FOCUSING WAVES THROUGH A RANDOMLY SCATTERING
MEDIUM IN THE WHITE-NOISE PARAXIAL REGIME
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Abstract. When waves propagate through a complex or heterogeneous medium the wave field
is corrupted by the heterogeneities. Such corruption limits the performance of imaging or communi-
cation schemes. One may then ask the question: is there an optimal way of encoding a signal so as to
counteract the corruption by the medium? In the ideal situation the answer is given by time reversal:
for a given target or focusing point, in a first step let the target emit a signal and then record the
signal transmitted to the source antenna, time reverse this and use it as the source trace at the
source antenna in a second step. This source will give a sharply focused wave at the target location
if the source aperture is large enough. Here we address this scheme in the more practical situation
with a limited aperture, time-harmonic signal, and finite-sized elements in the source array. Central
questions are then the focusing resolution and signal-to-noise ratio at the target, their dependence
on the physical parameters, and the capacity to focus selectively in the neighborhood of the target
point and therefore to transmit images. Sharp results are presented for these questions.
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1. Introduction. Wavefront-shaping-based schemes for focusing [19, 23, 24, 25]
and imaging [20, 17, 15] have proved very useful for focusing and imaging through
scattering media. The primary goal of the experiments reported in these papers is to
focus monochromatic light through a layer of strongly scattering material. This is a
challenging problem as it is known that multiple scattering of waves by the medium
inhomogeneities scrambles the transmitted light into random interference patterns
called speckle patterns [13]. However, if a spatial light modulator (SLM) is applied
before the scattering medium, then it is possible to focus light as first demonstrated
in [24]. Indeed, the elements of the SLM can impose phase shifts prescribed by the
user, and it is possible to choose (by an optimization scheme) the phase shifts so as
to maximize the intensity transmitted at one point in the target plane behind the
scattering medium (see Figure 1.1).

It turns out that the phase shifts obtained by the wavefront-shaping optimization
procedure are the opposite phases of the field emitted by a point source at the target
point and recorded in the plane of the SLM [17]. In other words, the wavefront-
shaping optimization procedure is equivalent to phase conjugation or time reversal.
The focal spot obtained at the target point by the wavefront-shaping-based scheme
is the focal spot of the time-reversed refocused wave obtained at the end of a time-
reversal experiment in which waves emitted by a source at the target point propagate
through the scattering medium, are recorded by an array of sensors in the plane of the
SLM, are time-reversed and re-emitted through the scattering medium towards the
plane of the target (see Figure 1.2). This time-reversal interpretation and the known
refocusing and stability properties of time reversal for waves in random media [16, 5]
explain the focusing properties of the wavefront-shaping-based scheme [17].

However, two questions can be raised in view of the experimental results:
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Fic. 1.1. Focusing wave through a scattering medium. Without any control one gets a speckle
pattern in the target plane (a). With a spatial light modulator (SLM) one can focus on a target
point by imposing appropriate phase shifts (b).
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Fic. 1.2. Time-reversal experiment through a scattering medium. In the first step of the
ezperiment (a) a time-harmonic point source emits a wave that propagates through the scattering
medium and is recorded by the time-reversal mirror (TRM) used as an array of receivers. In the
second step of the experiment (b) the TRM is used as an array of sources, it emits the complex-
conjugated recorded field, and the wave refocuses at the original source location (the cross in the
right image stands for the original source location,).

- the elements of the SLM are much larger than the operating wavelength (for
instance, 20um for the SLM used in [24, 25]) and may even be larger than the cor-
relation radius of a field emitted from the target point and transmitted through the
scattering medium. This means that the phase shifts imposed by the elements of the
SLM are not the phases of the conjugated (or time-reversed) field, but result from
local averages of this field. Nevertheless refocusing seems very efficient. We will see
that indeed time reversal with a smoothing kernel whose radius is larger than the
correlation radius allows for wave refocusing, that the radius of the focal spot at the
target point does not depend on the smoothing, but that the statistical stability of
the focal spot (i.e. the signal-to-noise ratio) depends on it.

- the SLM is used to correct the wavefront distortions of the diffused light. After
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performing the correction for a target point, it turns out that the correction can also
be used to make the wave focus on a prescribed neighboring point, which allows for
imaging of objects. This is explained in the physical literature by the memory effect
for speckle correlations [4, 7, 15]. We will see that indeed it is possible to focus
selectively at any point in a neighborhood of the target point, which allows to image
an object, and we will quantify the extent of this neighborhood and the resolution
and the stability of the image obtained by this method.

