ENHANCED AND SPECULAR BACKSCATTERING IN RANDOM
MEDIA
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Abstract. We study scalar waves probing a heterogeneous medium whose parameters are
modeled in terms of a statistically isotropic random field. The medium is terminated by an oblique
interface at one end (the bottom) and pressure release type boundary conditions at the other end
(the top). The tilt of the bottom interface is relatively small so that the dominant contributions
to the wave field are confined to a paraxial tube. This study generalizes the basic formulation in
terms of It6-Schrodinger equations in a one-dimensional deterministic background, describing the
macrostructure, to the one in which the background is more complicated. It provides the first
step toward the analysis of scattered waves in general background media modulated by a random
microstructure. We discuss in detail the enhanced backscattering phenomenon or weak localization in
this setting, with a tilted interface imbedded in the random medium, and find that the backscattering
cone does not depend on the tilt. We also find that the enhanced backscattering phenomenon is not
affected by the replacement of a specular interface with a diffusive interface.

Key words. Paraxial approximation, enhanced backscattering, random media, oblique interface,
free surface boundary condition

1. Introduction. We consider scalar waves propagating in a heterogeneous medium.
We model the heterogeneities as a a realization of a random field with relatively short
scale fluctuations. We characterize the waves that have been reflected off the random
medium. The regime we consider here corresponds to beam or long range propaga-
tion. Such a situation is often modeled by paraxial wave equations. In the last decades
the paraxial wave equation has emerged as the dominant tool to describe small scale
scattering such as in radiowave propagation, radar, remote sensing, propagation in
urban environments and in underwater acoustics, as well as in propagation problems
in the Earth’s crust [1, 3]. In its basic formulation, this approximation leads to only
forward propagating waves, a forward-scattering approximation. Here we consider a
generalization that captures also the reflected wave.

In [6] we considered a configuration consisting of a random slab bounded at the
bottom by a horizontal interface. We showed that both the paraxial approximation
associated with the beam geometry and a white noise approximation associated with
the rapid medium fluctuations can be justified simultaneously. For the transmitted
field the limit equation takes the form of a random Schrédinger equation studied in
particular in [4].

In this paper, we generalize our previous results to the case with a tilted interface
at the bottom of the random slab, generating strong reflection, and the presence of
a pressure release, or free surface, boundary condition at the top of the slab. The
free surface generates multiple reflections, and we derive a characterization of these in
terms of a family of reflection operators the kernels of which satisfy It6-Schrodinger
equations. We discuss in detail how these lead to specific problems for Wigner trans-
forms of the limit kernels which are useful for analyzing the characteristics of the
reflected wave field. We use the representation in terms of reflection operators to
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analyze the spreading and decorrelation of the reflected field.

As a specific application of our result, we consider the enhanced backscattering
phenomenon or weak localization effect [2, 11]: If a quasi-plane wave is incoming with
a given incidence angle, then the mean reflected intensity has a local maximum in
the backscattered direction, which is twice as large as the mean reflected intensity
in the other directions. This enhancement can be observed in a small cone around
the backscattered direction, and it can be interpreted as the result of constructive
interferences between reciprocal wave paths. The result we find here is interesting
in that in our configuration the backscattering cone depends on the presence of the
bottom interface, but does not depend on the tilt. This emphasizes the fact that the
enhanced backscattering phenomenon is a coherence effect. This observation is further
corroborated by the fact that the structure of the enhanced backscattering cone is not
affected by replacing the specular interface by a diffusive interface. We remark that,
in this paper, we analyze the partially coherent wave energy being reflected off the
interface and the free surface. This situation is different if one considers the wave
energy generated by the reflections by the random fluctuations only; such a situation
is discussed in [5].

The results obtained in this paper have applications, for example, in reflection
seismology. Here, the tilted interface would be a model, locally, of the top of a
reservoir, the bottom of the crust or the top of a subducting slab, and one is interested
in estimating the location of the interface as well as in characterizing the random
fluctuations (“microfabric”) using the (multiple) wave reflections at the top as the
data.

The outline of the paper is as follows. We introduce the model and the main
separation of scales assumption in Section 2. In Section 3 we carry out the basic wave
decomposition in locally up- and down-propagating wave components. This leads to
a boundary value formulation and we convert this to an initial value formulation via
invariant imbedding in Section 4. We present the main result in Section 5 which shows
how we can characterize the wave reflection process and the multiples associated with
our formulation via an It6-Schrédinger equation for the reflection operator. After a
brief review of the form of the reflected field in the homogeneous case presented in
Section 6, we discuss in detail in Section 7 how the microstructure in our configuration
affects the first and second (cross) moments of the reflected field. We end with a
discussion of the enhanced backscattering phenomenon in Section 8.

2. Configuration, Scaling and Assumptions. We consider acoustic waves
propagating in 1 + d spatial dimensions with random medium fluctuations. The
governing equations are

2 i
Eivp=F, — L iv.u=q,
ot z,x

(2.1) oz )
where p is the pressure field, w is the velocity field, p is the density of the medium,
K is the bulk modulus of the medium, and (z, ) € R x R? are the space coordinates.
The source is modeled by the forcing term F'.

We consider in this paper the situation in which a random slab occupies the region

Q, = {(Z,CC), Tc Rdv Zz(m) <z< 0}

The surface z = 0 is the top interface and the surface z = z;(¢) < 0 is the bottom
interface. The medium fluctuations in the region 2, vary rapidly in space while the
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F1c. 1. Configuration: The source is located at depth zs < 0 close to the surface. An oblique
interface is specified by (—L,0) and 6.

“background” medium is constant. The density of the medium is assumed to be
evanescent in the region z > 0, which gives pressure release boundary conditions at
the top interface. We consider a mismatch at the boundary z = z;(x), which gives
jump conditions at the bottom interface. We denote by py and K the background
medium parameters in the half-space z < z;(x), and by p; and K; the parameters in
the region .

. Kyt if 2 < 2;(x),
———— = K;' (1 +vk(z,x)) if 2 € (zi(x),0),
K(z2) | g if 2 >0,

po if 2z < z(x),
p(Z,-’.U) =93P ifz € (Zl(m)vo)a
0 ifz>0,

where the random field vk (z,x) models the medium fluctuations, the correlation
length of which is k.

The source, F, is located in the region €2, at z = z,, z; < 0, close to the surface
z = 0 (we will eventually take the limit z; — 07). We shall refer to waves propagating
in the direction with a positive z component as up-going waves. The source generates
waves that propagate through the random medium and that are reflected by the
interface at z = z;(x) and propagate back through the medium. We are interested in
the waves that can be recorded at the surface z = 0.

The source has the form

F(tvza :B) = f(ta m)a(z - Zs)ez,

where e, is the unit vector pointing in the z-direction. We denote by wq the typical
frequency of the source term f and by Ry the diameter of its spatial support (which
gives the initial beam width). The typical wavelength associated with the typical
frequency wp is A\g = 2mey Jwy, for ¢; = /K7 /p1 the background speed in the region
Q,., which is of the same order as the background speed ¢y = 1/ K/ po in the half-space
z < zi().

