier transforms âε and b̂ε of aε and bε, respectively,

âε(z, ω) =
∫

eiωsaε(z, s)ds and b̂ε(z, ω) =
∫

eiωsbε(z, s)ds ,
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1068 RENAUD MARTY AND KNUT SOLNA

that satisfy

dâε

dz
=

iω

2ετ−κ
ν
( z

ε2

)(
âε − e−2iωz/ετ

b̂ε
)

, âε(0, ω) = f̂(ω) ,(2.7)

db̂ε

dz
=

iω

2ετ−κ
ν
( z

ε2

)(
e2iωz/ετ

âε − b̂ε
)

, b̂ε(Z, ω) = 0 .(2.8)

Following [6, 14], we express the previous system of equations in term of propagator
P ε

ω(z), which can be written as

(2.9) P ε
ω(z) =

(
αε

ω(z) βε
ω(z)

βε
ω(z) αε

ω(z)

)
,

and which satisfies

(2.10)
dP ε

ω

dz
(z) =

1
εγ

Hω

( z

ετ
,

z

ε2

)
P ε

ω(z) , P ε
ω(z = 0) =

(
1 0
0 1

)
,

with γ = τ − κ and

Hω(z1, z2) =
iω

2
ν(z2)

(
1 −e−2iωz1

e2iωz1 −1

)
.

Defining next the transmission coefficient T ε
ω and the reflection coefficient Rε

ω by

(2.11) T ε
ω(z) =

1
αε

ω(z)
and Rε

ω(z) =
βε

ω(z)
αε

ω(z)
,

we can write

(2.12) aε(Z, s) =
1
2π

∫
e−isωT ε

ω(Z)f̂(ω) dω

and

(2.13) bε(0, s) =
1
2π

∫
e−isωRε

ω(Z)f̂(ω) dω .

Henceforth, we shall study the asymptotics of the propagator P ε
ω in order to charac-

terize aε and bε as ε goes to 0.
We recall now what happens in a “short range” model when τ = 1 and κ = 0.

We assume that ν is a centered Markov process with an invariant probability measure
whose generator satisfies the Fredholm alternative. It is well known [6, 14] that under
these assumptions, in order to characterize the transmitted pulse, the propagator
equations P ε

ω can be replaced by an effective system of stochastic differential equations
from which we can deduce that, as ε goes to 0,

(2.14) aε(Z, s) −→ ã(Z, s) ,

with

(2.15) ã(Z, s) = (f ∗ G)(s − B) ,
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where G is a centered Gaussian density and B a Gaussian random variable. Proving
this result involves using the diffusion approximation theorem [14] to get asymptotic
expressions for specific propagator moments from which we can deduce the expression
for the limit ã(Z, s). Therefore, when we capture the pulse at its random arrival time
we will see a pulse whose shape does not depend on the realization of the random
medium. This shape is the original pulse shape convolved with a Gaussian pulse
shaping kernel. Thus, the effects of the random medium fluctuations can be described
in terms of a random travel time correction and an anomalous diffusion effect. By the
same approach we can also prove that

(2.16) bε(0, s) −→ 0 .

This result shows that in the case with a constant homogenized medium the reflected
wave will be negligible in the small ε limit. While the mathematical derivation of this
“medium pulse shaping” result was first obtained in [6] and [26], it was first derived
in the geophysical literature in [32] via a heuristic derivation. The approximation has
since come to be known as the O’Doherty–Anstey (ODA) theory after the authors of
the pioneering paper, which lead to a string of papers both in the mathematical and
geophysical literature, reflecting its relevance. However, so far the problem has only
been analyzed in short range media. Here we generalize to the situation with long
range media and show that then we get a qualitatively different result. We explain
in section 3.2 that in this case we have a strong travel time perturbation, as in the
classic theory; however, in the case with long range media the pulse shape itself is
stable.

3. Medium model and main result. In this section we investigate the prop-
agation in a long range medium. We first describe the model in detail, and then we
establish the main result of the paper.

3.1. Long range model. We assume γ ∈ (0, 1) and that ν can be written as
ν(z) = T (m(z)) for every z where the following hold:

• T is a continuous function which is strictly bounded by 1 in absolute value,
odd, and increasing. Note that our analysis remains valid in the case with T
not being bounded; the boundedness by 1 is introduced to make the model
physically pertinent: we recall that 1 + εκν is the compressibility with κ ≥ 0.

