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Detecting pro-p-groups that are not absolute
Galois groups

By Dave Benson at Aberdeen, Nicole Lemire and Jan Mina¢ at London,
and John Swallow at Davidson

Let p be a prime. It is a fundamental problem to classify the absolute Galois groups
Gr of fields F containing a primitive pth root of unity ¢,. In this paper we present several
constraints on such G, using restrictions on the cohomology of index p normal subgroups
from [LMS]. In section 1 we classify all maximal p-elementary abelian-by-order p quotients
of these Gr. In the case p > 2, each such quotient contains a unique closed index p elemen-
tary abelian subgroup. This seems to be the first case in which one can completely classify
nontrivial quotients of absolute Galois groups by characteristic subgroups of normal sub-
groups. In section 2 we derive analogues of theorems of Artin-Schreier and Becker for order
p elements of certain small quotients of Gr. Finally, in section 3 we construct a new family
of pro-p-groups which are not absolute Galois groups over any field F.

As a consequence of our results, we prove the following limitations on relator shapes
of pro-p absolute Galois groups. For elements ¢ and 7 of a group T, let %o, 1] = 1,
o,7] = oo~ 77!, and "[o, 1] = [0, " [0, 1]] for n = 2. Similarly, for subsets I'; and I', of
I', let "[I"1, I'2] denote the closed subgroup generated by all elements of the form "[y,, y,] for

y; el

Theorem A.1. Let p be an odd prime, I a pro-p-group with maximal closed subgroup
A, and o e T\A.

(1) Suppose that for some t € A and some2 < e < p—?2
“lo,7] ¢ "o, AJ®(A) and “"'[o,1] € D(A).

Then T is not an absolute Galois group.
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2 Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups

Moreover, if T contains a normal subgroup A = A such that T/A ~ 7/p*Z, we may
take 1 <e < p—2.

(2) Suppose that for some 11,73 € A,
[0,7,] ¢ 7o, A|®(A), Z[o,7]eD(A), i=1,2,
o, 11]>P(A) * {[o, 2] YD(A).

Then T is not an absolute Galois group.

(3) Suppose that

a? € %[, A|D(A).

Then T is not an absolute Galois group.

Here ®(A) = A”[A, A] denotes the Frattini subgroup of A.

Furthermore, pro-p-groups with single relations similar to those of Demuskin groups
for odd primes cannot be absolute Galois groups.

Corollary. Let p be an odd prime and T a pro-p-group minimally generated by
{o1,0:} U{ai},., subject to a single relation

of /ov,00] - TI loio)]- I1 [o],0%]
(i,j))es ket

for some 2< f <p—1, ge NU{0} with ¢ =0mod(p?), a finite ordered set of pairs
J < F x 4, and a finite ordered subset A" of #. Then I is not an absolute Galois group.

The results in [LMS] may be used to establish further new results on possible
V-groups of fields and metabelian quotients of absolute Galois pro-p-groups. (For the def-
inition of the V'-group Vr of a field F, see section 2.) Moreover, some of the results here
hold in a greater generality than their formulations here. For instance, the examples here of
pro-p non-absolute Galois groups are also examples of groups which are not maximal pro-
p-quotients of absolute Galois groups, by [LMS], §6. Furthermore, pro-p-groups which are
not absolute Galois groups are not p-Sylow subgroups of absolute Galois groups. We plan
a systematic study of these concerns in [BMS].

We observe that because this paper is concerned only with degree 1 and degree 2
cohomology, the results cited from [LMS] rely only on the Merkurjev-Suslin Theorem
[MeSu], Theorem 11.5, and not the full Bloch-Kato Conjecture. Furthermore, we note
that while this paper is self-contained, an extended version is available [BLMS].

1. T-groups

A T-group is a nontrivial pro-p-group 7 with a maximal closed subgroup N that is
abelian of exponent dividing p. Then N is a normal subgroup, and the factor group 7/N
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Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups 3

acts naturally on N: choose a lift € T and act via n — tmt~'. Given any profinite group
I" with a closed normal subgroup A of index p, the factor group I'/AP[A, A] is a T-group.
Now suppose that E/F is a cyclic field extension of degree p. We define the T-group of E/F
to be Tg/p := Gr/ GL[GE, Gg|. In this section we classify those T-groups realizable as Tg /F
for fields F either with char F' = p or {, € F.

