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Abstract

In this paper we carry out an asymptotic analysis of the elastic wave equations in random media in the parabolic
white-noise regime. In this regime, the propagation distance is much larger than the initial beam width, which is
itself much larger than the typical wavelength; moreover, the correlation length of the random medium is of the same
order as the initial beam width, and the amplitude of the random fluctuations is small. In this distinguished limit we
show that wave propagation is governed by a system of random paraxial wave equations. The equations for the shear
waves and pressure waves have the form of Schrodinger equations driven by two correlated Brownian fields. The
diffraction operators can be expressed in terms of transverse Laplacians. The covariance structure of the Brownian
fields is determined by the two point-statistics of the density and Lamé parameters of the random medium.

1. Introduction

The parabolic approximation for wave propagation in heterogeneous media is a model used in a vast num-
ber of applications, for instance in communication and imaging [31]. It usually has the form of a Schrédinger
equation that describes waves propagating along a privileged propagation axis determined by the source. It
is very simple compared to the full three-dimensional wave equation, both from the theoretical and numeri-
cal viewpoints, and it enables analysis of many important phenomena, such as laser beam propagation [30],
time reversal in random media [4,26], underwater acoustics [31] or migration problems in geophysics [5].

The parabolic approximation for scalar waves in homogeneous and random media is rather well under-
stood. It is even valid in some scaling regimes in which the medium fluctuations are rapid and can be
approximated by a white-noise term. The main motivations for studying the white-noise paraxial wave
equation are (i) it appears as a very natural model in many situations where the correlation length of the
medium is relatively small, in particular much smaller than the propagation distance, (ii) it allows for the
use of Itd’s stochastic calculus, which in turn enables the closure of the hierarchy of moment equations
and the statistical analysis of important wave propagation problems, such as scintillation [12]. When the
paraxial approximation and the white-noise approximation can be justified simultaneously for scalar waves,
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then the limit equation takes the form of the random Schrédinger equation studied in particular in [7].
The proof of the convergence of the solution of the wave equation in random media to the solution of the
white-noise paraxial equation was obtained for stratified weakly fluctuating media in [2] and recently for
three-dimensional random media in the context of acoustic waves in [14].

A parabolic approximation for linear elastic waves is of great interest for solving migration problems in
geophysics [8]. In the theory of elastic waves the field is described by the displacement vector. It is not
straightforward to extend the parabolic approximation to elastic waves because two different wavenumbers
coexist for plane waves in a given direction in a homogeneous medium, one for pressure waves and one
for shear waves. The effective behavior of the coupling terms between shear waves and pressure waves in
heterogeneous media is not easy to incorporate in the parabolic approximation. The analysis of the effective
coupling is one of the main objectives of this work. In this paper we consider three-dimensional linear elastic
waves. Motivated by problems in geophysics, we assume that the privileged propagation axis is the vertical
direction. This choice explains the terminology “downward-going” waves and “upward-going” waves that we
use in the context of the wave decomposition that we set forth.

In the literature it is possible to find parabolic approximation models for the linear elastic wave equations
which are obtained by suppressing the reflection terms. In [22] this idea is used to transform the second-
order boundary value problem for two-dimensional elastic waves in laterally inhomogeneous media into a
first-order initial value problem in space, whose numerical solutions can be computed efficiently. In [25] a
parabolic approximation is constructed for three-dimensional elastic waves where the wave field disturbance
is characterized by two almost plane waves travelling with wave speeds associated with pressure and shear
waves. In [18] the author uses a multi-scale expansion and deals separately with the shear waves and the
pressure waves. In [6] the reflection terms are suppressed based on the argument that the phases of the
coupling terms between the downward-going and the upward-going waves vary rapidly making these terms
negligible in the lowest order approximation. All these derivations are formal and give quantitatively different
predictions [33].

Our goal is to provide a rigorous derivation of the paraxial wave equations for elastic waves in homogeneous
media and, moreover, in random media.

1) In the case of a homogeneous medium, we consider the distinguished limit in which the propagation
distance is much larger than the initial beam width, which is itself much larger than the typical wavelength.
We apply an invariant imbedding theorem and an averaging theorem for rapidly oscillating differential
equations in order to prove the convergence of the solution of the wave equation to the solution of a system
of Schrodinger equations. The invariant imbedding allows us to transform the boundary value problem into
an initial value problem. The averaging theorem allows us to derive effective paraxial wave equations for
elastic waves. In particular, we find that the coupling terms between downward-going waves and upward-
going waves, and between shear waves and pressure waves, have rapid phases. By using an averaging theorem
for highly oscillatory differential equations, we show that these coupling terms average out to give non-zero
effective terms (in the form of Lie brackets) for downward-going shear waves and for the downward-going
pressure waves. There is no effective energy transfer between the downward-going waves and the upward-
going waves, neither between pressure waves and shear waves. However, the effective or implicit coupling
between the wave modes affects the propagation of the downward-going shear waves and the one of the
downward-going pressure waves. It is therefore important to take into account these effects. It turns out that
the explicit computation of the effective Lie brackets gives very simple forms for the parabolic approximations
of the pressure waves and the shear waves.

2) In the case of a random medium, we assume additionally that the correlation length of the random
medium is of the same order as the initial beam width, and that the amplitude of the random fluctuations
is small. By applying diffusion approximation theorems we prove the convergence of the solution of the
random elastic wave equations to the solution of a system of Ito-Schrodinger equations. These Schrodinger
equations are driven by two correlated Brownian fields, whose covariance function depends on the two-point
statistics of the fluctuations of the density and Lamé parameters of the medium. This result shows that it is
possible to justify both the parabolic approximation and the white-noise approximation in the distinguished
limit considered in this paper. The limit system permits easy numerical simulations on the one hand, and
theoretical computations of moments using Itd’s formula on the other hand.
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The paper is organized as follows. In Section 2 we describe the linear elastic wave equations in a random
medium. We then introduce the fundamental wave decomposition that we use in the analysis in Section 3.
Next we present the main results, the random paraxial wave equations, in Section 4. The proofs of the results
are given in Section 5 when the medium is homogeneous and in Section 6 when the medium is randomly
heterogeneous.