• m is a Gaussian process, centered, stationary and has a correlation function
rm which has the following asymptotic property as z goes to ∞:

(3.1) rm(z) = E[m(0)m(z)] ∼ cmz−γ .

Note that therefore the medium fluctuations ν themselves are not Gaussian in general;
their distribution is controlled via the choice of T .

The property (3.1) is the so-called long range property. Its main consequence is
that the covariance function rm of m is not absolutely integrable:∫ ∞

0

|rm(z)| dz = ∞ .

Hence, this situation is in dramatic contrast with the classical mixing (or short range)
case. Indeed, a mixing process has an integrable covariance function [22]. Another
important consequence of (3.1) regards the choice of scales. We are given the corre-
lation length of the medium (1/ε2), the amplitude (εκ), and the rate of decorrelation
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1070 RENAUD MARTY AND KNUT SOLNA

(rm(z) ∼ cm/zγ) of the random perturbations. Then, because our goal is to capture
the behavior of the transmitted wave pulse and its interaction with the medium, we
have to choose an appropriate size of the window to capture the critical wavelength
interaction scale by taking τ = γ + κ. We next explain this scaling choice. The prop-
agator equation is essentially driven by the process εκ−τm

(
z/ε2

)
, and, we shall see

that indeed its analysis involves the study of the convergence of the antiderivative wε

of this process:

wε(z) =
∫ z

0

1
ετ−κ

m

(
z′

ε2

)
dz′ .

However, it is known [35], as recalled in Lemma 1 just below, that the appropriate
scale then is γ = τ − κ. This gives convergence to a fractional Brownian motion.
Let H ∈ (0, 1); then fractional (one-dimensional) Brownian motion (fBm) with Hurst
parameter H is the centered Gaussian process (BH(z))z∈R with covariance function

E[BH(z1)BH(z2)] =
1
2
{|z1|2H + |z2|2H − |z1 − z2|2H} .

We refer the reader to Samorodnitsky and Taqqu’s book [35] for a good reference. For
the process wε we have the convergence given next.

Lemma 1. Let H = (2 − γ)/2. As ε goes to 0, the finite-dimensional distri-
butions of wε converge to those of the fractional Brownian motion c′HBH , where
c′H

2 = cmH−1(2H − 1)−1.
Now we give two examples of processes m:
• Fractional white noise with Hurst parameter H = (2 − γ)/2 ∈ (1/2, 1) that

can be defined as

(3.2) m(z) = BH(z + 1) − BH(z) ,

where BH is the fBm with Hurst parameter H .
• The (stationary) fractional Ornstein–Uhlenbeck process with index H = (2−

γ)/2 defined by

(3.3) m(z) = BH(z) − e−z

∫ z

−∞
ez′

BH(z′) dz′ ,

where BH is the fBm with Hurst parameter H . As in the case with frac-
tional white noise with index H , the fractional Ornstein–Uhlenbeck process
is continuous, Gaussian, stationary, and centered and satisfies (3.1).

Notice that here we presented two examples for m in terms of an fBm, but all results
in this paper are true and proved under the general assumptions on m presented
above, in particular Gaussianity and slow correlation decay. Notice also that we shall
consider here

(3.4) H ∈ (1/2, 1) so that γ ∈ (0, 1) .

We next introduce some notation. We denote by X a Gaussian, centered, and
reduced random variable: X ∼ N (0, 1). Letting σ0 =

√
E[m(0)2], we will need the

Hermite development of the function T (σ0 × ·). We denote by Hk the kth Hermite
polynomial and by J(k) the kth Hermite coefficient of the function T (σ0 × ·), that is
to say, J(k) = E[T (σ0X)Hk(X)]. Thanks to the assumptions on T , we have J(0) = 0
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and J(1) �= 0, so that the Hermite coefficient of T is 1. Therefore, we can write (see
the appendix for more details about Hermite polynomials)

(3.5) T (σ0 × X) =
∞∑

k=1

J(k)
k!

Hk(X) .

We conclude this subsection by establishing the long range behavior of ν.
Lemma 2. For z → ∞ we have

rν(z) := E[ν(0)ν(z)] ∼ cν

zγ
,

where cν = cmJ(1)2/σ2
0 = cmE[XT (σ0X)]2/σ2

0.
Proof. In view of (3.5) we can write (using (A.1))

(3.6) ν(z) =
∞∑

k=1

J(k)
k!

