ON THE NUMBER OF RATIONAL POINTS ON DRINFELD
MODULAR VARIETIES OVER FINITE FIELDS

MIHRAN PAPIKIAN

ABSTRACT. Drinfeld and Vladut proved that Drinfeld modular curves have
many F 2-rational points compared to their genera. We propose a conjectural
generalization of this result to higher dimensional Drinfeld modular varieties,
and prove a theorem giving some evidence for the conjecture.

1. INTRODUCTION

Let ¢ be a power of a prime p and let I, denote the finite field with ¢ elements.
Let X be a smooth, geometrically connected, d-dimensional variety defined over
F,. Fix an algebraic closure [, of F,. Also, fix a prime number ¢ # p and an
algebraic closure Q, of the field Q, of ¢-adic numbers. Grothendieck’s theory of
étale cohomology produces the ¢-adic cohomology groups with compact supports

H*(X) = H;(X ®5, Fq,Qy).
These groups are finite dimensional Qy-vector spaces endowed with an action of the
Galois group Gal(F,/F,). It is known that H*(X) = 0 for i > 2d, cf. [20, Ch. VI].
Denote by hi(X) := dimg;, H(X) the (compact) ¢-adic Betti numbers of X.

Let Frob, be the inverse of the standard topological generator x ~— z? of
Gal(F,/F,), ie., the so-called geometric Frobenius element. Assume H'(X) #
0. Denote the eigenvalues of Frob, acting on H(X) by ai1,2,...,q; (here
s = h'(X)). Deligne proved that {«; ;} are algebraic numbers. Moreover, for any
isomorphism ¢ : Q, — C the absolute value |¢(c; ;)| is independent of ¢ and is equal
to ¢"/? for some 0 < m < i; see [3, Thm. 3.3.1].

For an integer n > 1 denote by Fy» the degree n extension of Fy, and let X (F ;)
be the set of Fy»-rational points on X. By the Grothendieck-Lefschetz trace formula
20, Thm. 13.1]

R*(X)
(1.1) #X(Fgn) = > (=1)"Tr(Frob} | H'(X)) =Y (-1)' > af;.
i>0 i>0 j=1
If one combines this formula with Deligne’s bounds, then there results the estimate
#X(Fpn) < D q"/2h'(X).
i>0

When X is a curve, this estimate is equivalent to Weil’s famous bound.

Since the early 80’s, partly due to Goppa’s construction of algebra-geometric
codes, the question of the “optimality” of the bound (1.1) received a considerable
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amount of attention. More precisely, it became important to know whether there
exist varieties over I, which have many rational points compared to their Betti
numbers. One way to formulate this problem is as follows: Assume d, ¢ and n are
fixed. For a smooth, geometrically connected d-dimensional variety X over F, put
h(X) := >, h'(X). How large can the ratio #X (Fyn)/h(X) be when h(X) > ¢?
Not much is known about this question beyond dimension 1.

We recall the principal results for the case of curves, i.e., for d = 1. Refining an
idea of Ihara, Drinfeld and Vladut [26] proved that when h(X) > ¢
X(Fgn) < ¢? -1

hX) — 2

(Note that Weil’s bound only gives X (Fyx)/h(X) < ¢*/2.) Now the modular curves
(classical, Shimura, Drinfeld) enter the picture in a key manner, since they provide
examples of curves which attain the previous bound for n = 2 (and in fact the
modular curves are the only known such examples). We recall the result for the
Drinfeld modular curves, which is due to Vladut [19]. First we need to introduce
some notation.

Let T be a transcendental parameter over [y, and let A = Fy[T] be the ring
of polynomials in T" with F, coefficients. Let n << A be an ideal, and let M+
be the Drinfeld modular scheme parametrizing Drinfeld A-modules of rank (d 4 1)
with full level n structure (we refer to §4 for the definitions). Drinfeld proved that
M3+t — Spec(A[n~1]) is a smooth affine scheme of pure relative dimension d. Its
fibre over a prime [ <t A[n™!] will be denoted by MiTl. The group GLgy1(A/n)
acts on Mi‘fl. Denote by Xl’ff[rl the quotient of Mi‘fl under the action of (A/n)*
embedded into GLg41(A/n) as the subgroup of scalar matrices.

Assume n = p # (T) is a prime of odd degree. In Chapter II of [19] Vladut
shows that XS,T is a smooth, affine, geometrically connected curve defined over F,,
h(X} 7) — oo when deg(p) — oo, and

X2 .(F _
lim inf # p’Tz( ) > g 1.
deg(p)—oo h(Xp,T) 2

(1.2)

Therefore, by comparing with (1.2), we have

X2, (F,2 -
(1.3) im "’TQ( #)) _a-1
deg(p)—oo h’(Xp,T) 2

This result can be extended to other Drinfeld modular curves having different types
of level structures, and also to their canonical compactifications; see [19] or [10].

Almost nothing is known about the accumulation points of the set of rational
numbers S(q,n,d) := {#X(F,n)/h(X) | dim(X) = d} C [0,¢™] unless d = 1.
Even in the case of curves there are still some fundamental open problems. For
example, the largest accumulation point of S(p, n,1) is not known for any p unless
n is even, in which case the answer is (p™/? —1)/2.

In this paper we would like to propose a conjectural generalization of the result
of Vladut and Drinfeld to an arbitrary d > 1. Fix ¢ and d, and let n = d + 1.

Definition 1.1. Let p < A be a prime. We say that p is admissible if x — ™ is
an automorphism of (A/p)* /Fx.
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It is easy to show that there are infinitely many admissible primes; see Lemma
4.6. (Note that the primes of odd degree are admissible when d = 1.) In §4 we will
prove that for an admissible prime p # (T), X, o7 1s a smooth, affine, geometrically
connected variety of dimension d defined over Fy. Moreover, h(X}' ) — oo when
deg(p) — oo.

Conjecture 1.2.
X" (Fn 1t
T il SISTDR N § TR
deg(p)—o0 h(Xp,T) n i)

where the limit is over the admissible primes not equal to (T').

When n = 2, this is exactly (1.3). From a general perspective, the conjecture
specifies an accumulation point of S(g,n,n).

Let F be the fraction field of A. Fix a separable closure F of F. Denote by
1 : A[n~'] < F the generic point of Spec(A[n~']) and by M (n) := M™(n)@ fn-1 F
the generic fibre of M™(n). Consider the virtual Gal(F/F)-module

H =S (~1) HI(M; () &5 F, Q).
i>0
Write H as a sum of irreducible modules with integral coefficients H =}, a;H;.
Assume
(1.4) > dimg, H(My(n) ®p F, Q) ~ Y _ |a;| dimg, H;,
i>0 j>0

where ~ means that the left-hand side divided by the right-hand side tends to 1
as deg(n) — oo. The assumption essentially says that the same irreducible repre-
sentation of Gal(F'/F’) tends to appear only in the cohomology groups of the same
parity. Most likely this is always true, and will follow from a certain refinement of
the Langlands conjecture over function fields; we will say more about this in §4. In
any case, (1.4) is true for n = 2 as easily follows from Drinfeld’s theorem [4]. The
main result of this paper is the following evidence for Conjecture 1.2:

Theorem 1.3. Under the assumption (1.4) we have

=2 (X
E H(q — 1) S lim inf (W) y

pale} deg(p)—o0

#Xpr (Fqn) n(n=1)
lim sup p’in <q z .
deg(p)%o< h(Xgr)

Note that the degrees of the upper and lower bounds in the theorem, as polyno-
mials in ¢, are the same, so the bounds are not that far from each other. Moreover,

we will show that the upper bound is exactly the limit lim, (Zu |a§‘,j|) JW(XP 7),

so the Drinfeld modular varieties X'/ come close to having as many Fn-rational
points as the Weil-Deligne bound allows.

The organization of the paper and the outline of the proof of Theorem 1.3 are
as follows: The definition and the main properties of Drinfeld modular varieties
M™(n) are recalled in §4. In the same section we show that X' are geometrically
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irreducible when p is admissible. The proof relies on the analogue of the Weil
pairing for Drinfeld modules constructed by van der Heiden. To get an estimate
on #X'7(Fgn), we show that the super-singular points are Fgn-rational. Next,
under the assumption (1.4), we use Laumon’s proof of a special case of Langlands
conjecture over function fields to reduce the calculation of the asymptotic size of
h(Xy'r) to the calculation of the dimension of a certain space of cusp forms on
GL,,. A theorem of Harder relates the dimension of this space of cusp forms to the
Euler-Poincaré characteristic of the quotient of the Bruhat-Tits building of PGL,,
under the action of level-n principal congruence subgroup of GL, (A); see §3.5. The
calculation of the Euler-Poincaré characteristic is carried out in §3. Our methods
are combinatorial. The final result expresses the Euler-Poincaré characteristic as a
sum of the special values of a partial zeta-function of F'. This can be interpreted as a
Gauss-Bonnet type formula in the non-archimedean setting, and is of independent
interest. Once we know the asymptotic size of h(X;ﬁT) and a lower bound on
#X;”T(Fqn), the lower bound in Theorem 1.3 easily follows. To get the upper bound
we use the Ramanujan-Petersson conjecture proven in this setting by Laumon [18].