2. Elastic waves in a random medium

We consider linear elastic waves propagating in a three-dimensional medium with heterogeneous and
random fluctuations. The equations of motion for small displacements w(t,z) = (u;(¢,))j=1,2,3 of an
elastic medium are

2873’“ S;(t,x), j=1,2,3. (1)

Here p is the density of the medium and 7 is the 3 x 3 stress tensor, which, in an isotropic medium is

8t2

8u (t, ) ou;(t,x Oui(t,x .
J

where A\(x) and u(x) are the Lamé parameters of the medium and 1;(k) =1 if k = j and 0 otherwise. The
forcing term S(¢, x) is the density of force sources.

In this paper we focus our attention on propagation through a random section occupying the region x3 €
(=L, 0) with the source S located outside of the random section at the surface x3 = 0. The parameterization
is motivated by waves probing for instance the heterogeneous earth and we may think of x3 as the main
probing direction. We shall refer to waves propagating in a direction with a negative (resp. positive) x3-
component as downward-moving (respectively upward-moving) waves.

It is more convenient to write the governing equations as a hyperbolic system. We introduce the new
dependent variables, pressure p, three-dimensional velocity &, and a stress tensor component x, defined by

Ou,(t, )
plt,x Z e | (3)
éj(t,cc):%, j=123, (1)
_ B Ou;(t,x)  Oug(t,x) _—
wulta) = pla) | P40 PR 2. 5)

Equations (1-2) can then be rewritten as

% _ ap aX]k .
oxjk o8 O ——
W=mﬂ@+@,$hmm, )

Z%- )

If the shear modulus p = 0, then )x = 0 and we get the acoustic wave equations for the pressure p and the
velocity &.

We consider in this paper the situation in which a random section occupying the region x3 € (—L,0) is
sandwiched in between two homogeneous half-spaces. The medium parameters are:
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1 uo_l if z3 < —L or x3 > 0,

1 3 T . (
@) gt [1+0m, (8—2)} if 23 € (—L,0),
00 if 23 < —L or x3 > 0,
o) = ey (10)
£0 {1 +e°m, (5—2)} if 3 € (=L, 0),
A if xtg < —L or 3 > 0,
Az)={"" = P (11)

Ao [1 +e3my (;2)} if 3 € (=L, 0),

with € a small parameter. The parameter €2 characterizes the ratio of the correlation length of the random
medium fluctuations to the thickness of the random section. The random processes m,(x), m,(x), and
m(x) describe the medium fluctuations. We assume that they are stationary and zero-mean and that they
satisfy strong mixing conditions in x3. We have also assume that the amplitude of the random fluctuations
is of order 3. This is the interesting regime in which the medium fluctuations give rise to effective terms of
order one when € goes to zero, as we will show in this paper.

Recall also that we let the source be located at the surface in the plane 3 = 0. We consider a scaling
regime in which the spatial support of the source (in the transverse direction), or equivalently the initial
beam width, is of order 2. This means that the transverse scale of the source and the one of the spatial
fluctuations of the medium are of the same order. Remember that the Rayleigh length for a beam with
initial beam width ro and carrier wavelength Ao is of the order of 73 /Ao in absence of random fluctuations
(the Rayleigh length is the distance from beam waist where the beam area is doubled by diffraction). In
order to get a Rayleigh length of order one, we assume that the carrier wavelength of the source is of order
¢*. Therefore, in this regime the source has the form

tiltJ_

S(t,xz)=s (5—4, €—2> 0(xs), x=(xy,x3), L= (r1,22). (12)

The source then generates waves that propagate mainly along the x3-axis, as we will see below.

3. The mode decomposition

We rescale the transverse spatial variables so as to observe the wave at the scale of the source and we
take a scaled Fourier transform in time:

fj(w,w) = /§j(54t,£2w1_,x3)ei”tdt, Gk (w, ) = /Xjk(€4t,€2wj_,$3)€thdt.

Except at x3 = 0 (where the source is) the six-dimensional vector (£5,£5, €5, X553, X53, X53) satisfies

& iw . 1 95

=y, - — 2= 1
ax3 54/,LX13 82 6!@1 ? ( 3)
o&s iw 1 9¢s

e W 14
Ox3 84/J,X23 €20y’ (14)
&5 W,
drs 254;LX33 ’ (15)



Oy __ipoge, 0 (AX3OG), 0 (104
8:173 ! T1 8$1 8@2 w 8%2
ais pOGY_ 10 ()
(zw 3172) * 9 Oxo (zw 0x1 €2 Oz, 2HX33 ) (16)
Ny __ipw e A+ 20 985 s
8:173 iw 8x2 8 i 8
i A 0g w0 i .
0xo <iw 8;51) + 5 oz <2w D 29 X33 ) (17)

OXsy _ 20 [ _ipwgz A 925 8§ _iAﬂL OXis | OX5s
Oy  A+2u | e+ 6961 0z e2 u ox1 Oxs

0 085 O¢ 0 (A . A0 (1Y . Ao (1) .
2 Y (2 1 2 _ A e _ 2 7 = e 7 | = €
e O3 <zw> <8:C1 + (9962) Oxs3 <2u> X33 ™ 2 0xq (u) Xis ™ 22 Oz <u> X23} , (18)

where p, p and \ are evaluated at (221,22, 13). The four other dependent variables are given by:

i =1 (19
po-TANE AN AL (22)

iw 011 iw 0rs 2

When the medium is homogeneous (m, = m, = my = 0), then there exist plane wave solutions that
depend only on z3 and satisfy:

o€ vE £o 0 0 O 0 0
X13 X13 -1
d é iw ce 0 0 0 pg 0 0
> | _ & _
i | % =-aM | M=[0 0 po O 0 0
3 52;3 5%.3 0 0 0 0 0 (2u0)~ "
3 3 2100
Y3 s 0 0 0 0 —/—mMmM
X33 X33 Xo + 240