We develop a complete set of invariants ¢;, i =1,2,...,p, and u of T-groups as
follows. For a pro-p-group I', denote by Z(I') its center, Z(I')[p] the elements of Z(T") of
order dividing p, T the nth group in the p-central series of ', and I,y the nth group in
the central series of I'. For a T-group T we define

n—dmﬁH(—QEMi—m)

Z(T)nTp' '’
o= dime g (200 0 £\ i<,
! Z(M)nTuyy 7))~ 70

u=max{i: 1 <i<p, T = Ty}

Proposition A.1. For arbitrary cardinalities t;, i =1,2,...,p, and u with 1 £ u < p,
the following are equivalent:

(1) The t; and u are invariants of some T-group.
(2) (@) Ifu< p thent, = 1, and
(b) ifu=pandt; =0 forall2 <i < p, thent; = 1.
Moreover, T-groups are uniquely determined up to isomorphism by these invariants.
Theorem A.2. For p an odd prime, the following are equivalent:
(1) T is a T-group with invariants t; and u satisfying
(a) ue{l,2},
(b) th =u—1, and
(c) ti=0for3 <i<p.

(2) T ~ Tgr for some cyclic extension E of degree p of a field F such that either
char F = por¢,eF.

Now suppose p = 2. Then each T-group is isomorphic to Tgr for some cyclic extension
E/F of degree 2.

Let G be a cyclic group of order p and M;, i =1,2,..., p, denote the unique cyclic
F,G-module of dimension i. Since the F,G-modules we consider will be multiplicative
groups, we usually write the action of G exponentially. For a set .7, let M denote the
product of |.#| copies of M; endowed with the product topology. We use the word duality
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4 Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups

exclusively to refer to Pontrjagin duality, between compact and discrete abelian groups and
more generally between compact and discrete F,G-modules. We denote the dual of I' by
rv.

Lemma A.1. Suppose T is a T-group with invariants t;, i = 1,2,..., p and u, and N is
a maximal closed subgroup of T that is abelian of exponent dividing p. Let o € T\N and set
G to be the image of o in G := T /N. Then N is a topological F,G-module and we have:

i

(1) For any F,G-submodule M of N and i =0, /[T, M] = M@~V

i—1

(2) Fori=2,T;=NU"Y

(3) There exist sets J;, i =1,2,...,p, such that N decomposes into indecomposable
F,G-modules as N = Mfl X sz 2X e X M,;y”, endowed with the product topology. More-
over, fori = 2, t; = |4, and

{1 + | 41|, T is abelian of exponent p,
| =

|21], otherwise.
4) TP =<a?> - T(p).

(5) If u < p then u is the minimal v with 1 < v < p — 1 such that there is a commuta-
tive diagram of pro-p-groups

1 N T G 1
g ||
1 M, H G 1

with a lift of & in H of order p*. If u = p then no such diagram exists for | <v < p — 1.

Proof. (1) Suppose that te T is arbitrary, and write 7 =no' for ne N and
ieNU{0}. The action of T factors through G. Hence [tr, M]= M~ and so
[T, M] = M®~1. The result follows by induction. (Moreover, we observe that if p does
not divide i, then [z, M| = [M,7] = [T, M] = [M,T).)

(2) Observe that [T, T] = [T, N]. Then use (1).

(3) Because [,G is an Artinian principal ideal ring, every [F,G-module U decomposes
into a direct sum of cyclic F,G-modules. Every cyclic F,G-module is indecomposable and
self-dual. Applying these results to U = N and using duality (see [RZ], Lemma 2.9.4 and
Theorem 2.9.6), we obtain the decomposition.

Using (2) together with M, ].G = Mj(&_l)jfl forall 1 < j < p, we calculate

Z(T) AN = (M) (M57)7 oo (M),

Z(T)n Ty = (MY (MY 2 <i<p,

1

(AutoPDF V7 31/5/07 09:08) WDG Tmath J-1708 CRELLE, PMU: H(A) 16/05/2007 pp. 1-17 1708_5537 (p. 4)




Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups 5
and
Z(T)n Ty ={1} fori> p.
We deduce that #; = |4, 2 < i < p.

For the case i=1, suppose first that 7 1is abelian of exponent p. Then
Z(T)=Z(T)|pl =T and T ={1}. By (2), NV = {1}, whence || =0 for i=2.
Therefore #; = 1 + |.#;|. Next suppose that 7' is nonabelian. Then Z(7) = N. We ob-
tain Z(T)[p] =Z(T)n N and so 1, =dimg, H'((Z(T) " N)/(Z(T) n T()),F,) = |71].
Finally, assume that 7' is abelian and not of exponent p. Then N = Z(T)[p| and
1 = dimg, H'(N,F,) = |.7].