Hk

(
m(z)
σ0

)
,

so that (using (A.3))

E[ν(0)ν(z)] =
∞∑

k=1

J(k)2

(k!)2
E

[
Hk

(
m(0)
σ0

)
Hk

(
m(z)
σ0

)]

=
∞∑

k=1

J(k)2

k!σ2k
0

rm(z)k .

Therefore, we need to study the limit of

zγ
E[ν(0)ν(z)] =

∞∑
k=1

J(k)2

k!σ2k
0

zγrm(z)k .

Observe that for k = 1 we have zγrm(z) ∼ cm as z → ∞, and for k > 1 we have
zγrm(z)k → 0. Moreover, we have the uniform upper bound for z sufficiently large:

J(k)2

k!σ2k
0

zγ |rm(z)|k ≤ J(k)2

k!
.

Using the fact that (by (A.2))

(3.7)
∞∑

k=1

J(k)2

k!
< ∞ ,

the result now follows from the uniform convergence theorem.

3.2. Main result. Now we establish the main result of this paper. We shall see
that the asymptotic behavior of the transmission coefficient is quite different in the
long range case than in the short range case. Recall that we let τ = γ + κ > 0.

Theorem 1. Under the above assumptions, as ε goes to 0, {aε(Z, s)}s converges
in distribution in the space of continuous functions endowed with the uniform topology
to the random process {ã(Z, s)}s that can be written as

(3.8) ã(Z, s) = f
(
s − cH

2
BH(Z)

)
,
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where BH is a fractional Brownian motion with Hurst parameter H = (2 − γ)/2 and
c2
H = cνH−1(2H − 1)−1 with cν as introduced in Lemma 2. Moreover, the process
{bε(0, s)}s converges to 0.

Therefore, we see that the pulse is stable and does not undergo a deterministic
evolution in time as in the short range case. In the short range case the evolution of
the pulse shape and the randomization of the pulse travel-distance takes place on the
same time scale. In the long range case with persistent medium fluctuations and slow
decorrelation the evolution of the pulse shape takes place on a relatively slow time
scale, and in Theorem 1 we observe only the randomization of the travel distance
while the pulse shape is stable. In the long range case with H > 1/2 the medium
fluctuations are persistent and “smoother” than in the classic case, so that the trav-
eltime perturbation corresponding to an accumulation of fluctuations effect becomes
relatively stronger than the pulse transformation effect which is due to scattering and
enhanced by the roughness of the medium. Note that the traveltime perturbation is
in the long range case described by a fractional Brownian motion with a Hurst index
that corresponds to the effective Hurst index for the medium perturbations, while in
the classic case it is described by a standard Brownian motion.

From the point of view of modern applications of the theory of waves in ran-
dom media the above result is relevant. Recently there has been a lot of interest in
imaging schemes in the context of cluttered layered media [3, 14] exploiting the ODA
approximation, for instance, as well as in nonlayered media [4]. This reflects the fact
that classic imaging schemes deteriorates when the “background” medium becomes
fluctuating. The above results show how this body of results applies to the long range
situation, in which case the modeling of the travel time perturbation becomes the im-
portant aspect. We remark also that currently there is a lot of interest in the design
of robust wireless communication schemes when the signalling takes place through
clutter, through the turbulent atmosphere, for instance, which is relevant also in the
context of remote sensing. Design of robust schemes requires a forward model that
captures the interaction of the pulse with the medium, which in the long range persis-
tent and layered case is described by Theorem 1. The derivation of this result, which
is presented in section 5, sets forth a framework which we expect will be useful also
in a more general context to describe other physical scaling scenarios, analogous to
the case with short range medium fluctuations [17, 18].

4. Numerical illustration. We illustrate the results with some numerical sim-
ulations. In the numerical simulations we use a Gaussian initial pulse shape. In the
normalized coordinates the support of the initial pulse is 10−3 and the total propa-
gation distance is 1. The medium is defined as in (3.2) with κ = 2H and, moreover,
with ε = 10−2 and with a cutoff function that is the identity in the neighborhood of
the origin with a smooth cutoff. We use a discretization corresponding to equal travel
time sections and the method described in [33] to simulate the realizations of the
medium fluctuations. In Figure 4.1 we show the result of three simulations when the
propagated pulse is plotted relative to its random arrival time when H = .6 and on
the fine scale ετ . Observe that indeed the pulse shape is to leading order not affected
by random fluctuations in the medium, as predicted by Theorem 1. In Figure 4.2 we
show the corresponding picture when H = 1/2. Note that in this case the pulse shape
is modified via a convolution with a Gaussian kernel as described by the classical
pulse shaping or ODA theory in the case of strong mixing.