The diagonalization of the 6 x 6 matrix M gives the general form of the plane wave solutions

j 23

& (w.23) = G5 (@ (w)e' = +b1< Je ), (23)
Xiale 20) = G5 (— an )e' =7 o By (w)e e, (24)
&5 (w,3) = 5 /2 (Aa(w)e’ o +b2< Je e (25)
o, 75) = G5* (= aafw)e = S hy(w)e ) (26)
& (w.a3) = G5/ (as(w)e’ oo +b3< Jo ), (27)
Gos(w,23) = (2 (— as(w)e’ = + Ba(w)e oeT). (28)

Here cs and cp are the shear-wave and pressure-wave velocities, and (s and (p are the shear-wave and
pressure-wave impedances of the homogeneous medium:

1o 2p0 + )\0 4ugpo
Cs = — S = ) 29
“po =\ P Cs = Hopo, Cp= “2u W (29)



The modes a;, j = 1,2 are upward-moving shear waves, the mode as is an upward-moving pressure wave,
the modes bJ7 j = 1,2 are downward-moving shear waves, and the mode b is a downward-moving pressure
wave.

When the medium is heterogeneous and described by the model (9-11), then we introduce the generalized
upward-moving modes G5 and downward-moving modes 133 defined by

. wzs . wzs

Ew,x)=Cs '~ (a5 (w, m)e Vo5t 4 b5 (w, x)e ﬂcsj), 30
,UJ‘L' Zw—m?’

(5 (w, ) = é“(—oﬁ(w,w) S b (w, e T 31
- g Ur3

E(w,a) = (5 V2 (@5 (w, @)e =57 + B(w, x)e wsoT) 32
3

. wzx3g . wx

(w, ) (30)
(w, ) (31)
(w, ) (32)
(@ @)= Y2~ ds(w,@)e s + B(w, @) o) (33)
(w, ) (34)
(w, ) (35)

—1/2

=(p (di‘i(w,ac)e.ij + b5 (w, :c)eﬂ.cpf“) , 34

wzg . wxg

=P (— aw ) T+ B (w,@)e )

35

where cg, cp, (s, and (p are the shear-wave and pressure-wave velocities and impedances of the background
homogeneous medium as defined by (29).

The radiation conditions at +o0c and —oo derive from the fact that there is no downward-moving wave in
the region z3 > 0 and no upward-moving wave in the region x3 < —L:

d;(waml7x3:(_L)_):05 B;(W,CELVIg:OJr):O, j:152735 (36)

see Figure 1. The jump conditions across the source plane x3 = 0 are obtained by integrating (6-8) across
z3 =0:

20+ . + _ . + _ . + 2 _ . iw
[5;5']87 =0, [Xig]gf = —S1, [X%g]gf = =952, [X§3]O = —¢537 S(w,y) = /S(tme)e bt .
210 + Ao
(37)
From the jump conditions (37) and the radiation conditions at +o00, we obtain:
. - - 1 .
b5(w, 1,3 =07) =bincj(w, 1), binc,j(w, 1) = 2<1/2 $j(w,xy), j=1,2, (38)
s
bs(w, 1,23 =07) =bincs(w, ) bine,3(w mL):Lﬂég(w ) (39)
3 9 ) inc, ) ) inc, ) 2C113/2 2/140 ¥ )\0 )
By the continuity of the fields across z = —L and the radiation condition at —oo, we get:
0w, @1 as = (L)) =0, j=1,2,3 (40)
Let us next introduce the six-dimensional vector
aj
(>
1
. d;
X (w, ), x3) = b (w, 1, x3). (41)
ag
£
b3

From (13-18), the vector X¢ satisfies in the section 23 € (—L,0) the linear system
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€3

Fig. 1. Boundary conditions for the wave modes with a source at 3 = 0 and radiation conditions at Foo.
dXe*
dCCg

zAE(w,wJ_,m)XE, (42)

w3y 1
€

< 1T swma 1, 1y 0.
Aa(w,iv¢7$3)=—2{ez B () AL 4 5R (G—) 1-1
€
Cwag

L1y« U3 (L Ly«
LTt ALl 4 i (o CS>A—1,—1]

1 T3N[ %R mn0 | Tt 20
+—mP((EJ_,—2)[€ECPB’ +e <'rB }
€ €

1 T3\ i3 o090 | —iTE o0 o
—l——ms(:cL,—z)efCSB’ +e esBY
€ €

1 T3\ 1 T3\~
+omp (., E—S)B%O + gms(iﬂ, E—S)B%O

LAOO y TRy A20 | TP 20 4 IS A02 o THES 402 (43)
and the two-point boundary conditions
H X (w,z,,~L)+H' X (w,2,,0) =V(w,z,). (44)

The matrices A7* and B are given in Appendix A. The vector V(w, x, ) and the matrices H=% and H°
are defined by

0 100000 000000
Dinen (w, 1) 000000 010000
5 B 0 . _loo1o000 o _|ooo0o000
Viee) =15 waznl ™ “loooooo H=1000100]" (45)
0 000010 000000
Bine.s(w, 2.1 ) 000000 000001
and
ms (@) = (my +mp)(x) (46)
Ao
mp(@) = ((ma -+ my) = 5 (m ) ) (@), (47)
ms(x) = (m, —mp)(x), (48)
_ Ao
(@) = ((my = my) + 5 (m o ma) ) ). (49)

In the expression (43) of A¢ we have neglected terms of order € and smaller, and kept only the terms of

order 2

has canceled the terms of order e~* that are present in the original equations (13-18).
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If the source is | -independent and if the medium is homogeneous (m,, = m, = my = 0), then the solution
of (42)-(44) is a constant vector which corresponds to a collection of three downward-moving modes: two
shear-wave modes that propagate with the velocity cs and one pressure-wave mode that propagates with
the velocity cp.