(4) Ford e N we have (60)* = [0,0]0°¢? and, by induction,

o) =[a,lo,....[0,0]-- |V - [0, [0,0))| D [5,0] oo
A
Then (No)” = (a”) - »~[5, N], which by (1) and (2) may be written o? - T(,). Replacing ¢
with ¢* for (v, p) = 1, we conclude T7 = {a”) - T,).

(5) Suppose that for some v < u there is a commutative diagram (1) with a lift of &
in H of order p?. Then T — H factors through T/N@=1". But by (2), T(,+1) = N~ and
by definition of u, we have T? < T, = T{,;1). Hence every lift of & into T'/N @=1" is of
order p, and the same holds for H. We conclude that no commutative diagram as above
with & lifting to an element of order p? exists for v < u.

Now suppose that # < p and consider ¢”. By (4), T? = {a?) - T(,), and T ) = T,1).
We have 77 = T,y and T? & T, and so ¢” € T(y)\T(,41). Now ” € N. By (2), since
Tuy = NV for u>2, we deduce o” elN(”’l)ufl\N(”’l)u. From [o,6”] =1 we ob-
tain ¢” € N . Therefore o € (NG A NV )\ (N9 A N D). We claim that there exists
an [F,G-submodule M, of N such that M¢ =<(g”) and N = M, x N for some F,G-
submodule N of N. Assume a factorization of N into cyclic F,G-submodules as in (3).
Consider w € N such that w@=1"" = 67 and all components of w lie in factors of dimen-
sion at least u. For at least one factor M,, proj,, w generates M, as an [F,G-module. Write

N = M, x N. We obtain the commutative diagram

1 N T — @ — 1
1 M, T/N — G — 1

in which a lift of & is of order p>. [
The following lemma follows easily from the definitions.
Lemma A.2. Let T be a T-group with invariants t;, i = 1,2,..., p, and u.

(1) T is abelian if and only if t; = 0 for all 2 < i < p.
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6 Benson, Lemire, Mina¢, and Swallow, Detecting pro-p-groups
(2) T is of exponent p if and only if u = p and t, = 0.
(3) Ifu<pthent, = 1.
@) If t;=0forall2 <i < p, then t; = 1.

Proof of Proposition A.1. By Lemma A.2(3,4), (1) implies (2). Now suppose we are
given cardinalities #;, i = 1,2,..., p, and u satisfying conditions (2).

The case u < p. Let G be a group of order p and .#;, i = 1,2,..., p sets with cardi-
nalities |.7;| satisfying |.%;| = t; for i = u and 1 + |.7,| = ¢,. Set

N=XxM"xM?x-x M,

where X ~ M, and N is endowed with the product topology. Then N is a pseudocompact
F,G-module. (See [Br], page 443.) Define an action of Z, on N by letting a generator ¢ of
Z, act via a generator of G, and form N > Z, in the category of pro-p-groups. Now choose
an F,G-module generator x of X and define x; = x(*~1)" for 0 < i < u. Since (¢ — 1) is nil-
potent of degree u on X we obtain x,,_; + 1 and x, = 1. We set R to be the closed subgroup
{o”x,-1) = N X Z,. Finally form I' = (N < Z,)/R and set A to be the image of N > {1}
in I'. Since A ~ N as pro-p-G operator groups, we identify them. By construction A is a
maximal closed subgroup of I" which is abelian of exponent p. Hence I' is a T-group. Since
the image of ¢ in I has order p?, I is not of exponent p. From the decomposition of N, we
obtain by Lemma A.1(3) that the invariants #; are as desired. It remains only to show that u
is as given. By Lemma A.1(4) we have I'” = {x,_1) - ['(;). From Lemma A.1(4) we calcu-
late that x,_1 € ',y and x,1 ¢ ['(,11). Hence u is as desired.

The case u = p follows analogously. Let G be a group of order p and .#; sets with
cardinalities |.#| satisfying || =, 2<i < p; |4 | =1t if some t; £0, 2 < j < p; and
144 =0 if all =0, 2<j<p. Set N=M" x M>x-.-x M;”, T =N %G,
A = N x {1}, let o be a generator of G, and proceed as before.

