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Abstract. In this paper we consider the It6-Schrédinger model for wave propagation in random
media in the paraxial regime. We solve the equation for the fourth-order moment of the field in
the regime where the correlation length of the medium is smaller than the initial beam width. As
applications we derive the covariance function of the intensity of the transmitted beam and the
variance of the smoothed Wigner transform of the transmitted field. The first application is used to
explicitly quantify the scintillation of the transmitted beam and the second application to quantify
the statistical stability of the Wigner transform.

1. Introduction. In many wave propagation scenarios the medium is not con-
stant, but varies in a complicated fashion on a scale that may be small compared to
the total propagation distance. This is the case for wave propagation through the
turbulent atmosphere, the earth’s crust, the ocean, and complex biological tissue for
instance. If one aims to use transmitted or reflected waves for communication or
imaging purposes it is important to characterize how such microstructure affects and
corrupts the wave. Such a characterization is particularly important for modern imag-
ing techniques such as seismic interferometry or coherent interferometric imaging that
correlate wave field traces that have been strongly corrupted by the microstructure
and use their coherence or covariance for imaging. The wave field correlations can
indeed be characterized by second-order wave field moments and a characterization
of the signal-to-noise ratio then involves a fourth-order moment calculation.

Motivated by the situation described above we consider wave propagation through
time-independent media with a complex spatially varying index of refraction that can
be modeled as the realization of a random process. Typically we cannot expect to
know the index of refraction pointwise, but we may be able to characterize its statistics
and we are interested in how the statistics of the medium affect the statistics of the
wave field. In its most common form, the analysis of wave propagation in random
media consists in studying the field v solution of the scalar time-harmonic wave or
Helmholtz equation

Av + k2n?(z,x)v = 0, (z,x) € R x R? (1.1)

where kg is the free space homogeneous wavenumber and n is a randomly heteroge-
neous index of refraction. Since the index of refraction n is a random process, the
field v is also a random process whose statistical behavior can be characterized by
the calculations of its moments. Even though the scalar wave equation is simple and
linear, the relation between the statistics of the index of refraction and the statistics
of the field is highly nontrivial and nonlinear. In this paper we consider a primary
scaling regime corresponding to long-range beam propagation and small-scale medium
fluctuations giving negligible backscattering. This is the so-called white-noise paraxial
regime, as described by the It6-Schrodinger model, which is presented in Section 2.
This model is a simplification of the model (1.1) since it corresponds to an evolution
problem, but yet in the regime that we consider it describes the propagated field in
a weak sense in that it gives the correct statistical structure of the wave field. The
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It6-Schrodinger model can be derived rigorously from (1.1) by a separation of scales
technique in the high-frequency regime (see (2) in the case of a randomly layered
medium and (22; 23; 24) in the case of a three-dimensional random medium). It
models many situations, for instance laser beam propagation (38), time reversal in
random media (5; 34), underwater acoustics (39), or migration problems in geophysics
(7). The Ito-Schrodinger model allows for the use of 1t6’s stochastic calculus, which in
turn enables the closure of the hierarchy of moment equations (17; 28). Unfortunately,
even though the equation for the second-order moments can be solved, the equation
for the fourth-order moments is very difficult and only approximations or numerical
solutions are available (see (13; 27; 40; 43; 46) and (28, Sec. 20.18)).

Here, we consider a secondary scaling regime corresponding to the so-called scin-
tillation regime and in this regime we derive explicit expressions for the fourth-order
moments. The scintillation scenario is a well-known paradigm, related to the obser-
vation that the irradiance of a star fluctuates due to interaction of the light with
the turbulent atmosphere. This common observation is far from being fully under-
stood mathematically. However, experimental observations indicate that the statisti-
cal distribution of the irradiance is exponential, with the irradiance being the square
magnitude of the complex wave field. Indeed it is a well-accepted conjecture in the
physical literature that the statistics of the complex wave field becomes circularly
symmetric complex Gaussian when the wave propagates through the turbulent atmo-
sphere (44; 48), so that the irradiance is the sum of the squares of two independent
real Gaussian random variables, which has chi-square distribution with two degrees of
freedom, that is an exponential distribution. However, so far there is no mathemati-
cal proof of this conjecture, except in randomly layered media (16, Chapter 9). The
regime we consider here, which we refer to as the scintillation regime, gives results
for the fourth-order moments that are consistent with the scintillation or Gaussian
conjecture and we discuss the statistical character of the irradiance in detail in Section
8 exploiting our novel results on the fourth-order moments.

Certain functionals of the solution to the white-noise paraxial wave equation can
be characterized in some specific regimes (3; 4; 11; 35). An important aspect of such
characterizations is the so-called statistical stability property which corresponds to
functionals of the wave field becoming deterministic in the considered scaling regime.
This is in particular the case in the limit of rapid decorrelation of the medium fluctu-
ations (in both longitudinal and lateral coordinates). As shown in (3) the statistical
stability also depends on the initial data and can be lost for very rough initial data
even with a high lateral diversity as considered there. In (29; 30) the authors also con-
sider a situation with rapidly fluctuating random medium fluctuations and a regime
in which the so-called Wigner transform itself is statistically stable. The Wigner
transform is described in detail in Section 5.1 and is known to be a convenient tool
to analyze problems involving the Schrodinger equation (26; 37). Here, we are able
to push through a detailed and quantitative analysis of the stability of this quantity
using our results on the fourth-order moments. An important aspect of our analysis
is that we are able to derive an explicit expression of the coefficient of variation of the
smoothed Wigner transform as a function of the smoothing parameters, in the general
situation in which the standard deviation can be of the same order as the mean. This
is a realistic scenario, we are not deep into a statistical stabilization situation, but in
a situation where the parameters of the problem give partly coherent but fluctuat-
ing wave functionals. Here we are for the first time able to explicitly quantify such
fluctuations and how their magnitude can be controlled by smoothing of the Wigner
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transform. We believe that these results are important for the many applications
where the smoothed Wigner transform appears naturally.

The outline of the paper is as follows: In Section 4 we introduce the It6-Schrédingerfl
model and the general equations for the moments of the field. In Section 5 we discuss
the second-order moments. In Section 6 we introduce and analyze the fourth-order
moments and the particular parameterization that will be useful to untangle these.
In Section 7 we introduce the so-called scintillation regime where we can get an ex-
plicit characterization of the fourth-order moments via the main result of the paper
presented in Proposition 7.1. Next we discuss two applications of the main result: In
Section 8 we compute the scintillation index and in Section 9 we analyze the statistical
stability of the smoothed Wigner transform.

2. The White-Noise Paraxial Model. Let us consider the time-harmonic
wave equation with homogeneous wavenumber kg, random index of refraction n(z, x),
and source in the plane z = 0:

Av + k2n?(z,x)v = —0(2) f(x), (2.1)

for x € R? and 2 € [0,00). Denote by Ag the carrier wavelength (equal to 27 /ko),
by L the typical propagation distance, and by 7o the radius of the initial transverse
source. The paraxial regime holds when the wavelength A¢ is much smaller than the
radius 7o, and when the propagation distance is smaller than or of the order of rZ/\g
(the so-called Rayleigh length). The white-noise paraxial regime that we address in
this paper holds when, additionally, the medium has random fluctuations, the typical
amplitude of the medium fluctuations is small, and the correlation length of the
medium fluctuations is larger than the wavelength and smaller than the propagation
distance. In this regime the solution of the time-harmonic wave equation (2.1) can be
approximated by (23)

Lu(z, x) exp (ikoz),

v(z, @) = T

where (u(z,)).c[0,00),zcr? i the solution of the It6-Schrodinger equation

du(z, ) = LAmu(z, x)dz + %u(z, x)odB(z,x), (2.2)

2ko

with the initial condition in the plane z = 0:

u(z = 0,2) = f(a).

Here the symbol o stands for the Stratonovich stochastic integral and B(z,x) is a
real-valued Brownian field over [0, 00) x R? with covariance

E[B(z,z)B(z',z")] = min{z, 2’ }C(x — ). (2.3)

The model (2.2) can be obtained from the scalar wave equation (2.1) by a separation of
scales technique in which the three-dimensional fluctuations of the index of refraction
n(z,x) are described by a zero-mean stationary random process v(z, ) with mixing
properties: n?(z,z) = 1+v(z,x). The covariance function C(z) in (2.3) is then given
in terms of the two-point statistics of the random process v by

C(x) = /700 Ev(z' + z, 2" + z)v(, 2')]dz. (2.4)
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The covariance function C is assumed to belong to L'(R?) and with C(0) < co. Note
that this means that the Fourier transform C|, which is positive by Bochner’s theorem,
is integrable so that continuity follows by Lebesgue dominated convergence theorem.

Note that Its Fourier transform is nonnegative (it is the power spectral density of the
stationary process € — B(1,x)). The white-noise paraxial model is widely used in
the physical literature. It simplifies the full wave equation (2.1) by replacing it with
the initial value-problem (2.2). It was studied mathematically in (8), in which the
solution of (2.2) is shown to be the solution of a martingale problem whose L?-norm
is preserved in the case f € L?(R?). The derivation of the It6-Schrédinger equation
(2.2) from the three-dimensional wave equation in randomly scattering medium is
given in (23).