If the source is | -dependent and/or the medium is heterogeneous, then transverse spatial effects and/or
random effects have to be taken into account:

1) The matrices A7 in (43) correspond to deterministic transverse spatial effects. For (4, %) # (0,0), these
terms have large amplitudes, of order £72, but they also have rapid phases that vary at the scale €%, and
we will see that they give rise to effective terms of order one in the limit ¢ — 0 through the application
of an averaging theorem for highly oscillatory differential equations. These effects are purely deterministic,
they consist of coupling between modes with different velocities, including coupling between upward- and
downward-moving modes, and it is crucial to take them into account in the determination of the paraxial
wave equation. Indeed, the matrix A% that would be the natural candidate for the right-hand side of the
paraxial wave equation does not capture the full paraxial mechanism. In other words, ”brutally” suppressing
the upward-moving (i.e. reflected) modes leads to wrong results. As we will see, the reflected modes are
vanishing in the limit ¢ — 0, but the coupling terms between upward- and downward-moving modes give
important contributions to the dynamics of the transmitted waves.

2) The matrices BJ* in (43) correspond to downward and upward scattering and coupling between modes
due to the random heterogeneities of the medium. These terms have large amplitudes, of order ¢!, but
they vary rapidly at the scale €2, and the driving processes have mean zero and mixing properties. They
will also give rise to effective terms of order one in the limit ¢ — 0 through the application of a diffusion
approximation theorem. The limit of X¢ will be characterized by a stochastic partial differential equation
driven by two correlated Brownian fields.

4. The paraxial wave equations

In this section we state the main results of the paper. Proposition 1 describes the paraxial equations
for elastic waves when the medium is homogeneous and it is proved in Section 5. Proposition 2 describes
the white-noise paraxial equations for elastic waves when the medium is randomly heterogeneous and it is
proved in Section 6.

Proposition 1 Let us assume that the medium is homogeneous m, = m, = my = 0. The transmitted

wave consists of the succession of two fields that emerge at x3 = —L around time t = L/cp and t = L/cg
respectively:
L 4, .2 e—0
€x.p)(t = +etsmimy = L) 2 (Ep xpopp)(s.21). (50)
L —0
(67 Xap) (t = ; + 5457 EQva xr3 = _L) = (657 XSva)(Sv mL) . (51)

The first field (€p, X p,pP) 1S a pressure wave of the form

Xij(Sme):Ov (]a k) # (353)7 (52)
xem(ss) = 5 [ Xemwesedo, (53)
5P_j(57wj_)207 j:1727 (54‘)
Eps(s, 1) =C(p xpss(s,TL), (55)
pp(s,x1)= ﬁXP%(SafEJ_) (56)

The second field (€5, Xg,Ds) is a shear wave of the form
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Xsj3(s,x1)= % /)Zsjg(w, wj_)e_i“’sdw, i=1,2, (57)
XSjk(SawL)ZOa (j7k> g{(1,3),(2,3)}, (58)
§Sj(3=$L)=C§1XSj3(S=$L)= j=12, (59)
€s3(s, 1) =0, (60)
ps(s,z1)=0. (61)

The time-harmonic fields X pss and Xs;3, j = 1,2, are given by
xp3s(w,z1)= 113/2/TP(W7~’13J_ — ', 0)bine,3(w, ' )dx', |
)VCSJB ((AJ, CEJ_) = §/2 / TS(W, T — :BIJJ O)BinC,j (wa ml)dml ) .7 = 17 2 )

where Tp(w, x|, x3) and Ts(w, x| ,x3) satisfy the Schridinger equations for x3 € (—L,0):

8Tp(w,mbx3) . icp - Y

81'3 ZAEJ_TP(WNIBJJ'IS)7 TP(W,ml,xg = —L) :5(mL)7 (62)
T s(w, ), ic . 3
%:TEAELTS(W7$L,$3), Ts(w, @y, x3=—L)=d(x1). (63)

2 2 . .
Here Ay, = g—mg + a%g is the transverse Laplacian.
1 2

We now give the result when the medium has random fluctuations.
Proposition 2 In the limit ¢ — 0, the transmitted wave consists of the succession of two fields that emerge
at x3 = —L around time t = L/cp and t = L/cg as described by (50-51). The first field is a pressure wave
of the form (52-56). The second field is a shear wave of the form (57-61). The time-harmonic fields X pss3
and Xsj3, 3 = 1,2 are given by

xp33(w,z1)= 113/2/TP(Wa:BJ_awlj_uo)éincﬁ(wawl)dwlj_7
Xsj3(w,x1)= éﬂ/Ts(w,wL,wl,O)Binc,j(wafvl)dfvl7 Jj=12.

The operators Tp and Tg are the solutions of the following Ité-Schrédinger diffusion models for x5 € (—L,0):

dTp(w,z 1,2 x3) = Z;—PAmiTp(w, x,, x|, x3)dxs + ;—pr(w, x,,x ,x3)odBp(x’,,13), (64)
w cp
7 / ics 7 / Wz / /
d7s(w, ), x|, x3) = %Aml'fs(w, xy, x|, x3)drs + ETs(w, xy, x| ,x3)0dBg(x’ ,x3), (65)
with the initial conditions
Tp(w,z), ' 253 = —L) =Ts(w,z), ' a3 = L) =6(x, —x'). (66)

Here the symbol o stands for the Stratonovich stochastic integral, Bp(x, ,x3) and Bs(x1,x3) are two cor-
related Brownian fields with the covariance matrix

(E[BP(CEL,$3)BP(7‘B/L7$/3)]

E[Bs(x1,z3)Bp(, ', x4)]
_ (Copp(x1) Cops(xy)

Cofas) = (e (o) Corsiea)). o

E[Bp(ay,a)Bs( @, a)]\ _ ,
E[Bg(wi, xi)B:(, m’i xg)]) = min{xs, r3}Co(xL — '), (67)

and we have used the notations



Cpp(z)= E[?;LP(?B' +x)mp(a’)], (69)
Corr@)= [ Coplwy,zs)ds . (70)
Cos(@) =Elms(a’ + @)ms()], (71)
Cosstar)= [ Caslarapdoa, (72)
Cps(@) = Elmp(a’ + @)ms(@)] + 3Elms(e’ + p)mp ()], (73)
Cors(es) = [ Cr(es,)dzs. (74)

where mp and mg are defined by (46-47).
In order to give a complete characterization of the transmitted field, we add that there is no other
transmitted wave in the sense that for any time to & {L/cp, L/cs},

(& x:p)(t = to + s, e a3 = —L) = (0,0,0).