5. Proof of Theorem 1. We first give an outline of the proof. As recalled in
section 2 the process {aε(Z, s)}s can be written in terms of the propagator P ε

ω , and
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Fig. 4.1. The transmitted wave shown at a fixed depth for several medium realizations and with
H = .6. The dashed line is the original pulse shape.
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Fig. 4.2. The transmitted wave shown at a fixed depth for several medium realizations and with
H = 1/2. The dashed line is the original pulse shape.

thus the study of the convergence of {aε(Z, s)}s can be analyzed via asymptotic prop-
erties of P ε

ω. This convergence analysis will follow the lines of [30, 31]. The propagator
P ε

ω satisfies the equation

dP ε
ω

dz
(z) =

1
εγ

Hω

( z

ετ
,

z

ε2

)
P ε

ω(z) ,
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which we can write in the form

(5.1) dP ε
ω(z) =

iω

2

3∑
j=1

FjP
ε
ω dvε

j (z) ,

where

F1 =

(
1 0
0 −1

)
, F2 =

(
0 −1
1 0

)
, and F3 =

(
0 i
i 0

)
,

and vε
1, vε

2, and vε
3 are three processes of bounded variation that we can write as

vε
1(z) =

∫ z

0

1
εγ

ν

(
z′

ε2

)
dz′ ,

vε
2(z) =

∫ z

0

1
εγ

ν

(
z′

ε2

)
cos

(
2ω

z′

ετ

)
dz′ ,

vε
3(z) =

∫ z

0

1
εγ

ν

(
z′

ε2

)
sin

(
2ω

z′

ετ

)
dz′ .

Thanks to Lyons’s rough paths theory for which we recall some tools in section 5.1,
we shall see that the convergence of P ε

ω can be reduced for a convenient topology to
the convergence of the process vε defined as

vε := (vε
1, v

ε
2, v

ε
3) .

Hence, we first prove the convergence of vε, then by Theorem 2 below we deduce the
convergence of P ε

ω, and thanks to (2.12) we finally conclude by the convergence of
{aε(Z, s)}s.

5.1. Rough paths. In this section we fix p ∈ [1, 2) and consider a closed interval
I = [0, Z]. We define the p-variation of a continuous function w : I → R

n by

Vp(w) :=

⎛⎝sup
D

k−1∑
j=0

‖w(zj+1) − w(zj)‖p

⎞⎠1/p

,

where supD runs over all finite partitions {0 = z0, . . . , zk = Z} of I and where here
and below ‖ · ‖ refers to the Euclidean norm. The space of all continuous functions of
bounded variation (1-variation) is endowed with the p-variation distance

‖w‖p = Vp(w) + sup
z∈[0,1]

|w(z)|

and is denoted by Ω∞
p . The closure of this metric space is called the space of all

geometric rough paths and is denoted by Ωp. One of the most important theorems of
rough paths theory is the following.

Theorem 2 (Lyons’s continuity theorem [27]). Let1 G : R×R
d → L(R, Rd) and

F : R × R
d → L(Rn, Rd) be two smooth functions. Let y be the unique solution of the

differential equation

dy(z) = G(z, y(z)) dz + F (z, y(z)) dw(z), y(z = 0) = y0 ,

1Here L(R, R
d) (resp., L(Rn, R

d)) denotes the space of all linear maps from R (resp., R
n) to R

d.
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where w is a bounded variation function. Then the Itô map I : w �→ y is continuous
with respect to the p-variation distance from Ω∞

p (Rn) to Ω∞
p (Rd). Therefore there

exists a unique extension of this map (that we still denote by I) to the space Ωp(Rn).
This theorem has been proved by Lyons and extensively studied and applied (see

[8, 23, 24, 27, 28, 29]).
The proof of Theorem 1 is based on analysis of the tightness in the space of

geometric rough paths. In the context of this we need to compute the p-variation for
p > 1. To this effect we will need the following lemmas, of which the first can be
found, for instance, in [24] and the second in [23, 24].

Lemma 3. Let q ∈ [1, 2) and (vε)ε>0 be a family of continuous random processes
of finite q-variation which is tight in the space of continuous functions on I and
satisfies

(5.2) lim
A→+∞

sup
ε>0

P[Vq(vε) > A] = 0 .