We address in this paper these questions in the paraxial white-noise regime, as
described by the Ito-Schrodinger model for the Green’s function. This model is a
simplification of the Helmholtz equation with random index of refraction, it gives
the correct statistical structure of the wave field when the propagation distance is
larger than the correlation length of the medium which is itself larger than the wave-
length and when the typical amplitude of the medium fluctuations is small. The
1t6-Schrodinger model can be derived rigorously from the Helmholtz equation by a
separation of scales technique in the high-frequency regime [8, 9, 10]. It is physi-
cally relevant and it models many situations, for instance laser beam propagation
[1, 21], time reversal in random media [2, 18], or underwater acoustics [22]. The
It6-Schrodinger model allows for the use of It6’s stochastic calculus, which in turn
enables the closure of the hierarchy of moment equations [6, 14]. Until recently, the
equation for the fourth-order moments of the Green’s function could not be solved
[14, Sec. 20.18]. However in a recent paper [12] (with a preliminary version in [11]) the
behavior of the fourth-order moments of the random paraxial Green’s function could
be unraveled and our paper is based on this result that allows to carry out a variance
analysis of the time-reversed field (which indeed involves fourth-order moments of the
Green’s function).

The paper is organized as follows. We describe the transmission problem in
Section 2. In Section 3 we extend the result obtained in [12] in order to get the fourth-
order moment that is of interest for our study. In Section 4 we prove Propositions 4.1
and 4.2 that describe the mean and covariance of the refocused field around the target
point. In Section 5 we show how to focus on a prescribed point in the neighborhood
of the target point and use this idea in Section 6 to show that it possible to transmit
an image through a strongly scattering medium.

2. Time-Reversal Experiment. In this paper we denote the three-dimensional
spatial variable by (z, z), with € R? the transverse variable and z € R the longitu-
dinal variable. A time-reversal mirror (TRM) is located in the plane z = 0. Its radius
is Ry, and the radius of its elements is py.

In the first step of the time-reversal experiment, a point source localized at (y, L)
emits a time-harmonic signal at frequency w. The TRM is used as an array of receivers
and records the wave emitted by the point source. The size py of the elements of the
TRM is taken into account in the form of a Gaussian smoothing kernel with radius
po. By denoting G(L, @, y) the Green’s function from (@,,,0) to (y,L) (which is
equal to the Green’s function from (y, L) to (2, 0) by reciprocity), the recorded field
at (x,,,0) is therefore obtained via the smoothing over the Gaussian mirror element
as:

R
- 2mpp

2’|

20}

Trec (Tm; Y) /G(Lamm +x/ay) exp ( - )d:l:/. (2.1)
In the second step of the time-reversal experiment, the TRM is used as an array
of sources. It emits the time-reversed (or complex-conjugated) recorded field iyec.
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The time-reversed field observed in the plane z = L at the point (z, L) has the form

2

N . T,
(T3 y) = /Uem(m,wm) exp ( _ 2wl

2 )arec(acm; Y)dx,. (2.2)

Here we have assumed that the TRM has a radius R, and can be modeled by a
Gaussian spatial cut-off function. Moreover, we again take into account the size pg
of the elements of the TRM by considering that from any point (2,,0) the TRM
can emit from a patch with radius pg and with a Gaussian form, which generates the
following field at point (x, L):

. 1 R g 2
Tom (T; T ) = 2mp? /Q(L,scm +x' ) exp ( - |2p|(2) )dm'. (2.3)
The time-reversed field observed in the plane z = L can therefore be expressed
as
2 n2. . Y A
G (25 y) = 4k3C) //exp ( - |a:2\ _ L )Q(L,m' + y—,w)g(L,a:’ - y—,y)daz’dy',
U 4p5 2 2
(2.4)
with
2 o2
Co= 22 > =R2 + p3. 2.5
0 167Tk8p(2)7”8’ To m T Po (2.5)

Of course, when the size of the elements py goes to zero, we recover the standard
expression for the refocused time-reversed field with a time-reversal mirror with a
Gaussian aperture with radius Ryy:

|z'?

U (25 Y) |p—>0=/eXP(— 2 )G(L,m/,m)é(L,cc’,y)d;c’.

From now on we will take Cy = 1 as this multiplicative factor does not play any role
in what follows.

Remark. We have modeled the global shape of the TRM and the local shape of
the elements of the TRM by soft Gaussian cut-off functions, instead of hard cut-off
functions such as 1jg . )(|m]) or 1jg ,.(|2]), because this allows to get simple and
explicit expressions in the following.