3. Main Result and Quasi Gaussianity. Modeling with the white noise
paraxial model is often motivated by propagation through “cluttered media”. The
objective for such modeling is in the typical situation to describe some communication
or imaging scheme, say with an object buried in the clutter. In many wave propaga-
tion and imaging scenarios the quantity of interest is given by a quadratic quantity
of the field w. For instance, in so called “time reversal problems” (15) a wave field
emitted by the source is recorded on an array, then time reversed and re-propagated
into the medium. Indeed the forward and time reversed propagation paths gives rise
to a quadratic quantity in the field itself for the “re-propagated field”. Moreover, in
important imaging approaches, in particular so called passive imaging techniques (20),
the image is formed based on computing cross correlations of field itself (measured
over an array) again giving a quadratic expression in the field itself for the quantity
of interest, the correlations. In a number of situations, in particular in optics, the
measured quantity is an intensity, again a quadratic quantity in the field itself. As we
explain in Section 5 the expected value of such quadratic quantities can in the parax-
ial regime be computed explicitly. This allows one to compute the mean image and
assess issues like resolution. However, it is important to go beyond this description
and describe the signal to noise ratio which requires one to compute a fourth order
moment of the wave field. Despite the importance of the signal to noise ratio hitherto
no rigorous results have been available that accomplishes this task. Indeed explicit
expressions for the fourth moment has been a long standing open problem. This is
what we push through in this paper. The main result in Section 7 enables one to
quantify the signal to noise ratio. I the context of design of imaging and communi-
cation techniques this insight is important to make proper balance in between noise
and resolution in the image. We remark that in certain regimes one may be able to
prove ‘statistical stability”, that is, that the signal to noise ratio goes to infinity in
the scaling limit (34; 35). The results we present here are more general in the sense
that we can actually describe a finite signal to noise ratio and how the parameters of
the problem determines this.

To summarize and explicitly articulate the main result regarding the fourth mo-
ment we consider first the first and second order moments of w in (2.2) in the context
when f(z) = exp(—|z|?/2r3). We use the notations for the first and second-order
moments

Ml(za w) = E[’U,(Z, iL')], M2(Z7 z,y) = E[u(z7 w)u(z7 y)]a

Note that us is given explicitly in (5.11). For the second centered moment we use the
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notation:

fi2(z,,y) = p2(z,2,9) — pa(z, ) (2, y). (3.1)

Then, to obtain an expression for the fourth order moment, one heuristic approach
often used in the literature (28) is to assume Gaussianity. Consider any complex
circularly symmetric Gaussian process (Z(t)); then we have (36) that the fourth-
order moment can be expressed in terms of the second-order moments by the Gaussian
summation rule as

E[Z(t1)Z(t2)Z(t3)Z(ts)] = E[Z(t1)Z(t3)|E [Z(t2)Z(t4)] (3.2)
+E[Z(t1)Z(t)]E [Z(t2)Z(t3)]

This leads to the following expression for the fourth order moment

E[U(Z, xl)u(z7 mQ)U(Z, yl)u(’zv yQ)] = ME<Z7 1, T2,Y1, y2)

= p1(z, 1)1 (2, 2) 1 (2, Y1) pa (2, y2)

(2, @) pa (2, Y1) fiz (2, T2, Y2) + pa (2, ®2) 1 (2, Y1) fia (2, T1, Y2)

+,LL1(Z7 -’131),UJ1(Z, y2)ﬁ2(z7 T2, yl) + M1 (Z7 mQ).u“l(Za y2):L~l‘2(Z7 L1, yl)

+h2(z, @1, Y1) fi2(z, T2, Y2) + fi2 (2, @1, Y2 ) 1o (2, @2, Y1)
This result is not correct in general. We show however via a long calculation presented
below that in the so called scintillation regime it can be corrected in the manner we
now describe. First note that the scintillation regime that we discuss in more detail

in Section 7 is characterized by a wide initial beam, a long propagation distance and
weak medium fluctuations. For € < 1 we assume the scaling

ro=ry/e, C(x)=eC'(x), z=27/e,
with the primed quantities of order one. Then we have the corrected result
Elu(z, z1)u(z, @2)u(z, y1)u(z, y2)] = pa(z, 1,22, y1,Y2)
~ (2, 1) (2, ®2) 1 (2, Y1) (2, y2)
(2, 1) (2, y1) 2 (2, T2, Y2) + pa (2, ®2)pa (2, Y1) fiz (2, 21, Y2)

+pa (2, 1) pa (2, yo2) fiz(2, T2, Y1) + pa (2, 2) pa (2, yo) fi2(2, 1, Y1)
+i2(z, 1, Y1) fi2(2, T2, Y2) + fi2(2, 1, Y2) fiz(2, T2, Y1)

for

2
- r—-y ~
uz(z7a:7y)=exp(| 4 2 | )) /i2(z7337?/)
7o

= %exp <—k825(0)> / [EXp ( — % + 1€ - (:B +y)/2)

2

X exp (11—0 /OZC((w -v) —.ﬁ:—;)dz’) - l}dﬁ

and also in this regime

_ =P _ k§=C(0)
u1(z, ) = exp < 22 exp 3 .
5



We will make precise the meaning of the approximation in Section 7.
Finally in the regime when the field becomes incoherent so that p; is relatively
small, that is C’(0) is large, we have in fact:

pa(z, @1, @2, Y1, Y2) = Mf('szlv x2,Y1,Y2)
~ pi2(z, 1, Y1) pe (2, T2, Y2) + pa(z, 1, Y2 ) u2(2, T2, Y1)

These results can now be used to discuss a wide range of applications in imaging
and wave propagation. The fourth moment is a fundamental quantity in the context
of waves in complex media and the above result is the first rigorous derivation of it
that makes explicit the particular scaling regime in which it is valid, moreover, when
in fact the Gaussian assumption is can be used.

In this paper we also discuss application to characterization of the scintillation
in Section 8. The Scintillation index is a fundamental quantity that describes the
relative intensity fluctuations for the wave field. Despite being a fundamental physi-
cal quantity associated for instance with light propagation through the atmosphere, a
rigorous derivation was not obtained before. We moreover give an explicit characteri-
zation of the signal to noise ratio for the Wigner transform in Section 9. The Wigner
transform is a fundamental quadratic form of the field that is useful in the context
of analysis of problems involving paraxial or Schrédinger equations, for instance time
reversal problems.

We remark finally that the results derived here also has proven to be useful in
analysis of so called “ghost imaging” (47), “enhanced focusing” problems (21) and
“scintillation correlation” (45). Results on this will be reported elsewhere.

Ghost imaging is a fascinating recent imaging methodology that involves correlat-
ing two wave field observations. In the typical situation one correlate coarsely sampled
wave field observation of waves in the “line of sight” of the object to be imaged, that
is, the wave field has interacted with the object with high resolution observations
that are outside of the line of sight. Indeed this problem can be understood at the
mathematical level by using the results presented in this paper.

Enhanced focusing refers to schemes for communication and imaging in a case
where one assumes that a reference signal for propagation through the channel is
available. Then one uses this information to design an optimal probe that focuses
tightly at the desired focusing point. How to optimally design and analyze such
schemes, given the limitations of the transducers and so on, can be analyzed using
the moment theory presented here.

Intensity correlations is a recently proposed scheme for communication in the
optical regime that is based on using cross corrections of intensities, as measured
in this regime, for communication. This is a promising scheme for communication
through relatively strong clutter. By using the correlation of the intensity or speckle
for different incoming angles of the source one can get spatial information about the
source. The idea of using the information about the statistical structure of speckle to
enhance signaling is very interesting and corroborates the idea that modern schemes
for communication and imaging require a mathematical theory for analysis of higher
order moments.

The results derived in this paper already have opened for the mathematical anal-
ysis of important imaging problems and we believe that many more problems than
those mentioned here will benefit from the results regarding the fourth moment. In
fact, enhanced transducer technology and sampling schemes allows for using finer
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aspects of the wave field involving second and fourth order moments and in such com-
plex cases a rigorous mathematical analysis is important to support, complement, or
actually disprove, statements based on physical intuition alone.

4. The General Moment Equations. The main tool for describing wave
statistics are the finite-order moments. We show in this section that in the con-
text of the It6-Schrodinger equation (2.2) the moments of the field satisfy a closed
system at each order (17; 28). For p € N, we define

My (2, (@), (y)ley) = [ﬁ (z,2;) ﬁu D) (4.1)
J=1 =1

for (x;)f_y, (yi)i=, € R2”. Note that here the number of conjugated terms equals
the number of non-conjugated terms, otherwise the moments decay relatively rapidly
to zero due to unmatched random phase terms associated with random travel time
perturbations. Using the stochastic equation (2.2) and 1t6’s formula for Hilbert space-
valued processes (33), we find that the function M, satisfies the Schrédinger-type
system:

oM, j - k2
azp = L(Z Amj - Z Ayz)Mp + ZOU;D((mj)gzla (yl)le)Mp» (4'2)

My(z=0) = [T £ [T 7). (4.3)

with the generalized potential
Up((%)j 1 (Y- 1)

=Y Clay - 5 Y Cla—w) - 5 D Clw-w)

Ji=1 Jii=1 Li=1
p
=> Clwj—y)— Y, Claj—=zy)— >, Clyi—yr)—pC0). (44)
Ji=1 1<j<5'<p 1<I<l'<p

We introduce the Fourier transform

( (f)J 1 Clll //M 5'31] D(yl)l 1)

xexp(szm] £, JrZZyl Cl)dml ~dxpdyr - - dyp. (4.5)

It satisfies

B u . 2 ..
M, _ (Z P - ZKZ )M,,+ %OupMp, (4.6)

My(= = 0) = [T &) [T F(¢o). (4.7)



where f is the Fourier transform of the initial field:
£©) = [ #(@)exp(-it - a)ia.

and the operator L?p is defined by

NN 1 . LA
upMp = W /C<k) [le::l Mp(&j - kal - k)

— Y M-k &tk - > M(¢ —k ¢y +k)—pMy|dk,  (4.8)

1<j<j’'<p 1<I<l'<p

where we only write the arguments that are shifted. In this paper, unless mentioned
explicitly, all integrals are over R2. It turns out that the equation for the Fourier
transform M), is easier to solve than the one for M), as we will see below.

