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Abstract

We consider scattering of a pulse propagating through a three-dimensional random media and
study the shape of the pulse in the parabolic approximation. We show that, similarly to the
one-dimensional O’Doherty-Anstey theory, the pulse undergoes a deterministic broadening.
Its amplitude decays only algebraically and not exponentially in time, due to the signal
low /midrange frequency component. We also argue that the parabolic approximation captures
the front evolution (but not the signal away from the front) correctly even in the fully three-
dimensional situation.

Keywords: Parabolic approximation, random media, precursor, O’Doherty-Anstey
approximation

1. Introduction

The problem of imaging in heterogeneous environments arises in many important appli-
cations such as biomedical imaging, telecommunications, seismic exploration in geophysics or
non-destructive testing of materials. One standard technique consists in probing a medium
with e.g. an electromagnetic pulse and by collecting the echos on an array of detectors. How
well the method will perform strongly depends on the structure of the wavefield that propa-
gates in the complex medium. In particular, if the target to be imaged is buried deeply into
the medium, scattering effects are important and the measured wavefield might not be strong
enough to be used in the inversion.

The main objectives of this work are to determine the spreading and decay of the pulse
amplitude in the medium, and to characterize the optimal frequency content of the source
in order to probe at a given depth. In [20] the authors showed that a pulse traveling in a
layered or one-dimensional medium that fluctuates randomly on a fine scale is affected by
the microstructure in a particular way: the pulse shape undergoes a transformation that
can be described in terms of a convolution with a pulse shaping function that depends on
the statistics of the microstructure, while its travel time to a specific depth has a small
random component that depends on the particular realization of the microstructure. This
has become to be known as the O’Doherty-Anstey approximation. A string of papers has
subsequently considered this approximation and its generalizations and applications. In [11]
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the mathematical theory for this theory in the layered case is presented in detail, see also
[4, 5, 6, 24] for early references. The approximation was considered for so called locally layered
media in [28]. In recent works, see for instance [13, 18], the situation with propagation in so
called long range or fractional media is considered. These works discuss the link in between
the roughness and also slow decay of correlations for the layered microstructure and the
character of the associated O’Doherty-Anstey approximation. This link was used in [12] to
describe so called fractional precursors in wave propagation. The intuitive picture is that the
pulse shaping kernel acts as a low pass filter and as the pulse travels deep into the medium the
low frequencies that survive may appear as a pulse centered at lower frequencies and which
exhibit only algebraic decay if the low frequency contents is rich enough. Eventually though,
if the frequency support of the probing pulse is supported away from the origin, the pulse will
exhibit exponential decay as the wave energy is converted to incoherent fluctuations due to
the scattering.

This is to be compared with the classical Brillouin precursor that arises in dispersive,
dissipative media [3]: when a broadband pulse propagates in a lossy dispersive medium, the
combination of dispersive and absorption effects lead to the generation of a low-frequency
precursor field which decays algebraically and not exponentially, see [26, 21, 27, 22, 7]. In
our context, the medium of interest is non-dispersive and non-dissipative, and the scattering
effects by the heterogeneous medium are responsible for the existence of the precursor. There
is though some dispersion in our approach since we will describe the propagation in the
paraxial approximation where the wavefield is solution to a dispersive equation. Brillouin
precursors offer applications in remote sensing and communications for instance, as well as in
the study of materials and biological systems [1, 10, 19, 25].

Here we ask the question if such a picture in fact generalizes to a two or three dimensional
wave propagation scenario. Indeed we find that core elements of these results persist. Specif-
ically we consider acoustic waves in two or three spatial dimensions and model the complex
medium by a random medium with appropriate statistics. The propagation of the waves will
be described in the parabolic approximation [29] where the complex amplitude of the pressure
is solution to a stochastic Schrodinger equation. More precisely, we consider the scalar wave
equation in a random medium

2
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with d = 1,2 and the local wave speed ¢(X, Z) of the form
X Z
X, Z) = {1 + oop (77 7)] :

Here, cq is a constant reference speed, Z € R* and X € R? are, respectively, the coordinates
along and transverse to the direction of propagation. The random function g models fluctu-
ations with amplitude o and correlation length [ in the propagation speed. Solutions of the
wave equation (1) may be written in the form

1 )
w(T, X, Z) = o / ew(Z/co=T)y, (Z,X; 3) dw, (2)
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where the complex amplitude ¥(Z, X; k = K) satisfies the Helmholtz equation

o Py
2iK— + A K*(n* = 1)y =
5y T AxXY K -1 =——7r. (3)
Here K = w/¢y is the wavenumber and n(X, Z) = ¢o/c(X, Z) is the random index of refraction

relative to ¢g. The fluctuations of the refraction index have the form

n2(X, Z)—l—ao,u()l( f)

The normalized and dimensionless covariance is given by
R(X,Z) = B{u(X + X', Z + Z"\u(X", Z')}.