2.1. The Green’s Function in the White-noise Paraxial Regime. In the
white-noise paraxial regime the Green’s function G is of the form [12]

G(L,x,y) = o —™EG(L,z,y),
2k

where kg is the homogeneous wavenumber and the function G is the solution of the

1t6-Schrodinger equation
A ] ~ ko~
dG(z,x,y) = ﬁAmG(z, x,y)dz + %G(z,w,y) odB(z,x), (2.6)

0
with the initial condition in the plane z = 0: G(z = 0,z,y) = 6(z — y). Here
the symbol o stands for the Stratonovich stochastic integral, B(z,x) is a real-valued
Brownian field over [0, 00) x R? with covariance

E[B(z,z)B(z',2')] = min{z, 2'}C(x — z'), (2.7)
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and C is determined by the two-point statistics of the fluctuations of the random
medium (in particular the width of C is the correlation length of the medium fluctu-
ations). In It6’s form Eq. (2.6) reads

: 2
dG(z,z,y) = %AmG(z,&y)dz + %G(z,w,y)dB(z,a:) — %C(O)G(z,:c,y)dz.

(2.8)
This equation was analyzed for the first time in [3] and it was derived from first
principles by a multiscale analysis of the wave equation in a random medium in [9].
In this context, the time-reversed field is

12 N2\ . / TN
G (3 y) = //exp (f |i(%| - |ZO|(2) )G(L,m'+ %,m)G(L,a:’ - %,y)dm'dy/. (2.9)

2.2. The Mean Refocused Wave. The mean time-reversed field observed at
(z, L) when the original source is at (y, L) is

My (L,z,y) = Eltn(x;y)], (2.10)

and it can be expressed as

_ _ |£B’|2 _ |y,|2 A / y/ A ’ Y ! 30!
Ml(L,w,y)—//exp( 2 102 )E[G(L,a: —1—5733)G(L,:c E,y)}dw dy'.
M satisfies the system:

OM i k?
821 _ %(Am — Ay)M; + ZO(C(m —y) — C(0)) My, (2.11)

starting from

ety Iw—yIQ)

Ml(z =0,z,y) = exp ( 47’(2] 4/7(2)

After parameterizing the two points & and y as

q=T—-Y,
this equation can be solved (after Fourier transforming in r):
2

21 ¢(2 _¢eL 2
q q r§ ( r§|€] lq 51@0‘
M, (L —,r—=)=— o —
1( ,r+2,r 2) 47r/exp €-r 4 2

2 pL ~
+ / Clg~ &) - C(0)dz)de. (2.12)

2.3. The Fluctuations of the Refocused Wave. We consider the general
second-order moment for the time-reversed wave

Ms(L, 1,22, y1,Y2) = E[ﬂtr(wl;yl)M]
= Bl (1; y1) i (223 92)] (2.13)
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which depends on the fourth-order moment of the paraxial Green’s function:

CC' 2+ wl 2 y/ 2+ y/ 2
MQ(L,$1,CC27y1’y2):\//exp(i ‘ 1| 2| 2‘ 7| 1| 2| 2‘ )
o 4p;5

><]EGA(L:£’+"LI1 G(Lah+ 22
|: sy 271:1) (,$2+ 2>w2)

/ /

It satisfies

oM, _ i
0z N 2]{30

k‘2
(Aml + Ay, — Ay, — Ayz)Mz + ZOUz (21, ®2,y1,y2) M2, (2.14)
with the generalized potential

Uz(21,®2,91,92) = C(x1 — 1) + C(@1 — y2) + C(@2 — y1) + C(x2 — y2)
—C(z1 — @2) — Cy1 — y2) — 2C(0), (2.15)

and it starts from

R y1? + |@2 + y2|2>
4r?

[z1 — y1|* + @2 — yo|?

xexp | — v .

0

We parameterize the four points @1, €2, y1,y2 in (2.14) in the special way:

M2(Z = 07w15w27y15y2) = eXp (

T +ra+qi+q T+ T2—q1— @2

T = ) Yy = )
2 2

T — T2+ g1 —q2 L —T2—q1+Qq2

Lo = 2 5 y2: 2 .

In particular r1/2 is the barycenter of the four points &1, T2, Y1, ya2:

T+ T2ty + Y2 T+ T2—Y1 — Y2
= 2 ) q1 = 2 )
T T2+ Y1 — Y2 T~ T2~ Y1 Y2
T2 = 2 ) q2 = 9 .

In the variables (g1, g2, 71, 72) the function My satisfies the equation:

oMy i
0z _k’o

with the generalized potential

k2
(Vn . Vql + VT‘Z . VqQ)M2 + ZOUQ(qlvq27 1, TQ)MQ’ (216)

U2(q1,q2,71,m2) = C(@2 +q1) + C(q2 — q1) + C(r2 + q1) + C(r2 — qu)
—C(q2 +12) — C(g2 — 12) — 2C(0). (2.17)

Note in particular that the generalized potential does not depend on the barycenter
r1 as the medium is statistically homogeneous. The initial condition for Eq. (2.16) is

Pt e+ qulg)

M;(z =0,q1,q2,71,72) = exp ( 22 2p3
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The second moment of the refocused wave field can be expressed as:
E[|ﬂtr(w,y)|2] =My(L,r1 =x+y,7r2=0,91 =0,92 = ¢ — y), (2.18)
and, more generally,
E[ﬁtr(‘p + g,y)ﬁtr(ﬂc -5 y)} =My(Liri=x+y,ro= g,ql = g,fh =x—y).
(2.19)