5. The Second-Order Moments. The second-order moments play an impor-
tant role, as they give the mean intensity profile and the correlation radius of the
transmitted beam (14; 24), they can be used to analyze time reversal experiments
(5; 34) and wave imaging problems (9; 10), and we will need them to compute the
scintillation index of the transmitted beam and the variance of the Wigner transform.
We describe them in detail in this section.

5.1. The Mean Wigner Transform. The second-order moments

Mi(z,z,y) = E[U(z,m)u(z7y)] (5.1)
satisfy the system:
oM, i 2
97 = g (Be — Ay)Mr+ 2 (Cla —y) — C0) M, (5.2)

starting from Mi(z = 0,x,y) = f(x)f(y). The second-order moment is related to
the mean Wigner transform defined by

Wi(z,x,q) = /exp (—ig-y)E [u(z,w + g)ﬂ(z, T — g)} dy, (5.3)
that is the angularly-resolved mean wave energy density. Using (5.2) we find that it
satisfies the closed system

% + kioq Vol = 4(];;;)2 /é(k) [Wm(q —k) - Wm(q)}dk, (5.4)

starting from Wy, (2 = 0,2,q9) = Wy(x,q), which is the Wigner transform of the
initial field f:

Y
r— 2

Waw.q) = [exp(~iq-u)f(e+Y)7(@ 2

)dy.

Eq. (5.4) has the form of a radiative transport equation for the wave energy density
Wi In this context k3C(0)/4 is the total scattering cross-section and k3C(-)/[4(2)?]
is the differential scattering cross-section that gives the mode conversion rate.
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By taking a Fourier transform in g and « of Eq. (5.4):

W(z,€,9) //eXp —i&-x+iq - y)W(z, z, q)dgde,

we obtain a transport equation:
MW
0z

i3 A

+ kiog VW = 2 [Cly) — C(0)] W,

that can be integrated and we find the following integral representation for Wi,:
Wz, z,q) //exp i€ (x— —) —iy'~q)WO(£,y’)
k / /
X exp ( Cly + g ) C(0)d= )dgdy , (5.5)
4 Jo
where W, is defined in terms of the initial field f as:

Wol(é,y) = /eXP (—i& x)f(z+ g)?(az — g)dw (5.6)

5.2. The Mutual Coherence Function. The second-order moment of the field
(or mutual coherence function) is defined by:

Iz zy)=E {u(z,m + %)ﬂ(z, x — %)} , (5.7)

where x is the mid-point and y is the offset. It can be characterized by taking the
inverse Fourier transform of the expression (5.5):

r®(z,zy) = (271r)2 /exp (ig - y)W(z,z,q)dg
1 . % <
= e /exp (i - 2)Wo(&,y — 5;70)

2

X exp (%0 /0 Cly - g%) - C(o)dz')dg. (5.8)

Let us examine the particular initial condition which corresponds to a Gaussian-beam
wave. If the input spatial profile is Gaussian with radius rg:

|z|?
fl@)=exp| — — ), (5.9)
( 27"(2) )
then we have
. r21E2 |yl?
Wo(€.y) = mriesp (- S0 LY (5.10)
0

and we find from (5.8) that the second-order moment of the field has the form
2
2 To 7‘0|£| .
F()(z7w,y)zﬂ/exp< —2‘ —5—’ +2£-m)

X exp <kz8 /OZ C(y - £k—0) - C(O)dz’)df. (5.11)
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6. The Fourth-Order Moments. We consider the fourth-order moment M5
of the field, which is the main quantity of interest in this paper, and parameterize the
four points @1, 2, y1,y2 in (4.1) in the special way:

AT+ g+ q T+ T2—q1 — Q2

T = ) Y = )
2 2

T —T2+q1 — Q2 T T2—q1+ Q2

o = D) ) Y2 = 5 .

In particular r1/2 is the barycenter of the four points &1, T2, Y1, ys2:

T+ T2+ Y1 Y2 Tt T2 Y1 — Y2

rL = ) q1 = )
2 2

T T2+ Y1 — Y2 T T2 Y1+ Y2

ro = 2 ) q2 = 2 .

The fourth-order moment M5 is of interest for instance for the characterization of
the second-order moment of the intensity, also called intensity correlation function by
Ishimaru (28, Eq. (20.125)):

IS (z,z,y) = E“u(z, T+ %) |2|u(z793 — g) ﬂ (6.1)
The intensity correlation function with mid-point @ and offset y is given by (in terms
of the function My with the new variables):

F(4)(Z,:B,y) = MQ(qul = 07q2 = 0,7’1 = 2513,1"2 = y)

Thus, the key to the understanding of the intensity correlation function and related
physical quantities is to understand M, and we consider this in detail in this paper.
In the variables (q1, gz, 71,72) the function My satisfies the system:

OMy i

k2
= —(V,q1 Vg, + Vg, - qu)Mz + =2Us(q1, g2, 71, 72) Mo, (6.2)
0z ]{70 4

with the generalized potential

Uz(q1,q2,71,m2) = C(q2 +q1) + Clg2 —q1) + C(r2 +q1) + C(r2 — q1)
—C(q2 +12) — C(q2 — 12) — 2C(0). (6.3)

Note in particular that the generalized potential does not depend on the barycenter
71, and this comes from the fact that the medium is statistically homogeneous. If we
assume that the input spatial profile is the Gaussian (5.9) with radius rg, then the
initial condition for Eq. (6.2) is

@+ lgel® 4 P 4 raf? )

M2(2207q15q23T13T2) :exp( 2,,,2
0

The Fourier transform (in g1, g2, 71, and 7r3) of the fourth-order moment is
defined by:

M2(27£13527C1a42):/ MQ(Zaqtharlar?)

xexp (—iqy-& —ir - §y —iqe - & —iry - Cy)dridradqidgs. (6.4)
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It satisfies

oMy | i ' LR N B
87; + k‘io(él “Cr+ & C2)M2 = 4(2;)2/0("7) {MZ(gl —k, & — Kk, (1, o)

+Mo (&) — ko €p, €1 Co — k) + Ma(€r + K, €5 — K, €1, o)
+M2(&1 + k,85,C1,Co — k) — 2M2(&1, €5, (1, ()

(€, & — k. CroCo— k) — N6y, €5+ R € Co k)] ik, (6.5)

starting from M2(Z = 0,€1,6,¢1,¢) = @mrg)texp(—rg([&]* + & + [C1* +
|¢5]?)/2), which is well posed by Lemma B.1. The resolution of this transport
equation would give the expression of the fourth-order moment. However, in contrast
to the second-order moment, we cannot solve this equation and find a closed-form
expression of the fourth-order moment in the general case. Therefore we address in
the next sections a particular regime in which explicit expressions can be obtained.

7. The Scintillation Regime and Main Result. In this paper we address a
regime which can be considered as a particular case of the paraxial white-noise regime:
the scintillation regime. In (25) we addressed this regime in the limit case of an infinite
beam radius, that is, a plane wave. Here we address the propagation of a beam with
finite radius r¢ to analyze its role. Note that this general situation gives transport
equations as in (7.7) below that are in R*¢, d = 2, rather than the simpler situation
with transport equations in R?? that was considered in (25). In Appendix A we
explain the conditions for validity of this regime in the context of the wave equation
(2.1). More directly, if we start from the It6-Schrodinger equation (2.2), then the
scintillation regime is valid if the (transverse) correlation length of the Brownian field
is smaller than the beam radius, the standard deviation of the Brownian field is small,
and the propagation distance is large. If the correlation length is our reference length,
this means that in this regime the covariance function C* is of the form:

C*(z) = eC(x), (7.1)
the beam radius is of order 1/e, i.e. the initial source is of the form
£2|z|?
“(z) = - 2
f@ = e (- Sz ) (7.2)

and the propagation distance is of order of 1/e. Here ¢ is a small dimensionless
parameter and we will study the limit € — 0. Note that for simplicity we assume that
the initial beam profile is Gaussian, which allows us to get closed-form expressions,
but the results could be extended to more general beam profiles.