Acknowledgements. The work on this article was started while I enjoyed the
hospitality of IHES. The financial support of Institut Post-Doctoral Européen is
gratefully acknowledged. I thank G. Andrews and A. Yang for helpful communica-
tions related to the proof of Lemma 3.2.

2. CONVENTIONS

The purpose of this section is to introduce the terminology and notation which
will be used in later sections of the paper.

2.1. Simplicial complexes. Recall that an n-dimensional simplex s (or an n-
simplex, for short) is the smallest convex set in a real vector space containing
n + 1 points vg, vy, ..., v, in general position. The points v; are the vertices of the
simplex s. A specific ordering of the vertices of s is called an orientation of s; two
orientations which can reach each other through an even number of permutations
of v;’s are regarded as equal. Hence, every positive dimensional simplex has exactly
two orientations. Any simplex spanned by a subset of {vg,v1,...,v,} is called a
face of s. We say that o is an oriented face of s, and write it as s > o, if o is a face
of s and the orientation of o is the restriction of that of s.

A simplicial complex D is a collection of simplices such that a face of a simplex of
D is in D, and the intersection of two simplices of D is a face of each of them. The
dimension of D is the supremum of the dimensions of its simplices. A subcollection
D’ of D that contains all the faces of its elements is called a subcomplez of D.

A A-complezx, as defined in [16], is a quotient space of a collection of disjoint
simplices obtained by identifying certain of their faces via canonical linear home-
omorphisms that preserve the ordering of vertices. From the point of view of
homology theory, A-complexes are equivalent to simplicial complexes. In fact, it is
easy to see that a simplicial complex is a A-complex, and a A-complex is home-
omorphic to a simplicial complex. (Note also that simplicial complexes are the
A-complexes whose simplices are uniquely determined by their vertices.) Denote
the set of oriented i-simplicies of a A-complex D by S;(D), and the set of non-
oriented ¢-simplices by §Z(D) We also denote the set of vertices of D by Ver(D),
so Ver(D) = So(D) = Sy(D)
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The homology groups H, (D, R) (and the cohomology groups H*(D, R)) of a A-
complex D with coefficients in a ring R are defined in a usual manner; see [16, Ch.
2]. We simply write H,(D) for H,(D,Q). Assume D is n-dimensional, and H;(D)
are finite dimensional. The Euler-Poincaré characteristic of D is

X(D) := > (—1)" dimg H;(D).
i=0
If D is finite, then, as is easy to check,
X(D) = (~1)'#5,(D).
i=0

Let G be a group acting on the vertices of D. We say that G preserves the
sitmplicial structure of D, or simply, G acts on D, if for any n-simplex {vg,...,v,}
of D and any g € G the set {guo, ..., gv,} is also a n-simplex of D.

If G acts on D then we can construct a A-complex D/G, which is naturally the
quotient space of this action. For s € S;(D) denote by Gs the orbit of the action of
G on s. Let S;(D/G) = {Gs | s € S;(D)} be the set of such orbits. Set Go < Gs
if and only if there is ¢/ < s such that Go’ = Go. By gluing the simplices in
S;(D/G) and S;(D/G) for 0 <4, j < dim(D), along their common faces, we obtain
the desired A-complex. Note that dim(D/G) = dim(D).

If G acts on D then for any oriented simplex w of D we denote by Stabg(w) or
G, the stabilizer of w in G.

(The A-complexes which arise in this paper turn out to be simplicial; see Remark
3.16. This extra property will not play a significant role in what follows, as we are
primarily interested in the homology of these complexes.)

2.2. Levi decomposition. Let n be a positive integer. An ordered partition of n
is an expression of n as an ordered sum of positive integers. We will write ordered
partitions as row vectors. Let P(n) be the set of all ordered partitions of n, so
p=(p1,.-.,pn) EP(n)if n=p1 + -+ pp, and all p; € Z~o. It is easy to check
that P(n) has 2"~! elements. Define the length of p = (p1,...,pn) to be £(p) = h.
To each p = (p1,...,pn) € P(n) we associate the subgroup P, of GL,, consisting
of matrices of the form

Gun Gz - G
0 Ga -+ Ga

0 0 - G
where G5 is a p; X p; block. The group Py is a semidirect product

Py = My x Up,

where My, is characterized by the condition that G;; = 0 unless ¢ = j, and the
normal subgroup Uy, is characterized by the condition that each G;; is the identity
matrix in GLp,. The groups P, are called the standard parabolic subgroups of GL,,.
The subgroup Uy, is called the unipotent radical of Py, and My, is called the standard
Levi subgroup of Pp. Evidently,

My = GLy, x -+ x GL,,.

The decomposition P, = My x Uy, is called the Levi decomposition of Pp.
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Let A be the set {2,3,...,n}. To each subset I C A we associate an ordered
partition p(I) € P(n) as follows. First, put p(A) = (n). If I G A, let

A—I:{i1<i2<"'<ik}.

Now let p(1) = (i1 —1,42—141, ..., ik —ik_1,n+1—ig). Note that p(0) = (1,1,...,1).
It is easy to see that I — p(I) is a one-to-one correspondence between the subsets
of A and the elements of P(n). Denote by Pr, My, Ur the groups Py 1y, Mp(1y, Up(r),
respectively.

2.3. Notation. From now on, unless specified otherwise, the following notation is
fixed:

n > 2 is a fixed integer;

G = GL,;

B is the Borel subgroup of upper-triangular matrices of G;

Z is the center of G;

F, is the finite field of ¢ elements, where ¢ is a power of the prime p;

A =TF,[T)] is the ring of polynomials in T with coefficients in Fy;

F =TF,(T) is the fraction field of A (equiv. the field of rational functions on ]P’%q);
F, is the completion of F' at the place v;

7, is a uniformizer of Fy;

ord, is the canonical valuation on F, normalized by ord,(m,) = 1;

O, = {z € F, | ord,(x) > 0} is the ring of integers in F;

p, = 1, O, is the maximal ideal of O,;

F, is the residue field O, /p,;

¢y is the order of the finite field F,;

A is the ring of adeles of F;

A* is the group of ideles of F;

O = HU OU;

Kn,) ={M € G(O,) | M = 1 mod n, }, where n, is an ideal of O,, is the principal
congruence subgroup of G(O,) of level n,;

Let n be a monic polynomial in A. We denote by the same letter the ideal
generated by nin A. If p < A is a prime ideal, we denote the residue field A/p by
Fy. Consider the map deg : A — Z which to each polynomial f(T") € A associates
its degree in T (by convention, deg(0) = oo0). This induces a valuation w on F
by w(a/b) = deg(b) — deg(a), where a,b € A. The place corresponding to this
valuation is denoted by oo. This place will play a special role in what follows. A
natural uniformizer at co is 1/7. Finally, denote

I'=G(A);

I(n) = ker(G(A) — G(A/n);
A}( = H;;éoo va;

O = ysow Ou-

Note that A = Ay x Foo, A = A; X FX, 0 =05 x 0Oy, and Oy is the completion
of A with respect to the ideal topology.
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Let K be a field, and let V' be an n-dimensional vector space over K. A flag in
V' is a sequence of linear subspaces

F:0cVicWcC---CVrCV,=V,
where V1 #0 and V; # V41 for 1 <i < h—1. A flag with h = n is called mazimal.

3. QUOTIENTS OF BRUHAT-TITS BUILDING

In this section we compute the Euler-Poincaré characteristic of the quotient the
Bruhat-Tits building of PGL,,(Fx) under the action of I'(n), and relate this number
to the dimension of a space of cusp forms on G(A).

3.1. Combinatorial identity. First we prove an identity for g-multinomial coef-
ficients, which we will use in §3.4. Denote

k—1 )
(a)r :== H(l —aq") and (a)e = H(l —aq’).
i=0 i=0

(For now, ¢ can be thought of just as a fixed parameter.) To each ordered partition
p = (p1,-..,pn) of m > 1 corresponds the g-multinomial coefficient:

Kﬂ " @n (quz?ﬁ (Dpr,

It is well-known that the g-multinomial coefficients are polynomials in g.

Remark 3.1. Let p = (p1,...,pn) € P(m). Let C{xy,x9,...,25) be the non-
commutative polynomial ring where the constants commute with all z;’s and z;x; =

qu;xj for any i < j. Then [z] is the coefficient of 2" --- 2" in (z1 4 - -+ + )™,
which explains the terminology.