The Fourier transform (in q1, g2, 71, and 73) of the fourth-order moment of the
paraxial Green’s function is defined by:

M2(27€1a€27C17C2):/ M2(%‘11»¢1277‘177‘2)
xexp (—iqy-& —ir1-C; —iqa - &y —ira - Cy)dridradgidgs. (2.20)
It satisfies

OMy i - kg - ’
822 + kio(gl ESERXTE CQ)M2 = ﬁ/c(m {M2(£1 k& k(1 C)

+J\:42(£1 —k,€,¢,,6,— k) + Mg(ﬁ +k, & —k,(1,C2)
+Ma (&) +k,€5,C1,C0 — k) — 2M2(&5,€5,¢1,C2)

—M>(&,,&, — k., ¢y, Gy — k) — Ma(&y,&, + K, ¢y, 8y — k)} dk, (2.21)

starting from

. 2 2
M2<Z = 0)517527C1’C2) = (271‘7“0,00)4exp ( - ?0(|£1|2 + |€2|2) - ?0(|<1|2 + |C2|2))

The solution of this transport equation would give the expression of the variance of
the refocused wave. However, in contrast to the second-order moment of the paraxial
Green’s function, we cannot solve this equation and find a closed-form expression.
Therefore we address in the next sections a particular regime in which explicit ex-
pressions can be obtained.

3. The Scintillation Regime. In this paper we address a regime which can be
considered as a particular case of the paraxial white-noise regime: the scintillation
regime. The scintillation regime is valid if the transverse correlation length of the
Brownian field B (which is the correlation length of the medium) is smaller than the
radius of the TRM and the one of the smoothing kernel. If the correlation length is
our reference length, this means that in this regime the covariance function C®, the
radius of the TRM rf, the smoothing kernel radius pf, and the propagation distance
L? are of the form

To Po

C*(x) = eC(x), rg=—, PG =—, L =

L
—. 1
€ € € (3:-1)

Here € is a small dimensionless parameter and we will study the limit € — 0.
Let us denote the rescaled function

Ma(%ﬁpéw(p@) = M§(§ﬂ£17527C17C2) exp (%(52 o+ & C1)) (3.2)
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In the scintillation regime the rescaled function MF¢ satisfies the equation with fast
phases

OMe k2 ) .
= /o2 —2M°®
32 4(2’/T)2/C(k)|: (51’525C17C2)
+M€ glik 52*’4} Cl’ eskok(§2+§)
FME(E — K, &y, Cq, Cy — k)i TR0 R (E2FCD)
Jr

( 2)

( )

M) + K. &y — K, Gy, Co)e' fko’“<‘2 <
FME(€) + K, €5,Cy,Co — K)e' <
—ME(£,,€ — k. C1, Co — R)e' Eko““ (Cata) Ik

D&, €5 — k. Gy Gy + K)ol T B (Gm @) HRY | g (3.3)

starting from

ME(Z =0,£1,€5,¢1,¢2) = (27T)8 20(51) 20(52) io(@) f‘g(CQ)’ (3.4)

where we have denoted

I Py 112
c (&) = ex ( _ ) 3.5
() = L2 e (- B (3.5)
and similarly for ¢f . Note that ¢5 belongs to L' and has a L'-norm equal to one,
and that it behaves like a Dirac distribution as ¢ — 0. The following result shows
that M¢ exhibits a multi-scale behavior as € — 0, with some components evolving at
the scale € and some components evolving at the scale 1.

PROPOSITION 3.1. The function M¢(z,&,,&,,¢q,Cs) can be expanded as

ME(2,€,,€5,C1.Co) = K(2)65, (€165, (€2)65, (€1) 65, (C2)

8 (2105, (S50t (€065, (€A (2 28 2228
8 ()65, (S50, (€065, (€A 255 224
B (210, (S 0208, (€1)65, (€A, 25 S8
K67, (S2)57, (€05, (€94 (, 258, 226
FR()65, (G165, (C)A (s, 22581, 28 4 ; ©2281 226
FR()05, (G605, (€A (s, 2081 8256 4 (; ©2 781 876
PR (261062210 Co). (3.0
where
];3_;<r10+p13>’ 3.7
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the functions K and A are defined by

K(2) = (2m)% exp ( - %0(0)2)7 (3.8)

A(z,€,¢) = ﬁ/ {exp (I%O /OZC(m + k%z’)dz’) - 1} exp (— i€ - x)dx, (3.9)

and the function R® satisfies

sup ||]%E(Z7 ety 'y ‘)||L1(R2 xR2 xR2 xR2) H—)O 0, (310)
z€[0,7]
for any Z > 0.