There is no reflected wave in the sense that for any time ¢y > 0,

(& xp)(t = to +e's,e%x 1, 23 = 0) =2 (0,0,0).

In [7] the existence and uniqueness has been established for each of the two random processes
VP(W,$¢,$€3)=/TP(W,SBL@L%WP(J?/L)de7

Ve(w, @1, x3) = / Ts(w, @, @), 03)ps(a,)da, |

for any test functions ¢g and ¢p with unit L?(R?, C)-norm. Furthermore, it is shown that each of the
two processes Vg (w, 1, xz3) and Vp(w, 1, z3) is a continuous Markov diffusion process on the unit ball of
L?(R?,C). The moment equations moreover satisfy a closed system at each order [12]. It is straightforward to
generalize these results for the joint distribution of the pair of processes (Vg, Vp). The interested reader can
find explicit calculations for the mean intensity, the autocorrelation function, and other relevant quantities
of the transmitted wave in [14].

The fact that the solutions of It6-Schrédinger equations have constant L2-norms shows that the sum of
the energies of the transmitted pressure wave (50) and of the transmitted shear wave (51) (in homogeneous
or random media) is equal to the energy of the incoming wave. Indeed, the energy flux density is given by

Flt,) = [NV - w)I+ u(Vu + V'u)] € = pé + x€.

Therefore, the total energy flux generated by the source and entering the random section at g3 = 0 is

2 2
Fo = / Brlw )l |sa(w, 2 )P | [5s(w, x )] duda,
8T po cs cs cp
the energy flux of the transmitted pressure wave (50) exiting at x3 = —L is
Fop = 87TP0// ‘/prwL,wL,O)%(w x') de_‘ dwdx | = Wpo// |83w§l)| dwdzx | |
and the energy flux of the transmitted shear wave (51) exiting at 3 = —L is
15 (w, 1 )|?
Firs = Smp0 Z// ‘/Tg wx, ' ,0)8(w, x| dch_‘ dwdz | = 800 Z/ Jisdwdag.

This shows that we have Finc = Fir,p + Fir,5, which illustrates the fact that no energy is reflected and all
the energy is transmitted in the form of the two wave fields described in the propositions.
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5. The derivation of the paraxial wave equations in the homogeneous case

In this section we assume that there are no random fluctuations m, = m, = my = 0 and we prove
Proposition 1. We transform the two-point boundary value problem (42)-(44) into an initial value problem.
This is done by an invariant imbedding step in which we introduce transmission and reflection matrices.
First, we define the lateral Fourier modes for j = 1,2, 3:

~ v

a5 (w, K1, 73) = /di(wawbm)e_iﬁ'“dwb Vi(w, k1, 23) = /bj(w,wbxg)e_“”'“dmb
where we have denoted k| = (k1,K2). The reflected wave is characterized by @5(w, k1,23 = 0) and the
transmitted wave by ?)\j (w,k1,z3 = —L). The parameters w and k are frozen in the problem, so we shall

not write explicitly the (w, & )-dependence of the vectors and matrices. The vector X (x3) is defined as

in (41), however, in terms of the Fourier modes a5 and 3? and it is the solution of the two-point boundary
value problem:

= Af(z5)X°, H'X°(-L)+H’X*(0)=V,
T3

with the 6 x 6 matrix A¢(z3) given by

;&E(IB) _ i2 [ei“’sﬁ3($+§)‘&1,l +ei%3($—%)31,—1 +ei%(—$+§)‘&—1,1 I ei%(—ﬁ—é)g—l,fl}
€
~ 2;2E3 _92;4%3 2i2r3 ) Viediit: B
+A0’0 te " ep A2’0 te " Tep A—2,0 te e g A0’2 te e g AO’_Z, (75)
A% are given in Appendix A, HZ and H? are given by (45), and
0
bine,1
. 0 ~ , ,
V= /b\ ) 5 binc,j(wa K/L) = /binc,j(wme)e_lﬁLdeva .] = 17253 .
inc,
0
binc,3

By applying Proposition B.1 of Appendix B , we get that the reflected and transmitted modes are given by

@ (3 =0) = [R(z3 = 0)V]p;_1, j=1,23, (76)
/b\j(xg = —L) = [TE(LLB = )‘7]2]‘ , 7=123, (77)

where the reflection and transmission matrices R and T¢ are solution of the initial value problem

dﬁs SertO\ A e Se ne

o~ I REHDA @R, Ri(as = —L) =1, (78)
dr/f‘s Tery0 A € De e

dxs =-T°H'A%(z3)R°, T (z3=-L)=1, (79)

and I is the 6 x 6 identity matrix. Note that the linear boundary value problem has been transformed
into a nonlinear initial value problem, that has the form of a matrix Riccati equation. We can now apply
Proposition C.1 which gives the asymptotic behavior of the reflection and transmission matrices:

11



iR — (- RH)A™R + ————[(I- RH)A™'R, (I - RH)A™ 'R

dCC3 W(; + g)
+ (LZ_ y [(1 ~RHOAM 'R, (I - f{HO)K*“ﬁ} ,
cp cs
AT Aic0x008 / S0 LID Aer0R .
o= = ~TH'A"'R + —— [TH'A"'R, TH'A " 'R
dl’3 W(; + a)

i
1

w(;— CS)

{THOAl ~1R, TH°A " 1R}

where the brackets stand for Lie brackets as defined in Proposition C.1. It turns out that these equations
can be dramatically simplified. Indeed, the Lie brackets can be computed

[(I-RH%)AVR,(I-RH)A L 'R]=(I-RH)(AVA-L-1 - A-L-1ALY)

[(@-RH)A''R, (I- RH*)A MR = (I RHO)(KL”K*“ —ATMALTY
[TH°AM'R, TH°A b 7'R] = T(AMA~L71 - A-L71AL)HOR,
[’T‘HOAl 1R THOA L 1R] _ (;&1,—1;&—1,1 . A—l,l;&l,—l)HOﬁ7