Lemma 3.2.

o ] -cam

peP(m)
Proof. In the proof we will use two formulas of Euler [1, Cor. 2.2]:
=zt 1
(3.1) 1+ =

and

S (i—1)
¢ 2

— (—1)'a'q (s
(3.2) 1+ ; P —— (Z) o0

It is easy to see that the left-hand side of the desired identity is the coefficient of
x™/(q)m in

SRR (@Dm
1+ hzzoﬂ; (q)m( D p1+_.;ph:m(q)p1 (@pz - (@

=1+ i(—l)h >
h=1

P1s--pr>1

pP1tp2tpn

(Q)m (Q)pz T (Q)ph .
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By (3.1) this last expression is equal to
[e%S) h
1 1
X (1) = =
he1 (%) oo 1— (1 _ ﬁ)
Now the claim follows from (3.2), as the coefficients of 2™ /(q).,, in the left-hand

m(m—1)

side of that formula is (—=1)™¢™ =z . O

Remark 3.3. By taking ¢ — 1 in Lemma 3.2, we get the following identity for the
usual multinomial coefficients:

>, ") =
(p1,--,pn)EP(m) Lo bh
Notation 3.4. For m > 1, let
p(m) = > (1) P (#P(F,)) "
peP(m)

Proposition 3.5.

Proof. Let gi = #GLg(F,;). Then

k—1 k
p k(k—1) i k(k—1)
(3.3) g = [ -a)=a 7 J[(@-D==D""7 (9
=0 =1

Let p = (p1,...,pn) € P(m). It is easy to check that

#PP(FQ) = 9p1 " 9p2 """ Gpn - qe(p)7

where 0(p) = m? — Zle Z?:ipipj. Plugging in the expression (3.3) and simplify-
ing, we get

Hence
~o(m)(@)m = (-1 Y (-1 m =1,
pEP(m)

where the last equality is due to Lemma 3.2. ]

3.2. Definition of the building and its basic properties. Let V be an n-
dimensional vector space over F,,. By a basis of ¥V we always mean an ordered
basis. Let C' = (by,b2,...,b,) be a basis of V. The Oy -module

COOO = blooo @ bQOoo EB e @ bnooo

is a lattice in V. Given a lattice L, the group FJ acts by scalar multiplications,
and zL is also a lattice for any z € F}. This defines an equivalence relation on the
set of lattices in V. We denote the equivalence class of L by [L] := {zL | v € FZ}.
Since Fi is a local field, [L] can be identified with {ri L | i € Z}.
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Definition 3.6. The Bruhat-Tits building of PGL,, (Fw) is the simplicial complex B
with the set of vertices {[L] | L is a lattice in V} and the set of i-simplices consisting
of {[Lo], ..., [Li]}, such that there is L, € [L;] for each j with

Ly 2 Ly 2 e 2L 27‘('00[/6.
B is (n — 1)-dimensional. Indeed, any i-simplex as above produces the flag
L{/moo Ly D Ly /Too Ly D - D L /oo Ly D 0
in the n-dimensional Fg-vector space L{/msoLj.

Fix a basis F = {ej,...,e,} of V. For any n-tuple 41,...,i, € Z denote by
[i1,%2...,4,] the equivalence class of the lattice m'Le1O0x @ -+ B T2enOoo. The
maximal subcomplex A of B having set of vertices

Ver(.A) :{[ll,lg,ln} | Tlyeeesin €Z}

is called the standard apartment of B. The maximal subcomplex W of B having
set of vertices

Ver(w):{[i1)i2"-ain] | il SZQ S Sln}

is called the standard Weyl chamber of B. Note that every vertex of A has a unique
representative of the form [0,z ..., 4,].

The group G(Fw) operates on the vertices of B by g[L] := [gL]. Since G(F)
preserves the inclusions of lattices, it acts on B.

Definition 3.7. Let C = {by,...,b,} be a basis and let [L] = [Co_]. Let det(C)
be the determinant of the matrix having as its columns the basis elements b;. The
type of [L] is an element of Z/nZ defined by

Type([L]) := orde(det(C)) mod n.
The following lemma is well-known and is easy to prove.

Lemma 3.8. Type([L]) is well-defined and is invariant under the action of T.
Each (n —1)-simplex of B has a vertex of each type. Two vertices having the same
type are not adjacent in B.

Lemma 3.9. Let IV be a subgroup of T', and let s = {vg, - ,v;m} be a m-simplex
of B. Then

Stabp/(s) = ﬂ Stabp/ ('Ul)
=0

Proof. Suppose g € IV. According to Lemma 3.8, the type of each v; differs from
the type of other vertices in s. Since by the same lemma g preserves the type of
each vertex, g{vo,...,vm} = {vo,...,vn} if and only if gv; =v; for 0 < i <m. O

Locally, B describes the incidences of [F -rational linear subvarieties of Pg;l.
More precisely, let us fix v € Ver(B). Let Star(v) be the maximal simplicial sub-
complex of B all of whose vertices are adjacent to v. Then the vertices of Star(v)
are in one-to-one correspondence with the positive dimensional linear subspaces of
Fy. The vertices {vo,...,v;} form an i-simplex in Star(v) if the linear subspaces
corresponding to these vertices fit into a flag.
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Ezample 3.10. Assume n = 3. Then any vertex v of B is adjacent to 2(¢*> + ¢ + 1)
other vertices, v is a vertex of exactly (¢% + ¢+ 1)(g+ 1) 2-simplices in B, any edge
belongs to (¢ + 1) 2-simplices. All these claims follow from the previous remark
coupled with the following easy facts: F3 has (¢* + ¢ + 1) lines and (¢ + ¢ + 1)
planes passing through the origin, any such line lies on (¢ + 1) planes and every
such plane contains (¢ + 1) lines through the origin.

3.3. The action of I'.
Notation 3.11. Let 0:=[0,...,0] € A.

Lemma 3.12. Let v = [iy,...,i,] € A. Then Stabr(v) is the group of all matrices
(ar) € T', with deg(a;r) < iy — i .

Proof. First, consider the stabilizer of v in G(F.,). Let D = diag(rL,...,7i), so
that D -0 =wv. If gv = v then

D™'gD € Stabg(r..)(0) = G(Ox) - Z(Fx).

Hence, Stabg(p,)(v) is the group {(T(ééiikajk) | (k) € G(Ox)} - Z(Fx). Now
note that Stabr(v) = Stabg(r_y(v) NI As ANT O is the set of polynomials of
degree < —m, the claim follows. (|

Theorem 3.13. W is a fundamental domain for the action of T' on B.
Proof. See [23]. O

Remark 3.14. The isomorphism B/T" & W can be proven using some algebraic
geometry (the proof in [23] is different). The idea is the following: Let I, =
Op:z (—1) be the sheaf of ideals of the point co = 1/T on IF’]}q. Two vector bundles V'

and V' on IP’}FQ are said to be I -equivalent if there is m € Z such that V' = I$"®V.
As in [22, §I1.2.1], one shows that there is a bijection between Ver(B/I') and the
set of I.-equivalence classes of rank-n vector bundles on ]P’Ilgq. On the other hand,
by a theorem of Grothendieck every vector bundle V over the projective line is a
direct sum of line bundles, so can be written as

I@il @ I®i2 EB e EB I®in7
where i <ig <i3 < -+ <1y, cf. [15, Cor. V.2.14]. The map
ISP @IS & &I — lir,ia,. .. in]

establishes a bijection between the I-equivalence classes of rank-n vector bundles
and the vertices of W.

Notation 3.15. Denote by B(n) the A-complex B/T'(n).

Clearly B(n) is connected since a path between two vertices in B descends to a
path between the images of these vertices in B(n).

Remark 3.16. One can show that B(n) is in fact a simplicial complex; see [7, Thm.
4.13]. (Although the running hypothesis in loc. cit. is n = 3, the proof readily
generalizes to an arbitrary n > 2.) A key intermediate fact which goes into the
proof is the following:

Let {vg,...,v;} and {ug, ..., u;} bei-simplices of B. Suppose there are yo,...,7; €
P(n) with yvg = ug,...,%v; = wu;. Then there is some v € T'(n) with yvy =
UQy -+« 5y YU = Uy
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This property is very specific to I'(n) and is false for general congruence sub-
groups. For example, take n = 2 and consider the quotient 5’(n) of B (a tree in
this case) by the Hecke congruence subgroup I'g(n). Then B’(n) quite often has two
distinct edges joining the same two vertices, i.e., 5'(n) is not a simplicial complex.

Nevertheless, treating B(n) as a A-complex will be sufficient for our purposes.

3.4. Euler-Poincaré characteristic of B(n). Define the operators da, ds, ..., d,
on Ver(A) by
dj([il,...,in]) = [il,ig,...,ij_l,ij + 1,ij+1 =+ 1,...,in + 1]

Note that we could have defined d; by the same formula, but then d; is simply
the identity map since [i1 + m,... i, + m] = [i1,...,i,) for any m € Z. Tt is
clear that d;’s commute with each other and any vertex of W can be obtained
from O by a unique (up to permutations) sequence of d;’s. Let v € Ver(W), and
v = dy?...d3(0), where s; > 0 and if s; = 0 then d means the identity map.
Define deg;(v) = s;. The map v + d5*...d;" gives a one-to-one correspondence
between the vertices of YW and the monomials in d;’s.