This result is an extension of Proposition 6.1 in [12] in which the case ro = po
is addressed. It shows that, if we deal with an integral of M¢ against a bounded
function, then we can replace M¢ by the right-hand side of (3.6) without the R® term
up to a negligible error when ¢ is small. This substitution will allow us to get explicit
and quantitative results for the refocusing properties of the SLM scheme.

4. Refocusing at the Original Source Location. In the scintillation regime
the mean refocused wave is given by (see (2.12) and take C — eC, ro — 719/e,

po — po/e, Yy =~ yle, L — L/e):

2 2(e12 L2
ac (Y Y r oy m. r2E)r ez — €k
sl o 0] - fou (e (205 -3 -t

5 4 4e? 4p3
kie L/e z
og — ¢y~ 0(0)dz)d
| Cle g - Co)dz ) de
2 2| ¢)2 —_¢Ll)2
1 R 1 Y ik ¥
== / exp (zé’ (y + 2) 1 € Iy

2 rL >
+ /O Cla &)~ CO)d=)dg. (41)

The following result is then straightforward.
PROPOSITION 4.1. The mean refocused wave converges as € — 0:

2 2| ¢12 2 L
ce (Y Yy e=0 7o : rol€l ko z
Elag, (Y +a2;¥)] =0 20 Ly — al —e2) - .
5 (L +2:Y)] 47T/0Xp (i€ -y - O+ g C(0)dz) dg

We can observe that, if the number of elements of the TRM is large, i.e. pg < Ry,
then r¢g ~ Ry, and the profile of the mean refocused wave does not depend anymore
on the number and size of the elements, but only on the radius of the TRM. The
expression (4.2) shows that, as a function of the offset @, the mean refocused wave
has the form of a peak centered at @ = 0. This peak has maximal amplitude

2 2 2 2 L
o oY Y\ o o rolél @/ Z,
Usy = limE[ag, (£;¥)] = 2 / exp (i€ y - 020 4 e C(0)dz ) de,

e— € 4
(4.3)
and it raises above the constant background
T Y Y ly|*>  K3C(0)L
Uy = Jim T EJai (2 +a:7)] = e (- T - 5 55) @)
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By (2.19), in the scintillation regime, the second moment of the refocused wave

is

. h oy, h

i ees b0 E e )
h h
:M§(§71"1:.’E+2?y’1" _2aq1 57‘12 )
1 ~ 2 h
= o [ Lt G e (i ) G i (G ) +in &)
xoxp (= T (€ Cat & C) )y Gy, (45)
o€

By Proposition 3.1, we find that it converges as € — 0 to

i (Y hoYyas (Y hoYy] ey 2i¢,y

Bla, (L +2+ 5 i (L +2- 28| 8 G /qs (¢ )e¥ervde,

+(SK)S //cﬁio(cl) iO(Cz)[A(&,CQ+Cl)e%'y_’%“2“”'52“62'(”%)
U

FA(E2, €y = @) G e D ag, dcyde,
2K ¥ ’L 3
s [ POk €A & + ()P G G

FA(Car &y — 1) eHOY TG &7 ge de,de,

e [ (e (€4 <52*51,c2+c1) EELNS
x GV (GGt e )i S g, e, dE de,

)¢;0(£2)A(C2;51,£2+c1)A(C2 S

X621(1'y—i%(51'C1+§2‘42)+i(42+§1)'idcldCstldSQ, (46)

To

Using the explicit expressions (3.8) and (3.9) for K and A, we get

E[afr(g+w+g;g)a§r(g+w_g;g)}ﬂ)_exp( k802(0) 2|:,(,2)|2)
+<ﬁ)2[/e"p(_f|0‘|2+m y+]18/0LC($+;L—Ot;O)—C(O)dz>da}
X[/exp( %‘”2 B y+lf)/LC($_Z—a;)—C(O)dz>da}
+<TZ7[;0)2/QXP(—M(I P+18%) + —"a - B+i(a—pB)- )
xexP(W*f/o C<h*a,fo)+0(ﬁ )dz)dadB.(4.7)

As a consequence we can now describe the covariance function of the refocused field
at offsets @ + h/2 and x — h/2 (relatively to the original source location y/¢) defined
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by:
- h y ..y h y
COV(“tr(g“‘w“‘?g) Utr(g‘Fw— §§g))
y h y . .y h y
=B (G o+ 5 DG re- 5]
Y b y\glae (¥ hy
E[utr( +m+§,g)]E{utr(€ +x— 5 5)}
PROPOSITION 4.2. The covariance function of the refocused field satisfies
e (Y h y ..y h y
COV(“"H( tr+ o 97 ) utr(;+w_§;g)>
=0 (0" [[op (= B 4109 + 0 B g4 il ) )
2C(0)L k2 z
xexp( T)[e / Clh - ak0)+0(ﬁk—0)dz> ~ 1]dadp. (45)

Note that the covariance does not depend on the central off-set . This means in
particular that the variance of the refocused field is constant in the neighborhood of
the original source location.