We assume that the typical propagation distance in the Z-direction is L., the transverse
variation (say, of the initial pulse profile) is L,, and kg is a central wavenumber associated
with our source. We obtain the dimensionless form of (3) by introducing the dimensionless
variables X = L,x, Z = L.z, K = kok and rewriting the equation as

1\ o 1\? ) 2L, zL,\ 1 ™)
21k (l{}oLz) a—f‘ (koLx) $¢+k O'()/L( ] )77/) _(1{20 )2 822 . (4)

We assume now that the medium fluctuates on a relatively fine scale and accordingly introduce
the small parameters ¢, =[/L, and €, =[/L,. Then (4) takes the form

o (& e\’ 2z x g2 0%
2ik | — =) A+ K = = 5
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In the parabolic approximation we assume that the right side of (5) is small and can be
dropped, leading to

2k( )MJF( )2 Y+ ko (33)@&:0 (6)
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Let us explain the physical meaning of the small parameters: e, measures the overall width
of the initial pulse relative to the correlation length [ of the random fluctuations — this is
a parameter we may control by choosing the appropriate initial pulse. The parameter ¢,
measures the ratio of [ to the overall penetration depth — this parameter may be controlled
by taking measurements in an appropriate physical location. The penetration depth can be
defined as the depth at which we want the pulse to be transmitted. The third non-dimensional
physical parameter 0y = kol can be chosen by taking the appropriate central frequency. We
will choose kgl = 1 which gives the full interaction of the medium with the pulse since
they oscillate at the same scale. When kgl < 1 and kol > 1, scales are separated and an
asymptotic analysis lead to the random geometrical optics regime for the latter scaling, and
to the homogenization regime for the former, see [11]. The one physical parameter that we
can not control but which is given to us by the physics of the problem is the strength of the
fluctuations o¢. Then (6) becomes

2ik€zg—¢ + 2 A + koop (i, E) Y = 0. (7)
2
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We are interested in the paraxial regime when ¢, < ¢, (recall that the parameters ¢, and ¢,
can be chosen by the measurement and probing procedures, respectively). We will consider
two ways to approach this regime: first, assume that ¢, = €2, and &, = 0y, and, further,
approximate the ”fast” fluctuations in z by a white noise process. This is the [t6-Schrodinger
regime [9, 14]. Another possibility is to consider the isotropic regime e, = ¢,, perform the
limit €, = ¢, — 0, and later pass to the narrow beam scaling.

From the asymptotic analysis of (7), we will obtain expressions for the average ampli-
tude E(¢)) and consequently for the average wavefield E(u). Such results will characterize
the broadening of the pulse and the decay of the amplitude, and can be seen as the three-
dimensional analog to the O’Doherty Anstey theory [20, 28]. We will see that the amplitude
decays only algebraically and not exponentially in time, due to the signal low/midrange fre-
quency component. Moreover, we will propose an optimal frequency tuning of the source for
a given depth. Numerical simulations will be offered to illustrate the results.

The paper is structured as follows: section 2 is devoted to the It6-Schrodinger regime and
section 3 to the isotropic case. Section 4 is concerned with the generalized O’Doherty Anstey
theory. The question of deep probing in clutter is addressed in section 5, and the numerical
results are proposed in section 6.

2. The It6-Schrodinger regime

This section is devoted to the Ito-Schrodinger regime where we first assume that €, =
e2. We will compute the average wavefield E(u) using the mean zero property of stochastic
integrals. The choice €, = &2 gives from (7)

oY 1 k z x
— + — A+ — —, — =0. 8
0z 2k oY 22\/§'u (82 8$)¢ (8)
Let us assume that the smallness of the ratio €, /e, dominates the behavior and the ”fast”
oscillations in z can be approximated by a white-noise in time, letting ¢, — 0 at a fixed
g, > 0. This leads to the Ito-Schrodinger regime when (8) is well approximated by

dp(z, 2, k) = iAﬁ/}dz — K’ Rotpdz + ik\/ﬁdez(gﬁ). (9)

Here, the stochastic integral is understood in the Ito sense,

o0

Ry = % / N R(s,0)ds,  and  E(dB.(z)dB.(z')) = Rio ( / R(t,r — x’)dt) dz.

oo —00

The successive limits €, — 0 first, and then £, — 0, of course, contradict the assumption
e, = 2. However, one can justify this passage rigorously without much difficulty, see [14] for
a derivation of Ito-Schrodinger equation from the wave equation, and accordingly we make
the Ito-Schrodinger approximation above as a matter of convenience.

As we have mentioned, another approach to the paraxial regime is starting with the
isotropic situation e, = &, and then decreasing the ratio ¢, /e, to the point where e, ~ 2.
We will also consider this case in section 3



2.1. The average pressure

We compute now the average profile of the pressure u. Consider the ”initial” data for the
[t6-Schrodinger equation (9) at z = 0 given by

U(z,0,k) = a(z)3(k).

First, we would like to compute the average m;(z, z, k) = (¢(x, 2, k)) = E(¢(z, 2, k)). Aver-
aging (9) eliminates the martingale part and gives the following equation for m;:

om i
a—zl = ﬂAxml - ]{52R0m1.

Therefore, the Fourier transform of m; in x is
(€, 2 k) = e 0% a6 5(k).

Here we define the Fourier transform of a function f(z) as

f(g) = /e_lf$f(x)dx, with inverse f(l‘) — /ezfa:f(g) (Zcif)d

Let us assume that a(€) = age */2 and B(k) = Boe*” for some real numbers n > 0, § > 0,
ap and (5. We center the function (k) around k = 0 because we are particularly interested
in the effect of the low frequencies. Then we have

my (57 <, k) = Oéoﬁoe_kQ(Roz—H/)e_%(i%'i'n)m?.

Taking the inverse Fourier transform in £ gives (recall that d is the dimension of the transverse

variable )
o2/ 2665 4)

(2m(iz +1)%
Let us also assume for simplicity that 7 = 0, that, is the initial data is a é-function in x, and
that the transverse dimension is d = 2. Then (10) becomes

2(Roz+v)

my(z, 2, k) = apfoe " (10)

ke klzl?/(2iz)
my (ZE, Z, k) - aOﬂOG_kQ(ROZ—Fy)ei.
2mz

We first look at the field on the beam axis.