We now introduce the scaling regime that we consider in this paper:

1) We assume that the correlation length lx of the medium is much smaller than
the typical propagation distance L (of the order of |z;|). We denote by &2 the ratio
between the correlation length and the typical propagation distance.
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2) We assume that the transverse width of the source Ry and the correlation
length of the medium [ are of the same order. This means that we assume that
the ratio Rg/L is of order £2. This scaling is motivated by the fact that, in this
regime, there is a non-trivial interaction between the fluctuations of the medium and
the beam.

3) We assume that the typical wavelength )¢ is much smaller than the propagation
distance L; more precisely, we assume that the ratio \g/L is of order ¢*. This high-
frequency scaling is motivated by the following considerations. The Rayleigh length
for a beam with initial width Ry and central wavelength \g is of the order of R3/)¢ in
absence of random fluctuations (the Rayleigh length is the distance from beam waist
where the beam area is doubled by diffraction). In order to get a Rayleigh length
of the order of the propagation distance L, the ratio \g/L must be of order ¢* since
R()/L ~ 62.

4) We assume that the distance from the surface z = 0 to the source z = z; is of
the order of the wavelength (or smaller), that is, of the order of &*.

5) We assume that the bottom interface z = z; () is (locally) flat and its normal
vector makes a small angle with respect to e,. The magnitude of this angle is of
order £2, so that Descartes’ law predicts that the beam generated by the source
and reflected by the interface will be recorded at the surface z = 0 with a lateral
shift of the order of the radius of the beam. This is the interesting configuration,
in which the incident and reflected waves propagate through the same region of the
random medium. Furthermore, the pressure release boundary conditions also reflect
the waves, so they will experience several round trips between the two interfaces z = 0
and z = z;(x).

Henceforth, we shall assume non-dimensionalized units chosen such that the back-
ground bulk modulus K; and density p; in the region €2, are one; hence, the back-
ground speed ¢; = /K1 /p1 and impedance Z; = \/K;p; are also equal to one. If we
consider the propagation distance, L, as our reference distance of order one in this
scaled regime, then

1) the equation of the bottom interface is z = —L — €26 -  where 8 € R? with
|6 =1 and L > 0 is the depth of the interface,
2) the source is localized at z = —e%2g and it has the form
t x 4
(2.2) F(t,z,z) = f(g, 5—2)6(2« +ez0)e.,

where zp > 0 and f(¢,2) is the normalized source shape function (with time and
spatial scales of variations of order one),
3) the medium fluctuations have the form

1 K(;l if 2 < —L—¢%0 -z,
—— =S 1+%(£,%) ifze(-L—£%0-2,0),
K(zx) |, if 2 >0,

o) if 2 < —L—¢%0-x,
plz,e) =<1 ifze(—L—¢e%0 x,0),
0 ifz>0,

where the zero-mean, stationary random field v has a correlation length of order one
and standard deviation of order one, see Figure 1. We also assume that it satisfies
strong mixing conditions in z. Here the amplitude 3 of the fluctuations has been
chosen so as to obtain an effective regime of order one when € goes to zero. That is, if
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the magnitude of the fluctuations is smaller than 3, then the wave would propagate
as if the medium were homogeneous, while if the order of magnitude is larger, then
the wave would not penetrate the slab down to the bottom interface. The scaling that
we consider here corresponds to the physically most interesting situation.

3. The Boundary Value Problem. Since both the medium and the source
have transverse spatial variations at the scale €2, it is convenient to rescale the trans-
verse coordinates x/e? — & and to introduce the rescaled fields u® and p°:

(3.1) ut(t,z,x) = u(t,z — '@ - x,%x), p°(t,z,x) =p(t,z —'0 - x,x).

In these new coordinates, the bottom interface is z = —L while the top surface is
z = ¢%@-x. This transformation is convenient for the invariant imbedding formulation
that we present below. In the region €, the fields satisfy

ou® 0, R t 1
(32) W‘f’ [5206Z+€2ngp :f(g7$)5(2+54(20—0-w)) |:0:| ’
z 8p€ az 5
(3.3) (1 +etv(g —ete ””"”)) o L%}az + E_QVJ =0

where V, stands for the gradient with respect to the transverse spatial variables x.
The pressure field and its z-derivative in the region €2, can be written as:

1 Gz~ s -
p°(t,z,x) = 2—/ ('de(k',z,ac)elk?4 + bf(k,z,:c)e_lk?*) e gk,
T

Ip° _ 1 ik ikZ e —ik2 ) —ik
% (t,z,x) = 27r/54 (a (k,z,x)e"=T —b°(k,z,x)e” "= )e T dk,

with the complex amplitudes a° and ¢ of the up- and down-propagating modes given
explicitly by
- 1 1 1 Op®
c ka 9 =3 (7 c t7 ) A
@ (k, 2, ) 2{/ €4p(zw)+zk82
pE

~ 1 1. 10 T
b (k,z,x) = 5 {/ (6—417 (t,z,x) — s (t,zm;))e k€4dt] etk

(t, z, w)) etk dt} e~

The pressure release boundary conditions impose p(t,z = %0 - x, x) = 0.

Using (3.2-3.3) we obtain after Fourier transform, elimination of w®, and the
use of the above definitions of a® ,EE , that the mode amplitudes satisfy the coupled
equations

3&5 o 1]€ V4 'L ~e 721’]@% 'Lk z l Te

O s (ik (2 i . (ik [z i ~
(35) 92 = —€ € (251/<€2,:13) + %Am) a — (261/(52,33) + %Am> b y

where we have neglected terms of order €. Note that the z-derivatives of @° and
b¢ are of the order of e =1, so we have to leading order a®(k, z,z) = a°(k,0",x) and
b5 (k, z, ) = b°(k,0", @) for z € (—e*29 + £%0 - @, %0 - @) (the region between the
source and the top surface), and we denote by a®(k,0~, ) and gs(k, 07, x) the values

of @ (k, z,x) and b°(k, z, ) just below the source.
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The system (3.4-3.5) is valid in z € (—L,0) and it is complemented with the
following boundary and jump conditions at z = 0% (the top interface), 2 = 0~ (the
source) and z = —L (the bottom interface):

(3.6) @ (k, 0", @)e*®® 1 b5 (k, 0%, x)e*0® = 0,
[a/s(k_’ 0—&-7 w)e—ik(zo—&m) + 'Es(k_’ 0—&-7 x)eik(zo—&m)}

(3.7) —[a(k, 07, 2)e"k=0=02) b2 (k07 &) —0D)] = F(k, ),
[?is(k, 0-&-7 w)e—ik(zo—etm) _ 55(k,’ 0—&-7 w)eik(zo—e-m)}
(3.8) _ [as(h 0, w)e—ik(zo—e‘w) _ EE(k/,’ 0, :L,)eik’(zo—elw)] -0,

L
€

(3.9) @ (k,—L,x)e " — Rob*(k, L, x)e™ ,
where Ro = (Zo — 1)/(Zo + 1) is the reflection coeflicient of the bottom interface,

Zy = v/ Kopp is the impedance of the bottom homogeneous half-space, and the Fourier
transforms are defined by

G10)  fike) = [ @t for) = [ Fikaeede

We simplify condition (3.7) by taking zp — 0 (which means that the distance
from the source to the top interface is smaller than the wavelength), and we find that
the system (3.4-3.5) in z € (—L,0) is complemented with boundary conditions (3.9)
at z = —L and
(3.11) (k.07 @) +a (k, 07, @)e™™ ™ = — f(k, 2)e™,

at z = 0~. The waves that can be observed at the surface z = 0 are given by
~¢ + 1~s - 1~s — —2ik0-x

(3.12) a®(k,07, @) = 7a (k,07,x) — §b (k,07,x)e ,
~ 1. _ 1~

(3.13) be(k, 0", x) = —ias(k,o—, x)e?hoT 4 5Zf(k,o—,ac).