Now we show that T-groups are uniquely determined up to isomorphism by the in-
variants #; and u. Let T be an arbitrary T-group with invariants ¢;, i = 1,2,..., p, and u,
N a maximal closed subgroup of T that is abelian of exponent dividing p, and G = T//N.
From Lemma A.1(3) the structure of N as an F,G-module is determined up to isomor-
phism, and T is an extension of N by G. Let 6 € T\N. We have ¢” € N°. It remains only
to determine the isomorphism class of N as an [F,G-module with a distinguished factor X
such that ¢ € X ¢,

Suppose first that u = p, 1; 2 1, and 1; =0 for all 2 <i < p. From Lemma A.2(1),
T is abelian and so Ty = {1}. Since u = p, T has exponent p. Then T ~ M'f ' x G and
t1 = |#1| + 1. Thus T is determined by the invariants. Now suppose that 1, =1, 1, =0
for all 2 <i < p, and u = 1. Again T is abelian. Since u + p, T has exponent p>. Then
N = X x N, where ¢” generates an F,G-module X isomorphic to M; and N ~ My " with
’f/’ +1=1.

Finally suppose #; + 0 for some i with 2 <i < p. Then T is nonabelian, and
by Lemma A.1(4), T? =<{o”) -T(,. From Lemma A.1(2) we obtain, for u < p,
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Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups 7

o’ e (NG AN )\(NGmN(” D", while for u = p, we have ¢? € N1’ Ifu<p
then by Proposition A.1 we have ¢, = 1, and using the same argument as in the proof of
Lemma A.1(5), N contains a dlstmgulshed direct factor X ~ M, such that X = (a”).
We deduce that N = X x N where N ~ M’ x [] Mf for sets .#;, i + u, and .#’ such

iFu
that || =t, i+ u, and 1 + |9 | =¢,. fu= P, we claim that without loss of generality
we may assume that ¢” = 1. Since o” € N D" let v € N such that ¢ = v(®=D"" and set

t=o0v . Then e T\N and ¢ = g?(v~1)' """ S =1.Hence T=N >« G. [

Lemma A.3. Suppose that I is a profinite group such that its maximal pro-p-quotient
['(p) is a free pro-p-group of (positive and possibly infinite) rank n, and let A be a normal
subgroup of T of index p. Then the invariants of the T-group T/AP[A,A] are t; =1, t; =0
for2<i<p, t,=n—1ifn< oo andt,=n fornan infinite cardinal, and u = 1.

Proof. Since I'/A”[A,A] = T'(p)/®(A(p)), we may assume without loss that I is a
free pro-p-group. The result then follows from the analogue of the Kurosh subgroup theo-
rem in the context of pro-p-groups. [

Lemma A.4. Let S be a free pro-p-group. Then there exists a field F of characteristic
0 such that Gr ~ S.

Proof. First let Fyy be any algebraically closed field of characteristic 0 with cardinal-
ity greater than or equal to d = dimg, H'(S, F,). Set Fi := Fy(1). By [Do], G, is a free pro-
finite group, and let P denote a p-Sylow subgroup of G,. By [RZ], Corollary 7.7.6, P is a
free pro-p-group. Let F, be the fixed field of P. The classes in F{*/F|" of the set A of linear
polynomials 7 — ¢, ¢ € Fp, are linearly independent over [,. Choose a subset of 4 of cardi-
nality d, and let V' be the vector subspace of F*/F;” generated by the classes of the ele-
ments of 4. Since ([F» : Fi], p) = 1, V injects into F5*/F,". Let W denote this image. Now
let F be a maximal algebraic field extension of F, such that W injects into F*/F*?. By
maximality, the image i(W) of W in F*/F*? is in fact F*/F*P. The rank of G is then
dim[pp HI(GF, U:p) = dil’l’l[Fp V =d. D

Proof of Theorem A.2. The case p=2. Let ue {1,2}, t;, and ¢, be invariants of a
T-group T. By Proposition A.1, t; 2 1 if u =1, and if u = 2 then either #{, = 1 or t, = 1.