2.1.1. The field on the beam axis
Going back to (2), we have for M (z,2,T) = E[u(z, z,T)] on the z-axis:

Roz+v) E dk
iz (2m)%

M;(0,2,T) = cokoaoﬁo/eiCOkOk(Lzz/CO‘T)e‘k2(

We re-center the solution close to the time the front is passing by a point z by taking

L.z t
==+

Co coko '

T

(11)
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This gives

. —ikt —k?(Roz+v) k- dk
M(0,2,t) = Cokooéoﬁo/6 € o E(QW)Q
_ CoooPoko l —2/[4(Roz4v)]
(402 (Bz + 1)

Compared to the case where the wave propagates in a homogeneous (i.e when Ry = 0), we
thus observe a convolution of the front with a Gaussian function that has variance z in time.
This is a defocusing property, and we have broadening of the pulse so that the time-spreading
of the pulse at the time it arrives to depth z is of the order O(y/z). The pulse attains its
maximum around the offset time ¢,, ~ V2Ryz when it is of the order

_Co@oﬁoko

R02’2
We consider now the lateral profile, and we will see that the maximum of the field has the
same order as on the z-axis.

Mi(0, 2, tn(2)) ~ , 2> 1 (12)

2.1.2. The tranverse profile
Let us now look more carefully at the profile in the = variable. We have

—|z|%k/(2iz
Mi(z,2,T) = CokoOmﬁO/eiCOkOk(Lzz/co_T)e_k2(ROZ+”)6 PTHED kdk
T 1z (2m)%’

and, after switching to the centered t variable, we obtain
, —|2|?k/(2i2) Lk
Mi(z,2,t) = cokocofo / ¢tk (Rozt) C .
iz (2m)?

cokoBo /e—ik(t—|x|2/(2z))—k‘2(R0z+u) kdk
¥

(2m)?

_ coofok (t — ‘x|2/(22))67(t7\x\Q/(Zz))Q/[Zl(Ronru)]
(4m)3/2z (Roz + v)3/2

For times ¢t < /z which, as we have seen, is the lifetime of the pulse at depth z along the

propagation axis, and near the axis, for x < v/2zt, the field is approximately uniform in =z,
and

. Coaonfoko t —¢2/[4(Roz+v)]
Mi(z,2z,t) = — (17)772: (Raz © 1/)3/26 , << V2zt.

On the other hand, far away from the axis, with x > /22t we have

2

ook x — 4 /[1622(Roz+v)]
M (z, z,t) = (0m)7722:% (Rgz + V)3/26 , x> V22t

For z > 1, this profile attains its maximum around z,,(z) = R(ll/ 4(22)34. At this point we
have
1/2
cooSokio Ro/ 242 - covoSokio
z2 (R02)3/2 R022 ’
which is of the same order as expression (12) for the maximum of the pulse along the propa-
gation axis.

Mi(2,(2), 2,t) ~

z>1,



3. The isotropic regime

We consider in this section the isotropic regime where ¢, = .. We need here a more refined
analysis for the computation of E(u) since the simplification due to the stochastic integral
does not hold. We will nevertheless obtain very similar expressions to the Ito-Schrodinger
case.

3.1. The wavefield
We consider again the parabolic wave equation (7)

Qikazg—f + 5§Axw + k200 (

z

= 2)u=0 (13)
z x

but this time our starting point is the isotropic regime: ¢, = €., and we drop the subscripts

x,z. We also choose € = 02 — recall, once again, that the parameters ¢, and ¢, are controlled

by the choice of the initial data and measurement distance, respectively. Then (13) becomes

oY 9 9 zZ x B
2@/@5&—%5 Agtp + k*\/ep <g,g)w—0 (14)

We also assume that the initial data is € oscillatory, varies on the scale of the medium
fluctuations, and write

Wz =0,2;k) = o (:k) (15)
€
Let us again re-center the solution close to the front time by taking
L
T — _Z + L,
Co coko

with ¢ the new, centered time variable, as in (11). Then we get

1 .
ultia,2) = 5 [ €W (i)
T

for ¢ solving (14)-(15). The medium fluctuations are now assumed to be centered, statistically
homogeneous and with strong mixing properties, rather than white noise in z, as in the
previous section. In particular, we assume the following form for the medium covariance

R(z,€) = e OHRE),  R(z¢) = / e R(z, 2)de,
for some positive function g. It was shown in [2] that we have the asymptotic characterization

e M(z, /e k=1) = (e*ZDﬁ%o(f, k=1)+Z(z g)) o ilel?=/(22)

for Z a centered complex Gaussian field and

_ 1 R(p) dp
De=3 / g(p) —i(&-p—[p?/2) (2m)d"
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Using the reparameterization k% — p, z/|k| — z, g(€)|k| — g(&) we obtain

(=, €6 K) = (e PW (e k) + 2z, € K) ) €T (16)
with

K R(p) dp
Delk) =35 /kg(p)—i(f-p—\pP/?) (2m)®

The variance of the process Z(z, &; k) is described in [2] in terms of the solution of the radiative

transport equation. We will not need its precise form in the present paper, an interested reader
is referred to [2] for details.

3.2. Relation to the Wigner transform
In order to understand expression (16) let us restate it in terms of the Wigner transforms
[17, 15]. The Wigner transform of two functions f and g is defined as

A d
W(x, &) = /ezg'yf(l" - %)f](:ﬂ + %) (2:)d>
hence
. dyd 1 » dyd
[wirdwea = [ e Dot P =5 [ smi g,

1 E g

= (27T€)df(g)g(g)~
Note that

gleP=/Cke) _ & &y
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where G.(z, z; k) satisfies
0G.