The signals recorded at the surface are in practice the vertical velocity (normal to the
top surface) defined by

(3.14) v (t,x) == e, - u(t,0,e%x),

which is such that

Therefore

1 = i T ik —ik-t
(3.15) v (t, @) = 27/ (aa(k’o-‘r’w)ezkem _ba(k70+’w)e—zk0~w) e~k gr.

™

4. The Reflection Operator. We define the lateral Fourier modes

(4.1)  a°(k,z,k) = /65(k,z7w)e_m‘wd:v, b (k,z, k) = /Ee(k,z7w)e_mmda:.
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They satisfy for z € (—L,0)

da®

O (h2om) = /E (h, 2, 15, K') 6 (2, 17 )R

2ikz

+e et /[,Ae(k,z,k;, &) 0% (k, 2, K')dK',

%(k,z,&):—e_%? E(kz&h‘,) “(k,z,k")dr'

—/Ee(k,z,n,n’)ée(k,z,n’)dn’,
where

(4.2) £ (k2 51, m2) = — PO — m2) + Wz/(;z,m —h3)),

with ©(z, k) the partial Fourier transform (in @) of v(z, ). The boundary conditions
(3.9) and (3.11) at z = —L and z = 0~ read

(4.3) (k,—L,k)e "2 — Rob*(k, —L, k)T =0,
44

as
b (k,07, k) +a°(k, 0, k — 2k0) = — f(k, k — k@).

We now apply an invariant imbedding technique to obtain that
(4.5) b (k,—L,K) = /i’f(k,z,mn')és(k,z,n’)dﬁx
(4.6) @ (k, 2, k) = 2k /ﬁs(k,z,n,m’)ga(hz,l-@')dn’,
where the kernels of the operators 7A'E and R* satisfy

d ~ 2ik(z+L) ~c ,

—’R (k,z,k, k") =€ = L (k,z,k,K)

/L (k,z,k, k1) R R (k, 2, k1, K )dK1 +/7A€E(k,z,n,r<a1)f,€ (k,z, k1, k") drq
2Lk(2+L> ~¢ ~c

(4.7) + / R (k,z, 8, 60)L (k,z, 61, k2) R (k, 2, k2, k') dk1dKa,
77' (k,z,k, k') = /T (l{:,z,m,nl)ﬁ6 (k,z, k1, k") drq

(4.8) 21k(Z+L)/ 7 (k, 2,5, k1)L (k 2, k1, k2) R As(k,z,m,"él) dr1dKs.

This system is complemented with the initial conditions at z = — L, which are obtained
from (4.3):

R (k,—L,k, k') = Rod(k — k'), T (k,—L,k,K') =0(k—K).
The transmission and reflection operators evaluated at z = 0~ carry all the relevant

information about the random medium from the point of view of the transmitted and
reflected waves.



Using (4.4) and (4.6) we find
b (k,07, k) = —f(k, k — k@) — 27 /’ﬁg(k, 0,k — 2k6, Kb (k, 07, K )dr.
The solution of this equation can be expanded as a series:
b (k, 07, k) = —f(k, k — k@) + 2+ /ﬁs(k:, 0,k — 2k0, Kk, + k0) f (k, k1)dr1

ik /ﬁs(k, 0,5 — 240, k1 + kOYR (k,0, 11 — kO, k53 + kO)  (k, r32)dron iy
LS L

a¢(k,07, k) = —f(k, k + kO) — b°(k,0™, k + 2k0),

and therefore

b (k,07, k) = b°(k, 07, k) + %f(k, K — k6),

af(k, 0%, k) = a°(k,0™, k) + %f(k, K+ k@),

a (k07 k — k) — b°(k,07, k + kO) = f(k,K)
ik / R (k,0, 5 — k0, K1 + k0) f (k, k1)1

yetiki /ﬁe(k, 0,k — kB, k1 + kOYR (k,0, k1 — kB, ko + kO) f (k. k2)dr1drs
(4.9)+e0%5T

It is straightforward to establish the convergence of the series in the absence of a
random field. In the presence of random fluctuations the convergence requires that
U(z, k) decays sufficiently fast in |&|.

Our objective is to characterize the reflected vertical velocity field (3.15) around
the sequence of expected arrival times 25 L (which is j times the round trip time from
the surface to the bottom interface):

v5(s,x) = ve(2j L + e's, x)
= @ d+1// “(k,0", k — k0) — b(k,0+,n+k0)}
'/T
(410) znw ks) —21]k I drdk.

The presence of the rapid phase factor in (4.10) selects the term with the opposite
rapid phase in the sum (4.9) in the limit ¢ — 0. The kernel of the reflection operator
in spatial coordinates is given by

(4.11) R (k,z,z,x") eil@n—a'w) R (k, 2, k, k') drdrK'.

In the next section, we will discuss an “effective” scaling limit representation of this,
in the sense that it is a representation that gives the correct statistics for the reflected
wave field.



5. The Asymptotic Representation of the Reflected Field. We consider
the reflected fields v§ defined by (4.10) and use diffusion approximation theorems to
identify a limit random Schrédinger model. The main result is the following one.

PROPOSITION 5.1. For all j, the processes (v5(s, ®))scr,zere converge in distri-

bution as € — 0 in the space C°(R, L2(R% R)) N L?(R, L?(R4,R)) to the limit process
(vj(5,%))ser wera- We have in particular

(5.1)  vo(s, @) = % /f(k’x)e—iksdk7
(5.2)  wvi(s,x) = 7% // Rk, 0, 2, @' )eOT+k0 F(le 0 da o=k g
- iﬁ// R(k, 0,2, 2 \R(k,0, @', &")e0 @ +2ik0-x'+ik6-"
(5.3) X f(k, )z da’ e~ dk.
Here C’O(R, LQ(R{R)) is the space of continuous functions (in s) with values in

L2(R%, R) and L2(R, L%(R?,R)) = L2(RxR?,R). The kernel of the operator R(k, z, x, x')
is the solution of the following Ito-Schrodinger model

dR(k,z, @, x) = i (Ag + Ag) Rk, 2,2, 2') dz
.
(5.4) +%’R(k, 2,2,2') o (dB(z,z) + dB(z, z')),
with the initial condition at z = —L:

Rk, —L,x,z') = Rod(x — x').