Case 1: T is not of exponent 2. By Lemma A.2(2), eitheru =1orz, 2 1. Let Gbe a
group of order 2 and N = M'lj1 X Mfz for sets .#; and .#; satisfying |.#]| = t; and |.%;| = 1,,
and let M = NY. From [MSw], Corollary 2, there exists E/F with charF £ 2
and Gal(E/F) ~ G such that H'(Gg,F,) ~ EX/E**> ~ M as F,G-modules if and only if
there exist Y € {0,1} and cardinalities d and e such that 1, + 1 =2Y+d; t+ Y =¢;
if Y =0 then d = I; and if Y =1 then e = 1. Moreover, —1 € Ng/r(E*) if and only if
Y = 1. Finally, by [MSw], proof of Theorem 1, we may choose E/F such that Gr is a
pro-2-group.

Ifu=1thenset Y =1and e=1t+ Y. Since t; = 1 we may choose d = 0 such that
2Y +d =t; + 1. Then e = 1 and the conditions for E/F with GE/G ~ MY ~ N are sat-
isfied. Since Y =1, —1 € Ng/p(E£*), and by Albert’s criterion [A], E/F embeds in a cyclic
extension E’/F of degree 4. Let Gal(E/F) = {&). We have the commutative diagram
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8 Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups

1 —— Gg/GY —— Gp/GY — G —— 1

L

] — M, _ H — 6 — 1

in which & lifts to an element of order 4. By Lemma A.1(5), u=1 for Tg.
By Lemma A.2(2), Tg/r is not of exponent 2. Using Lemma A.1(3), because
Gg/ Gg) ~ N~ M'f U x M'f ?, the invariants #; and #, of T r match those of 7. By Propo-
sition A.1, T ~ Tg/p.

Ifu=2thent, > 1. Wetake Y =0,d =1t +1 =1, and e = 1, and obtain an exten-
sion E/F as before. Since Y =0, —1 ¢ Ng/r(E*) and so by [A], E/F does not embed in a
cyclic extension E’/F of degree 4. Let Gal(E/F) = {&). There is no commutative diagram

| —— Gg/GY —— Gp/GY —— G —— 1

Lk

l — My — H —G—s1

in Wthh a lifts to an element of order 4. By Lemma A.1(5), u = 2 for Tg /r- Because 1) = 1,
Gg/ GE contains an [, G-submodule 1somorphlc to M, whence Tg/r is nonabelian. By
Lemma A.1(3) and the isomorphism Gg/ GE ~ N~ M" x Mj> we deduce that the
invariants ¢ and ; of Tg/r match those of 7. By Proposmon AL T ~Tgp.

Case 2: T has exponent 2. By Lemma A.2(2), u=2and t, =0, and so #; = 1. Let
N = M'lﬁ1 for 4 satisfying || +1=1¢.Set Y =0,d =1+ 1,ande=1t, =0. Thend = 1
and there exists E/F with char F = 2 such that H'(Gg, F2) ~ M and —1 ¢ Ng/p(E*). As
before, u = 2 for Tg/r, and by Lemma A.1(3), t, = 0 for Tg/r. By Lemma A.2(2), Tg/r has
exponent 2, and by Lemma A.1(3), #; is the correct invariant for 7g,r. By Proposition A.1,
T ~ TE/F-

The case p > 2. First we characterize those T-groups occurring as T, for fields F
such that the maximal pro-p-quotient Gr(p) of the absolute Galois group G is free pro-p.
Lemma A.3 tells us that for such F and an E/F of degree p, the invariants of Ty are
ti1h=1,t,=0for 2<i< p, and u =1, and that the rank of Gr(p) is one more than the
invariant #,. Now suppose that 7" is a 7-group with invariants t; =1, ; =0 for2 <i < p,
and u = 1. By Lemma A.4 there exists F such that Gr is a free pro-p-group of rank #, + 1.
Letting A be any maximal closed subgroup of Gy and E = Fix(A), Lemma A.3 and Prop-
osition A.1 give T ~ Tg,r. Therefore the T-groups which occur as Tg,r for fields F with
free maximal pro-p-quotient Gr(p) are precisely those for which 7, =1, ;=0 for
2<i<p,andu=1.