R,
R

and we have the remarkable identity

Ao,o_,_ i (;&1,1;&—1,—1 _;&—1,—1;&1,1) + . A

w(zs +25) Wiz — 25)
with

—-cs 0 0 0 0 O
0 cs 0O 0 0 O
B = ilki>] 0 0 —cs 0 0 0
2w 0 0 0 e¢g 0O O
0 0 0 0 —cp O
0 0 0 0 0 cp

It is absolutely remarkable that the zero-th order term A%0 and the Lie brackets coming from the averaging
theorem combine to give a diagonal matrix, while each contribution is rather complicated. This gives the
following equations for the reflection and transmission matrices:

R

=(I-RH°)DR, R(z3=-L)=1I, (80)
dCCg
AT ~ioas A
—— =-TH°DR, T(z3=-L)=1. (81)
dCCg

The solution of (80) is a diagonal matrix whose even diagonal terms are equal to one:

Rs(zs)0 0 0 0 0

0O 1 0 0 0 0

s 0 0Rs(xz3)0 0 0
R(zs) = 0O 0 0 1 0 0
0 0 0 0Rplas)0

o 0 0 0 0 1

where

12



dﬁs - iCs|RJ_|2 -~ ~ . _
i3 (z3) = 2w Rs(x3), Rs(zs=-L)=1,
dﬁp - iCp|HJ_|2 = -~ . .
dIg (,Tg) = %% Rp(xg), Rp(wg = L) =1.

Therefore, for 7 = 1,2, 3, we have

~ ~

lim aj(xg = O) = [R(:Eg = O)V]ijl =0.

e—0

This shows that the paraxial (or forward-scattering) approximation is valid in the sense that the reflected
modes a5 (x3 = 0) are vanishing in the limit € — 0. The solution of (81) is also a diagonal matrix:

1 0 0 0 0 0
0Ts(xs)0 0 0 0
. 0 0 1 0 0 O
T = ~
@)=1o o o0fs@so o |°
0 0 0 0 1 0
0 0 0 0 O0Tp(as)
where
dT. icslk |2 ~ .
d—xj(xg) - _%TS(%), To(xs=—-L)=1,
dT. icplk |2 ~ .
d—;;(xg) = _%Tp(xg), Tp(xs =—L)=1.

By taking an inverse Fourier transform in k_, we obtain the result of Proposition 1. Finally, the solutions
of the Schrodinger equations in a homogeneous medium can be computed explicitly and we obtain

icp

1/2
ngg(S, ml) — (C2PT)3 // binc,3(wa K/L)€7 o1 ki |?L4ik, @, dnle’“"sdw ’

1/2 v
Xsj3(s, L) = (257)3 // binc,j(w,HL)€72_5‘”leL“M'“dnle*Wde, j=12.

6. The derivation of the paraxial wave equations in the random case

In this section we prove Proposition 2. We transform the two-point boundary value problem (42)-(44) into
an initial value problem. This is very important in the random case so that we can deal exclusively with
quantities that are adapted to the filtration of the driving processes m,,, m,, and m, (which is necessary for
the application of a diffusion approximation theorem). This transformation is done by an invariant imbedding
step in which we introduce transmission and reflection operators. The algebra is more complicated than in
the homogeneous case since the random medium fluctuations involve coupling not only between the six
modes (as in the homogeneous case) but also between different x, -modes. That is why we need to introduce

matrix operators. The vector X¢ defined as in (41) is solution of the two-point boundary value problem:

dXe — —~ — _
= A (23)X°, HLX*(-L)+H'X®(0)=V.

dIg

Here A (x3) is the matrix operator acting on six-dimensional vector fields f’(n 1) as

—~E

A (23) V) (k1) = / A (o1, 61 23) V() )i,
with the kernel

13



1 = :L'3 L 2wxg w3 -
+- (27T)2mP(HJ_ K|, 5_2) [e TR0 4B 2)0]
1 1 o~ IB i2wz3 R _Zﬂ o
swms (koL — K, 5—2) {e s B2 4 o oo BO 2]
1 1 ~ ;. I3 50,0 1 1 . s -
e R B S (e — kL 55) BT (82)

By applying Proposition B.1, we get that the reflected and transmitted modes are given by

@(e3=0)=[R (23 =0)V]y_1, j=1,2,3, (83)
b5(es = —L) = [T (23 = 0)V]e;, j=12.3, (84)
where the reflection and transmission matrix-operator kernels are solution of the initial value problem
~E
dR ~ e ~ ~ =~
= —2- RHNA (23R, R (x3=-L)=T, (85)
3
~c
dT ~e ~ . ~ N
D - TRHA )R, Tws=-1)=7, (36)
3
where

~

I(ki,Kk')) =68k — k)T, ﬂO(HL,K/l) =0k, —K')H".

Explicitly, the transmitted wave components are, for j = 1,2:

1/2 3 N
Xt @y 03 = ~L) = (2:;)3 //ZTQEJ',%(W, KiK', 23 = O)binc,k(W,Rl)eandenldnLeza(%7t)dw,
k=1
1/2 3 ~ | .
ng(t, 62.’1}l, T3 = —L) = (21;)3 // Zlfﬁsﬂk(w’ K1, K)/J_, T3 = O)binc,k((ﬂ, Hl)e“ﬂ-'zi-dnldnlela(g—t)dw7
k=1

¢ = (5'xjs and & = (p'xss while the other components are obtained by (19-22). We first note that the

rapid phase in w will give a localization in time of the transmitted waves (provided we show that T has a
limit). Therefore we focus our attention on

L
X§3(Sawl) :ng(t = P —|—54s,52mbx3 = _L) ,
S

L
X33(8,@1) = X33 (t =7 els, e’z 13 = —L) .
P

The proof of the convergence follows closely the strategy adopted in [14], where the paraxial wave equation
is obtained from the acoustic wave equations in the same distinguished limit. The proof is similar because
the matrix operator A has a diagonal block structure (with 2 x 2 blocks along the diagonal), which means
that it has the same structure as the 2 x 2 operator encountered in the acoustic case. The main step of the
proof consists in showing the convergence of the general moments of the transmitted wave components to the
ones given by the limit system of stochastic partial differential equation (64-65). For N € N, j, € {1,2,3},
m, €N, s, €Rand z,, € R?, r =1,..., N, the general moment of transmitted wave components