The symbol o stands for the Stratonovich stochastic integral, B(z,x) is a real-valued
Brownian field with covariance

(5.5) E[B(z1,21)B(22, 2)] = min{zy, 22} D(x1 — x2),
and we have used the notations

(5.6) Clz,z) =E[v(z' +z,2' + z)v(s, 2)],
(5.7) / C(z,xz)d

The moments of the finite-dimensional distributions also converge, in the sense that

(5.8) E[f[lv;(sl,a:l)ml] NE [ij (s1,21) }

forany g €N, (s81)i=1...q € R, (x))1=1.. 4 € RY, and (my);=1,. , € N9

The convergence of the reflected kernel was studied in [6] in the scaling regime
outlined in Section 2. As mentioned before we assume that the random process v
has mixing properties in z which ensures that the integrated covariance D in (5.7) is
finite. Moreover

UO(‘S?w) = f(87 :B)
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is the field directly emitted upward by the source to the surface, while vy (s, ) is the
field emitted downward by the source and that has been reflected once by the bottom
interface. The fields v;, 7 > 2 are the multiples that have been reflected j times by
the bottom interface and by the top surface. The statistical properties of the operator
‘R have been studied in [6]. Therefore we can use the results contained in that paper
in order to analyze the statistical properties of the recorded vertical velocity field.

6. Absence of random fluctuations — Explicit representations. If the
medium is homogeneous, then

~ ko oN\d/2 kle — x'|?
R(k,0,z,x') = R()(m) e % exp ( - z%)

Let us assume that the source has the form

Ll

J(t.2) = foltye ™ exp (= g7 ).

and that the bandwidth of fy(¢) is smaller than the carrier frequency ko. Then

AL2 \—d @ + 20L|?
6.1 v (t, @ 2:R2(1+—) £ ex (—7)
60 e =R ) 0P e (- g
0'0

The classical diffraction spreading due to the round trip from the surface to the
bottom interface and the shift of the envelope of the beam due to the small tilt 8 of
the bottom interface are identifiable in (6.1).

7. Scaling revisited — Explicit representations. In this section we state
the assumptions regarding the random medium that allow us to get convenient and
explicit expressions for quantities of interest. We remark that the essential scaling
assumptions are the scaling of the source, the medium fluctuations and the travel
time in terms of the small parameter ¢ as described in Section 2. We also remark
that the expressions for the coherent and incoherent fields and how they depend on
the interface depth and tilt can be used for estimation and we will treat this in detail
elsewhere. Here, we make some subsequent scaling assumptions that are useful to
evaluate the expressions deriving from Proposition 5.1.

We assume that
(a) the pulse has carrier frequency ko and it is narrowband,

(b) the input beam spatial profile is Gaussian with radius rg.
According to assumptions (a) and (b) we assume the initial conditions

s

(7.1) ) = fiwe ™texp (= 5 ), S = oy (61),

2
2rg

with § < 1 (suppressing the complex conjugate part here and below). We remark that
the Gaussian shape assumption serves to simplify expressions, but it is not essential.
We furthermore assume that
(c) the random fluctuations are statistically isotropic with correlation length | and
I < rg, moreover, korgl ~ L.
This assumption ensures that diffractive effects are of order one over a propagation
distance of order L. We remark that in the random medium case diffractive effects
are of order one when kgrol ~ L. This is when the Rayleigh length associated with
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the Fresnel length, +/rol, is of the order of the depth of the slab. Note that in
this configuration the random medium fluctuations give an earlier onset of diffractive
effects than in the homogeneous case when the Rayleigh length associated with r¢ is
of order kor3.

We let Cy and Dy represent non-dimensionalized quantities so that

z x x
C(z,z) = 0200(7, 7), D(z) = 021D0(7).
We next assume smooth random medium fluctuations so that the autocovariance
function satisfies:
(d) D(x) is at least twice differentiable at € = 0 and we can write

o2

(12) D@ =DO) - JeP +olleP), 7= -2AD0) =T,

We introduce the parameter 5 characterizing the strength of the forward scatter-
ing

2.2
(7.3) B(ko, L) = L"Tkol.
Note that 8 corresponds to total scattering cross-section and ﬂf)o(~) a differential
scattering cross-section, see (B.3) and the discussion below. We shall then assume a
relatively strong medium interaction:
(e) Blko, L) > 1.
We remark that this corresponds to k3 D(0)L > 1.

The other important parameter that characterizes the microstructure is a(kg, L) =
L/(kol?). This parameter scales the strength of the diffraction at the scale I of the
random fluctuations, see (B.3). Note that then assumption (c¢) implies, and is in fact
equivalent to,

L

L L
72<<Oé8: :O(].) <<a:a(k0,L):ﬁ
0

- ko’l“o kol’l‘o

The parameters ag, a. and « are inverse Fresnel numbers with the aperture corre-
sponding respectively to the source aperture rg, random medium effective aperture
Vlry and the medium correlation length I. They describe the strength of diffractive
effects for respectively a homogeneous medium with source aperture rg, the random
medium with again source aperture ry, and a homogeneous medium with source aper-
ture [.

7.1. Coherent Field. Under (a,b) the limit of the coherent (or mean) reflected
field defined by

Ucoh,1 (t, (I}) - &11_% E [’Ui (t, :I})]
is given by
. . k2
Vcoh,1 (t7 iL’) _ —Roe_lkotfg(t)ezkoe'me_élD(O)L
N ik6-ax' lz'|%N |,
X 'lzljcoh(o,w_af)@ exp(— 5 )d;l: 3
2rg
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where tcon (2, @) is the solution of the Schrodinger equation with damping

8wcoh o i
0z o k’o

ko
Amwcoh - ZD(X)¢coh

starting from Yeon(—L, ) = é(x). Under (a-c),

sent0e) = () e o (5T,

and therefore

412\ —d x + 20L|?
(T4) om0 2)? = REHPOL 02 (14 2) exp (- 22N
0o To (1 + kgrg)
This expression is of the form (6.1) representing the reflected field in the homoge-
neous case with an exponential damping. If moreover, random scattering is strong,
assumption (e), then the coherent field is vanishing.

7.2. Incoherent Field. Under (a-c), the coherence function of the reflected
field defined by

: t Y\—= t y)
g _ £ —
(7.5) Al(s,t,x,y)—gu%E[vl(s+2,w+2)v1(s—2,x 5 }

has the form

t\—= t ) .
Ai(s, t,x,y) = R%fg (s + §>fg (5 _ §>672k0t62zk06~y
rgInl? 2 )
(7.6) x( "o )d/e_of_f!g e—in~m—2iL9-ne§ 2L D(n&+y)—D(0)dz

v

We give the details of the derivation of this result in Appendix A.