Let us denote the rescaled function

- N
MZE(Z5517£23C17C2):MQ(ga£17€27617C2)' (7.3)
The evolution equations (6.5) of the Fourier transforms of the moments become
oM§ i k2

9 + %(51 ¢+ & C2)]\Z26 = 4(2m)2 /é(k) [MS(& — k& k. GG

+M5 (&) — K, €5, C10Co — k) + M5 (&, + K, & — K, €1, Co)
+M28(€1 + kaéQvCvaZ - k) - 2M26(£17£27C1ac2)

—M5(&1,6 — k,C1. 8o — k) — M5(€1,6,+ K, 1. ¢y — k)] dk, (7.4)
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which shows the appearance of a rapid phase, and the initial condition (corresponding

o (7.2)) is

. RV
152 = 0.61.65.¢1.6) = T e (= L6 (642 4 662 + [ + 1GP)). (75)

The asymptotic behavior as ¢ — 0 of the moments is therefore determined by the
solutions of partial differential equations with rapid phase terms. A key limit theorem
will allow us to get a representation of the fourth-order moments in the asymptotic
regime € — 0. We will see that, although the initial condition (7.5) is concentrated in
the four variables around an e-neighborhood of 0, the evolution equation will spread
it, except in the {,-variable which is a frozen parameter in the evolution equation
(7.4). This is related to the fact that the generalized potential does not depend on
71 as the medium is statistically homogeneous. It corresponds to the fourth-order
moment not varying rapidly with respect to the spatial center coordinate r; while in
the other barycentric coordinates we have in general rapid variations induced by the
medium fluctuations on this scale.
In the scintillation regime the rescaled function M¢ defined by

re re iz
M (2751,527C17C2) = M; (%5175%417(2) €xp (@(52 “Cot+ & - C1)> (7.6)
satisfies the equation with fast phases

OMe
0z

2 N ~
= 11(157(?‘_)2/0(’€)|:2M8(£17£2a<.1ac2)

+M€(£1 —k, & -k Cl,CQ)e

+ME(&, — k&5, Cqy o — k)e Ek0k<s2+§ )
V(&) + K, €y — K, €, Cp)e (660
NI (&, + s £y, Cry Gy — R)ei 62
( )
( el

N (61,65 — K.y, Gy — et T (ot e kD)

_Me £1a£2 k C1742 + ke Eko (k-(C—&2)+kI?) dk7 (77)

starting from

M*(z=0,£1,€5,$1,60) = (2m)%6°(£1)0%(£2)9° (1) 9" (Cs), (7.8)

where we have denoted

(5 T(% T(2) 2
0 (6) = 55 exp (— 55 1€1). (7.9)
Note that ¢° belongs to L' and has a L'-norm equal to one. Our goal is now to study
the asymptotic behavior of Mc¢ as ¢ — 0. We have the following result, which shows
that M€ exhibits a multi-scale behavior as & — 0, with some components evolving at
the scale £ and some components evolving at the order one scale.

PROPOSITION 7.1. Under the assumptions in Section 2, the function M¢(z,&,,&5,¢1,Co)ll

12



can be expanded as

Me(z,£1,§2,§’1,(2) = K(2)¢°(£1)9°(£2)9"(€1)9°(€2)
£ —&

K20 (52) 0 ()0 (@) A (e S8 S8
K20 (50 ()0 (@) A 255 S
K20 (M 52)0 (o€ Al 25 5, S8
Ko (1520 (€Al 255, S
K(Z)¢E(C1)¢E(C2)A(Z, 52 ;‘El’ CQ :: CI)A(Z, £2 ;El7 CQ ; Cl)
K(Z)¢E(C1)¢E(E2)A(Z, C2 ;—él , £2 1‘ Cl)A(Z, CZ ;El , €2 ; Cl)
+RE(Za€17£23C17C2)7 (710)
where the functions K and A are defined by
K(z) = (2m)8 exp ( - %30(0)2)7 (7.11)
1 kg [* C N
A(2,€,¢) = W/ [exp (ZO | C(z+ %z )dz) - 1}
x exp (— i€ - @) dw, (7.12)
and the function R® satisfies
sup ||RE( Zytyty a')”Ll(RQXR?xR? xR2) 290

z€[0,7]

for any Z > 0. It follows from the proof given in Appendix B that the function
&€ — A(z,¢,¢) belongs to L' (R?) and that its L'-norm [|A(z,-,¢)|| 11 (r2) is bounded
uniformly in ¢ € R? and z € [0,Z]. Therefore, all terms in the right-hand side of
(7.10) are in L'(R? x R? x R? x R?) with L'-norms bounded uniformly in e and

€ [0, Z]. This proposition is important as many quantities of interest, such as the
intensity correlation function, the scintillation index, or the variance of the Wigner
transform of the wave field that we will address in the next two sections, can be
expressed as integrals of M€ against bounded functions. As a consequence we will be
able to substitute M¢ with the right-hand side of (7.10) without the remainder R* in
these integrals, and this substitution will allow us to give quantitative results.

8. The Intensity Correlation Function. The intensity correlation function
(6.1) in the scintillation regime is defined by

P9 y) =B[lu(2, 2+ )P, 2 -5, (8.)

that is, the mid-point @ /e is of the order of the initial beam width, and the off-set
y is of the order of the correlation length of the medium. The intensity correlation
function can be expressed in terms of M5 as

4o (2@, y) = //eXP (2i m+iC2-y)
XMQ (2,517527C17Cz)deCzd&dﬁz-
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It can also be written in terms of M¢ as
. . R
4o (2, z,y) = //GXP 2i +242.y_2k7(£2.4-2+£1.<1))
0E
XM (Z7£17£27C1;C2)dC1dC2d£1d£2~

Using Proposition 7.1, the intensity correlation function (8.1) has the following form
in the regime ¢ — 0:

AK 2 . 8
14 (2, y) =3 (275;) //6770<|42\2+|c1\2>+2m-<1 {(27"70)46*’”3<‘a‘2+|5|2>

6

T X _ s 6o+¢

e O)3A<z,a,c2 +¢p)emlPl i e
i

6 . .C2k*0§12

(27;3)3 Az, 8,8y — ¢y)e Tl e

4
. S21¢1 :3.62—¢1
225 z—if3- o

+ i A(Z,Q:CQ+C1)A(zaﬂaqz_<1)€_za

(2m)2
// — B (1€, 12+1¢, 1P+ 2im ¢,

+

*| dadBd¢,d¢,

7"6 _r 2 4 _€2+41
X[(z‘;TgA(z,a,sﬁcl) oIoL gt =)
7"6 2 2 3. 762—41’2
A By = e P )
4 , £a+¢ - £a-¢
B Ay C)A (5, B, 6 — €)' VIR NS | daagigydc,.

(2m)?

Using the explicit form (7.12) of A, this expression can be simplified to

k%C(O)z) exp ( B M)

49 (2,2, y) =9 —exp ( —

2 7'8
—&-’% /exp (%(2) /OZC(C:;) — C(0)d7 — 7“8|C‘2 ic- m)dcr
+’ﬁ/exp(lf/o (C——y) C(0)dz' — TO|C|2 )dC’ (8.2)
For comparison, the mutual coherence function defined by
I‘(275)(z,w,y) = E[u(g, % + %)u(g, g - %)} (8.3)

is given by (see (5.11) with rqg — ro/e, * = x/e, 2 — z/e, and C — £C):
2 2 21 ¢(2
(2.e) _ "0 e Lz nplélf | &
e y) 4me? /exp( 4r3 v 5kos 4e2 + € )
k2e z/e P
X exp (%/ Cly—&) —c(o)dz’)ds
0
2 2
o € To\d .
3 foo- -2 e

2 z !
X exp (]%0/0 C(y - C;—O) - C(O)dz’)d(, (8.4)
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so that in the limit € — 0 :

2 2

2.0) =0 70 ’io/ LA ol
T (z,w,y)—>47r/exp(4 [ clei v oo - i z)dC. (8.5)

Before giving the result about the scintillation index, we briefly revisit the case
of a plane wave, which corresponds to the limit case rg — oo and which was already
addressed in (25). We here find that, in the double limit € — 0 and ry — oc:

k2(C(y) — C(0))z
i i (2¢) - 0
il Tz ) = exp (F=E20),

moreover, by (8.2)

lim lim I‘(4’5)(z,w,y) =1—exp ( - M) + exp (kg(C(y) - C(O))Z)’

ro—00 e—0 2 2

which is the result obtained in (25). Note that in (25) we first took the limit ry — oo,
and then € — 0, while we here do the opposite. The two limits are exchangeable. As
discussed in (25), this result shows in particular that the scintillation index, that is,
the variance of the intensity divided by the square of the mean intensity as defined
below in (8.6), is close to one when k3C(0)z > 1.

We next consider the scintillation index in the general case of an initial Gaussian
beam as considered here. The expressions (8.2) and (8.5) allow us to describe the
scintillation index of the transmitted beam for the general case of an initial Gaussian
beam with radius rq.

ProprosITION 8.1. The scintillation index defined as the square coefficient of
variation of the intensity (28, Eq. (20.151)):

4 212
E zz i o) zz
Sg(Z,CC): Hu(s’a)‘ ]Z EHZ(QE’E)‘ ] (86)
Eflu(z 2)["]
has the following expression in the limit € — 0:
2|x|?
exp | — =
§°(z,2) 91 - (%) (8.7)

kZ 7 2 . 2
= [exp (TO Jo Clugz)dz — % +iu - %)du‘

Let us consider the following form of the covariance function of the medium
fluctuations:

_ 5 (1
O(z) = C(o)c( - )
with C(0) = 1 and the width of the function z — C(z) is of order one. For instance,

we may consider C(x) = exp(—x2). Then the scintillation index at the beam center
z=0Iis

5°(2,0) =91 — 1 - (8.8)

‘ fooo exp (Z2ja fol é(uz%s)ds — “f)udu
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F1G. 8.1. Scintillation index at the beam center (8.8) as a function of the propagation distance
for different values of Zsca and Z.. Here C(z) = exp(fx2).

which is a function of z/Z;., and z/Z. only (or, equivalently, a function of z/Z;., and

Z/Zsea only), where Zg.n = %@ and Z, = korol.. Here Z., is the scattering mean
0

free path, since the mean field decays exponentially at this rate:

2 T\ es0 ||? z
]E[u(e’ s)} P ( 2rk ) oxp ( Zsca)’

as can be seen from the It6 form of (2.2). Moreover, Z. is the typical propagation
distance for which diffractive effects are of order one, as shown in (23, Eq. 4.4). The
function (8.8) is plotted in Figure 8.1 in the case of Gaussian correlations for the
medium fluctuations: C(z) = exp(—z2). It is interesting to note that, even if the
propagation distance is larger than the scattering mean free path, the scintillation
index can be smaller than one if Z. is small enough.