N
1 =E[ [ Ga(srw)™ ]
r=1

can be expressed as a sum of 3" multiple integrals, for M = Eivzl My
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If = > I

( Th)h ,,,,, mp,r=1,..., N€{1.2 3}IW

Mz M N my

S

=St [ [T awt s o
r=1h=1
b ! WKLy p ®Lr—Wr hSr T ’

><H(binc,kr,h(wr,hamr,h)e( T, ))]E[H%jmzkr,h(wnha'ﬁr,ha'ﬁr,hao)}a
rh r.h

for Mp = card{k,, =3, h=1,...,m,,r=1,...,N} and Mg = M — Mp. Therefore, the convergence
of the general moment of the transmitted wave components in the white-noise limit will follow from the
convergence of the specific moments E[J¢(0)] of the transmission matrix-operator kernels, where

“(w3) = [[ T5 s, (wro 610 61, w5) (87)

We call these moments “specific” because we restrict our attention to the case in which the frequencies w,.,
r =1,...,N, are all distinct in (87). It is important to note that the transmission operator kernels T
themselves do not converge to T but only certain moments (expectations of products of components with
distinct frequencies), which are those needed to ensure the convergence of the transmitted fields.

We use diffusion approximation theorems in the same way as in [14] combined with the application of
the averaging theorem in Appendix C as in the homogeneous case to obtain the limit of the expectation of
J¢(0) as € — 0. We find that this limit can be expressed as the expectation of the corresponding product of
components of an “effective” transmission kernel in the following way:

e—0

M
lim E[7(0)] = E[ [T 7, s, (@, k0 1,,0)]
r=1

The expectation on the right-hand side is taken with respect to the following It6-Schrédinger model for the
transmission operator:

kL —K\) O 0 0 0 0
0 7 0 0 0 0
~ 0 0 (k. —kK') O 0 0
/ _ ~
T(w ke, k), 23) = 0 0 0 Ts 0 0|
0 0 0 0 6k —K')) O
0 0 0 0 0 Tp

where the kernels 7g(w, k1, K/, ,x3) and Tp(w, k1, K’ ,z3) are solution of

. 2 QC 0) ~
dTs(w, k1, K|, x3) = MT};(W K1,k ,r3)drs — 07752'5()75((4),HL,H3_,I3)C£CC3
2w 8cg
+2(7/TS w HL,HJ_,:Eg)st( K)J_,:Eg)dhl
ZCP|HL|2 2001]313(0) =~

dTp(w, k), K| ,x3) = Tp(w KiK', x3)drs —

2w 80%

/Tp w HL,KZJ_,Ig)dBP( — K|, x3)dK'] |

Tp(w, k1, K, x3)dxs

+2(7

starting from 7g(w, K1,k ,z3 = —L) = §(k. — k) and Tp(w, HL,HL,.Ig = —L) = §(k1 — K/ ). Here
we use the standard It6 stochastic integral and the Brownian field B = (BS, Bp) is the partial Fourier
transform of the field B = (Bg, Bp)”. It has the following operator-valued spatial covariance:

E[B(k1,x3)BY (k' ,24)] = min{as, 24} (2m)2Co(k 1)d (k1 + k), (88)
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where

~

Co(K‘,L) = / Co(wl)eiinL'zLdmL . (89)
R2

By considering the transmission kernels in the original spatial variables:

-~ 1 . ’ RS
Ts(w, 1,2, 23) = @2 // R LR )T kK as)dk ) dR
7r

1 : ’ ’ f
Tp(w, 1, @ ,23) = @2 // R L=k )T (0 Ky K ) dk L dE

we obtain that they satisfy the system (64-65) where we have used the Stratonovich integral instead of 1t
integral.

7. Conclusion

In this paper we have used invariant imbedding and limit theorems to obtain the paraxial equations for
elastic waves in random media in the parabolic white-noise regime. We have shown that the paraxial systems
for the pressure waves and shear waves have the form of a system of Schrodinger equations that are driven
by a pair of correlated Brownian fields. We have identified the structure of the correlation between the
Brownian fields and between the wave fields and we have clarified the form of the diffraction operators.
These equations give a new and efficient way of modeling elastic wave propagation in a consistent manner
via averaging and diffusion approximation results. Owing to the central role elastic wave propagation have
in for instance geophysics we expect these result to be relevant in a number of applications, in particular for
analyzing schemes for imaging theoretically as well as for numerical wave propagation.

Appendix A. Expressions of the matrices

The matrices A are obtained from A by substitution ik; — 8%1 and iky — 6%2.
0O 0 0 0 0 O 0 0 0 0 O0ikiag
0 0 0 O0ikiag 0 0 0 0 0 0 O
ALl _ 0O 0 0 0 0 O ALl 0 0 0 0 0 iksay
0 0 0 O0idkeagO]’ 0 0 0 0 0 O ’
O 0 O o0 0 o0 0 tk10ae 0 1600, 0 0
k10 0 tkoae 0 0 O 0O 0 0 0 0 O
0 0 0 0 ik O 0O 0 0 00 O
0 0 0 O 0 O 0 0 0 00k
ALl _ 0 0 0 0 ikseay O ALl _ 0 0 0 00 . 0
0 0 0 0 0 o}’ 0 0 0 00 ke
0 0 0 0 0 O iK1 0 ko, 00 O
0 ik1ae 0 ikoae 0 O 0O 0 0 00 O
1/2 1/2 1/2
with a, = ZT(J\TO“ - Qi—sp), o = ggp (% + QCC—SP), and o, = 21153/2 2‘:;’;3){’0,