Then (vε)ε>0 is tight in Ωp for every p > q.
Lemma 4. For every n ∈ N and every k = 0, 1, . . . , 2n, we let zn

k := Zk/2n.
Let q ∈ [1, 2) and v be a function of finite q-variation. Then there exist two positive
constants C1, C2 which do not depend on v such that

Vq(v)q ≤ C1

+∞∑
n=1

nC2

2n∑
k=1

‖v(zn
k ) − v(zn

k−1)‖q .

We conclude this subsection by mentioning an application of this theory to frac-
tional Brownian motion introduced in section 3.1. From the definition of fBm BH

with index H we remark that if H = 1/2, the process BH is the classical Brownian
motion (cBm). However, if H �= 1/2, WH is neither a semimartingale nor a Markov
process. As a consequence, the construction for the fBm of a stochastic calculus turns
out to be more involved than for the cBm. This can be done by several way [7], and
here we use the rough paths approach as in [8].

5.2. Convergence of the propagator. Using Theorem 2 and the expression
(5.1), the asymptotic study of the propagator is reduced to finding the limit in a rough
path space of vε := (vε

1, v
ε
2, v

ε
3) . This is the subject of the following lemma.

Lemma 5. Let p > 2/(2−γ) ≡ 1/H. As ε goes to 0, the increments of vε converge
in Ωp to those of WH , which can be written as

WH = (cHBH , 0, 0),

where BH is a fractional Brownian motion with Hurst parameter H = (2 − γ)/2.
The proof of Lemma 5 is based on establishing several technical lemmas that we

derive next. Below we will repeatedly use the notation

wε(z) =
∫ z

0

1
εγ

m

(
z′

ε2

)
dz′ .

We consider first vε
1.

Lemma 6. As ε goes to 0, the finite-dimensional distributions of vε
1 converge to

those of the fractional Brownian motion cHBH with cH
2 = cνH−1(2H − 1)−1.

Lemma 6 is a continuous version of [40]. Moreover, a stronger version of this result
was established in [41]. Nevertheless, we present here a (simple) proof of Lemma 6 for
the sake of completeness.
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Proof. In view of Lemma 1 it is enough to show that

(5.3) lim
ε→0

E

[∣∣∣∣vε
1(z) −

√
cν

cm
wε(z)

∣∣∣∣2
]

= 0 .

Consider the development of T (σ0×·) in the base of Hermite polynomials {Hj}j=0,1,...,

T (m) =
∞∑

j=1

J(j)
j!

Hj

(
m

σ0

)
,

and observe that J(1)/σ0 =
√

cν/cm; by (A.3) we then have

E

[∣∣∣∣vε
1(z) −

√
cν

cm
wε(z)

∣∣∣∣2
]

= E

[∣∣∣∣∣ε2H

∫ z/ε2

0

∞∑
j=2

J(j)
j!

Hj

(
m(x)
σ0

)
dx

∣∣∣∣∣
2]

= ε4H

∫ z/ε2

0

dx

∫ z/ε2

0

dy

∞∑
j=2

(
J(j)
j!

)2

E

[
Hj

(
m(x)
σ0

)
Hj

(
m(y)
σ0

)]

= ε4H

∫ z/ε2

0

dx

∫ z/ε2

0

dy

∞∑
j=2

J(j)2

j!

(
r(x − y)

σ2
0

)j

≤ ε4H

∫ z/ε2

0

dx

∫ z/ε2

0

dy
∞∑

j=2

J(j)2

j!

(
r(x − y)

σ2
0

)2

≤ ε4HC′
∫ z/ε2

0

dx

∫ z/ε2

0

dy r(x − y)2 ,

with

C′ =
∞∑

j=2

J(j)2

j!σ4
0

< ∞ .

As u → ∞, we have r(u) ∼ cu−γ ; therefore for every η > 0 there exist zη, Cη, and C̃η

such that

ε4H

∫ z/ε2

0

dx

∫ z/ε2

0

dy r(x − y)2 ≤ ε4Hσ4
0

∫ z/ε2

0

dx

∫ z/ε2

0

dy1|x−y|≤zη

+ ε4Hη

∫ z/ε2

0

dx

∫ z/ε2

0

dy|r(x − y)|

≤ ε4H−2Cη + η|z|2−γC̃η .

Then

lim sup
ε→0

E

[∣∣∣∣vε
1(z) −

√
cν

cm
wε(z)

∣∣∣∣2
]
≤ η|z|2−γC̃η

for every η > 0, which concludes the proof.
We consider next vε

2 and vε
3.