If moreover, random scattering is strong, assumption (e), and the random medium
fluctuations are smooth, assumption (d), then we obtain that the coherence function
has the Gaussian shape

t\—= t , T d
_ D28 Y\FS Y\ —ikot 0
st =R (s (e~ e ()
lz+20L  |yl*  (x+20L)-y
<exp (= S DD T D

The beam radius rr(L), the correlation radius pr(L), and the parameter xr(L) are
characterized by

dn.

(7.7) +i2k08 - y)

4~vL3

(78) TR(L) =170 14+ 37‘8 5

4~L3
1+ 4L

(7.9) pr(L) =10 ,
\/1 + k3r2yL + LA{;I}
rr(L)

VkoyL?
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(7.10) Xr(L) =



where we have taken into account that korg > L in the considered regime. The
correlation radius pr(L) of the reflected field describes the lateral separation at which
the field decorrelates and hence its scale of variation. Thus, the field amplitude has
transverse random fluctuations at the scale of the correlation radius pr(L) within
an overall envelope whose width is rg(L). It is seen that the correlation radius is
small relative to the initial lateral support of the source, that is g, in our scaling
regime. The same holds true for the parameter xr(L) which describes a scale of
phase decoherence of the reflected field.

Note that we can write respectively

yL3 L3 1 1 (I/ro)? yL3 1
3 = 70a6ﬁ7 D) 5 o714 ) D) 5 — o,
4rg rg  kiy?L Y B rg koyL

so that in our scaling regime
pr(L) xr(L)

rp(L
R()>>1, PRAZ) 1, ABY )
To To To

respectively. In the regime that we consider it is not possible to observe in the spa-
tial coherence function (7.5) any coherent effect building up between the forward and
backward propagations. In fact, one can check that the expressions for the beam ra-
dius rr and correlation radius pgr coincide to leading order to the ones that we would
have obtained by considering propagation through independent random medium re-
alizations in the transmission and reflection directions of propagation [6]. However,
there is an interesting coherence phenomenon that can be observed in a small angular
cone and we discuss the so-called enhanced backscattering phenomenon in the next
section.

8. Enhanced Backscattering. In this section, we show that the reflected inten-
sity exhibits a singular picture in a very narrow cone (in lateral slowness k), of angular
width of order o~ !, around the backscattered direction. This phenomenon called en-
hanced backscattering or weak localization is widely discussed in the physics literature
[2, 11] and it has been observed in several experimental contexts [12, 10, 9, 8]. We
remark that we here consider enhanced backscattering as associated with a random
medium rather than with a rough surface as discussed in for instance [7]. Enhanced
backscattering can be described as follows: Let a quasi-monochromatic quasi-plane
wave be incident with a certain angle, then the mean reflected power has a local max-
imum in the backscattered direction, which is twice as large as the mean reflected
power in the other directions. In this section, we give a mathematical proof of en-
hanced backscattering and we deduce the maximum, the angular width, and the shape
of the enhanced backscattering cone.

8.1. Enhanced Backscattering from a Strong Interface. We assume that
the incoming wave is generated by a source function with

f(t,2) = f3 (e " gine ()

representing an incident beam. Here, f is narrowband as before, while ginc(K) is
concentrated at some kin.. Essentially, f(¢,x) is a wave packet as before, oriented
in a direction corresponding with an incident direction of propagation determined by
Kinc. The scaling is such that the angular width of the incoming beam is smaller than
a"l.

13



The first reflected constituent in the direction kg is

05 (s, ko) = /vi(s,w)e_m"'wdw.

From (4.9-4.11-4.10) it follows that

~ 1 ~c . itz 2 [ K
x e~k tho)s gl —iko T g0

We then find that

- 1 ~c ~ (kY .
i (s ) = —5 // Rk + ko, 0, k0 — (k + ko)0, & + (k + ko)) (5) Gime ()
(8.1) x e~ UkHko)s gL’

The mean of the square modulus of 5 (s, kg) only involves the mean of the product
of a pair of reflection kernels, and it follows that this mean converges to the mean of
the square modulus of the limit process v1(s, ko) defined as the Fourier transform in
x of vi(s,x) given by (5.2) [6]. This means that the mean reflected intensity in the
direction K satisfies

(8:2) L B [[75(s, ko)) = RALSS ()21 (o),

— Kk} — 2ko0
IR (ko) = 2*dl_‘i/VR<1, "60"6+01’ (ko + k1)1, 0) |Ginc (K1) | dK].

Here V! is a transformed Wigner transform and is introduced in Appendix B. We
derive this result in Appendix C. Using the fact that gin.(&) is concentrated at Kinc,
we get

Ko — (K/inc + 2]600)
2

(8.3) (ko) = PucVR (1, 1, (Ko + Kine)l, 0),
where P, = 2_dlg f |Ginc (k1) |2dr} . This formula gives the mean reflected intensity
in the direction kg and is valid for arbitrary values of o and S.

We consider the regime o > 1. The mean reflected intensity, far enough from the
backscattered direction —kiyc, that is, for [ko + Kine|l > ™1, is of the form

- inc 2ko0
(8.4) IR (k) = PV (1,2 e — )z)
_ (Pin)cd /e—il(no—(ni,,c+2k00))~u/262ﬁ(D0(%)—D0(0))du
2m ’

where we used the second statement of Lemma B.1. In a narrow angular cone around
the backscattered direction —kiy,., the reflected intensity is locally larger:

(8.5) I™(—Kine + a7 K) = Puc [V (1, —(Kine + ko0)1) + Vi (1, — (Kinc + ko0)1)]
_ P |:/eil(nmc-&-koe)‘ueQﬂ(Do(%)—Do(O))du

(2m)
_,'_/eil(nmc-i-koe)ﬂeﬁfilDo(%+nlc’)fDo(0)dc’du}7

14



where we used the third statement of Lemma B.1. Note that in the regime of § <« 1
we see from (8.4) that we have sharp specular reflection in the direction Kin. + 2ko0
and from (8.5) that the enhanced backscattering cone vanishes in this limit. If we
assume that § > 1, then the main contribution to the integral in (8.4) is concentrated
to small |u| and we can replace

2B(Do(3)=Do(0)) , oBAD(0)ul*/(4d) _ o=Bolul®/4

so that

_ |KZO — (K)inc + 2kj00)|2l2>

RHC
(8.6) ko) = — 2 oxp ( o

(my08)4/?

again, for |kg + Kinc|l > a~!, where g is the dimensionless version of v given by
(7.2): v = 0217 15y. This formula gives the width of the diffusive cone around the
“specular direction” Kine + 2ko0:

28 2
(8.7) Afigpee = = = VALko = D)

This implies that a rapid decorrelation of the reflected field corresponds with a diffuse
and broad specular cone.

On the top of this broad cone, we have a narrow cone of relative maximum equal
to 2 centered along the backscattered direction —Kipc:

-Pinc o ( |Kfinc + k00|212)
_tine e - Zine T ROPL T
(my03)%/2 P Y08

(8.8) X {1 + exp ( — %36|,¢|212)] .