1k
z@az

2
+ %AGE —0, G.(0,7)=6(x),
and is given explicitly by

1 zZ T (Qk)d/Z e
Gs s = —G <—7 —) _ _\=v)—k|z]?/(2ei2)
(z,2) Al Gyt (meis) ¢

Define now ] ¢
I _ n il€|2z/ (2ke
Ca('z?g?k‘) - gqu)(zuguk)e' *=/C )7
then
2 L ¢ §

Cs(ta 5; k) - EWZ, ga k)Gs(ta g; k) = (27T>d / WWE, GE](t7 67 .’I)d.%
Hence, this renormalized wave field can be expressed in terms of the Wigner transform of the
full wave function and the Green’s function in the homogeneous medium — this essentially
corresponds to back-propagation in a homogeneous medium in time-reversal, that is known
to produce statistically stable results [23]. In particular, the statistical stability of the Wigner
transforms implies the independence of CAE(At, &; k) for different values of £ or k. This means

that the values of the fluctuation process Z(z, &, k) are independent for different frequencies
k.



3.3. The field on the beam axis
In order to relate the above to the near axis field we look at the wave field at the microscopic
distances of the order Z ~ O(¢™1) and X ~ O(e™!). Accordingly, we consider

u(t,ex,z) = * //1/;(275/55 k)e_i(kt_w) (Qdf;ii :

We shall here in particular assume the tensor product form of the medium correlations

g(f) =90,

with gg > 1. Then realizations of the random medium can be generated in the tensor product
form with the z dependent part being an Ornstein Uhlenbeck process. The situation with g
large corresponds to the medium decorrelating rapidly in the depth direction. When gy > 1
we may approximate

KR,

D ~ 1 17
13 290 , o Go > 1, ( )
which is essentially the Ito-Schrédinger approximation. We find from (16) the representation
. . A , dkd
u(t,ex,z) = / <6_2D5(k)/2¢0(f; k)+ Z(z,&; k)) 8172/ (2he) o —ilki—¢ ) 7(2@1131'

This can be further transformed as

—z A f —i(kt—E-x)—i&- dkdfdy
ult,ex,z) = /(6 PO (5 k) + Z(2,y5 k) Ge(z, 25 k)em 76 fy(%)dﬂ
d —2Do(k) /2 it Akdy
= & [ (7P (y; k) + Z(2, 43 k)) Ge(z, 60 — ey k)e M ==
T
We obtain
. )2 o dkdy
u(t,ex,z):/(e Do(k)/2¢0(y;k)+Z(z,y;k)) We klo—yl?/(2i2) ktﬁ'

For small ¢ < 1 this becomes
. k)42 i dkdy
u(t, ez, z) Z/(e Doy (y; k) + Z(2,y; k) ((zm'z))dﬂe N

As E(Z) =0, it follows that

E(u)(t,ex,z) = /G_ZDO(k)/2¢O(y§k)

(2ke)¥? ., dkdy
(47Tiz)d/2€ 27
. d/2 dk
_ —aDo)/2 0 (. 1y (2Ke)E Ly dk
/e ¢0(07k>(47riz)d/26 2

Moreover, as Z(z,y; k) decorrelates rapidly in k, we believe that we actually have a stronger
result, namely wu(t, ez, z) converges to a deterministic limit, that is, we have

A 2ke)¥? . dk

u(t,ex,z) = [ e #0240 (0; k (75”“—.

(te2,2) / Yo(0; )(47rz'z)d/2 o

This, however, remains an open problem at the moment. Note that the right side of (18)

is independent of x, that is, the field becomes uniform near the propagation axis on the

microscopic scale O(g). We will later analyze its variations on a slightly bigger scale O(y/¢)
where it becomes non-trivial.

(18)



4. Generalized O’Doherty-Anstey Theory

We develop in this section a three-dimensional version of the O’Doherty-Anstey theory
20, 28]. We characterize the spreading and decay of the average wavefield.

4.1. The field on the beam axis

In order to consider the transmitted field along the direction of propagation we use (18)
for the average transmitted field on the central axis:

d/2 - g dk

U(t, Z) _ E(u)(t, 0, Z) ~ < € ) /6ZDO(k)/2w0(O; k)kd/Zefzktz_'

2wz ™

Let us assume that the fluctuations in the z-direction are fast, in the sense that approximation
(17) holds, that is, Do(k) = 0k?, with

0= QR(O)/QO,

and the transverse dimension d = 2. Note that the regime § < 1 essentially corresponds
to the Ito-Schrodinger regime, when fluctuations of the random medium in the direction of
propagation is much faster than in the transverse direction. This gives

w(t, 2)

u(t, z) = ,

z

with
dk

%.

wlt2) = oo [ 0

271
Note that the function w(t, z) satisfies the diffusion equation,

0
Wy, = §wtt>
with the propagation distance z playing the role of the time variable, and the local off-set

time t playing the role of the spatial variable. The initial condition is

% _ iai;o(();t)
or 2 Ot

21

w(t,0) = £ /e_iktk@O(O;k)

Here )y(0;t) is the Fourier transform of the incoming pulse ¢(z,z = 0,t) in the transverse
variable z. This is the three-dimensional analog of the O’Doherty-Anstey (ODA) theory —
the pulse spreads as it propagates in the z direction.