The refocused wave = — 45, (y/s + w;y/e) therefore consists of a main peak
centered at & = 0, of the form (4.2), with peak intensity (square difference between
the maximal amplitude and the background amplitude)

Loy = |ub y p7y|

_ 7"0 ‘/ exp z& y— 7'8|€|2>

4
cosp (~ BUOY [y (B [ ore 2 yaz) -1 (19)
over a zero-mean fluctuating background with intensity
et )l D]
= ()" [[ e (- 5 a4 19 + 1 AR gy ia ). )
<o (- B9 oy (B Mol cwkio)dz) - 1] deap (410

Let us assume that the covariance function C' is isotropic and at least twice differen-
tiable at zero and write it in the form

C(z) = o2l c('i') (4.11)

with C(0) = 1, C’(0) = 0, and C”(0) = —1. In this framework C(0) = o2l and the
correlation radius of the medium is /.. When the original source is at y = 0, then the
peak intensity is

2]412ch 00 2
To=ow (- =3)| [ oo ()
0

x[exp (UZkich /15( V2L )ds) —1}da

kol -T0

7 (4.12)
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and the background intensity is

2 2 2]€2ch 00 o] 2 b2 2 _ 2
Iho = ( 2r0p02) exp ( — i) / / abexp ( _ et )Io(rg pg ab)
T + P 2 o Jo 2 Ty + P

o?k2l.L [t~ 2L ~ 2L
x[exp (7/ Cla———=s) + C(b————=—=s ds) —1}
4 0 ( kolen/7T8 + p? ) ( kolen/7T8 + p? )
where I is the modified Bessel function of the first kind and order zero. As a conse-
quence we can now describe the SNR of the refocused field.

PROPOSITION 4.3. If the covariance function C is of the form (4.11), then the
contrast or signal-to-noise ratio of the refocused field defined by

dadb, (4.13)

IE[4£,(0;0)] — lim|) o0 E[ 5, (2'; 0)] |

SNRy, = i , 4.14
o= 0% Var (a5, (z;0)) (4.14)
does not depend on x and it is equal to
7
SNRy, = =22, (4.15)
b0

where Ly, o is given by (4.12) and Ty, o is given by (4.13).

In order to make the discussion more explicit, we assume in the following that
scattering is strong in the sense that the propagation distance is larger than the
scattering mean free path o2k2l.L > 1. The scattering mean free path Ls., =
4/(0?k3l.) determines the exponential decay rate of the mean amplitude of a wave
propagating through the random medium, which decays as exp(—k3C(0)L/8) =
exp(—02k3l.L/8) = exp(—L/(2Lsca)) With Leca = 4/(0%k3l.), as can be seen from
the It6’s form (2.8)). Using (4.2) with y = 0, we then find that the main peak is a
Gaussian peak centered at 0,

o213
1 L+ 952 o2k2L
Ela, (2;0)] 29— exp (- —22role T 70 m2>, 4.16
[ t ( )} 1+ ngle p 1+ gj}ls 8, || ( )
ole ole
which is independent of py. The width of the peak is R;, given by
o2 L3
4l, 1+ G
R = ¢ Toc 4.17
"TARLTT gk o
and the peak intensity is
Too—— 1 (4.18)
p,0 = o2L3\2" :
(1 + 6rglc)
From (4.10) the background intensity is
7 ! (4.19)
b,0 = S2L3 o253 " .
(1 + 6T§lc)(1 + 6pglc)
As a result the signal-to-noise ratio is given by
O'2L3
2
SNR,, = %, (4.20)

612l
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TRM Scattering medium

Fi1Gc. 5.1. Focusing on a prescribed point in the neighborhood of the original source location.
The TRM emits the complex-conjugated recorded field with an additional linear phase (the cross in
the right image stands for the original source location).

and it depends on pg.
We may identify three situations (remember we always have rq > pg, and we are
mainly interested in the case ro > pp):

o2L3

! itz s O
6L,

SNRy ~d ZL o O (4.21)
e G, NPT Te, SO '

2 2713
o .. o9 0°L

un fr2cl 2
/T

This shows that stability increases when the number of elements of the TRM increases,
or equivalently when the radius py decreases. As a function of ry the signal-to-
noise ratio is maximal when 73 < 02L3/(6l.), and then it is given by the number
of elements of the TRM 72 /p2. We can explain the physical origin of the condition
rd < 0?L3/(6l.) as follows. The field generated by the original source at the target
point (0, L), transmitted through the medium, and recorded by the TRM, has the
form of a diffuse beam with radius of the order of o2L3/l. [9]. If the radius of the
TRM is larger, then the elements of the TRM outside the support of the diffuse beam
do not record anything and cannot participate in the time-reversal process. They are
not used at all, that is why the SNR cannot reach its maximal value given by the
number of elements of the TRM 72 /p3.