IR(fliinC + oflke) =

This shows that the width of the enhanced backscattering cone is

V3 2V/3 4
8.9 AK) = frng f— .
(8.9) ERE T Yoo ~L3  rr(L)

Therefore, a wide broadening of the reflected wave energy goes with a relatively
sharp enhanced backscattering cone. We remark that the results (8.6) and (8.8) are
based on the assumption of a smooth correlation function, assumption (d); indeed,
then the shapes of the specular and backscattering cones are smooth in general and
Gaussian when 3 > 1. Note also that the enhancement can be seen when the source
is concentrated in wave vector so that the angular width of the incoming beam is
smaller than a~!. In the case of a parabolic beam with an angular width of order
one the coherence between the downward and upward paths is not anymore focused
to a narrow angular cone and the enhanced backscattering becomes lower order. In
the case when the backscattering comes from the medium fluctuations only, then the
shapes of the specular and backscattering cones depend sensitively on the roughness
of the medium. In particular the backscattering cone can have a cusp for rough media
[5]. Note that the angular width of the backscattering cone

Akgpc 4
ko korr(L)
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(8.10) Abgpc =



is proportional to the wavelength, as predicted by physical arguments based on dia-
grammatic expansions [11].

We remark that the reciprocal relation to the beam spreading is also in agree-
ment with the physical interpretation of enhanced backscattering as a constructive
interference between pairs of wave "paths” and reversed paths (see Figure 2). The
sum of all these constructive interferences should give an enhancement factor of 2 in
the backscattered direction as follows from the following heuristic argument. Assume
that the reflected wave is observed with an angle A. For paths corresponding to A = 0
there are two perfectly correlated paths, while for A large they become independent.
The factor of two then corresponds to the variance of two perfectly correlated random
variables relative to the variance when they are independent. Note that the cone of
correlated directions then will give the width of the enhanced backscattering cone.
Now, if the reflected wave is observed with an angle A compared to the backscattered
direction, then the phase shift between the direct and reversed paths is ke = kdsin A,
where d is the typical transverse size of a wave path, which is in our setting of the
order of the beam width rg. Therefore, constructive interference is possible in the
approximate range korgA < m, which gives the angular aperture of the enhanced
backscattering cone. This ”path” interpretation is not used in our paper, but we
recover the physical result by exploiting our It6-Schrédinger model.

d

Fic. 2. Physical interpretation of the scattering of a plane wave by a random medium. The
output wave in direction A is the superposition of many different scattering paths. One of these
paths is plotted as well as the reversed path. The phase difference between the two outgoing waves
is ke = kdsin A.

8.2. Enhanced Backscattering from a Diffusive Interface. We discuss in
this subsection the enhanced backscattering cone in the case of a diffusive interface,
and show that it is robust with respect to such a model generalization. In the previous
sections we considered the case of a specular reflection at a homogeneous interface.
Here, we revisit the analysis in the case in which an inhomogeneous interface is inserted
in the plane z = —L—¢20-x, with impedance Zy;(x/£?), so that the second boundary
condition (3.9) attains the form

m‘“

as(kj7 _L7 w)e_ika% - RM(%)’BE(]C, —L, m)@ika = O’

where Ryr(x) = (Zy(x) — 1)/(Zp(z) + 1) is the local reflection coefficient of the

interface. In this case, the initial condition at z = —L for the reflection operator is

~E

R (k,—L,z,x') = Ry (x)d(x — ).

We assume here that R); is a stationary random process, with mean zero and auto-
covariance function

E[Ry ()R (2')] = Rgv(zx — ).
16



We can repeat the arguments of Appendix C and find that the reflected intensity
is still given by (8.3). In fact the only change is in the initial condition for the
transformed Wigner transform V. The enhanced backscattering cone can then be
found by an argument as in the previous section, using the results of Lemma B.2
rather than Lemma B.1.

Now the mean reflected intensity, far enough from the backscattered direction
—Kine, that is, for |kg + Kinc|l > a™?, is of the form

Pine AT ANS . . wy_
(8.11) IR(RO): (%)d/lp(?“)e il(ko—(Kine+2k00)) u/2 ,25(Do (%) DO(O))du,

where we have used the second statement of Lemma B.2. To get simple explicit
expressions for the characteristics of the reflected wave we assume that ¢ is Gaussian:

(8.12) P(x) =e o |

where a is the correlation radius of the diffusive interface. We then find when 5 > 1
that

(8.13) I (ko) =

—Pinc exp ( |K/O - (K/inc + 2k00)|2l2)
X - 9
(m(y0B + (I/a)?)4/2 4(v08 + (1/a)?)
again, for |Kg + Kinc|l > a~!. This formula gives the width of the diffusive cone
around the “specular direction” kKin. + 2kg0:

2¢/708 + (I/a)? —
(814) AF‘-’lslpec = % = kO A/L + 4/(&]{0)2,
which shows that the diffusive interface broadens the specular cone and the angular
broadening becomes strong when kya < 1. Correspondingly, in a narrow angular cone
around the backscattered direction —Kin¢, the reflected intensity is locally larger, now
given by:

I (—Kine + a7 'k) = (1;“)2 {/w(%u)e“(“‘“°+k°0)'“626(D°(%)_DU(O))du
i

+/w(%")eil(ﬂmc+k09)'ueﬁ J2, Do +m1¢)=Do(0)d<’ gy, |
where we have used the third statement of Lemma B.2. It then again follows that,

when 8 > 1, on the top of the broad cone, we have a narrow cone of relative maximum
equal to 2 centered along the backscattered direction —Kiy.:

R(“hiine + 0" ') = Pine [Kine + koBJ*L*
I (_K'zmc + « K?) - (W(’Yoﬁ T (l/a)z)d/2 exp ( - 705 n (l/a)2 )
(8.15) X [1 + exp ( — 'gﬁ|,4|212)] .

We observe that the relative magnitude and width of the cone are not affected by the
replacement of the specular interface with a diffusive interface.
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9. Conclusions. We analyzed multiple reflections from a random slab termi-
nating in a tilted interface and with pressure release boundary conditions on top.
The tilt is relatively small so that we can retain the overall slab geometry but it is
non-negligible in that it produces a deviation in the specular reflection of a normally
incident beam of the order of the beam width. We use an invariant imbedding formu-
lation and a representation of the associated reflection and transmission operators in
terms of It6-Schrodinger equations to obtain a description of the wave field statistics.
The thickness of the slab is large enough so that the waves transmitted through and
reflected by the random medium are partly coherent. In other words the thickness of
the slab is of the order of the mean free path. We use this representation in particular
to analyze the correlation structure of the transmitted field and the structure of the
enhanced backscattering cone. From a physics point of view, the cone arises as a
coherence phenomenon and hence one could expect that the cone will be independent
of the small tilt of the bottom interface; indeed, this is confirmed by our analysis.
Moreover, the cone is not affected by making the terminating interface diffuse which
again can be understood in that the cone comes from coherence in retro-reflected
paths. The angular width of the cone is proportional to the ratio of the wavelength
over the beam width. Since the beam width is enhanced by scattering by the random
medium this shows that strong medium fluctuations and a relatively deep slab gives
a narrow cone. This result holds as long as the It6-Schrodinger equations are valid,
which means that the beam width should remain smaller than the interface depth,
and as long as the tilt is not too large, otherwise the backscattered direction is not in
the diffusive specular cone and the enhanced backscattering peak is too small to be
observable.