There is a partial ordering on the vertices of W. If v = [0, a9, as,...,a,] and
v =0,b2,b3,...,b,] are in W, then we put v < v if a; < b; for all 2 < j < n, and
v < v’ if at least one of the inequalities is strict. From the definitions, it is easy
to see that the vertices {vg,...,v;} of W form an i-simplex if and only if, up to
reindexing, vp < v1 < -+ < v; < da(vg). We call vy the smallest vertex of o.

For any k£ > 0, let Wy, be the the maximal subcomplex of W having set of vertices

Ver(Wy) = {v | degy(v) <k,...,deg,(v) < k}.

Let v be a vertex of W. Denote by K(v) the maximal subcomplex of VW having
set of vertices

Ver(K(v)) ={d3?*...d;»(v) | 0 <s; <1for2<j<n}

N

FIGURE 1. K(v) for n = 2,3,4.

For a fixed 2 < m < n, define K7 (v), for z = 0 or 1, to be the subcomplex with
Ver(K;, (v) =4{d3*...d;"(v) | 0<s; <1for2<j<n, and s, = z}.

Let K°(v) = K(v) — U, _y K}, (v) be the the set of simplices in K (v) which do not
completely lie in one of the K} (v)’s. Note that K°(v) is not a simplicial complex
since not every face of a simplex in K°(v) lies in K°(v).

Since I'(n) is a normal subgroup of ', T'(n) \ I" is a group, which we denote Y (n).
It is well-known that Y(n) = Fx x SL,(A/n). For a simplex w € W, denote the

image of I',, = Stabr(w) in Y(n) by T,
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FIGURE 2. K%(v) for n = 2,3.

Let S be a set of simplices in W (for example, a simplicial subcomplex). Define

)Z(S) _ Z(_l)dim(w)(#ﬁ)_l,

weS
where the sum is over all non-oriented simplices in S.

Proposition 3.17.

0, otherwise.

UK (v)) = { o(n), ifv=0;

Proof. First we prove the claim assuming n = 2, as this case is somewhat degener-
ate. If n = 2 then W is the infinite half-line:
[0,0] = [0,1] = [0,2] —--- = [0,m] — - -~

Lemma 3.12 implies that Stabr(0) = GLy(F,), and Stabr([0,m]) is the group of
8 Z , with a,d € FX and b € A, deg(b) < m.
Now K°([0,m]) consists of one 0-dimensional simplex, namely [0,m], and one 1-
dimensional simplex, namely the edge joining [0,m] to [0,m+1]. The stabilizer of
this latter edge is Stabr ([0, m]) N Stabr([0,m 4 1]), which is equal to Stabr ([0, m])
when m > 0, and is the Borel subgroup of upper-triangular matrices in GL2(F,)
when m = 0. From this the claim of the proposition easily follows.

Now assume n > 3. Let K% (v) be the subset of K°(v) consisting of simplices
not containing v. First, we show that Y(K%(v)) = 0 for any v. In fact, we will
prove a stronger statement: The set K°°(v) can be divided into pairs of simplices
(s,0) such that s is a face of o, the smallest vertices of s and o are the same,
dim(o) = dim(s) + 1, I'y = I',, and each simplex of K°(v) appears exactly once in
some pair. (This clearly implies X(K%(v)) = 0 as the summands corresponding to
s and o cancel each other.) We proceed by induction on n.

When n = 3, K%(v) consists of the 1-simplex s = {d2(v),d3(v)}, and the 2-
simplex o = {da(v),d3(v),dads(v)}. The smallest vertex of both o and s is d3(v).
Using Lemma 3.9 and Lemma 3.12, one easily checks that I'y =T',.

Assume we have proven the claim for n — 1. Let v’ € Ver(K(v)) be v/ =
d3?...d»(v). Define ma(v') :=d3® - - - di» (v). This gives a map

7y« Ver(K (v)) — Ver(K3(v)).

the upper-triangular matrices

We claim that 75 is a simplicial map from K (v) onto K3(v), i.e., if o = {vo, ..., v;}
is an i-simplex in K (v) then the vertices (modulo repetitions) {ma(vg),. .., m2(v;)}
form a simplex in K9(v). Since o is a simplex, we can assume vy < v; < -+ <

v; < d2(vg). We need to show that the vertices in m3(o) can be arranged to satisfy
similar inequalities. We can assume there is v; with deg,(v;) = 1; otherwise my is
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the identity on ¢ and the claim is trivial. Let j be the smallest index for which
degy(v;) = 1. Then degy(vy) =1 for any k > j. If j = 0 then clearly

ma(vo) < mo(v1) - -+ < ma(v;) X dama(vo).
Now assume j > 0. We claim that
7T2(’Uj) =< 7T2(’Uj+1) << 7T2(Ui) < 71'2(1)(]) =< 7'('2(’[]1) e =< 7'('2(’[]]',1) =< dQWQ(Uj) = vj.

Since ma(vg) = v for k < j — 1, all the inequalities are obvious except possibly
for ma(v;) =X ma(vo) = v, which is true since v; = da(vg). (Note that 73,7y, etc.
defined similarly to w9 are not necessarily simplicial maps. Take for example, n = 4
and consider the edge {[0,0,1,1],[0,1,1,2]} in K(0). Then m3([0,0,1,1]) = O,
73([0,1,1,2]) =[0,1, 1,2] which are not adjacent.)

Suppose o is an i-simplex in K (v). By the previous paragraph 7o (o) is a simplex.
Moreover, since the kernel of 75 extended to the ambient R-vector space containing
K (v) is 1-dimensional, w3 (o) is either ¢ or (i — 1)-dimensional. If dim(ma(0)) = i—1,
then o has an (i — 1)-dimensional face s such that o = {s,d2(v")} for some v’ €
Ver(s). It is easy to check that this face can be uniquely characterized as follows:
If o = {vg,...,v;} with vg < --- < v;, then s = {vg,...,v;-1} and v; = da(vp).
We call s the do-bottom of 0. On the other hand, if s is an i-simplex in K°(v)
and dim(ma(s)) = 4 then s is the dy-bottom of a unique o in K°(v). Indeed, let
s = {vg,...,v;} with vg < --+ < v;. The vertex vy is not in KJ(v) as otherwise
s € Ki(v), which contradicts the assumption s € K%v). Hence ma(vg) = vp.
Now the assumption that dim(ma(s)) = ¢ implies v; 3 da(vg). The set of vertices
{vo,...,v;,da(vg)} form an (i + 1)-simplex o, with ds-bottom s. The previous
arguments also show that o is the only (i 4+ 1)-simplex having s as its ds-bottom.

Let (s,0) be a pair of simplices in K(v) such that s is the ds-bottom of o.
As is easy to see, if one of these simplices lies in K°(v) then so does the other
one. Combining this with the previous paragraph, we conclude that all simplices
in K°(v) can be divided into disjoint pairs (s, o), s is the ds-bottom of o.

Let (s,0) be as above. Assume either s does not lie in K9(v), or degy(v) > 1.
We claim that under one of these assumptions I'y = I',. Let s = {vg,...,v;} with
vg < -+ < v;. Then o = {vyg,...,v;,d2(vg)}. Using Lemma 3.9, we can assume
i = 1, and need to show

Stabr (U(]) N Stabr (’Ul) C Stabr (dg (’U())).

Since degy(v1) > 1, this follows from Lemma 3.12.

Now let deg,(v) = 0, and s € K§(v). In this case we don’t necessarily have
I'y = I',. We will pair all simplices of K% (v) lying or having a codimension one
face in K9(v) in a different way. Write v = [0,0,i3,...,4,]. Let v/ = [0,43,...,1,].
We have a canonical isomorphism of simplicial complexes K39 (v) 2 K (v'), where
the second complex is in the building of PGL,,_1(F ), which preserves the partial
ordering < on the vertices. Denote I := GL,,_1(A). By induction hypothesis, all
simplices in K% (v') can be divided into disjoint pairs (s’,0’) where s’ is a face of o’
of codimension one, s’ contains the smallest vertex of o/, and I',, =T",. It is easy
to check that if we consider s’, 0’ as simplices of K% (v), we still have I'yy = ',/ Let
o' ={vo,...,v;}, vg < -+ < v;. The set of vertices 0" = {vo,...,v;,d2(vg)} forms
an (i+1)-simplex in K% (v). Consider its codimension one face s” = {s’, da(vg)}. If
I'sy =T’y then by Lemma 3.9 we also have I'y» = I' ;7. By the induction hypothesis,
vp is a vertex of s’, so neither ¢’ nor s is the do-bottom of another simplex. The
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pair (s”,0") is uniquely characterized by (s’,0’). Using the induction hypothesis
again, we conclude that any simplex whose da-bottom lies in K9(v) occurs in some
unique pair (s”,0"). Since the union of the simplices in all pairs (s, 0’), (s”,0")
is equal to the set of simplices of K% (v) lying or having a codimension one face in
K9 (v), this finishes the induction step.