In order to discuss some implications of the ODA theory we write this as, with & = kv/26

_ € N e L) dg
vl 2) Nﬁ# w@@(MW

with (k) = —ikiy(0; k). We define the renormalized local time and propagation distance




and introduce the central axis pulse by

0(s, ) = ”(2;2) = (Z,; . / ity (%) (Qdf)Q. (19)

Let the effective central source trace be

() = — / eI (€)de.

2

We then have ) p
v ! = 7(571”)2/2 1a], / 7”“
(s %) = / ¢ VIV (20)
a generalized version of the ODA description of the transmitted pulse. Assume now relatively
deep probing, 2 > 1, but with s = O(1), so that t = O(+v/2/) > 1, then we have
cp se 52

(2')* V2

Thus, in this frame, we observe derivative of a Gaussian pulse, of unit width, and whose
amplitude decays as 272. Note that in original coordinates the width of the Gaussian scales
as /z in the temporal coordinate t.

2> 1 ey = /¢0(x,0)dx.

4.2. The field near the beam axis

We now look at the wave field on a broader beam, on a lateral scale so that the wave field
has a non-trivial lateral structure. We thus look at the wave field at the microscopic distances
of the order Z ~ O(s7!) and X ~ O(¢7'/2). Accordingly, using (18) and (19) we consider

—z 2ke 42 —k|lz—+/ey|?/(2iz) ,—i dkdy
E(u)(t, \/595,2):/(6 P20 (y; k) We MVl /@R kt7~ (21)

Letting € — 0 this becomes, with d = 2,

2k 2 /(07 2 dkd
E(u)(t, Ve, 2) =~ /(ezDo(k)/2¢0(y;k)) (2ke) o~ klal?/(2i2) —ikt Y

(4miz) 21
A 2k€) ; 2 dk
_ —2Do(0)/2, (0: )| L2RE) k(e faf?/22)) R
/(6 Yol0; )> (47riz)e 27
K
= ot o L 2),

with v(¢, z) given by the right side of (19). Therefore, the transverse spatial profile around
the beam axis is a simple transformation of the field on the axis, as we have observed in the
[t6-Schrédinger regime.

11



4.83. Broader beams

Let us now assume the initial data is of the form 1,(y) = e¥?0(1/2y), that is, the pulse
is broad in the transverse direction. The latter assumption, formally, takes us outside the
regime of validity of (16), but let us disregard this fact that, we believe, is technical in nature.
Then we obtain, instead of (21), with d = 2:

—zDg k)—w—EQiz—idkdy
E(u)(t7 \/EI',Z) - 5/( Do(k) /2 (\/jy7 )) ((47mz) klz—+/eyl?/(2 )6 kt o

. %) ot oy sy Ay
_ zDo(k)/2 e ( klz—y|?/(2iz) ,—ikt
c / ‘ Volys B) o ° o

Now, the field around the axis is modified in a non-trivial way that agrees with the ODA
picture. Let us define

p(Z, x, k) - /6ZDO(k)/2w0(y; ]{)@efkw*yp/(%z)@‘

(4miz) 2
This function satisfies the homogenized Schrodinger equation
k Do (k
.+ 5 Ap+ ! 02( )p =0, p(0,z,k) =vo(z; k),

and
_ie Ak
o

E(u)(t, ez, 2) = 6/p(z,x, k)e

This is essentially the homogenization regime.

5. Deep probing through clutter

We investigate here the frequency content of the wavefield and the influence of low fre-
quencies on its amplitude.

5.1. Probing a given depth

Assume that we want to probe a target at a particular depth z, or transmit a pulse through
a slab of width z. It is then clear from (20) that the optimal source pulse that has optimal
transmission and concentration properties should satisfy the scaling:

5(s) o f (ﬁ) |

We assume here that there is a limit on the source amplitude. Thus, as we probe deeper

through the clutter the frequency content of the source is scaled down. The result (20) tells

exactly how to implement this scaling. It is also clear that what is important from the point

of view of probing is this frequency tuning rather than the exact shape f of the source.
Finally, we remark that if we choose

(= = 0,0:k) = V0o (05 V20k) | (22)

corresponding to a fixed amplitude constraint of the time source trace, then indeed the optimal
depth tuned signal decays as O(z~%/?) with respect to depth in amplitude, while the support
scales as O(v/z).
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5.2. Probing with a strict low frequency cutoff

We have indeed that (0) = 0 so that to realize the optimal z~%?2 amplitude decay with
respect to depth we have to tune the source frequency contents as discussed above. One may
indeed have constraint on the low frequency contents of the probing pulse and this will affect
the probing range. To analyze this aspect we now shift a focus in that we assume a given
initial pulse with a low frequency cutoff and analyze the pulse as it propagates deep into the
medium. Specifically, we assume here a source trace of the form (for k£ > 0):

Wo(0; k) = Lpss(k)alk — 6[Ph(k) ,

for h(6) = 1 and h a smooth function of rapid decay at infinity, p a positive integer and « a
fixed positive parameter. We shall first assume that 0 is strictly positive.
We write the transmitted pulse in (19) in the form:

o9 VaB) = g | [ 5 (5 ) ae]

(&) = (2m)wo(0;E)[¢].

We first note that at the arrival time of the pulse, corresponding to N = 0 we have:
22
(0;vz0) = O (z’QeJ?e) :

Therefore, we see that at the depth scaling z = O((06%)~!) there is a transition from power
law to exponential decay.