Now we characterize which of the remaining 7-groups occur as Tg/p for cyclic
field extensions E/F of degree p for F a field such that either charF = p or &, e F.
By Witt’s Theorem, charF # p. Hence we consider only fields F with charF =+ p
and ¢, € F. For a cyclic extension E/F of degree p, consider the [F, Gal(E/F)-module
Mg = H'(Gg,F,) ~ EX/E*P, and let G be an abstract group of order p. Since the par-
ticular isomorphism G ~ Gal(E/F) does not alter the isomorphism class of Mg/r as an
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Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups 9

F,G-module, we may consider all such modules as [F,G-modules. (See [MSw].) By [MSw],

Corollary 1, M ~ Mg)p as [F,G-modules for surtable E/F with G ~ Gal(E/F) if and only
if M = M}/l OM® M,,”, where the cardinalities j; = |.#1], j» = ||, and j, = |.%,] sat-
isfy the followmg condltrons N+1=2Y+d, j=1-171, and j, + 1 = e for some cardi-
nalities d, e and Y € {0,1} where d = 1if Y = 0 and ¢ = 1. Moreover, Y = 1 if and only if
¢, € Ng/p(E™). Finally, by [MSw], proof of Theorem 1, we may choose E/F such that Gp
is a pro-p-group.

We observe that the constraints on ji, j», and j, are then j; = Y and j» =1—- Y.
Now by duality, H'(Gg,F,)" ~ G/ GE2 ), and since cyclic [F G-modules are self-dual, we

may derive conditions on the topological F,G-module Gg/ G¥? ;. occurring as maximal closed
subgroups of T-groups GF/G,(?, as follows. Set G = Gr/Gg.

First we relate Y and the invariant u. We claim that for any 7-group Gr/ Gg),
we have u < 2. Write E = F({/a) for some ae F*. Let [e] € E*/E*? denote the class
of ee E*. Then X = ([V/a],[£,]) is a cyclic F,G-submodule of M and is isomorphic to
M; for some i€ {1,2}. By equivariant Kummer theory (see [W]), L = E( \/_ ép 2) is a

Galois extension of F. Moreover, Gr/Gr is a homomorphic image of Gr/ GE , since
L/E is an elementary abelian extension. Then L/F(&,) is Galois with group Z/p?Z,
and for any ¢ € Gp\Gg, the restriction o, € Gal(L/F) restricts to a generator. Hence

1 + ¢? € Gal(L/E), and therefore 1 + o” € G/ G?. We have a commutative diagram

| —— Gg/GY —— G/GY —— G —— 1

S

l— M, — Gf/Gp — G —— 1

and so by Lemma A.1(5) we deduce that u < i < 2.

Now we claim that Y =1 if and only if # = 1. We have that Y =1 if and only
if £, eN E/F(EX) By [A], Y =1 if and only if £/F embeds in a cyclic extension of F
of degree p?, if and only if there exists a closed normal subgroup N < Gg such that

Gr/N ~ Z/p*Z. Any such closed normal subgroup must contain GE . Hence we deduce
that Y = 1 if and only if there exists a commutative diagram (2) with i = 1 in which non-
trivial elements of G lift to elements of order p?. By Lemma A.1(5), Y = 1 if and only if
u=1.

We have therefore shown that ¥ <2 and u = 2 — Y. Translating the remaining con-
ditions on j; and j,, we see that j; =2 —u and j» = u — 1. Now by Lemma A.1(3), t, = j»,
ti=0for 3<i<p-—1, and t, = j,. Moreover, #; = ji if T is not abelian of exponent
p- By Lemma A.2(2), T is of exponent p if and only if u = p. But we have shown that
u <2 < p, whence T is not of exponent p and we have ¢, = j;. By Proposition A.1, if
u =1 then ¢t; = 1, and since #, = u — 1 the conditions for applying [MSw], Corollary 1 are
valid. Hence a T-group T/ with prescribed invariants subject to condition (1) exists. []

Proof of Theorem A.1. Suppose I' is a pro-p-group with maximal closed subgroup
A, and let T =T/A® N =A/A® and G = I'/A. Write  and 7 for the images of o and ,
respectively.
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10 Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups

(1) Since A surjects onto N we have that G¢ N, 7e N, °[7,7] ¢ ”~'[5,N], and
“l7,7) = 1. By Lemma A.1(2,3) we have 1 = ¢[7,7] € T(o+1)\T{,—1). We deduce from
etli7 7] = 1 that ¢[5,7] € Z(T). We obtain that some invariant #; # 0 for 3 <i < p. Now
if I' = Gr for some F, then setting E = Fix(A) we obtain T = T/r, contradicting Theo-
rem A.2. Now assume additionally that there exists a closed normal subgroup A = A of I
such that I'/A ~ 7Z/p?>7 and e = 1. Let G denote the image of ¢ in 7. We have a commu-
tative diagram (1) with v = 1 and an image of ¢ in H of order p?. By Lemma A.1(5), u = 1
for T is equal to 1. As before some #; + 0, 2 < i < p. Again by Theorem A.2 we are done.