5. Focusing at a Prescribed Target Point. It was noticed in the experiments
that wave focusing could be achieved with the optimized phases of the SLM in the
neighborhood of the target point and not only on the target point [15, 20]. In the
time-reversal context, this amounts to say that, for a given original point source at
(y, L), it is possible to manipulate the field emitted by the TRM to focus on a point
prescribed by the user near (y,L). In this section we introduce and discuss this
manipulation and we explain and quantify the refocusing property on a prescribed
point (see Figure 5.1).

In order to shift the focal spot of the refocused wave the idea is to impose an
additional linear phase at the TRM, so that the field in the plane z = L is instead of
(2.2):

N Tm|?  ib-x, —_—
i (z;y) = /exp(— |R2| + B )uem(w,mm)urec(a:m;y)d:cm, (5.1)

where e has been obtained with a point source at (y, L) and is given by (2.1). The
vector b determines the linear phase and we will see below how to choose it to focus
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on a prescribed point. The time-reversed field can therefore be expressed as

2 "2 2
) p ' ' b
@8 (x;y) = 4k3Cy exp ( — 4r§(r207 2 |b|2 // exp ( 2 402 +1 72 )

xG (L, + ? m)G(L,:c’ — %,y)dm’dy’, (5.2)
with Cp and rg defined by (2.5). We will take Cy = 1 as in the previous sections.
We proceed as in the previous section. We consider the scintillation regime C' —

eC, ro — ro/e, po = po/e, y = y/e, L — L/e, b — b/e. The mean refocused wave
at offset & (relatively to the original source location y/¢) is then of the form

2 2
N Yy Y\l e=0 T Po . o b 2
it (2 i) = B (- o) [ (i~ Bl - 2F)
utr (E —|—:B ) 4 Xp 47’2( p0)| | eXp 7’5 y 4 |€ 7"3|
k2 [t z
X exp (Z/o Cle—&;) —C(o)dz)dg. (5.3)
The variance function of the refocused field at offset x satisfies
y Yy b Y Y2 be Y UNIE
V (bsi ;7):E|: (2 ’7 :|7‘E|: (2 ,7iH
ar| Uy, (6+:1: 5) U (€+m E){ Ugy (€+m )

€
2 k3C(0)L
i)<rzp0) exp(f . go . 162 — 0C(0) )

a 2r5(rg — po) 2

<[ exp (= BED o+ 192y + B gt it ) o)

< [exp (%3 /OL Cla) + cwkio)dz) ~ 1]dadp. (5.4)

Assume that the covariance function C'(x) has the form (4.11). When scattering
is strong in the sense that the propagation distance is larger than the scattering mean
free path 02k3l.L >> 1, the main peak is of the form of a damped and shifted Gaussian
peak

O_ZLS
1 b” G, 0% |z — P>
E[a%F(z;0) 8%—>07.exp(— + 2 )exp(—i)7
[ ) 1 gnglj 4r§( rg + ;‘4? g *pg) 2R?,
(5.5)
whose center is at
L
x? = apb, ap = (5.6)

2kor2(1 + ;;gfc)’
and the width Ry, is given by (4.17). This shows that the linear phase b in (5.1)
generates a shift in the focal spot that is deterministic, proportional to the linear
phase, and fully predictible. If % 41 < r3, then oy = L/(2kor2) and therefore the
linear phase that one needs to impose to get focusing on a prescribed point is easy to
3 4l then a, is given by (5.6) and therefore one should know the
btatlbthb of the random medium to get focusing on a prescribed point. More exactly,
if one wants to focus at the target point (@, L), then one imposes the phase

1
b, = —x. 5.7
t oL Tt ( )
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The shift that can be imposed is in fact limited by the SNR. Indeed, the peak intensity
Ibo is damped when the shift becomes large:

2
Tty = lim ‘IE a8 (2 0)}’
(72L3
1 |b]? 241, %
= —————exp ( T+ ), (5.8)
e e -

while the mean intensity of the background fluctuations is:

Ib 0= hm Var(u?f(a: O)) = hm ]E{ Uy (230 ] ‘IE a2 (x; (z;0)] ‘2
1 LI
- — 5.9
“EpreEn AR Y

which is independent of . As a result the signal-to-noise ratio of the shifted peak at
b

x’ is
b 2L3
SNR? = Lo _ Mexp ( b 02471)
tr T b - 27,3 27,3
To 1+&H 208 18 + it
2753
= SNRy, exp ( LI (5.10)
- r ) *
205 18 + St

where SNRy, is the signal-to-noise ratio (4.20) of the time-reversed refocused peak.
To observe refocusing, the SNRi’]r of the shifted peak should be larger than one, and
this means that one should limit the shift to |b| < bpax with

oL’ 213

24r2l.\ . LT
P = 23 (14 52 ) In 2
max O_ L3 1 o L

GTglc

(5.11)

This result with Eq. (5.6) shows that it is possible to focus in a region around the
original source point whose radius Ryax = @rbmax iS given by

o2L3
R 121, A 7
max ~ o2 3 023
UQk(%L(l + 24rglc) 1+ 5 6121,
3R?
= ﬁ In SNR;. (5.12)
Grglc

Thus, the focusing region increases as the logarithm of the SNRy, (4.20).