Next, let K°'(v) be the subset of K°(v) consisting of simplices containing v.
Since K°(v) is the disjoint union of K% (v) and K% (v),

X(E°(v)) = X(K™(v)) + X(K™ (v)) = X(K* (v)).

Denote vy := da(v),v3 := d3(v), ..., v, := d,(v). First, assume v # 0. Then v =
[0,0,...,0,%p,...,10,], where 75, # 0, for some h > 2. By Lemma 3.12, Stabr(v) C
Stabr(vy,). Let s € K% (v) be a simplex which does not have vy, as one its vertices.
Then {s,v} is also a simplex in K°*(v) and Stabr({s,v;}) = Stabr(s). On the
other hand, if o is a simplex in K°(v) which has v, as a vertex, then the unique
codimension one face s of ¢ which does not contain vy, is also in K (v) (as v # vy,).
Again we have Stabr (o) = Stabr(s). Summarizing, the set K°!(v) can be divided
into pairs of simplices (o, s) such that s is a codimension one face of o, I's = T',,
and each simplex appears exactly once in some pair. This implies X (K°(v)) = 0.

Now let v = 0. Let {eq,...,e,} be our fixed basis of V. The vertex 0 corresponds
to the the lattice L = Ose1®---®Oe, in V, and v; corresponds to the sublattice
of L:

00061 D---D Oooej_l D WOCOooej D---D memen.
Hence, in the F,-vector space V := L/mo L, v corresponds to V, and v; corresponds
to the subspace V; spanned by {ei,...,ej—_1}. The stabilizer T', of the i-simplex
o ={v,vj,,...,v5,}, where i > 1, v < vj, <--- < vj,, is the stabilizer in GL,,(F,)
of the flag V;, C Vj,_, C--- CV;; C Vin V. This subgroup is Pp(F,), where

p = (Ji — L ji—1 = Jir Ji—z = Ji—1,"++ ;i — J2,m — j1 + 1).
Note that ¢(p) = i 4 1. The stabilizer of the O-simplex o = {v} is P, (F,) =
GL,(F,). Since we assume deg(n) > 1, T', = T,. We conclude

RE (@) = D ()P #P(F,) 7 = 6(n),
pEP(n)
and this finishes the proof of the proposition. O

Definition 3.18. We say that a vertex v € Ver(Wj) is a corner of Wy, if deg;(v)
is equal either to 0 or k for all 2 < j < n. Clearly, Wy has 2"~! corners.

Let v be a corner of Wy. Let Ip(v) C {2,...,n} be the set of indices i such that
deg,;(v) =0, and let I(v) be the complement of Iy(v) in {2,...,n}.

Let K(v) be the set of simplices of the form {v, s}, where Ver(s) is a subset (pos-
sibly empty) of the set {d;(v) | i € Ip(v)}. Note that K(0) is what we were denoting
by K°1(0) in the proof of Proposition 3.17, and K(v) = v if v = d5d% - - - d¥(0).

Proposition 3.19. With notation as above, we have

W) = SREKW)),

where the sum is over all corners of Wy.
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Proof. Let v be a corner. Let Wy (v) be the maximal subcomplex of Wi, having set
of vertices

Ver(Wi(v)) = {v" | v" € Ver(Wy), deg;(v') =k if j € I.(v)}.

In particular, Wy (0) = Wj. Let Z(v) be the subset of corners of Wj, contained in
Wi (v); we denote the set of all corners of Wy, by = (so 2 = £(0)). Denote by

W) =Wi(v) = | Wilw),
yEE(v)
y#v

the set of simplices of Wy (v) which are not completely contained in one of Wi/(y),
y € E(v), y # v. Clearly W is the disjoint union [[, .= W (v). Hence

(3.4) XOW) = Z%(Wﬁf(v)).

Next, since WY (0) is the disjoint union [],¢,y,  K°(v), Proposition 3.17 gives

X(WE(0)) = X(K(0)).

Note that each WY (v), v # 0, is isomorphic to WP (0) in the building of PGL, (Fx)
for some m < n, so one can adapt the argument for v = 0 to an arbitrary corner (es-
sentially by induction) to show that Y(W(v)) = X(K(v)) for any v € 2. Combined
with (3.4), this proves the proposition. O

For v € E, let p, := p(Ip(v)) € P(n). This gives a one-to-one correspondence
between the corners of W and the elements of P(n). For p = (p1,...,pn) € P(n),
let

h h
O(p)=n>—>_> pipj =Y pip; and @(p)=o(p1)---d(pn).
=1 j=1 1<j

Proposition 3.20. Let v be a corner of Wy. Let p, be the corresponding partition
of n. Let d = deg(n). Assume k> d—1. Then

X(K(v)) = ®(p,) - g~ @),

Proof. Given a partition p, let us denote by Gy the group My, (F,)Up(A/n).
Let o be an i-simplex in K(v). Write o = {v,d;, (v),...,d;,(v)}, where ji,...,j; €
IO (’U) Let

Po = p(Io(’U) - {j17 s 7]1})
Using Lemma 3.12, it is easy to check that if £k > d — 1 then
TU = Gpv N Gpa'

Now the claim of the proposition follows from a simple calculation (which we omit),
similar to the ones we already carried out in this section. O

Theorem 3.21. Let d = deg(n). Then

x(B(n)) =[T': T'(n)] Z ®(p) - ¢~ @),

peP(n)
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Proof. Denote by Bj(n) the subcomplex of B(n) which maps onto W, under the
quotient map B(n)/Y(n) — W. Let w € W;, be an i-simplex. The number of
i-simplices in B(n) which map to w is equal to [Y(n) : T,,]. Hence, using Euler’s
formula,

X(Be(m) = > (=) [T(n) : Ty = [[': D(n)] - X(We)-

weWy

From Proposition 3.19 and Proposition 3.20, we conclude that there is an equality
X(Br(n)) = x(Ba—1(n)) for any & > d — 1. On the other hand, since By(n) C
Bit1(n) and Jy—, Br(n) = B(n), Harder’s results in [12], [14] imply that there are
isomorphism H;(B(n)) = H;(Bx(n)), 0 < i < n — 1, when k is large enough. Thus
X(B(n)) = x(Bg—1(n)) (see also [16, Prop. 3.33]). Now the formula of the theorem
follows from Propositions 3.19 and 3.20. (|

Ezample 3.22. Let n = 2. We compute x(B(n)) by applying the formula in Theorem
3.21. The ordered partitions of 2 are (2) and (1,1). Now 6((2)) =0, 0((1,1)) =1,
and by Proposition 3.5

1 -1
o(1) = —1 and  ¢(2) = @ —Dlg=1)
Hence
B 1 L1 (11
T (@-D-1 (a1 (g1 (qd q+ 1) '

This recovers the formula in [11, Cor. 5.8]; see also [22, Ch. II].

Ezample 3.23. Let n = 3. There are four ordered partitions of 3, namely (3), (2, 1),
(1,2), (1,1,1). We have

6((3) =0, 6((2,1)) = 0((1,2)) = 2, 6((1,1,1)) = 3,
Next, 6(3) = [(¢° = 1)(¢® — 1)(q — 1)] . Thus,

X(B(w))

T = ¢8) 6o + (1)

1 1 2 1
= - + .
(¢ —1)° ((q2 +a+1D(g+1)  (g+1)g* q3d>
This recovers the formula in [7, Cor. 6.11].

Remark 3.24. As we mentioned earlier, [I' : T'(n)] = (¢ — 1)#SL,,(A/n). Therefore,
this number can be expressed in terms of ¢ and the degrees of primary components
of n. For example, assume n = p1ps - - - ps is square-free (p; are prime). Let d; :=
deg(p;). Then

-1 , .
Il H?:o ("% — g/%)

:Tm)]=(¢—-1) (% 1)

Corollary 3.25.
: x(Bm) _
degglr)nﬂoo [F : F(I‘l)] - (b(n)

Proof. This is a trivial consequence of Theorem 3.21. O
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Let (r(s) =1, (1 —q¢,*)~! be the zeta-function of F. (Here the product is over
all valuations of F'.) It is well-know (and easy to show) that

1

Cr(s) = (1—¢)(1— qlfs)'
Let
CF7(X1(5) = 1}1710(1 _ q’u_s)_l _ 1_;(]178
For any m > 1
m—1 o 1 )
E) CFo0(—1) = Q-9 —-¢) - (1—qm) —p(m).

Hence Theorem 3.21 relates the Euler-Poincaré characteristic of B(n) (equiv. the
Euler-Poincaré characteristic of I'(n)) to the values at negative integers of the partial
zeta-function (r .. This can be interpreted as a Gauss-Bonnet type formula; see
[21]. The contributions of the “cusps” correspond to the contributions of the corners
different from 0. Corollary 3.25 says that these contributions are minuscule when
deg(n) is large.

3.5. Harder’s theorem. To state the main result of this subsection, we need to
recall some notions from the theory of automorphic forms.