In order to get more explicit expressions that facilitate interpretation of the results
let us assume that C'(x) can be expanded as

C(z) = C(0) - Sl +o(lz?), = —o.
When scattering is strong in the sense that the propagation distance is larger than
the scattering mean free path k2C(0)z > 1, we have

2
kiyz

2m)4 23 iz
K(2)'/2A ~ — e - 2, 2.
(22460~ e (- el € + 3¢ €),
and Egs. (8.2) and (8.5) can be simplified:

2
129 (2,2, 4) =9 —0

3
cexp (- =2 kylyPri+ G kodta ey ) (8.9)
SR LR G R S
4
r49) (2, z,y) =3 %
(rg + %)

3

2 2 k‘2 2 7n2 + Jz
cexp (2 V1 sep (- BERETDESEY  (ga0)

% 1o
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This shows that, in the regime ¢ — 0 and k2C(0)z > 1:
- The beam radius is R, with

3
R :r3+%. (8.11)
- The correlation radius of the intensity distribution is p, with
3
4 g+ %
P R (8.12)

C k2yz g2 422
0YZrg + 51

which is of the same order as the correlation radius of the field (compare the y-
dependence of (8.9) and (8.10)).
- The scintillation index is close to one:

48 (z,2,0) — T2 (2, x,0)? N

S¥(z,x) = R OE T ~1. (8.13)

- The fourth-order moment and the second-order moment of the field satisfy:
P9 (2, @,y) = P29 (2, 2,0)* + P29 (2, 2,y) [,

or equivalently

Ellu(z 2+ DI T = DI =B T+ DIJE]IC 2 - DI

2 ele 2 5 2 ele 2
zx Y.,z T Y\|?
G TG R e

These observations are consistent with the physical intuition that, in the strongly
scattering regime z/Zs., > 1, the wave field is expected to have zero-mean complex
circularly symmetric Gaussian statistics, and therefore the intensity is expected to
have exponential (or Rayleigh) distribution (13; 28), in agreement with (8.13), and
the fourth-order moment can be expressed in terms of the second-order moments by
the Gaussian summation rule in agreement with (8.14).

9. Stability of the Wigner Transform of the Field. The Wigner transform
of the transmitted field is defined by

. 2T Y\ Yy

Weeaa) = [ep(—ig )T Dat T - Yy o
It is an important quantity that can be interpreted as the angularly-resolved wave
energy density (note, however, that it is real-valued but not always non-negative
valued). Remember that the initial source is (7.2). This means that the Wigner
transform is observed at a mid point x/¢ that is at the scale of the initial beam
radius, while the offset y is observed at the scale of the correlation length of the
medium. In the homogeneous case, we find
A2 ql?r? x — qz/ko|?
WE(ZJ%Q) |homo: 20 exp(— ‘ |2 0 — ‘ 2/ |

€ € U

) (9.2)

which is concentrated in a narrow cone in q. Indeed the g-dependence of the Wigner
transform reflects the angular diversity of the beam. In the limit ¢ — 0, we have
< e—0 2 |:B|2
We(z,2,q) |homo— (27)°d(q) exp ( — T—Q), (9.3)
0
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in the sense that, for any continuous and bounded function ),

2
/ WE(Z7 Z, q) |homo ¢(xv q)dwdq E—>_>O (271—)2 /exp ( - %)w(% O)ddf
0

In the random case, the g-dependence of the Wigner transform depends on the
angular diversity of the initial beam but also on the scattering by the random medium,
which dramatically broadens it because the correlation length of the medium is smaller
than the initial beam width. As a result (see (5.5) with rg — ro/e, € — x/e, 2 — 2z /¢,
and C' — (), the expectation of the Wigner transform is:

2 20 +12 20,,(2
EWe(z,x,q)] = "o //exp(f rol¢| _ < Y] Jrig . (:c — %) —iq.y)
2

4re? 4e? 47t
K2e [#/ o
X exp (%/ C(y—|—Ckf0) —C(O)dz’)d(’dy
0

2 2 2 2 2
_T (T0|C|_5|y| o _g_..)
_47r//eXp 4 472 i (@ ko) ey
2

!

X exp (%0 /0 Cly + c%o) - C(o)dz')dcdy, (9.4)

so that in the limit ¢ — 0 it is given by

2 21 ~12
E[Wf(z,w,q)]ﬂ)%//exp(_T0|4C| +Z’C.m_iq,(y+<’kio)>
2

X exp (%O /0 Cy+ CZ—O) — C(O)dz’)d(dy. (9.5)

More precisely, the mean Wigner transform can be split into two pieces: a narrow
cone and a broad cone in q:

2)\1/2 5
E[W®(z,x,q)] 619 K((27T))25(q) exp ( . ‘fz\ )
0
7“2 z 1/2 T‘2 2 5
+Oi(25r))3/eXp<_O4q+i<' <$_qg0))A(z7q,C)dC- (9.6)

The narrow cone is the contribution of the coherent transmitted wave components and
it decays exponentially with the propagation distance (see the expression (7.11) for
K(z)). The broad cone is the contributions of the incoherent scattered waves and it
becomes dominant when the propagation distance becomes so large that k3C'(0)z > 1.
It is known that the Wigner transform is not statistically stable, and that it is
necessary to smooth it (that is to say, to convolve it with a kernel) to get a quantity
that can be measured in a statistically stable way (that is to say, the Wigner transform
for one typical realization is approximately equal to its expected value) (3; 35). Our
goal in this section is to quantify this statistical stability.
Let us consider two positive parameters rg and g5 and define the smoothed Wigner
transform:
1 ZL'/ 2 /12
We(z,x,q) = GnEetig // We(z,x —a',q — q') exp ( - 2|€2L82 - |;1q|s2 )dw’dq’.
(9.7)
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The expectation of the smoothed Wigner transform is in the limit € — 0:

2 2 2 + z |2
IE[W (zmq H—>Or—0//ex TO|C| qs‘y 2Ck°| —iq-(y—i—Cki))
0

/

X exp (ig x40 / Cly+¢=) - C(o)dz’)dgdy. (9.8)
4 0 ko
It can also be written as

g K ()12 2 2
[Ws(z z,q) — 9 (2())3(126Xp(— \2(17|2) exp (— |Z:(2|))

1/2 2 2
// zgcexp( 0|C| |’£2q;| +ic-(w—§kio))dcdg. (9.9)

The first term is a narrow cone in q around g = 0 corresponding to coherent wave
components and the second term is a broad cone in q corresponding to incoherent
wave components. Note that the expectation of the smoothed Wigner transform is
independent on 73 as the smoothing in x vanishes in the limit ¢ — 0. However the
smoothing in & plays an important role in the control of the fluctuations of the Wigner
transform. We will analyze the variance of the smoothed Wigner transform and its
dependence on the smoothing parameters ry and g¢s.

The second moment of the smoothed Wigner transform is

2 712 2 2 112
BV (2.2.0)) = iz //Xp oo+l aEul + Ty
71'

2e272 2
) I o
XMQ(E’ y+y7q2: ,7’1: a:+a:s+:cs’r2:fb‘s ms)
€ 2 2 € €

x exp (—iq - (y +y'))dydy' dz.dz.,

which gives using (6.4), (7.3) and (7.6):

1 €1 — 29>  |&
E[W:(Z’OS’Q)Q] = W//QXP<—7"3|C1|2 —7”3|C2|2 - 14(]2 - 422 )

i (G 6t G 80) )V (2,60, 60 G G o 6o,
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Using Proposition 7.1, we find that, in the limit ¢ — 0:

K(2) lal? _
o &P (— o) exp (— =5)

7' iy 2m g )7T0‘C1\ €1 — 211\2
e 84//d£1d41 e

7\51\22 g rg1¢al?
x{4e das /e ko =1 >2 : A(z,€1,Co +¢1)dCy

e
cA(z 82780 ¢, ¢ dgydc,

2
+4e—7’52\§1|2 /67i%£1.§27 A(Za 517 €2 + Cl)d£2
) . r3l¢21?
+ // 67T§‘<2|2*2%52'<2*%A( C2 + Sl 752 + Cl)

<A 28, - cl)dsgd@}, (9.10)

E[W:(z,,q) ]H—Q

212 s g . rdleal?
FEe TR 28 gy

where we have used the fact that A(z, —&, —¢) = A(z, €, ). This is an exact expression
but, as it involves four-dimensional integrals, it is complicated to interpret it. This
expression becomes simple in the strongly scattering regime k2C(0)z > 1, because
then A(z, &, ) takes a Gaussian form and all integrals can be evaluated. To get more
explicit expressions in the discussion of the results we here again assume that C(x)
can be expanded as:

C(x) = C(0) — %W +o(lzf), x—o0.

When k2C(0)z > 1, we have

8T r2
BV (2. mq)] 0 N
b B0z (3 + 51+ ) + 55
o - st |
r— —=24
2ko( :2(15) 2|q|2
X - i 9.11
exp( s g B k373+4q3> o1
z
o+ ’Y274 + 40q§
kg'yz
and
3 4q2 22¢2
(rg + 5r) (L + 5) +
E[WSE(Z’%q)?] = liI%E[WSE(z,QZQ)}Q 1+ 24 kgvz 23
e—

3 2,2
(7"8 + %)(47‘2 + k2’yz) + Zqugs

The coefficient of variation C§ of the smoothed Wigner transform is defined by:

\/E[Wsa(zv T, Q)2] — ]E[WSE(Z? Z, q)]2
E[Ws (2,2, q)] '
20

Ci(z,x,q) =

(9.12)



Fic. 9.1. Contour levels of the coefficient of variation (9.13) of the smoothed Wigner transform.
Here 7s = rs/p-> and G5 = qsp=. The contour level 1 is 2q,7s = 1.