We are now interested in the pulse tail asymptotics corresponding to depths N > 1. Using
integration by parts we find:

J/2g) Nz Aradple 2 cos(NovVz0)(=1)"2" podd
(N ) . p—1
(20)BP)/2NPHL | sin(N§V20)(—1)"2  pelse

Again, we see that there is a transition zone in between power law decay and exponential
damping with respect to depth for z = O((0§?)~!). Moreover, there is a relation in between
smoothness of low frequency cutoff and pulse tail decay. The smoother the cutoff, the less low
frequencies contains the pulse, and the faster is the power law decay (in n) for the tails. Note
also the oscillation in the tails, at a frequency corresponding to the low frequency cutoff.

with now

5.3. Probing with a zero frequency cutoff
We consider here the case with § = 0, corresponding to the initial data with vanishing
(smoothly) only at zero frequency. We then have

. Nooo 4ma(p+1)! cos(NV2z0)(—=1)"2" p even
U(N7 \/%) o (zQ)(4+P)/2NP+2 { SIH(N\/Z_)(— ) = p else

Observe that in this case there is no transition zone to exponential decay, however, the power
law decay with respect to depth is more rapid. A smooth low frequency cutoff, corresponding
to large p, gives a relatively rapid power law decay with respect to depth. Note also that, the
power law decay of the pulse tails is somewhat more rapid than in the case with strict low
frequency cutoff.

13



6. Numerical results

We present in this section numerical simulations illustrating the theory. We set d = 1,
so that waves propagate in two dimensions and we solve the Schrodinger equation in one
dimension. We focus first on the wavefunction ¥ and in a second time on the pressure u
obtained after integration over the frequency variable. We describe below the numerical
method and the parameters setting.

6.1. Numerical scheme

We solve the one-dimensional 1t6-Schrédinger equation (9), recast in Stratonovich form as
. "
d@[)(z,x;k):;—kAzﬁder%zﬁosz (z), 2>0, z€R, (23)

where we recall that k is the (rescaled) wavenumber and oy measures the amplitude of the
random fluctuations. The Wiener process W, is obtained by the classical formula [8]

n>1

where (3,(2))n>1 is a sequence of independent standard Brownian motions, (e,),>1 is a basis
of L*(R), and ® is an integral operator defined by

(Pe,)(x) = /Rc(x —y)en(y)dy, c(x) = ;6_ 53.

(2702)1

The function ¢ was chosen so that ||¢||zz = 1. The correlation function of dW, then reads

E(dW,(z) W (y)) = min(z, ) Rz — ), R(x) = / o(x — y)e(y)dy.

The correlation length e, and the absorption term Ry of (9) are given by

2 2

£y = / R(z)dx = |||}, = 2V2m0, FRo = %HCH%2 -
R

The initial condition a(z) is a Gaussian with standard deviation oy:

1 -2
o\xr) = — e 20[ . 24
(@) (27?0%)% (24)

Equation (23) is discretized on the interval [—L, L] using a grid of N+1 points and appropriate
absorbing boundary conditions in order to simulate the propagation over the whole space. It
is solved using a classical Strang splitting scheme as follows: for a time (for the variable z
actually) stepsize h > 0, let

A = 2—kA
Be) = SOV, ()= W)



The semi-discrete scheme then reads
wm - 6B(zm71+%)ehAeB(szl)wmil7 m = 17 2a ) w(](x) = Od(l’),

where 1), () is an approximation of 1 (z,,, ¥) at z,, = mh. Terms involving e"* are calculated
using fast Fourier transforms on [—L, L] and the method of [16] to incorporate absorbing
boundary conditions. The basis of L?(—L, L) for the construction of the random potential is
chosen as e, () = ﬁ]l[_LJrnAa_LJr(nH)AJ;](x), n=20,---,N—1, with Az = 2L/N. In the
simulations, we set N = 400, h = 0.01, oy = 1 and L = 1007.

6.2. Average wavefunction

We start by comparing the average wavefunction with the theoretical prediction for dif-
ferent fluctuations strengths. The wavenumber £ is set to & = 1. We choose oy so that
Ry = 1 and Ry = 0.25. The parameter o, is chosen such that the correlation length ¢, is
equal to oy, i.e. €, = o7 = 1. Results are depicted in figure 1. We represent the (empirical)
average of the wavefunction E(¢)) on the axis = 0 as a function of the depth z, computed
for N, = 1000, 100 and 10 realizations of the random medium. Both the real part and the
absolute value are shown since they may exhibit different behaviors in some situations as we
will see below.

It is clear from the simulations that the theory is matched almost perfectly when N, =
1000. When N, decreases to 100 and 10, randoms oscillations appear since averaging is not
strong enough. As expected, the decay is faster when Ry = 1 than when Ry = 0.25.

Note that the behavior of E() is independent of the the correlation length e, since the
absorption term Ry only depends on o and not on ¢.. Such a property holds for averages, but
not for single realizations as shown in figure 2 for Ry = 0.25. In the top figures, ¢, = o7 =1,
while in the bottom figures, we have ¢, = 100; = 10, so that the correlation length is much
larger than the typical support of the initial condition. The influence of the ratio Z- is mostly
seen on the absolute value of 1: while the real part (or of course the imaginary partmnot shown
here) exhibits random fluctuations, roughly around the average, the absolute value is stable
and is very close the solution obtained in a homogeneous medium with Ry = 0. This can be
explained by the following observation: when Z- <1 and z is small enough, then the potential
term in the Schrodinger equation ¢ (x) o dW, (x) is roughly equal to 1 (z) o dW, (0) since the
wavefunction is localized around 0 compared to the random potential. As a consequence,
randomness is mostly seen in a time dependent phasis, independent of x, that can be factored
out. The absolute value of the wavefunction is then close to the one in a homogeneous
medium. The absolute values of ¢ for £, = 1 and £, = 10 are depicted in figure 3 as functions
of (z,z). Note the very different behaviors.