For a subset I C {2,...,n} let VI be the vector space of C-valued locally con-
stant functions on G(F) which are left P;(Fu)-invariant. Let (V7,ps) be the
representation pr : G(Fs) — End(V7) of G(Fy) induced by right translations on
Pr(Fso)\G(Fs). Each (Vr, pr) is a sub-representation of (Vj, pp) since any Pr(Fu )-
invariant function is automatically B(F.)-invariant (B = Pp). The special (or
Steinberg) representation of G(Fu) is the representation on the space Vy/ > ;4 Vi
We will denote this representation by Sp.

Let K be an open subgroup of G(O). An automorphic cusp form for K is a C-
valued function ¢ on G(A) which is left G(F)-invariant, right K - Z(F)-invariant
and which satisfies the condition:

/ p(ug)du =0
Ur(F)\Ur(A)

for each I and g € G(A) (here du is a normalized Haar measure on the compact
group Uy (F)\ Us(A)). Denote the C-vector space of automorphic cusp forms for
by W (K).

We say that the cusp form ¢ is special at oo if the right G(F,)-translates of ¢
generate a G(Fu )-module isomorphic with a direct sum of a finite number of copies
of Sp. Denote the subspace of W(K) spanned by the cusp forms which are special
at oo by Wep(K).

Let Z be the Iwahori subgroup of G(Fy). By definition, Z is the inverse image
of B(Fs) under the reduction modulo po, homomorphism G(O) — G(Fo). Let n
be an ideal in A. For a place v # oo of F' let n, be the ideal generated by n in O,
under the injection A — O,. Let K(n)y =[], K(ny). Note that K(n)y is the
adelic version of I'(n), and in fact, I'(n) = G(F) N K(n)s. Let K(n) = K(n)y x Z.
Denote W, (K(n)) simply by Wy (n).
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Theorem 3.26 (Harder). The space Wyp(n) is finite dimensional, and
dime Wp(n) = [(A/n)* : Fr] - dimg H,—1(B(n)).

Forall0<i<n-—1,
H;(B(n)) =0.

We briefly indicate the ideas which go into the proof of this deep result. For the
proof itself see [14] (and also [12], [13]).

First, one shows that H®(B(n)) is canonically isomorphic to H*(I'(n),Q) for
any 0 < i < n — 1; the argument is outlined in [21, §1.6. Rem. 1]. For a dis-
crete cocompact subgroup I'" of G(Fy,), Serre conjectured that H*(I’,Q) vanish
for 0 < i < n — 1. This conjecture was initially proven by Garland [6], under the
assumption that ¢ is large enough, and by Casselman [2] in general. Garland’s argu-
ment relates the vanishing of cohomology groups to the estimates of the eigenvalues
of a certain combinatorial Laplace operator; Casselman’s argument uses the theory
of admissible representations of G(Fy,). For a non-cocompact congruence subgroup
of G(Oy), such as I'(n), the vanishing of the middle cohomology groups was proven
by Harder, using representation-theoretic methods similar to Casselman’s.

Now we discuss the first part of Theorem 3.26. Let K be an open subgroup of
G(0). Since G(O) is compact, K has finite index in G(O). Write £ = Kf x K,
where Iy is an open subgroup of G(Oy) and K is an open subgroup of G(Oc).
As results from the strong approzimation theorem for SL,,, the determinant induces
a bijection
(3.5) G(F)\ G(A) /Ky — F*\ A} /det Ky,
where G(F') is embedded diagonally into G(A). It is well-known that

ke \AX/(’)X =~ Pic(A) = 1.
We conclude that the double coset space on the left-hand side of (3.5) is finite, as
det K¢ has finite index in (9;. Let S denote a set of representatives of this finite
coset space, and for x € S let I';, := G(F) NzKx~!, where the intersection takes
place in the group G(Ay). Each I'; is an arithmetic subgroup of G(F'). We get the
bijection
G(F)\ G(8)/KZ(Fa) = | | Ta \ G(Fuo) /Koo Z(Fo).
€S

Since the stabilizer of a maximal flag in F” is isomorphic to B(F,), the stabilizer
in G(Fw) of an oriented (n — 1)-simplex of B is isomorphic to Z. Therefore,

PGL,(Fx)/Z = S,-1(B),

and N
G(F)\ G(A)/K(n) — || Sn-al
€S
where B(n), denotes the quotient of B by I'(n), := G(F) N zK(n)sz~!. Note that
all B(n), are isomorphic to B(n); = B(n). Next, it is not hard to check that

FX\AF/det K(n)p = (A/n)"/Fg,
cf. [17, (6.6)]. Hence #S = [(A/n)* : Fx]. The upshot is that

W) — @ HHB,C)N™-,
ze(A/n)* [Fy
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where H{"'(B,C)I'™= is a space of C-valued functions on the oriented (n — 1)-
simplices of B which satisfy some conditions. These conditions turn out to be the
following: f is in H;"~'(B,C)F'™= if and only if (i) f is a cochain; (ii) f is harmonic,
which means f is in the kernel of a certain operator J acting on the cochains, cf.
[6]; (iii) f is T'(n),-invariant and has finite support modulo I'(n),. The final step
consists of showing

PN B.C)F M 2 B (B(n),, ©),
which is a non-archimedean version of Hodge decomposition.
Corollary 3.27.
lim dimg Wp(n) _ 1 .
deg(n)—oo [(A/m)* : Fg]- [ :T(m)]  (¢—=1(¢?=1)---(¢" = 1)
Proof. First of all, Theorem 3.26 implies
X(B(n) =1+ (=1)"" dimg Hy—1(B(n)).

(Recall that B(n) is connected, so Ho(B(n)) = Q.) The rest is a trivial consequence
of Corollary 3.25 and the first part of Harder’s theorem. ([l

3.6. Cusps. This subsection plays no role in what follows after it and can be
skipped.

We saw that B(n) is an infinite complex, but at the same time all the information
about its homology is contained in a finite subcomplex By (n), for k large enough.
Hence one would expect that the complement of such By (n) in B(n) has a simple
simplicial structure, more or less independent of k£ > 0. Let us denote the minimal
simplicial subcomplex of B(n) containing B(n) — By (n) by B (n).

First, recall what happens for n = 2, cf. [22, I1.2.3]. One shows that Bj(n),
k > deg(n), is a disjoint union of a finite number of W’s, i.e., is a disjoint union of
a finite number of infinite half-lines. These half-lines are called cusps, and there is
a formula for their number in terms of prime divisors of n.

Now let n > 2 be arbitrary. The previous paragraph suggests

Definition 3.28. Let d = deg(n). A cusp of B(n) is a connected component of
BS(n).

We give one example, which shows that the simplicial structure of the cusps for
n > 3 is more complicated than one would naively expect in analogy with n = 2.
A similar example for n = 3 is discussed in [7, p. 64].

Let n = (T'). Let m = #Y(T), and let ¢1,92,...,gm be the elements of Y(T) =
GL,(F,). Take a disjoint union of m copies of W indexed by g;’s: Wy, ,..., W,,..
To obtain B(T') one glues W,,’s as follows. Let v be a vertex of W. We glue W,,
and W, at v if and only if g; and g; have the same image in G(Fy)/T,.

Let S be the set of simplices in W having 0 as a vertex. As in the proof of
Proposition 3.17, let vy = d2(0),...,v, = dy(0). Let ¢ = {0,v;,,...,v;,} be an
i-simplex in S. Let §, be the subcomplex of W with

Ver(3,) = {d3 ---d(0) | s1,...,5; > O}

Lemma 3.29. W, and W, in B(T') are glued along §. if and only if they are glued
along o.
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Proof. First of all, as we mentioned (Remark 3.16), B(T') is a simplicial complex,
so Wy and Wy, in B(T') are glued along a simplex if and only if they are glued at
the vertices of that simplex. Therefore, we need to show that if YW, and W, are
glued at 0,v;,,...,v;, then they are glued at any v € Ver(F,).

As is easy to check, if g and h have the same image in G(F,)/T, and G(F,)/T
then they have the same image also in G(F,)/(I,y NTy). It is also easy to check
that for any v # 0 € Ver(F,), I', contains Iy, Nn---NTly, . Combined, these two

facts imply the claim. O

Using the previous lemma, we conclude that in B(T) we have [G(F,) : B(F,)]
distinct copies of W. Each such W is glued along o = {0,v,,,...,v;,} to [, :
B(F,)] other W’s. (Note that T, is a standard parabolic subgroup in G(F,).) In
particular, all W’s are glued at O.

Lemma 3.30. Ifn > 3 then BL(T) is connected for any k > 0.

Proof. To prove the lemma, we start by describing the structure of B(T) in terms
of flags. Fix a basis E = {ey,...,e,} of V asin §3.6. The lattice in V corresponding
to 0is Eo_. Let V = Eo_ /pcEo.. = @B Fee;, and let V,,, = @, Fee;. Let
F be the maximal flag

F:0cVhcWV,cCc---CcV, 1 CV,=V.