Lemma 7. For every z ∈ [0, Z], as ε goes to 0, the finite-dimensional distributions
of vε

2(z) and vε
3(z) converge to those of the 0 process.
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Proof. Without loss of generality we present the proof only for vε
2(z) and with

2ω = 1. We have

E[vε
2(z)2] =

1
ε2γ

∫ z

0

dx

∫ z

0

dy cos
( x

ετ

)
cos

( y

ετ

)
rν

(
x − y

ε2

)
= Iε

1 (z) + Iε
2 (z) ,

with

Iε
1 (z) =

cν

ε2γ

∫ z

0

dx

∫ z

0

dy cos
( x

ετ

)
cos

( y

ετ

) ∣∣∣∣x − y

ε2

∣∣∣∣−γ

,

Iε
2 (z) =

1
ε2γ

∫ z

0

dx

∫ z

0

dy cos
( x

ετ

)
cos

( y

ετ

)(
rν

(
x − y

ε2

)
− cν

∣∣∣∣x − y

ε2

∣∣∣∣−γ
)

.

Let δ > 0; because rν(u) ∼ cνu−γ as u → ∞, we have that for u > zδ (with zδ

sufficiently large) |rν(u) − cνu−γ | ≤ δu−γ . We then obtain

|Iε
2(z)| ≤ δ

ε2γ

∫ z

0

dx

∫ z

0

dy cos
( x

ετ

)
cos

( y

ετ

) ∣∣∣∣x − y

ε2

∣∣∣∣−γ

+ C

∫ z

0

dx

∫ z

0

dy|x − y|−γ1|x−y|≤ε2zδ

≤ δ

∫ z

0

dx

∫ z

0

dy|x − y|−γ + C

∫ z

0

dx

∫ z

0

dy|x − y|−γ1|x−y|≤ε2zδ
,

so that

lim sup
ε→0

|Iε
2(z)| ≤ δ

∫ z

0

dx

∫ z

0

dy|x − y|−γ .

The inequality above is valid for every δ > 0, and we conclude

lim
ε→0

Iε
2(z) = 0 .

To complete the study of vε
2 it remains to deal with Iε

1 (z). We have

Iε
1(z) = cνε4−2γ

∫ z/ε2

0

dx

∫ z/ε2

0

dy cos(ε2−τx) cos(ε2−τy)|x − y|−γ

=
cν

2

(
Iε
1,1(z) + Iε

1,2(z)
)

,

where

Iε
1,1(z) = ε4−2γ

∫ z/ε2

0

dx

∫ z/ε2

0

dy cos(ε2−τ (x − y))|x − y|−γ ,

Iε
1,2(z) = ε4−2γ

∫ z/ε2

0

dx

∫ z/ε2

0

dy cos(ε2−τ (x + y))|x − y|−γ .

Using integration by parts, we get

Iε
1,1(z) = 2

(
ε4−2γ

∫ z/ε2

0

dx

(∫ (z−x)/ε2

0

dy cos(ε2−τy)|y|−γ

))
= 2(Jε

1 (z) − Jε
2 (z)) ,
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where

Jε
1 (z) = ε2−2γz

∫ z/ε2

0

dy cos(ε2−τy)y−γ ,

Jε
2 (z) = ε4−2γ

∫ z/ε2

0

dy cos(ε2−τy)y1−γ .

We make the substitution y → y/ε2−τ in Jε
1 (z) to obtain

Jε
1 (z) = ετ(1−γ)z

∫ z/ετ

0

dy cos(y)y−γ

and so Jε
1 (z) = O(ετ(1−γ)). We also make the substitution y → y/ε2−τ in Jε

2 (z) to
obtain

Jε
2 (z) = ετ(2−γ)

∫ z/ετ

0

dy cos(y)y1−γ .

Using integration by parts, we obtain

Jε
2 (z) = ετ(2−γ) sin

( z

ετ

)( z

ετ

)1−γ

− ετ(2−γ)(1 − γ)
∫ z/ετ

0

dy sin(y)y−γ ,

and so Jε
2 (z) = O(ετ ). Therefore, we conclude

lim
ε→0

Iε
1,1(z) = 0 .

Consider finally Iε
1,2(z). Letting x − y → x and x + y → y, we get

Iε
1,2(s, t) = ε4−2γ

∫∫
Dε

1∪Dε
2∪Dε

3∪Dε
4

dx dy |x|−γ cos(ε2−τy)
2

,

where

Dε
1 = {(x, y) ∈ [0, z/ε2] × [0, z/ε2] : x ≤ y} ,

Dε
2 = {(x, y) ∈ [0, z/ε2] × [z/ε2, 2z/ε2] : y ≤ −x + 2z/ε2} ,

Dε
3 = {(x, y) ∈ [−z/ε2, 0] × [z/ε2, 2z/ε2] : y ≤ x + 2z/ε2} ,

Dε
4 = {(x, y) ∈ [−z/ε2, 0] × [0, z/ε2] : −y ≤ x} .