We get then the following expression for the coefficient of variation in the strongly
scattering regime k2C(0)z > 1:

3 Ao2 2,2 1/2 1/2
ce e=0 (rg + Hr) (1 + kgq';z) + Zqug B qglpg +1 0.13
s(z,x,q) — (2 1 ) (2 4 ) 4 2 A , (9.13)
To T 22 )\3Ts4s T 37,2 2k2 02

where p, is the correlation radius (8.12). Note that the coefficient of variation is
independent of  and g. Eq. (9.13) is a simple enough formula to help determining
the smoothing parameters g5 and rg that are needed to reach a given value for the
coefficient of variation. The coefficient of variation is plotted in Figure 9.1, which
exhibits the line 2¢srs = 1 separating the two regions where the coefficient is larger
and smaller than one.

For 2¢srs = 1, we have lim._,o C¢(z,2,q) = 1. For 2¢srs < 1 (resp. > 1) we
have lim._,9 C5(z,2,q) > 1 (resp. < 1). The curve 2¢srs = 1 determines the region
where the coefficient of variation of We(z,x, q) is smaller or larger than one (in the
limit e — 0). The critical value ry = 1/(2¢s) is indeed special. In this case, the
smoothed Wigner transform (9.7) can be written as the double convolution of the
Wigner transform W€ of the random field u(Z,-) with the Wigner transform

We(@.q) = /GXP (—ig-y)ug(= + 5)ue(= — 5)dy
e 2 e 2
of the Gaussian state
ug (@) = exp (- ¢Z|x[?),
since we have
27 il |l
wWe R = — ( —9=s 1 7)’
s@a)=ge( 72 o

and therefore
42
(2m)3e?

We(z,x,q) =

S

// We(z,x —2',q — ¢ \W; (2, q')dx'dq',
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for rs = 1/(2¢s). It is known that the convolution of a Wigner transform with a kernel
that is itself the Wigner transform of a function (such as a Gaussian) is nonnegative
real valued (the smoothed Wigner transform obtained with the Gaussian Wy is some-
times called Husimi function) (6; 31). This can be shown easily in our case as the
smoothed Wigner transform can be written as

2

2
Wi(z,z,q) = % : (9.14)

/exp (iq- &' )ug (x')u(=, = — «')da’

for rs = 1/(2¢s). From this representation formula of W¢ valid for rs = 1/(2¢s), we can
see that it is the square modulus of a linear functional of u(Z, -). The physical intuition
that u(Z,-) has circularly symmetric complex Gaussian statistics in strongly scatter-
ing media then predicts that WZ(z,x,q) should have an exponential (or Rayleigh)
distribution, because the sum of the squares of two independant real-valued Gaussian
random variables has an exponential distribution. This is indeed consistent with our
theoretical finding that lim._,o C5 = 1 for ry = 1/(2¢s). In fact the situation with
complex scattering giving a field that has centered circularly symmetric Gaussian
statistics is exactly what motivates the name “scintillation regime” with unit relative
intensity fluctuations.

If r > 1/(2gs), by observing that

2 2 2
) = U (@) *p exp(— 7qsg|2:c| ),

|=|?
2e2r2

exp ( —
where %, stands for the convolution product in x:
U () *4 f(x) = /\IIE(CD —a')f(z')dx,
and the function W€ is defined by

v (a) 8¢ir? ( 2¢2|@|? )
T)=—F——-—~€XP| — 55— 5
me2(dg2rz —1) O\ T gz —1)e2 )

we observe that the smoothed Wigner transform (9.7) can be expressed as:

2 2
WEG,2,0) = V(@) 5o 25

/exp (iq - m’)fg(m/)u(g, g —')dx’

2) . (9.15)

for rg > 1/(2¢gs). From this representation formula for W valid for ry > 1/(2¢s), we
can see that it is nonnegative valued and that it is a local average of (9.14), which
has a unit coefficient of variation in the strongly scattering scintillation regime. That
is why the coefficient of variation of the smoothed Wigner transform is smaller than
one when rg > 1/(2¢s).

Finally, it is possible to take rs = 0 in (9.7), which corresponds to the absence of
smoothing in x:

1
27mq?

112
Wi(z,,q) = /Wa(zmq —q')exp ( - |;1q|2 )dqﬂ
S

22



for r¢ = 0. We then get

(smg)Q
0 k2~z
Var(Wf(z,:c,q)) = o
* 2 3 4q2 22q?2 2 3 4q? 22q?2
(C3+3D0+a5) + 5%) (3 + 35 + 34)
2’90 _ #2‘2
2ko (1+ 4;‘5 ) 4|q[?
X ex —
P ( , f,f - k3yz +4g? >
TO + ’YZ + 4(‘{2
kZvz

and

C:(Z’qu) Ei(; 1+(Qsz)_2,

for r¢ = 0. If, additionally, we let g5 — oo, then we find

g |z|?
lim hm E[We(z x q)} exp( a3 )a
gs—00 e—0 27 8+ ’YT ,ro + ’yz
2\ 2 2|x|?
lim_Tim (2£) Var (W2 (2,2, q)) ( 3) exp (- 2= o)
gs—00e—0 \ 27T % 7’(2] + %

and also

lim lim CS(z,x,q) =1,

gs—o0 e—0

for rs = 0. These results are consistent with formulas (8.9-8.10) (with y = 0) and the
fact that

¢
(z,@,q')dq' = lim *WE(Z ©,q) |r.=o -

z a:
( gs—00 2

|u

8 E

This shows that the limits ¢ — oo and € — 0 are exchangeable.

10. Conclusions. In this paper we have considered the white-noise paraxial
wave model and computed the second and fourth-order moments of the field. In the
regime in which the correlation length of the medium is smaller than the initial beam
width, the moments exhibit a multi-scale behavior with components varying at these
two scales. Our novel characterization of the solution of the fourth-order moment
equation allows us to solve important questions: in this paper we have analyzed the
correlation function of the intensity distribution and the variance of the smoothed
Wigner transform of the transmitted field. In particular we have characterized quan-
titatively the amount of smoothing necessary to get a statistically stable smoothed
Wigner transform. We believe that our main result can find many other applications,
for instance for the stability of time-reversal experiments (5; 34) or the stability of
correlation-based imaging techniques in the paraxial regime (9; 10).

Appendix A. Scintillation Regime for the Wave Equation. In Section 7 we
address a scaling regime which can be considered as a particular case of the paraxial
white-noise regime: the scintillation regime. This corresponds to a situation in which
the relative intensity fluctuations are of order one and it is an important regime to
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capture from the physical viewpoint. We explain in this appendix the conditions for
the validity of this regime in the context of the wave equation (2.1).

Let o be the standard deviation of the fluctuations of the index of refraction n
in (2.1). Moreover, let I be the correlation length of the fluctuations of the index of
refraction, Ay be the carrier wavelength (equal to 27 /kg), L be the typical propagation
distance, and 7y be the radius of the initial transverse beam/source. In this framework
the variance C'(0) of the Brownian field in the Ité-Schrédinger equation (2.2) is of order
02l and the transverse scale of variation of the covariance function C(z) in (2.3) is
of order ..

We next discuss the scintillation scaling regime in more detail. First, we consider
the primary scaling that leads to the canonical white-noise Schrodinger equation (2.2),
which corresponds to zooming in on a high-frequency beam that propagates over a
distance that is large relative to the medium correlation length, which is itself large
relative to the wavelength. Moreover, the medium fluctuations are relatively small.
Explicitly, we assume the primary scaling when

ok, L

~ 9—1 2 . 93
To L )\0 ’ 7 ’

where 6 is a small dimensionless parameter. We introduce dimensionless coordinates

T =l.a, z =12, ko = — vl lex') = 032 (2, 2.

Then dropping “primes” we find that in dimensionless coordinates the Helmholtz
equation reads

2 o, kg 3/2 0 _
(07 + Az)v +92 14 6% 2v(z,x) v’ =0.

We look for the behavior of the slowly-varying envelope 1’ for long propagation dis-
tances of the order of §~!:

v? (g,w) = exp (i%)ue(z, x)

that satisfies (by the chain rule)

k2 z
292, 0 . 0 0 0 0\ _
0°0;u” + <2zk082u + Agu’ + mu<57m)u ) =0.
Heuristically, when § < 1 the backscattering term 6202u’ can be neglected and we
obtain a Schrodinger-type equation in which the potential fluctuates in z on the scale

6 and is of amplitude §~1/2. This diffusion approximation scaling gives the Brownian
field and the model (2.2):

2ikodu + Agudz + kiu o dB(z, ).

This heuristic derivation can be made rigorous as shown in (22; 23; 24).
In Section 7 we address the subsequent scaling regime in which the correlation
length of the medium I, is smaller than the initial beam radius rg. Moreover, the
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medium fluctuations are relatively weak, and the beam propagates deep into the
medium. We then get the modified scaling picture

le le le _
“ ~e, ZNG&:, <~ 0% ~ 3¢, (A.1)

and we assume § < ¢ < 1. This means that the paraxial white-noise limit § — 0 is
taken first, and we find

2ikodu® + Agyuf dz + kiuf o dB°(z,x) = 0,

where the radius 79 of the initial condition is of order e~!, the variance C¢(0) of
the Brownian field B¢ is of order ¢, and the propagation distance L is of order ¢~ 1.
Then the limit ¢ — 0 is applied, corresponding to the scintillation regime. In the
regime (A.1) the effective strength k3C¢(0)L of the Brownian field is of order one
since 02l.L/A3 ~ 1. Moreover, LAo/r3 is of order e. That is, the typical propa-
gation distance is smaller than the Rayleigh length of the initial beam. Here the
Rayleigh length corresponds to the distance when the transverse radius of the beam
has roughly doubled by diffraction in the homogeneous medium case and it is given by
73 /Xo- Indeed, it is seen in Section 7 that the propagation distance at which relevant
phenomena arise in the random case is of the order of r¢l./ A, which is smaller than
the Rayleigh distance 73/\o.