6.3. Dependence of the wavefunction on the frequency

We investigate here the dependence on the frequency. We plot E(¢) for k = 1/2,1 and
k = 3 in figure 4. As expected, the lower the frequency is, the closer the wavefunction to
a solution in a homogeneous medium is: when & = 3, homogeneous and inhomogeneous
solutions are very different (solid and dotted lines), but as k becomes smaller, solutions get
closer to each other.
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Figure 1: Average wave function on the axis z = 0 as a function of z, for N, = 1000, 100, 10, top to bottom,

and Ry = 0,0.25,1. Left: absolute value, right: real part. Statistical instabilities are observed when N, = 10,
while we have an almost perfect match when averaging is strong enough with N, = 1000.

Besides, as explained in section 3, the wavefunctions for different %k are expected to decor-
relate in a suitable regime. We explore this fact in figure 5 for Ry = 0.25 where we plot the
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Figure 2: One realization wave function on the axis x = 0 as a function of z, for ¢, = o7 = 1 (top) and
g, = 1007 = 10 (bottom), with Ry = 0.25. Left: absolute value, right: real part. When e, = 100; = 10, the
absolute value is close to the homogeneous solution, while the real part is random. This is due to the fact that
when €, = 1007 = 10 and z is not too large, the randomness is concentrated in a random phase independent
of = factored out when taking absolute value.

correlation coefficient

IC (2, k,p)|
Tk', ) Z - 1 1
b2 (C(z,k, k)2 (C(z,p,p))?

C(z,k,p) = E((2,0:k)9"(2,0;p)) — E(¥(z,0; k) E(Y*(2,0;p)).

On the axis of propagation z = 0, we observe at a depth z = 1 (left figure), that the
correlation is still very strong between the frequencies. The corresponding modulus of the
average wavefunction for z = 1 at = 0 is roughly half of the initial value. At z = 5,
decorrelation can be observed compared to the case z = 1, but now the wavefunction is
about one tenth of the inital value. At z = 10, frequencies are very decorrelated, and the
wavefunction has a magnitude divided by a factor 50 compared to the initial value. Thus, as
expected, the decorrelation of the wavefunction for different frequencies indeed takes place.
But it seems it is a property that is hard to exploit in practice when probing a clutter since
the depth at which such decorrelation occurs is too large for the signal to have a sufficient
amplitude compared to the statistical instabilities.
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Figure 3: |¢(z, z)| for one realization for e, = 1007 = 10 (left) and e, = o7 = 1 (right), with Ry = 0.25. For
the same reasons as in figure 2, [¢)(z,x)| on the left is close to the homogeneous solution, while it is random
on the right.

Average Wave Function on the axis x=0

[EW)I

Figure 4: Dependence of |[E(¢(z,z))| on the wavenumber k. Dotted lines correspond to Ry = 0.25 and
k = 1/2,1,3 (green, blue, red), while solid lines to Ry = 0 (homogeneous solution) and k = 1/2,1,3. The
lower the frequency is, the closer the wavefunction to a solution in a homogeneous medium is.

6.4. Deep probing through clutter

We verify two facts in this section: (i) that initial conditions of section 5 satisfying the
scaling (22) ¥(z = 0,0;k) = V20¢,(0; V20k) (here in the It6-Schrédinger regime we have
0 = Ry) indeed offer (nearly) optimal pulse transmission; and (ii) that a strict low frequency
cutoff yields a wavefront with lower amplitude but with slower tail decay as shown in section
5. For this we look at the values of the average wavefield on the x = 0 axis around the front
time, given by

™

1 .
up(t,z) = 2—/elktE(1/))(z,x = 0; k)dk
with initial conditions at z = 0:

R 1
Uz =0,27k) = a(z)B;(k), frlk) = e 7k, 52(k):nw Filk—w) et ilk T w)

Q|a~
[u—
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Figure 5: Decorrelation of the wavefunction (on the axis 2 = 0) for different frequencies, for z = 1 (left),
z =5 (middle), z = 10 (right). The modulus of the average wavefunction for z = 1 at « = 0 is roughly half of
the initial value, at z = 5 it is one tenth of the inital value, at z = 10, it is divided by a factor 50 compared
to the initial value. Decorrelation is thus observed but at a distance where the amplitude of wavefunction has
strongly decreased.

Above, « is defined in (24), o, n and w, are positive parameters. The second frequency
profile (3, is obtained by Fourier transform of the pulse

Ba(t) = Liso(t)2e ™" cos wt,

where w, is the central frequency and 7 an absorption parameter. The functions f3; are
chosen such that the initial wavefield on the beam axis uy := u(t = 0,2 = 0,z = 0) =

a(0)3;(k)dk is independent of o}, and w., which allows for a fair comparison of the
transmission profile. The correlation length €, and o; are set to one.

In figure 6, left, we consider the frequency profile 3; and represent the ratio ur/ug at the
wavefront time ¢t = 0 as a function of oy for Ry = 1,1/4,1/16 for z = 5. It is clearly observed
that (i) the smaller the Ry, the better the transmission and (ii) there exist optimal 0. These
optimal values naturally depends on the exact form of the initial condition. Nevertheless, the
theory of section 5 tells us that the choice o, = 1/v/2Ry, independent of the form of initial
condition, should yield nearly optimal results. This is confirmed in the left figure, where the
dots and straight lines correspond to o;, = 1/v/2Ry.