Modulo p, the vertex 0 corresponds to V', v, corresponds to V,,—1, 2 < m < n,
and the flag of lattices in V for the i-simplex o = {0,vj,,...,v;,} maps to the flag

Fe:0CVy1C---CV.1CV.

The map W, — ¢gF gives a one-to-one correspondence between the W’s in B(T)
and the maximal flags in V' (note that the stabilizer of F in G(F,) is exactly B(F,)).
Under this correspondence, W is glued to Wi, at v; if and only if

9F(0,0,} = hF(o.0,}-
Indeed, gFf0,0,3 = hF{o,0,} 18 equivalent to

h_lg € StabG(]Fq)(f{Oyvi}) = H,

and this is equivalent to g and h having the same image in G(F;)/T,,. On the
other hand, if W, andW}, are glued at v;, then by Lemma 3.29 they are glued along
10,0}, Which is an infinite half-line.

Now we claim that for any W’ and W” in B(T') there are W; and Ws such that
each W/ N Wy, Wi N Wa, Wo N W contains an infinite half-line. This implies the
lemma, since Wy is connected. Let

F:0cV/c---cV/ ,cV and F':0CcV/'cC---CcV/,CV

be the maximal flags corresponding to W’ and W, respectively. From what was
said in the previous paragraph, if V{ = V{’ then W' N W already contains a half-
line. Now suppose Vi # V{’. Let F; and F, be some maximal flags which start
as

Fr:0cvVicvi+VvV/'c--- and FH:0cV/cV/+V/'cC--

Take W; and W, to be the W’s corresponding to F; and Fs, respectively. (I
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Remark 3.31. When n = 2 the statement of the lemma is false. In fact B(T)
consists of (¢+1) infinite half-lines, all joined at their origins, so Bi,(T') is a disjoint
union of (¢ + 1) infinite half-lines once k > 1.

We conclude that B(T) has one cusp which, as a simplicial complex, consists of
[G(F,) : B(F,)] copies of WY glued together in a rather complicated manner.

4. DRINFELD MODULAR VARIETIES

In this section we recall the definition of Drinfeld modules and Drinfeld modular
schemes, and then compare the number of F »-rational points on Drinfeld modular
varieties over ' 22 [F to their /-adic Betti numbers.

4.1. Rational points. Let S be a scheme over A. Denote by ~ the canonical
ring homomorphism v : A — H%(S,0g). Fix some n € Zsg. A pair D = (G, ¢)
consisting of an F,-vector space scheme G over S and an F,-algebra homomorphism
v : A— Endg(9),
@ g
from A into the ring of F,-linear S-endomorphisms of G is called a Drinfeld module
of rank n over S if the following conditions are satisfied:
(1) the group scheme G is Zariski-locally isomorphic to the additive group
scheme G, g over S
(2) for each non-zero a € A, ¢, is finite flat of degree |a|%;
(3) the induced action on the tangent space at the identity is via the structure
map .
The characteristic of D is the image of S in Spec(A) under v* : S — Spec(A).

Example 4.1. When S is a spectrum of a field K, the definition of a Drinfeld module
over S can be reformulated as follows. Let K{7} be the non-commutative ring of
polynomials in 7 with coefficients in K, and the commutation rule 7a = o471 for
all « € K. Let v: A — K be the structure homomorphism. A Drinfeld module D
over K of rank n is an Fy-linear ring homomorphism ¢ : A — K{7}, such that

or =y(T) + a7+ + 7",
where aq,...,a, € K and «, # 0.
For n € A, the finite flat group scheme ker(p,) over S is called the n-torsion
subgroup of D. The group ¢, is an A-module via . If n is disjoint from the

characteristic of D, then ¢, is locally constant with value (A/n)™ for the étale
topology on S.

Definition 4.2. Assume n is disjoint from the characteristic of D. A level n-
structure on D is an isomorphism of schemes of (A/n)-modules over S

A (A/M)s — on,
where (A/n)% is the constant scheme of (A/n)-modules over S with value (A4/n)™.

Theorem 4.3 (Drinfeld). Let M™(n) be the functor which to each Aln~1]-scheme
S associates the set of isomorphism classes (D, \)s of Drinfeld A-modules D of
rank n over S with level n-structure A. If n has at least two distinct prime divisors
then M™(n) is representable by a smooth affine An~1]-scheme M™(n) of relative
dimension (n —1).
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Proof. See [4, §5] or [18, Ch. 1]. O

The group G(A/n) acts on the right of M™(n). In terms of the moduli problem
the action of g € G(A/n) is given by

g:(D;A) = (D, Aoyg).

If n = p is a prime, then M"™(p) has in general only a coarse moduli scheme.
This coarse moduli scheme will be denoted by M"™(p). It can be obtained as
follows. Let m be a polynomial with at least two distinct prime divisors. The
group G(A/m) is a normal subgroup of G(A/pm) (it is the kernel of the mod m
reduction map G(A/mp) — G(A/p)). Hence G(A/m) acts on M"(mp). Define
M™(p) := M"™(mp)/G(A/m); cf. [18, Lem. 1.4.2]. If p # A then M™(p) is smooth;
see [18, Thm. 1.5.1]. On the contrary, M™(1) is not smooth if n > 3 (its compact-
ification is the weigthed projective space P4(q —1,¢*> — 1,...,¢" — 1)).

From now on we assume that n # A and n > 2.

Theorem 4.4. There is an A[n~1]-morphism
wy 2 M™(n) — M*'(n),

which is G(A/n)-equivariant, in the sense that for g € G(A/n)
wy 0 g = det(g) o wy.

Proof. See [24, Thm. 4.1] and [25]. The morphism w, is induced by an analogue
of the Weil pairing for Drinfeld modules. O

Let F), be the function field of M*(n). From Class Field Theory it is known that
F, is the maximal abelian extension of F' with conductor n which is completely
split at co, moreover Gal(F,/F) = (A/n)* /F; see [4, Thm. 1] and [17].

Corollary 4.5. The fibres of wy : M™(n) — M*!(n) are smooth and geometrically
irreducible.

Proof. From Theorem 4.4 and the above paragraph it is clear that w, is surjec-
tive, and moreover, M (n) has [(A/n)* : FX] geometrically connected components.
The theory of rigid-analytic uniformization implies that M™(n), n > 2, also has
[(A/n)* : FX] geometrically irreducible components, each (as an analytic variety)
isomorphic to Q" /I'(n); see [4, §6]. (Here Q™ is Drinfeld’s symmetric space.) The
claim follows since w, commutes with base change to any A[n~!]-field; see [24, Lem.
4.2]. O

Recall from Definition 1.1 that a prime p < A is admissible if z +— 2" is an
automorphism of Ty’ /F <.

Lemma 4.6. There are infinitely many admissible primes.

Proof. Let d := deg(p). We need to show that there are infinitely many d such that
Ny :=(¢® —1)/(qg — 1) is coprime to n. Let £ be a prime divisor of n. If £ = p then
Ny is not divisible by £ for any d # 0. From now on assume £ # p. If ¢ = 1 (mod ¥),
then Ny is divisible by £ if and only if d = 0 (mod ¢). If ¢ Z 1 (mod ¢), then Ny
is divisible by ¢ if and only if ¢ = 1 (mod ¢). This last congruence holds only if
(d,e—1)#1.

Let 41,...,¢s be the prime divisors of n which divide (¢ — 1). Let p1,...,p, be
the prime divisors of n which do not divide (¢ — 1) and are not not equal to p.
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From the previous paragraph, we conclude that any p which has degree coprime to
-+l (pr—1)---(pr — 1) is admissible. O

Let Z(A/n) << G(A/n) be the subgroup of scalar matrices. Assume n is coprime
to T. Let M}L(n) = M"(n) @D An-1] Fr, and

Xo = (M7(n))/Z(A/n).

Proposition 4.7. Assume p is an admissible prime not equal to T'. Then X, is
a smooth, absolutely irreducible (n — 1)-dimensional affine variety defined over F,
which is a form of one of the components of MR (p).

Proof. By Corollary 4.5 the fibres of M%(p) — M*!(p) ® Fr are smooth and geo-
metrically irreducible. Hence by Theorem 4.4 and [24, Lem. 4.2], the fibres of
X, — (M'(p) @ Fr)/det(Z(Fy)) are absolutely irreducible. On the other hand,
since p is an admissible prime, det(Z(Fy)) surjects onto (A/p)* /Fx. Therefore,
(MY (p) ® Fr)/det(Z(Fp)) = Fr 2 F,. The claim of the proposition follows. O

Let K be any A-field, and ¢ be a rank-n Drinfeld module over K. Let L be a

field extension of K. Denote by Endy (p) the centralizer of A — o(A) in L{r}.
More concretely, Endy, (@) consists of all u € L{r} such that u - ¢, = @, - u for
all a € A. Let Autr(p) := Endp(p)*. If ¢ has rank n then, as is easy to check,
Autr(¢) is a subgroup Fy. of Fy., for some s dividing n. We denote Endz(p) by
End(yp), and similarly for Autz(p). It is known that End(y) is a free A-module of
rank less than or equal to n?; see [4, §2].