Appendix B. Proof of Proposition 7.1. Let Z > 0. For any z € [0, Z], we
introduce the linear operator L£::

k;
[£0M] (61,8 61.62) = 153 [ Otk [ M(E),€2.61.C)

+M(€1 - k,€2 k ClaCQ)e E"0 k(€2 4¢1) + M(E k?éQ’Cl?CQ _ k)eiﬁk'(gz"rgﬂ
+M (& + K, &y — k,Cq,C0)e" gk (Gl M€ +k,€5,C1,Co — k)eiﬁk'(ﬁrcl)
—M(£),€5 — K, Gy, Gy — )e! o (Gt mIkD)

( )e'

—M(&1,& — k. Gy, o + K)e' T B(&m 52)+"“'2>]dk.

e

Then we have
LEMMA B.1. The operator L : (R? x R? x R? x R?) — (R? x R? x R? x R?)
satisfies

sup ||£%]]1 < 2]630(0)
2<Z

Proof. Since C is non-negative by Bochner’s theorem we have

sl < o [ et [ [ siarier €. cideldesactacs = k300
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0 We denote

RE(Za€17£2aC17C2) = M8(37€1a€27C17C2) - NE(Za€17€27C17C2) (B-l)

N(2,€1,€2,€1,Ca) = K(2)9°(£1)9°(£2)9°(C1)9°(€C2)
0 (E2) 07 ()0 (€A

+¢E(51}52>¢5<cl>¢5<c2> (=

&1 —Con e . TR I IELS!
(P 52) 8 (€ (€) A2, 225 =0 22 =)

+¢6(£1}C2)¢8(<1)¢8(£2) ( C2 51 £2€C1)

§+&6 +£1 §-& 51 (S} C2)
2 € €
C+& +£1 G-& 51 (S} 52)

2 e €

£2+£1 C2+C1)

3

& El Co — 4’1)
2 €

+¢°

+¢E(C1)¢E(CQ)B(

+¢E(C1)¢E(£2)B( (B.2)

Here (using the definitions (7.11) and (7.12)):
2
- The function K(z) = (27)® exp(f%”C’(O)z) is the solution of the equation

o - /c [—2K]d

starting from K (z = 0) = (2m)8.
- The function

Az, €,¢) = K(2)A(2,€,¢)
is the solution of the equation (in which ¢ is frozen)

HA 7 k2 N ~ iz ¢ 5 k3
o4 4(%)2/0(1@) Az €~ R, Q)eta™ —24(z, ¢, ) ar +

8(2m)?

starting from A(z = 0,&,¢) = 0. By Gronwall’s inequality ||A(z, -, ¢)||z: is bounded
by

C(&)K(z)e' e,

s k2C(0)z k3C(0)z

IA(z, -, ¢)ll L1 m2) < (27) s P (- T)’ (B.3)
so that it is bounded uniformly in ¢ € R2, z € [0, Z] by
5 (2m)® k2C(0)z k2C(0)z (2m)8
sup Az, ¢ < sup ————exp( — < .
2€(0,2],¢€R? 4 @ 2 ep0,7] ( 4 ) 2¢
(B.4)

- The function

B(Zvav/@7<17c2) = K(Z)A(Z,(X,CQ + CI)A(Z7/B7C2 - Cl)
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is the solution of the equation (in which ¢; and ¢, are frozen):

0B k3 N i75 k(CaHC1)
9z 4(27)2 /C(k)[ (z,00—k,B3,¢1,Cp)e "

+B(Z7 a7g - k7 Cla C2)ei%k.(C27<1) - 2B(Z7 aa/Ba Cla 42)} dk

2

K o A (A= A ~ P2 B
+ﬁ [C(Q)A(Z,,B, Cz — Cl)e ko (€2+¢1) + O(,B)A(Z7 a, CQ + Cl)e B (S Cl):|’

starting from B(z = 0, v, 3,¢;,¢,) = 0. From (B.3) ||B(z,-,-, {1, Co)||t is bounded
uniformly in ¢, ¢, € R?, 2 € [0, Z] by

3 k2C(0)Z\2
Sup ||B(27 N ClaC2)||L1(R2><R2) < (277)8(M) .
z€[0,2],¢,,{,ER?

The strategy is to show that the remainder R® in (B.1) belongs to L' and that
its L'-norm goes to zero as e — 0 uniformly in z € [0, Z]. To this effect we will first
show that R° satisfies an equation with zero initial condition and with a source term
(Lemma B.2), then that the source term is small in L'-norm (Lemma B.3), and we
finally get the desired result by a Gronwall-type argument (Lemma B.4).

LEMMA B.2. R satisfies

a 1S
TZ(Z’€17£2’C17C2) = [‘CERE] (2’51752’C17C2) + 56(2751752’417C2)7 (B5)

starting from RE(z =0,&1,&5,(1,Co) = 0, with the source term S€ given by

S%(2,61,82,€1,C2) = S1(2,€1,82,$1,€2) +595(2,61,€2,€1,C2)s (B.6)

with
ON¢
Sf(z7§1752741»42) = _W(27£17€2a€~17<2)7 (B7)
55(27617527C17C2) = [‘CiNE] (Za€17€27C17C2)' (B8)

Proof. By taking the z-derivative of R, and using R® = M¢ — N¢, we find that

AR OM*® ON¢

0z 0z 0Oz

cep  ONE
- [EZM ] 02

£ £ £ £ _ aNE
= [LIR°] + [LINF] 5

which gives the desired result. O
LemMA B.3. For any Z > 0 we have

=%0. (B.9)
L1 (R2xR2xR2xR2)

sup H/ 55(217.7.,.,.)dz/
] 0

z€[0,Z2
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Proof. There are three types of contributions to S, the one that involves K, the
ones that involve A, and the ones that involve B. We decompose ST into three terms
corresponding to these three contributions.

SE = 8% + 55 + 55

From (B.2) and the differential equations satisfied by K, A, and B, the components
of Sf are given explicitly by

K
4(2m)?

k2.6 €0.61.60) = ot | é(kz){2K¢E<51)qf(sz)af(cl>¢6(<2)}dk<B-w>

k2 A
52(23517527C17C2) = - ( O) ¢€(Cl)/c(k){
¢g(£1 62)¢5(C2){ (52 +& —k, ¢ +C1)ei%k<(c2+§1) . 2A(£2 +& ¢ +C1)}

V2 2 2 7 e
+¢ 51 +€2 ¢5 C2{ k: Cl)eiﬁk@z—(l) 2~(€ 251 42541)]
(626 RN
+¢E €1+C2 ¢5 (&,) [ Cl) k(&2-¢1) 94 (C 251 §2€C1)}}
- — - + z €z+§1
s (cl){¢ (ke f% <c2>K0(52 51) o LGt
cor (R0 e (B B e
v AL B e
+¢5(C2\%€1)¢5(€2)KO(C2;gl)eieioczﬁ'(gz—ﬁ)}}’ (Bl].)



. Ko .
S5(2,61,€5,C1,6,) = _4(27r)2¢ (Cl)/C(kz){
¢5(C2)[~(€2 LS k, £2 ;51’%7 %)eiﬁk‘(g-‘r(l)

(524‘51 52 51 A Q Q)eiﬁk‘@?_cl)_Qé(@ 52751 Q @)}
2 2 el e 5 5 .
+¢€(E )[B(C2+€1 —k, C2;€1 % %)ei%k'(gz‘f‘ﬁ)

(C2+€1 Cg 3 Cl 52) i k-(£5—C1) 23(C2+€1 C— & Q Q)}}dk

— k —
2 2 ’5 e 2 72 Tele
& G- Cl) §£2+€1 (€a+¢1)
2 7 €
51);1(52"‘51 C2+C1) = 82-81.(¢,—¢y)
2
51 & — C1) %= <2+g1 ((&3+¢1)
2 €

—&iy St oG iartie, ()
CEASarE 1) }} (B.12)

o @{rele (52251)!1(52

+¢5(52) [O(CQ +€1)A(C

S5 is given by LZN€, with N¢ given by (B.2). Therefore we can express S5 as

S5(2,81,82,C1,Ca) = L3 [K(z)¢€(§ )¢E(£2)¢6(C1)¢6(42)]

+ezfor (M fﬁz)aﬁf(cl)&(cgm(z, 2 *51,%)}
+ﬁi[¢€(€1}52)¢f(c )6° (C2)A(, 2551, S22y
e[ (B2 f“)w(sgwf(cl)ﬁ(z,‘52‘;51,52‘:@‘1)}
s ()0 e (6 A 255 B )
L0 () () B, S5 B2 ) b,%y)

L0 (€0 (B, 2 a8 ©2 281 G Sy )

It turns out that all the terms in St are canceled by terms in S5, and the last terms
of S5 are small, as will be shown below.