Appendix A. Coherence Function of the Reflected Wave.
We derive expression (7.6) for the form of the coherence function of the reflected
wave defined by (7.5). We find using (5.2) that

Ai(s e, y) = // [ k‘Ow-i—%SC) (k70753—g>9”/')]

Xeike‘(w—&-i—&-w )f&(l€7 P )da: e—zk(s+%)dke—ik’6‘(w—%-{-w”)J}};(kj/’ m/,)dw//eik/(s——)dk/

We note that

Plia) e 1 f(EH0).

In view of the narrow bandwidth assumption we then get

//‘2

|w |2 |z

Ai(s,t,z,y) e // [ ko,Oa:qL:g )’ﬁ(ko,O,mg,m”)] 25 e 27

Xf <l;> ? (2) elkoe (2’ —2" +y— t)e—i(k+k')t/2e—i(k—k’)sdk_dk/dwldwu

y _‘w/|2+‘m//|2
// |: k(),o T + 5 xTr )’R(ko,O,:v — §7$//) e 2rg

X (s +1)2) fl(s — t]2)eo @ @' =" +0)=0) g/

In order to characterize the coherence function A; we introduce the Wigner transform
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of the reflection operator defined by

(A1) W,f(z,w,:c',fc,n') = //e*i(*”vy+ﬂ'-y’)

X ]E{’R(k, —z, T+ %,w' + %)’R(k, —z, T — %713’ - %)}dydy’.

It satisfies a set of transport equations:

OWE n’ R k2 ~

o W _— v /W = D
9% + VW k = Wi = Jamyd / (u)
X [W,f(z,m,a;', K —u, KI) + W,f(z, z,x K, K — u)

1 1
+2WE (z, z, ' k— —u,k — iu) cos (u- (x — a'))

2
1 1
—2Wi <z7 z,r Kk — 2 K + iu) cos (u- (x — a'))
(A.2) QW,f(z,:c,a:’,n,n’)]du,

starting from WE(z = Lz, o', k, k') = (21)*R36(x — «')5(k + k’). The coherence
function can now be expressed as

(A3) Ai(s,t,z,y) = H(x,y)RESS (S+t/2)m iko(6-y—t)

1 x' + x” R
Haww) = (oguay [ WO S5 e v
2r2 ezk09~(m —x )dCC/d.’IJH.

xXe

From (B.1) and (B.2) we have

WE(O,:B, CB’, K, K,’) _ Rg(l/Q)d/ein”»(m'fm)eiz(nfn/)n”/k
VR (1,105 + 1) /2,1 — '), 16”5 a(k, L), Bk, L) ) dw,

with a(k, z) = z/(ki?) scaling the diffraction strength and B(k, z) = 202k?1/4 charac-
terizing the strength of forward scattering. We then find that

H(mvy) 27‘&' o od () // ir'-((x'+a')/2—x) zL(n w')w" ko

xVE (17 Ik +K)/2,1(k — K'),I&"; a(ko, L), B(ko, L))dm”e’("'w"/‘(“’/_‘””))dndn’

_l= P42 .
2r2 zk00~(ac —x )dw’da:"

// is-((x'+x")/2— @)/l iLr s/(kol?)
27rl

XVR(L a7, 5a(ko, L), Blko, L) ) '@/ wHa=r/2 "~ laqdrqs

’ 1"
=222

: ’ 17
xe 2rZ ezk00~(ac —x )dw’da:”.

xXe
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Integrating in @', " we get

H(CIZ y <47rl2) // —is- :c/l za(ko,L)rs i(g+r/2)-y/l

VR (1,q,7,830(ko, L), Blko, L) ) e~ 8 (R0 @=r/2/IF+18/CD) qgards.
We change variables of integration, r — r + 2q, s+ s/(2a(ko, L)), and get

9 d
_ "o —is-x/(2la(ko,L)) i(q+r/2)-s i(2q+r/2)-y/l
(@, y) <8wl2a(k0,L)> //e ¢ ¢
S
XVR(17 q,r —+ 2q, m, «

w70 (Ikob=r/(20)*+|s/ (4a(ko, LIVI?) gadpds.

(k()a L)a 6(k07L))

Next, we use Lemma B.1 to obtain

2 d
— "0 —isx/(2la(koe,L)) ,i(r/24+q) s i(2q+7r/2)-y/]
@ y) (167r2l2a(k0,L)) //e ¢ ¢
o (Ikob—r/ (201" +|s/(4a(ko, DDI®) gadrdsdu.

we—iaughko.L) [1, Do(%+50)=Do(0)dC ,—r

Integrating in g and evaluating the associated Dirac function, we get

H(w,y) = <8ﬂ—l2 k07 ) // —is- m/(2la(ko,L)) ir-(s+y/l)/2

2 e26(k0,L) [3 Do(¥+80)=Do(0)d¢ o =78 (Iko®=r/(2DI*+]s/(4a(ko, L)1) g s,

Integrating in r yields
ly+si|?

d
_ To —is-x/(2la(ko,L)) ,ikoO-(y+sl) ,~ ar2
H@y) <4ﬁla(k0,L)) /e ¢ ©

TS 2
o | Tt | 26(ko.L) [} Do(¥-+80)~Do(0)dc g

Using that D(z) = 021Dy (z /1) we can rewrite the right-hand side as

ly+2nL/kg|?
2

d
H(-’B,y) - (27\1;7?> /eiin.meikoo.(y+2nL/ko)ei 475

. 2
o lmomt? 2 Dy p8)- D) gy
ly|?

d
~ o efin-meik00~(y+2nL/ko)ef ar
NG

lron2 *3 (2L n¢y_
- 04 e 4 fo D(y+k0) D(O)dCdn’

o

xXe

where we used that L/(kor3) < 1. Substituting this result into (A.3) gives (7.6)
Appendix B. Wigner Asymptotics.
We cast the Wigner distribution in a suitable dimensionless form and present
an asymptotic approximation valid in the regime given by the scaling relation in
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Assumption (c). We state the result here for completeness; see [6] for a comprehensive
discussion.