Let us deal with the integral on Dε
1:

ε4−2γ

∫∫
Dε

1

dx dy |x|−γ cos(ε2−τy)
2

= (2(1 − γ))−1Jε
2 (z) = O(ετ ) .

The integrals on Dε
2, D

ε
3, and Dε

4 can be analyzed in a similar way; therefore, Iε
1,2(s, t) →

0. This finally shows

lim
ε→0

Iε
1(z) = 0 ,
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and then

lim
ε→0

E[vε
2(z)2] = 0,

which concludes the proof.
Now we deal with a technical lemma regarding increments of vε.
Lemma 8. There exists a constant C > 0 such that for every z, ζ, and ε > 0 we

have

E[‖vε(z) − vε(ζ)‖2] ≤ C|z − ζ|2H .

Proof. For every j = 1, 2, 3, using (3.6), (3.7), and (A.3), we have (taking z > ζ)

E[|vε
j (z) − vε

j (ζ)|2] ≤ 1
ε2γ

∫ z

ζ

dx

∫ z

ζ

dy
∣∣∣E [ν ( x

ε2

)
ν
( y

ε2

)]∣∣∣
≤ C

ε2γ

∫ z

ζ

dx

∫ z

ζ

dy

∞∑
j=1

(
J(j)
j!

)2 ∣∣∣∣E [Hj

(
m

σ0

( x

ε2

))
Hj

(
m

σ0

( y

ε2

))]∣∣∣∣
≤ C

ε2γ

∫ z

ζ

dx

∫ z

ζ

dy

∞∑
j=1

J(j)2

j!σ2j
0

∣∣∣∣rm

(
x − y

ε2

)∣∣∣∣j

≤ C

ε2γ

∫ z

ζ

dx

∫ z

ζ

dy

∞∑
j=1

J(j)2

j!σ2
0

∣∣∣∣rm

(
x − y

ε2

)∣∣∣∣
≤ C′

ε2γ

∫ z

ζ

dx

∫ z

ζ

dy

∣∣∣∣x − y

ε2

∣∣∣∣−γ

≤ 2C′

(1 − γ)(2 − γ)
|z − ζ|2−γ

,

which concludes the proof.
Using the above lemmas, we can deduce the following lemma, which deals with

identification of the limit.
Lemma 9. As ε goes to 0, vε converges to WH defined in Lemma 5 in the space

of continuous functions endowed with the uniform norm.
Proof. Lemmas 6 and 7 give the convergence of finite-dimensional distributions

of vε to those of WH . Using then the Kolmogorov criterion [2], Lemma 8, and the
fact that 2H > 1, we get the tightness of (vε)ε in the space of continuous functions
endowed with the uniform norm, which establishes the proof.

Thanks to Lemma 9 we conclude the proof of Lemma 5 by establishing the tight-
ness in a rough paths sense.

Lemma 10. The sequence (vε)ε is tight in Ωp for p > 1/H.
Proof of Lemmas 5 and 10. Let q ∈ (1/H, p). In view of Lemmas 3 and 9 it is

enough to prove

(5.4) lim
A→+∞

sup
ε>0

P[Vq(vε) > A] = 0.
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Using Chebyshev’s inequality, the fact that q < 2, Lemma 4, the Hölder inequality,
and Lemma 9, we find

P[Vq(vε) > A] ≤ 1
Aq

E[Vq(vε)q]

≤ C

Aq

+∞∑
n=1

nC
2n∑

k=1

E[‖vε(zn
k ) − vε(zn

k−1)‖q]

≤ C

Aq

+∞∑
n=1

nC
2n∑

k=1

E[‖vε(zn
k ) − vε(zn

k−1)‖2]q/2

≤ C′

Aq

+∞∑
n=1

nC
2n∑

k=1

(
1
2n

)qH

≤ C′

Aq

+∞∑
n=1

nC

(
1
2n

)qH−1

,

and since qH > 1 we deduce (5.4).
Finally, we can now derive the following lemma, which deals with the convergence

of the propagator.
Lemma 11. Let {ω1, . . . , ωn} be a collection of frequencies. Then, as ε goes to 0,

the propagator vector (P ε
ω1

, . . . , P ε
ωn

) converges to (Pω1 , . . . , Pωn), which is the asymp-
totic propagator Pω that we can write as

Pω(z) =
(

exp (iωcH/2BH(z)) 0
0 exp (−iωcH/2BH(z))

)
.