6. Imaging through a Complex Medium. The experimental observation
that wave focusing can be achieved with the optimized phases of the SLM in the
neighborhood of the target point and not only on the target point is essential because
it shows that an image can be transmitted once the phases of the SLM have been
optimized for a target point. This was achieved experimentally in [15, 20] for instance.
In this section we quantify the resolution and stability properties of the transmitted
image (see Figure 6.1).
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: N
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TRM  gcattering medium

N—r

Fi1Gc. 6.1. Transmission of an image, here a square modeled as a set of sixteen target points.
The cross in the rigth image stands for the original source location.

In the time-reversal context, let 1)(x) be a real-valued function that is the image
to be transmitted. It could be a discrete image, i.e. 9 is a sum of Dirac distributions,
or a continuous one, i.e. ¥ is a bounded and compactly supported function. Let us
denote by 1 the Fourier transform of ¢:

h(€) = /1/1(:8) exp(—ix - €)dz.

Let us emit the function ¢ (2., /K2 )trec(Zm;0) from the TRM and consider the
refocused wave

~

l oy Lm > T\ 77
P (x;0) = /uem(m,wm)exp(— |R2‘ >¢<R—2)urec(azm;0)dmm, (6.1)

where Gyec(€ym; 0) has been obtained with a point source at (0,L). By noting that
the refocused wave can be expressed as

il (:0) = [ w(b)it (@ 0)ab (62)
with 42, defined by (5.1), the analysis of the image formation in the target plane z = L
follows from the results obtained in the previous section.

In the scintillation regime, C' — C, ro — ro/e, po — po/e, L — L/e, (x) —
e29p(ex), the refocused wave can be expressed as

i (@:0) = [ w(b)ity (e:0)ab, (6.3)

When scattering is strong o2k3l.L > 1 its expectation satisfies

1 1 |z — '
B0 28— L [ Lo e (- 22T
[ tr ( )] 1+g:§li Oé%w(OCL) p 2R%r
2L3
'] G 1% ) ,
X e - - dx 6.4
xp( 4r§a%(r8+—"224l” +r3—p(2)) ’ (64)

and its fluctuations are relatively smaller than its expectation provided the support
of ¢ is within the disk with radius by,.x defined by (5.11). This gives an image of v
up to a dilatation by the factor a, which is supported within the disk with radius
Rmax = @rbmax- The expression (6.4) also shows that the dilated version ¥(-/ay) is
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imaged up to a radial attenuation and up to a convolution with a Gaussian kernel
with radius Ry,. From (5.12) we have

273
2 1+ ¢
2 _ 3Rtr n + GPglC
max ~ 02,3 o223 °
I+ 67'3lc 1+ 67'5[C

The transmitted image is acceptable if Ry, < Rmax, otherwise the smoothing by
the Gaussian kernel with radius Ry, in (6.4) blurs the image. Therefore a favorable
situation is when the radius of the TRM is large so that o2L3/(6r3l.) < 1 and
when it has a large number of elements so that 62L3/(6p2l.) > 1. In this situation
Rpax > Ry and the image is not significantly blurred, although the propagation
distance through the complex medium is much larger than the scattering mean free
path. This shows that imaging can be achieved through a strongly scattering medium
by the SLM or time-reversal technique.

7. Conclusion. Time reversal allows for wave refocusing through a complex
medium. This is true even when the elements of the TRM are larger than the cor-
relation radius of the field that it records and that comes from a point source at a
target point on the other side of the medium. When refocusing on the target point,
the profile of the mean focal spot depends on the diameter of the TRM but it does not
depend on the number of elements of the TRM (provided it is large enough). However
the signal-to-noise ratio strongly depends on number of elements of the TRM. More-
over, we have shown that, when the field emitted by a point source in the target plane
has been recorded by the TRM, then it is also possible to focus a wave on a target
point in the neighborhood of the original point source. It is even possible to transmit
an image. The transmission of an image is possible provided the radius of the TRM is
large enough and contains a large number of elements. All these results are quantified
in this paper in the white-noise paraxial regime, which is a regime relevant for laser
beam propagation in scattering media and in turbulent atmosphere in particular.
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