We consider the following Fourier transform V# of the Wigner distribution W}*:

1 K+ K I (ol
B.1) WE(z,z, 2,k K') = —— /VR<Z, - k- n’,n”)e“" (@ =) g

which we introduce because the stationary maps that we will identify in Lemma B.1,
in the asymptotic regime o« — 0o, have simple representations in this new frame. Note
also that this ansatz incorporates the fact that W,f does not depend on x + ', only
on ¢ —x’, k, and k', which follows from the stationarity of the random medium. The
Fourier-transformed kernel V,f(z, k, k’, k) satisfies

(B.2) Vi(0,k, k', k") = RE(xl) TR =" PR (1, nl7f-c’lm”l;a(k,L),B(k,L)),

where (VE(¢,q,7,s;,8))cef0,1) is the solution of the dimensionless system

aach = (2i /f)o(u) [VR (C, q-— %u, r—u, s)e*ia‘s'“C

1 1 _

+VR (C’ q-— 2u r4+u S) ias-ul 4 VR (Cv q-— §u’ r,s— ’U,) efwnhu(
1

+VR(C,q 2u T, +u) iarul 2VR(C,;@,7°, s)

—Vi (C q- —u,s+ u)eiaKr*s)-uf\ul?]c
b 2 9
1 y 2
(B.3) V(g - Gur = s —w)e el 14} .

starting from VE(¢ = 0,q,7,s;,8) = §(q). Recall that a(k,L) = L/(kl?) and
B(k,L) = o2k%IL /4.

The rapid transverse variations regime is particularly interesting to study because
WkR has a multi-scale behavior. In (B.3) this regime gives rise to rapid phases and
this allows us to identify a simplified description and the multiscale behavior strongly
influences the correlations. The following lemma describes the asymptotic behavior
of VB as a — co. The presence of singular layers at » = 0 and at s = 0 requires
particular attention and is responsible for instance for the enhanced backscattering
phenomenon [6], (corresponding to part (3) in Lemma B.1). In general (part (1) in
Lemma B.1) the Fourier-transformed operator decays exponentially according to the
parameter 8D((0) corresponding to the total scattering cross section. This decay
follows from a partial loss of coherence by random forward scattering. However, as
articulated in parts (2) and (3) of the lemma below the coupling of wave modes
depends on the full medium autocorrelation function if we look at nearby specular
reflection and small spatial offset frequencies. We have [6]

LEMMA B.1.
(1) For anyr #0, s #0:
(B.4) VR g, 850, 8) =3 6(q)e P00

(2) For any s # 0 we have VF((, q, r,8a,83) — oY VE((, q; B) where VE((, q; B)

is the solution of
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and is given explicitly by

(B.6) V(¢ q;:8) =

1 / =8B [§ Do($4r¢)+Do(% ~r¢")~2D0(0)dC’ gy,
@)
Similarly, for any » # 0 we have VE((, q,r, 20, B) s VE((, q;8).
(8) For any r and s we have

(B.7) VE (c, a, g, 2; aﬁ) VI q;8) + VE(C, g; B) — d(g)e 2P0 (0c

We next discuss the modification of the above result that follows from using
a diffusive interface as introduced in Section 8.2. Under these conditions, the initial
condition for the Wigner distributionis W#(z = L, z,2’,q,q') = R%5(mf:c’)77/}(q+q’).
The associated initial condition for V¥ is VF(¢ = 0, q,r, ) = (71)~%)(2¢/1). Lemma
B.1 is then modified as follows

LEMMA B.2.

(1) For anyr #0, s #0:

(B.8) VE(C, q,7, 80, 8) =3 (nl) " Mp(2q/1)e 2P0 0C,

(2) For any s # 0 we have VF((, q, r,8a,3) X VE(, q; B) where VE(C, q; B)

is solution of

ovE 206 A 1
(B.9) ac = W/Do(u) {Vf‘(@,q — 5“) cos (r . uC) — Vf(gq) du,
and is given explicitly by
(B.10)
1 lu . "¢ u ’ u ’ ’
R . _ o= —igq-u B [¢ Do(g+r)+Do(4 —r(")—2Do(0)d¢ d
Vet = g [0 () e .

Similarly, for any r # 0 we have VE((, q, 7, 2 a,B) Ay VE(C, q;B).
(8) For any r and s we have
(B.11)

VE(Ca, = 20, 8) VR @ BV g B)—(nl) M (2g/De POk,

Proof. In case (1), the rapid phases cancel the contributions of all but the term
VE (¢, q,7,s) in (B.3), and we get

VE B [ .
S = 2 / Do(w)VEdu = —28Dy(0)V",

which gives (B.4) and (B.8) in view of the corresponding initial conditions. In case
(2), we obtain in the limit a@ — oo the simplified system

OVE
a¢

= @%i/ﬁo(u) [Vﬁ (C,q — %u,s — u)e‘“"“C

+V5<Caq - %u, s +u)e"'"4 — QVf(C,q, s)} du.

We then Fourier transform this equation in g and s, and we obtain that the solution
does not depend on s, that it satisfies (B.5), and that it is given by (B.6) and (B.10).
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In case (3) we obtain the simplified system for VF, (¢, q) = lima—0o V(¢ q, Z,

OVE, 2 . 1
ac’ = (2f)d/D0(u){Vf(§,q—2u) cos (s - u()

+VE (Q q-— %u) cos (r . u() — Vf:‘s (C, q)] du.

Using the equation (B.5) satisfied by VI and V[, we get

OVE, OVE VR
= +

R R R
8C = aC aC +25DO(O) [Vr +Vs _Vr,s]a

which yields (B.7) and (B.11).

Appendix C. Enhanced Backscattered Intensity.
We derive result (8.2). Using (8.1) we first find that

. ~; 2
tim B [[55 (s, k0) || = RIS ()17 (o),
for

1 ~
IR(K,()) = ﬁ //E{Rg(ko,o,h‘/o — k?oe,lill +k00)
0

xR (ko, 0, ko — ko8, K + kOG)J Gine (K} Gine (D) des!, dich.

In view of (4.11) and (A.1) we have

=~ =~ 1 . ’o L~ ~7 1
E [Rs(ko, 0, ko, &} R (ko, 0, Ko, n'z)} = // ez mo—a" 1) i@ ko —E"K3)

(2m)4d

x el (@=2)id @ =N (2 4+ &)/2, (2’ + &)/2,q, ¢ )dxdz’ dEdF dgdq

_ (27:)451 // e—imo‘zei(2’+z’/2)‘n'1e—i(i/—z’/Q)n'z

Xeiq-zeiq/'z,W]f) (07 27 2/7 q, q/)dZdz/d’;"d’%/dqdq/
1 ’i~/' /7 ’
- Gy //e 2 (=50 5 (g — ko)S(q + K, /2 + K /2)
Rin - = = o
XWko (05 z, Z/, q, q/)dZdzldqdql'
This gives
1

IR(kg) = 7/ WE(0,2, 2, ko — kob, — (K] + K5)/2 — koB)

(27m)**RG

o
1z -

G
xe

%2) Gine (K} ) Gine (K4 ) dZdZ' i) dic),.

In view of (B.1) we have

//WkRO(Oa 2,3 ko, —(K) + K})/2)e® 1=82) gz 43

= (2m)VE(0, (ko — K))/2, ko + K], 0)6(K) — Kb).
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Then, using (B.2) we find that

(ko) = (1/2)d/vR(1,z(no — Kk —2ko0)/2,1(ko + K'),0; a(ko, L), B(ko, L))

x| Gine (&) |2dK’.
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