Again there are three types of contributions in the expression (B.13) for S5, the
one that involves K, the ones that involve A, and the ones that involve B. We will
study one contribution for each of these three types and show the desired result for
them.
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Let us examine the contributions of K(z)¢® (&)@ (€5)d°(¢1)9°(¢,y) to S5:

L5 [K ()6 (€1)6° (£2)8° ()67 (C2)] = 96°(¢)) [ Clh { 207 (€,)6° (€,)6° (o)
+¢7 (€1 — k)¢ (€, — k)¢ (Co)e' o™ (C2+C1) + 07 (&) — k)P (Cy — k)OF (€)' o (£2+¢1)
FO7 (€1 + k)¢ (€, — k)¢ (Co)e' o™ (6276 oo (&) + )¢ (Cy — k)07 (€5)e Tro ™ (82761)
(€)% (€, — K)OT(Cy — K)ot FRs (e (Catn)—II?)
(3 ) )4

6 (€ — k)67(Cy + ke (o (Camen)+IAP ] (B.14)

The first term cancels with the term S% . The second term can be rewritten since

0 (€~ k) (6 — k) = o (VE(k — S5 o (B2,

and therefore, up to a negligible term in L!'(R? x R? x R? x R?),

/ Ck)d% (&1 — K)O7 (€5 — k)¢ (C1) ¢ (Co)e T ¥ (2 H e g

= 500 (B52) (€0 () P3O o), (B15)

that cancels with the first “source” term in S§. The o(1) characterization follows
from the following arguments:

// \/ Ck)§ (&) — k)O™ (€, — k)$7 ()67 (Cp)e! o™ (440 gy

e +ez)¢€(€1f£2)¢€(c )7 (Cp)e o 34 € ag e e, de,

//‘/ V2(k - m))éﬁk«ﬁcl)dk

_,C(£1+£2> ot 955 (G ¢f(€1 81520 (€0)0 (GGG

[ fawere-operesc

i€ i
50 ( 5)01 (€0 (¢a)dgdcde, ¢,

:2//]/6‘(14)&(\/5 (k — &))e'ma =8 (Cr<h) g,
—;C”(E)‘sbl(m\/;/zﬁ (leCQ)dﬁdCldCQ
:2//’/ (C(& +ck)e™=V2 R — C(¢)) 6 (V2k) dk’qﬁ dgde!
<2/ |C(& + k) — C(&)|¢* (V2k) o' (¢')dkdedC
+2 / / Ie”“o’“c —1C(€)¢' (V2K) 9" (¢)dkdgdC',
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where
2 21 ¢12
gy 70 ( rgl€| )
= — ¢ —

¢ (&) = 5 exp 5 )
whose L'-norm is one. The first term in the right-hand side goes to zero as € — 0 by
Lebesgue’s dominated convergence theorem (since Cisin L', C is continuous, and
since C'(0) < oo, the nonnegative-valued function C is in L'). The second term can
be bounded by

2 / / =Yk 1] C(€)6! (V2K) 6! (¢)dkdgdC < ek—i( / (klo! (R)ak) " ( / C(e)de) |

which shows that it also goes to zero as € — 0 and which justifies the o(1) in (B.15).
The third, fourth, and fifth terms of the right-hand side of (B.14) can be dealt with
in the same way and cancel the next three “source” terms in S%. The last two terms
give negligible contributions in the sense of (B.9). Indeed, for instance, the sixth term
satisfies (using the change of variables ({5,&;) = (( = ({; — k)/c, & = (&5, — k) /¢)):

T a2 [ ARG ()67 (¢L)0 (61)6° (€q — K6 (Cy — K)ot o (b (Caten)—Ikl?)

X d¢1dC o dE, < // / 0 C R ()60 (€)1 (¢)et B M E) eIl

From Lemma B.5 this term goes to zero as ¢ — 0.

dkdCde.

o Let us examine the contributions of ¢E(%)¢E(Cl)¢a(cz)[1(z7 %) CzJErCl) to
9+

e (B0 (€)@ A( 28, SR8 — () [ o)

V2 2 €

gt ngWC?) & ;slv%)
+¢E(£1\/§€2)¢5(C2)A(z, 52;‘51 - CﬁCl) ik (Gt )
+¢5(£§3)¢5(c RJA( 225 TR G F El Ky i)
+¢E(£1_f/2;2k)¢5(c2)ﬁ(z, % %)eisio (SN
+¢E<£§3+k)¢€<c R)A(, 27 §1 L hs gl BLIWE TR
—¢5(£1_§%+k)¢5(c2 CR)A(z 2t gl —k G gl i
ffbg(%)&(cg +k)A(z, Eh gl —k Gt gl + "’)eiezo (ke (Co—€)+11) | g

The first and second terms will be canceled by the corresponding terms in S%. The
fourth term can be rewritten up to a negligible term (in L*(R? x R? x R? x R?)) as

/Cw(k)(ﬁs(sl_gj;m‘:)qsa(cl)qsa(cﬁfl( £2+£1 C2+C1)e sigk (Ca— Cl)dk
= so(tazh 51)¢€(cl>¢f(cz>ﬁ(z,52—;£l,%)eiﬁ =
31

) 4 o(1).
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Therefore the fourth term will be canceled by the corresponding “source” term in
S%. The other terms are negligible in the sense of (B.9). Indeed, for instance, the
third term satisfies (using the change of variables ({1,¢5,&1,&5) — (& = (1/e,¢ =

(C2—k)/e,a=(&+& —k)/2,8 = (& — & — k)/(ev2))):

i [ akC)e (e E2 TR e e et (¢, — B)

\[
XA(Z/, 52 + 51 - k7 CQ + Cl - )ei%k'(£2+gl) d€1d£2d<1d<’2
€

<2

e Ck)6 (B)6 ()6 () A, a, ¢ + €)' T &) ik 2| dkdevdBd( de.

From Lemma B.5 this term goes to zero as ¢ — 0.

Let us examine finally the contributions of ¢°({;)¢° (('Q)B(z7 %, 52;51 S 42)

to S5: CC
€ [ e

£i[¢a(cl)¢a(cz) ( £2+£1 52 51 Cl 42)} —

[ et 522:%%)
PGBz, 28 28 & Gy ik
+¢°(C, — k) Bz, 5”51_"’,52_51*"’,%‘525— Jei etk €<
ot (B, e S8y & Gy
+¢>€(C2—k)B(Z,£2+§1+k,€2_§1_k,%fé; )eiztgh (Ea=)
—¢°(¢o — k) B(z, Sat gl —k & gl —k % Co E‘ "’)ezgzo (k-(Cot€2)— 1K)
—¢°(¢o + k)B(z, St gl —k & - gl —k % Co : "’)eigzo (k-(Ca—€)HRP) | gpe.

The first, second and fourth terms will be canceled by the corresponding terms in S%.
The other terms are negligible in the sense of (B.9). Indeed, for instance, the third
term satisfies (using the change of variables ({;,£&,,¢5) = (@ =¢( /e, =&, —k,( =
(€2 —k)/e)):

z A

dZ’ dkC (k)6 (Co — k)6 (C1)
><B( &2 +€1 k’ §—& + k, Q, Co — k)eiﬁk-(ézﬂl)
2 € €

dg€,d€,dC,dC,y

/£2+€€2 6
2 72

dzO o' ()9 (C)B(#,

,a,C)e kaezko =2

dkd€dg,dadC.

From Lemma B.5 this term goes to zero as € — 0. O
We can now state and prove the lemma that gives the statement of Proposition
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7.1.
LemMA B.4. For any Z >0

e—0

s 1B (2,5 )|l 1 (r2 xR2 xR2 XR2) — 0. (B.16)
Proof. We have for any z
LR (ol < 2KGCO)|[ R (2o, )l
Therefore using the integral version of (B.5) we obtain
B (2, )l < 2K2C(0) / Rl + / ERCReer] Iy

Using Lemma B.3 and Gronwall’s lemma gives the desired result. O

Finally we state and prove the technical Lemma B.5 that was needed in the proof
of Lemma B.3.

LEMMA B.5. Let m be a positive integer and F € C([0, Z], L*(R™ x R? x R?)).
For any Z > 0 we have

z /
sup //‘/ F(Z',u,v,w)exp (z’z—v-w)dz’
2€[0,2] 0 €

Let m be a positive integer and F € C([0, Z], L*(R™ x R?)). For any Z > 0 we have

z !
sup //‘/ F(2',u,v)exp (iz—\v|2)dz
2€[0,2] 0 €

Proof. Let us denote

(B.17)

e—0

(B.18)

Fa(z,u,v,w) = F(z,u,v,w)exp (i'u . wg)

For any ¢ > 0 we introduce the domain in R™ x R? x R2:

Q5 = {(w,v,w) €R™ x R* x R?, |v - w| < 4}
’/ z uvwdz
we obtain

sup // / (z,u,v,w)d?’
z€[0,Z] Qs

For any positive integer n we have

’/ zuv'wdz—Z/ —uvw)exp(ww )dz

< Z . |F (2 u,v,w) — F(%,u,v,w)]dz’.

Since

/ |F (2 u,v,w)|d,

dudvdw </ / (2, u, v, w)|dudvdwdz’.
Qs
(B.19)




Since

/ exp (iv - wni) -1 9
exp (z’v : wz—)dz’ = ‘ _ 16 ‘ <t (u,v,w) & s,
kg € iv-ws ]
we obtain
2ne
sup FE (2w, v, w)d |dudvdw < sup ||F(z,-,-, )|l
z€[0,Z] ¢ 0 z€[0,Z] 0

+Z sup ||F(Z1,~,-,-)—F(227-7-7-)HL1.(B.20)
21,22€[0,2], |z1—22|<Z/n

If we sum (B.19) and (B.20) and take the limsup in € then we find:

/ // (2, u, v, w)|dudvdwdz’
0 Qs

sup HF Z17'7'7') _F(z27'7'7' HLl'
21,22€[0,2], |z1—22|<Z/n

limsup sup H/ F8 sy )dZ
e—=0  2€[0,Z]

We then take the limit 6 — 0 and n — oo in the right-hand side to obtain the first
result of the Lemma (using Lebesgue’s dominated convergence theorem).
The proof of the second statement of the Lemma, is similar with the domain

Qs = {(u,v) e R™ x R?, |v|* < §}.
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