Proof. By combining Theorem 2, (5.1), and Lemma 5, we get that, as ε goes to 0,
P ε

ω converges in distribution in the space of continuous functions (endowed with the
uniform topology) to the solution Pω of the following system of equations in the sense
of rough paths:

dPω(z) =
iωcH

2

(
1 0
0 −1

)
Pω(z) dBH(z) .

This concludes the proof.

5.3. Conclusion of the proof. The remaining part of the proof of Theorem 1
follows the lines of [6, 14]; however, we present it here for completeness. Recall that,
thanks to the formula (2.12), we can write aε(Z, s) in a Fourier-type formula using
the transmission coefficient,

(5.5) aε(Z, s) =
1
2π

∫
e−isωT ε

ω(Z)f̂(ω) dω ,

with the transmission coefficient being a functional of the propagator P ε
ω . We shall

use Lemma 11 to deduce the convergence of the transmitted wave.
Let n ∈ N, s1 ≤ · · · ≤ sn ∈ [0,∞). We can write

E[aε(Z, s1) · · · aε(Z, sn)] = E

⎡⎣ 1
(2π)n

n∏
j=1

∫
e−isjωT ε

ω(Z)f̂(ω) dω

⎤⎦
=

1
(2π)n

∫
· · ·

∫
e−i

∑n
j=1 sjωj f̂(ω1) · · · f̂(ωn)E[T ε

ω1
(Z) · · ·T ε

ωn
(Z)] dω1 · · ·dωn.
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Thanks to Lemma 11 we have that as ε → 0,

E[T ε
ω1

(Z) · · ·T ε
ωn

(Z)] → E

⎡⎣exp

⎛⎝ icHBH(Z)
2

n∑
j=1

ωj

⎞⎠⎤⎦ ,

and then

E[aε(Z, s1) · · · aε(Z, sn)] → 1
(2π)n

∫
· · ·
∫

e−i
∑n

j=1 sjωj f̂(ω1) · · · f̂(ωn)

×E

⎡⎣exp

⎛⎝ icHBH(Z)
2

n∑
j=1

ωj

⎞⎠⎤⎦ dω1 · · · dωn

= E

⎡⎣ 1
(2π)n

n∏
j=1

∫
e−i(sj−cHBH(Z)/2)ω f̂(ω) dω

⎤⎦
= E

⎡⎣ n∏
j=1

f

(
sj − cHBH(Z)

2

)⎤⎦ .

The tightness proof is similar to the proof of Lemma 3.2 in [6], and the convergence
of aε(Z, s) follows. To conclude the proof of Theorem 1 it remains to prove the con-
vergence of bε(0, s). It is similar to the convergence of aε(Z, s), up to substituting the
application of (2.12) by that of (2.13).

Appendix A. Hermite polynomials. In this appendix we recall some results
regarding Hermite polynomials that we use in this paper. We denote the Gaussian
probability density of a random variable X ∼ N (0, 1) by

g(x) =
e−x2/2

√
2π

,

and we define for every k ∈ N the kth Hermite polynomial by

Hk(x) = (−1)k g(k)(x)
g(x)

.

The set of all Hermite polynomials {Hk, k = 0, 1, 2, . . .} is an orthonormal base for
the space L2(g(x) dx) = {h : E[|h(X)|2] < ∞}. We denote by Jh(k) (or J(k) if there is
no ambiguity) the projection coefficient of a function h ∈ L2(g(x) dx) on the subspace
spanned by Hk, that is,

Jh(k) = E[Hk(X)h(X)] .

Then, we have the series representation

(A.1) h(x) =
∞∑

k=0

Jh(k)
k!

Hk(x) ,

the convergence being in L2(g(x) dx). We can explicitly compute the second moments
by

(A.2) E[|h(X)|2] =
∞∑

k=0

|Jh(k)|2
k!

.
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This formula is a direct consequence of the following relation that we use in this paper:
for a centered two-dimensional Gaussian vector (X1, X2) such that E[X2

1 ] = E[X2
2 ] = 1

we have

(A.3) E[Hj(X1)Hk(X2)] =

{
k!E[X1X2]k if k = l,

0 if k �= l.
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