Fix some prime p, and assume K is a finite extension of F,. Then K has
cardinality ¢ for some m. Let Fr, = 7" : x — 27" be the associated (arithmetic)
Frobenius morphism. It is clear that Fr, € Endg ().

Proposition 4.8. The following conditions are equivalent:
(1) [End(p) @4 F : F| = n?;
(2) End(y) is a mazimal order in the central division algebra over F of di-
mension n?, which is ramified exactly at p and oo with invariants 1/n and
—1/n, respectively;
(3) Some power of Fry lies in p(A);
(4) ker(ypp) is connected.

Proof. See [9, §4] and [5]. O

Drinfeld modules that satisfy the conditions of the proposition are called super-
singular. There are only finitely many such modules in characteristic p.

Example 4.9. Consider the Drinfeld module ¢ over Fr, given by

‘ZT =7".
Since @7 is purely inseparable, ¢ is super-singular of rank n. In fact, this is the
only super-singular module in characteristic 7' (up to an isomorphism), as follows
from [8, Thm. 1]. In this case, Frp = 7 and Fr. € ¢(A). It is easy to see that
Aut(@) = Fyo. Hence Fgn{7} C End(p). Since Fyn{7} is of rank n* over A, we
conclude from Proposition 4.8 that

End(p) = Fgn{7}.
It is clear that the center of End(®) is Fg{7"™} — the submodule generated by A.
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Proposition 4.10. Let p be an admissible prime. Then

T T(p)]

Xp(Fyn) >
#X(E) 2

Proof. The proof is a modification of the proof of Proposition I1.2.19 in [19]. Con-
sider the finite flat covering 7 : M} (p) — M7 (1). Generically, its degree is #G(Fy);
cf. [18, Lem. 1.4.2]. This induces a covering

7 X, — Mp(1).

The degree of 7', generically, is #PGL,(F,). Let ¢ be the Drinfeld module of
Example 4.9. The points corresponding to ¢ are branch points for 7’ with indices
Aut(p)/Fy (a generic Drinfeld module in any characteristic has automorphism
group isomorphic to F;). Hence the number of such points on X, is equal to

#PGL,,(Fy)(¢ —1)/(¢™ — 1). Observe that
#PGLn(Fp)(g—1) _ [I': T(p)]

(¢"—1) (" =1)"
so it suffices to show that all points on X, corresponding to ¢ are rational over Fyn.
For this, in turn, it suffices to show that any structure A of level p on the module
¢ under the action of 7™ gives a structure lying over the same point in X, as the
original structure (here the pair (@, ) is considered as a point of M7 (p)).
The action of 7™ on A is via its image under the composition

End(3) — (End(3) ®a4, Fp)* 5 G(Fy),

where the last isomorphism follows from Proposition 4.8. Since 7" lies in the center
of End(®), its image in G(FF) lies in Z(F,). This implies that (¢, A) and 77(, A)
have the same image in X, so this point is Fyn-rational. (]

4.2. Asymptotic bounds. Recall from the introduction the ¢-adic cohomology
groups with compact supports

H}(n):= H(M'(n) ®@p F,Qy),
where M'(n) := M"(n) ®4[n-1) F. Similarly, for a proper prime ideal p of An1,
denote My'(n) := M"(n) ® g[n-1) Fp and Hy(n) := H} (M (n) ®p, Fp»Ql)'

Hy(n) is endowed with commuting actions of the Galois group Gal(F'/F) and a
certain Hecke algebra Ty,. Since M;'(n) is a smooth affine scheme of pure relative
dimension (n — 1) over F', the cohomology groups Hf7 (n) are finite dimensional and
vanish for i ¢ [n —1,2(n — 1)], cf. [18, §12.2]. Denote by hj(n) = dimg, H}(n),
i > 0, the (-adic Betti numbers of M'(n) @p F. Similarly, denote by hj(n) the
(-adic Betti numbers of M;"(n) ®, Fy.

Proposition 4.11. Fiz a proper prime ideal p < A. Under the assumption (1.4),

we have
. ( ZiZO h;: (n) )
lim —=——— | =n,

deg(n)—oo dim¢ Wsp (1’1)
(n,p)=1

where the limit is over all ideals n Q1 A which are coprime to p.
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Proof. Denote by W (n) the space of cusp forms on GL,(F) of level n which are
special at oo (in particular, W7 (n) = W,(n) in our earlier notation). We claim

that for any (p1,...,pn) # (n) € P(n)
dime (W2 (n) @ -+~ @ WEn (n))
deg(n)—oco dim¢ Wn ( )

Indeed, using Corollary 3.27, one checks that dlmC(Wm( ) is O(q™” dee™) for
deg(n) > 0. On the other hand, p? + -+ +p? < n?if (p1,...,pn) # (n).

To proceed further, we appeal to one of the main results in [18]. The central
goal of [18] is to describe the virtual Gal(F/F) x Tp-module H := Y. ,(=1)"H; (n).
(This is essentially the Langlands conjecture for cuspidal automorphic irreducible
representations of G(A) which are special at c0.) Laumon shows [18, Thm. 12.5.1]
that H, as a sum of irreducible Gal(F/F) x T,-modules, is equal to a sum of cuspidal
representations of G'(A) induced from the representations on W2 (n)®- - -@ Whr (n),
(p1,--.,pn) € P(n), tensored with the Galois representations attached to these
cuspidal representations by the Langlands correspondence (the same theorem for
n = 2 is due to Drinfeld [4]). If we assume (1.4), then Laumon’s theorem and (4.1)

imply
o (St
deg(n)—oo dlm([j W” ( ) N

Now, for any i the Gal(F/F)-module H}, is unramified away from supp(n)U{oo},

(4.1) = 0.

and moreover, for each proper ideal p of A[n~1] there is a Gal(F,/Fy)-equivariant
isomorphism Hrlz ~ Hg. Besides some theorems from SGA, the proof of this fact uses
Pink’s construction of toroidal compactifications of M™(n); see (12.2.2.1), (12.2.2.2)
and (12.2.7) in [18]. We conclude that Y- ki (n) = 37,5 iy (n), and the theorem
follows. O

Remark 4.12. The statement (1.4) would follow if one could understand not just H
as a Gal(F/F) x Ty-module, but the individual cohomology groups H}I(n) as such
modules. For example, it is likely that the Galois representations which correspond
to W2 (n) occur only in H}'~*(n) and A~ (n) ~ ndime W2, (n).

Let Frob, = Fr*1 € Gal(F,/F,) be the geometric Frobenius element. Ifp &
supp(n) then Frobp defines an automorphism of H(,(n). Assume H,(n) # 0.
Denote the eigenvalues of Frob, acting on this finite dimensional Q,-vector space
by @1, @i2,...,a;s (here s = hj (n)).

Proposition 4.13. Fiz a proper prime ideal p 9 A and k € Zxo. Under the
assumption (1.4), we have

h (n)
lim ZZ>O Z | _ qdeg(p)k (n;l) )

deg(n)—oo Zi>0 hé( )
(n,p)=1 B

Proof. Let 3 |af ;| be the sum over the eigenvalues a; ; corresponding to W7 (n)
under the Langlands conjecture; see Theorem 12.4.1, Theorem 12.5.1, and Corollary
12.4.9 in [18]. By the Ramanujan-Petersson conjecture [18, Thm.12.4.1]

Z k| = gk dime (Wi ().
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On the other hand, by Deligne’s theorem [3, Thm. 3.3.1] all |af ;| are bounded by

qee®k(n=1) which is independent of n. Hence, our claim follows from Proposition
4.11. O

Theorem 4.14. Letp # T be an admissible prime. Let X, be the smooth, geomet-
rically irreducible affine Uariety over Fq which we constructed in §4.1.

Xp(Fyn
- H ) < liminf #pi(,(l) ,
ol deg(p)—o0 Zizo h'(Xy)
| $X, () \ _ s
limsup | =~ | <q 2z .
deg(p)—o0 (Zizo hH(Xp)
Proof. M (p)®r, Fy is a disjoint union of [(A/p)* : F] copies of X, ®r, F,. Hence

(4.2) > hi( [(A/p)* s FS] D h(X,).

>0 >0

This equality, combined with Corollary 3.27 and Proposition 4.11, implies

lim Zizo hi(Xp) _ n
deg(p)—oo \  [[':T(p)] (" =1)---(¢g—1)

Now the lower bound in the theorem follows from Proposition 4.10.
Next, recall that by the Grothendieck-Lefschetz trace formula

#Xp(Fn) = _(=1)"Tr(Froby | HI(X, r, Fy, Q)

i>0
1 h’T(p
N [(A/mx:m; Z i
Hence
R (p)
X, (F n <7
# p<q>_[(A/p> ;;w

and the upper bound in the theorem follows from Proposition 4.13 and (4.2). O
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