In the right figure, we plot ugr/ug at t = 0, z = 5 as a function of o, for Ry = 1/16 and
three realizations of the random medium. The average value is represented in a solid line. We
observe that ur/uy depends on the realization, and that the optimal scaling o, = 1/v/2 Ry does
not hold any longer. Simulations performed in a two dimensional transverse plane (instead of
a one dimensional here) might yield more stable results as lateral diversity should introduce
some averaging. Stabilizing the transmission profile is the object of a future work.

We confirm in figure 7 the near optimal scaling in 1/1/2z Ry with the second frequency profile
Bs for a different penetration depth. We plot up/ug at t = 0 and z = 2.5 for Ry = 1,1/4,1/16
as a function of w.. The absorption 7 is set to 0.5 for the simulations involving 5. In the
left figure, the dots and straight lines correspond to w. = 1/v/zRy. On the right figure,
we represent up /ug for the three different realizations and observe as before some statistical
instabilities.

In figure 8, we investigate the effects of a low frequency cutoff as in section 5. We consider
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Figure 6: Left: average wavefront amplitude at the front time ¢ = 0 as a function of o for Ry = 1,1/4,1/16,
z =5, o5 =&, = 1 and the profile $;. The vertical lines correspond to the optimal scaling o, = 1/v/zRp.
Note the good match with the theory. Right: wavefront amplitude at ¢ = 0 for three realizations (dash lines)
and average wavefront (solid line) for Ry = 1/16, z = 5 and o7 = ¢, = 1. Statistical instabilities modify the
value of the optimal scaling.

Wavefront amplitude at depth z=2.5 Wavefront amplitude at depth z=2.5 for R =1/16 and 3 realizations
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Figure 7: Left: average wavefront amplitude at the front time ¢ = 0 as a function of w, for Ry = 1,1/4,1/16,
z =25, 07 = ¢, =1 and the profile 3. The vertical lines correspond to the optimal scaling o, = 1/v/zRp.
Right: wavefront amplitude for three realizations (dash lines) and average wavefront (solid line) for Ry = 1/16,
z=2band oy =¢, = 1.

an initial condition with weak low frequency content of the form

W(z=0,2;k) = a(x)Ba(k)Ikss(k)

for different values of §. In the left panel of the figure, we set the optimal scaling w, = 1/v/zRy
and represent up/ug at the front time ¢ = 0 and Ry = 1/16 as a function of z for several §. It
it clearly seen that low frequencies have a major influence on the amplitude of the wavefront,
and that damping them leads to a serious decay of the amplitude.

On the right panel of figure 8, we represent urg/ug at depth z = 2.5 as a function of ¢ in
order to observe the tail behavior. We set w, = 1/v/z2Ry and Ry = 1/16. As observed before,
the case without cut-off § = 0 leads to a greater amplitude than when 6 > 0. As shown in
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section 5, this absence of cutoff leads to a faster decay of the tail, which is confirmed in the

simulations.
Wavefront for different frequency cut-off Effect of the low frequency cut-off on the tail
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Figure 8: Left: average wavefront amplitude at the front time ¢ = 0 as a function of z for Ry = 1/16,
or = €, = 1. The dash line corresponds to the homogeneous case and shows the optimal decay. The solid
lines corresponds to, from up to down: § = 0,0.5w,, 0.75we, We, 1.25w.. The amplitude decreases at the cutoff
increases. Right: average wavefront amplitude at z = 2.5 as a function of ¢ for Ry = 1/16, 0y = £, = 1 and
different values of §. Here again, the amplitude is larger for a small cutoff. Note nevertheless the faster tail

decay when ¢ is small.

In figure 9, we represent for § = 0 the ratio ur/ug at depth z = 2.5 as a function of ¢ as well
as the initial profile G5(t) (shifted appropriately) and two realizations of the random medium.
The absorption 7 is lowered to 0.2 in order to have a better look at the oscillations. As
expected, we observe some statistical instabilities, but nevertheless the qualitative behavior
of the random wavefront is globally similar to the average wavefront.

Average wavefront and 2 realizations for z=2.5 and R0:1/16
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Figure 9: Average wavefront amplitude (solid line) at z = 2.5 as a function of ¢t for Ry = 1/16, o7y = ¢, = 1,
d = 0 and 2 realizations (dash lines). The inital profile B2(t) (shifted appropriately) is represented by the
circles. The absorption 7 is equal to 0.2. The qualitative behavior of the random wavefront is similar to the

average wavefront.
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7. Conclusion

We have developed a three-dimensional generalization of the O’Doherty-Anstey theory.
We assumed that the parabolic approximation held and characterized the average wavefield
in various asymptotic regimes depending on the medium fluctuations and the measurement
setting. As in the one-dimensional case, we showed that the pulse undergoes some spreading
as it propagates. We moreover obtained that, thanks to its low frequency component, the
average front amplitude decays only algebraically and not exponentially in time. This fact
was confirmed by numerical simulations, where signals with low frequency content exhibit
a larger amplitude than signals with damped low frequencies. We also characterized and
numerically validated the optimal frequency tuning to maximize the transmission of the pulse
at a given depth.

The main limitation of this work pertains to statistical instabilities. The presented theory
holds only for the average wavefield. While some averaging is expected due to frequency
decorrelation as explained in section 3, numerical results show that such an effect seems to
be taking place at a somewhat large depth where the front has a small amplitude, at least
in a two-dimensional configuration. This averaging property might therefore be difficult to
exploit in practice. A deeper analysis of the front stabilization will be the object of future
research.
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