~

A20 —

17

100000 kI 0 Kike 0 00
0-100 00 0 —k¥ 0 —kKiK2 00
_ deglki*]l0 0 1000 icspo+Xo | kike 0O kKZ 0 00
T 2w 000-100| 2w g 0 —wiwe 0 —k2 00
000000 0 0 0 0 00
000000 0 0 0 0 00
0000 0 0
0000 0 0
icplk > Xo 0000 0 0
2w 2o+X 0000 0 Of"
0000-10
0000 0 1
000000 00 0 000
100000 K2 0 kik2 000
Nm_iquP 000000 +§§M+Ao 00 0 000
T 2w 001000 2w o kike 0 K3 000
000000 00 0 000
000000 00 0 000
010000 0 K7 0 k12 00
000000 00 0 0 00
A0-2_ _ics[ki[? [000100]| dcspotAo |0 mikz0 &3 00
2w 000000 2w i 000 0 00]°
000000 00 0 0 00
000000 00 0 0 00
000000 000000
000000 000000
Z.CP|K/J_|2 Ao 000000 A-20 Z.CP|K/J_|2 Ao 000000
2w 2o+X |000000] T 2w 2u9+X [000000
000000 000001
000010 000000
000000 010000
100000 000000
go2_ w (000000 go—2_ _w [000100
2c5 001000 2c5 000000
000000 000000
000000 000000
000000 000000
000000 000000
B20_ @ [000000 g-20_ _ [000000
2cp |000000 ] 2cp |000000
000000 000001
000010 000000
100000 00000 O
0-10000 00000 O
00w |00 1000 00 iw |00000 0
S T2 |000-100]" TP T 2c5]00000 0
000000 00001 0
000000 00000 —1



Appendix B. An invariant imbedding theorem

Let us consider the two-point boundary value problem:
—(2) = A(2)X(2), X(z) eR™, (B.1)

with the boundary condition H-£ X (—L) + H°X (0) = V°, where A(z), H™L and H are m x m-matrices
and VY is an m-dimensional vector. Assume that H=* + H? is invertible. In this linear framework the
invariant imbedding approach leads to the following proposition [3].

Proposition B.1 Let us define the matrices (R(C))—r<c<o and (Q(z,())—r<z<c<o as the solutions of the
inatial value problems:

%@ — A(OR(O) ~ R(OHA(QR(), ~L<(<0, (B.2)
starting from ( = —L: R(( = —L) = (H ¥ + H°)"!, and
99, ()= Q. OHPAOR()., ~L<=<(<0, (B.3)

a¢

starting from ¢ = z: Q(z,¢ = z) = R(z2). If the solution R(C) of the nonlinear initial value problem (B.2)
exists up to ¢ = 0, then P(z) = Q(z,0) is the solution of:

—(2)=A(x)P(z), 0<z<L, with H~YP(-L) + H°P(0) =1,

and consequently X (z) = P(2)V? is the solution of (B.1) with the boundary condition H-L X (—L) +
H°X (0) = V0.

Appendix C. An averaging theorem

The following proposition can be found in [21,23]. We give here an elementary proof for consistency.
Proposition C.1 Let us consider the solution X° = (X5, )jk=1,..,n of the initial value problem

(2,
et ) s XE(ZQ) = Xini (Cl)

Q
dXS FO(xe 1 F@(xe (1)2 (@) (XeVe™
= (X) + 5 ; ( (X)e o + G@(X5)e

where F@ : RN — RN” and G@ : RN* — RN are smooth functions and o/? € R\{0} are distinct along
with their sums and differences. Then X converges to X the solution of the effective equation
aX _ g i g ()

dz a(

q=1

where [-,-] stands for the Lie brackets defined by
IF(X) 0G(X)

N
FX),GX)] = 3 (G, GnX) = 5 ~Fn(X))
dk=1 ! !

Note that, when F(X) = AX and G(X) = BX where A and B are two N x N matrices, then
[F(X), G(X)} = (AB - BA)X.
Proof. The result can be obtained by a multi-scale expansion ansatz in powers of harmonic phases:
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a(d) 2

Q . .o (2)
X (2) =XO(2) + 2 (X(q’l)(z)el = +X<%*1>(z)e*u+) (C.2)
q=1

Q
(@) .o (2) 5
4t Z (X(q,2) (z)e? " 4 X(@0)(z)  X(@=2) (2)6—215—4)
q=1

Z—(a(Q)+a(q/))z ’L_(Q(Q),a(q/))z)
(& 51 51

+et Y (X<q,q',1,1>(z)
1<q<q’<Q

+ X(@d LD ()

;o ,(,Q(Q)Jra(q,))z ;. ,(,a(q),a(q,))z
4t E (X(%q , 171)(2)61754 + X(@d' -1, 1)(2)61754 ) +
1<g<q’'<Q

Recall that a(9) along with their sums and differences are distinct so that these constitute different harmonics.
We now substitute the ansatz (C.2) in (C.1). By subsequently collecting the terms of order 0(¢~2) and 0(&)
and identifying the terms with the same harmonic (i.e. the same rapid phase), we obtain:

—ia DX = GW(X), ia@X@) = F@(X,),

dX(0) Q F@ (X)) . _ AG (@) (X(0))
_ 1(0) (x(0) (g,—1) (¢;1)
= F (X)) + E E X X+ E X

q=1 j,k

0 0
—2ia(‘J)X(q’_2) _ Z aG(Q) (X( ))X;Zil) 7 2ia(Q)X(q>2) _ Z aF(q) (X( ))X(q-,l)

Ok e 0Xg TR
0@ 1 ol x @ty _ 5 FOXD) OF @ (XD) ()
i(a'? + o)X\ _Z e X +Z Fyen X
gk ’ gk ’
, , OG@(XO) G @) (X () B
—ila® (@Nyx(e.q,-1,-1) _ x (=1 x (=1
i(a'? 4 a'?)) Jzk: 9Xn ik + JZ; DX ik
H(0®) — o)X 11 _ Z 8F(q)(X(0))X(q/7_1) N Z 3G(‘1’)(X(0))X(q,1)
B j.k OX i 7 J.k X e
, , oG (X©@) 8F(q')(X(0)) B
i(—a(@) (@Nyx(aq,-1.1) _ x (D x(e=1)
'L( (0% + « ) J)Zk aXJk; 7k + J)Zk 6X_]k; 7k

Substituting the expressions of X(¢1) and X(¢=1) given by the first equation into the second one gives the
desired result. The other equations give the expressions of the corrective terms. o
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