(2) We proceed as before, obtaining two elements |7, 7;], i = 1,2, which generate dis-
tinct subgroups of Z(7T') n T\ with trivial intersection with 7| ,. We deduce that the sum
of t;, 2 < i < p, is at least two, and we apply Theorem A.2.

(3) Weobtaing ¢ N, 7€ N, and 6” € >[5, N]. By Lemma A.1(2,3) we have 7 < T3,
and from Lemma A.1(4) we deduce that 77 < T'3). Hence u = 3, and we apply Theorem
A2. O

Proof of Corollary to Theorem A.1. Let A be the closed subgroup of I generated
as a normal subgroup by o7, ,, and i for i € .#, and let A be the closed subgroup of I'
generated as a normal subgroup by ¢/, o>, and g, for i € #. Set also T = I‘/A(z). Examin-
ing the quotient of I" obtained by trivializing g, and each o;, i € .#, we see that A is maxi-
mal and I'/A ~ 7 /p*7. Now let e = f — 1. By passing from I to T using bars for denoting
images of elements of I in T, we see that °[|,5] ¢ 7~ '[71,A] in T. On the other hand,
(g1, 05) = /[o1,02] = 1in T. By Theorem A.1(1), I is not an absolute Galois group. []

It is a natural question to ask whether the maximal closed subgroup N in the defini-
tion of T-group is unique. Let H denote the Heisenberg group of order p3 if p > 2 and the
dihedral group of order 8 if p = 2. It is not difficult to show that if 7" is a 7-group with a
maximal closed subgroup N which is abelian of exponent dividing p, then unless 7' is either
itself abelian of exponent p of order greater than p, or isomorphic to the direct product of
H and (possibly zero) copies of Z/pZ, then N is unique in 7. (From Pontrjagin duality we
know that an abelian pro-p-group of exponent p is a topological product of cyclic groups of
order p.) In particular, in these cases NV is a characteristic subgroup of 7'. Since the excep-
tional 7-groups have invariant u = p, we have by Theorem A.2 that for p > 2, each Tg/r
has a unique index p elementary abelian subgroup.

2. Analogues of theorems of Artin-Schreier and Becker

Recall that by Artin-Schreier there are no elements of order p in the absolute Galois
groups of a field F, unless p = 2 and F is formally real. Becker proved that the same holds
for maximal pro-p-quotients of absolute Galois groups [Be]. In this section we show that
in certain small quotients of absolute Galois groups, there are no non-central elements of
order p unless p = 2 and the base field F is formally real.

Let p be a prime and F a field with ¢, € F. We define the following fields associated
to F:

e F?: the compositum of all cyclic extensions of F of degree p.
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o FO): the compositum of all cyclic extensions of F? of degree p which are Galois
over F.

o FOW. the compositum of all cyclic extensions of F(? of degree p.

Then we set Wy = Gal(F®/F) and Vr = Gal(F®® /F). Observe that for a cyclic exten-
sion E/F of degree p, Tr/r = Gal(E®/F).

Theorem A.3. Let p be prime and F a field with &, € F. The following are equivalent:
(1) There exists a € VE\®(VF) of order p.
(2) There exists o € Wr\®(Wr) of order p.

(3) There exists a € Ve\®(Vr) such that for each cyclic E/F of degree p its image
og/r € Tgr has order at most p.

(4) p =2 and F is formally real.

If these conditions hold, the elements whose square roots are fixed by o form an order-
ing of F.

Proof of Theorem A.3. (1)= (2) and (1) = (3). Observe first that FG) < FOP,
Hence we have a natural surjection Vy — Wpr. Assume that o € Vp\®(Vp) has order p.
Then its image in Wg\®(Wp) also has order p. Moreover, for any cyclic extension E/F
of degree p, the image og/r of o in Tg/r has order at most p, as follows. Since E® is con-
tained in F@® we see that JZ/F =lin Tg/p.

(2) = (4). Suppose that o € Wp\®(Wr) has order p. As in the proof of Theorem
A2, let a e F*\F*? be arbitrary such that F({/a) & F(&,). Set K, == F(y/a, &) = FO.
Then [K, : F(¢,2)] = p and L, := F("/a,&,:) is a cyclic extension of degree p* of F(¢,2).
Moreover, L,/F is a Galois extension of F and L, = F® since Gal(L,/F) is a central ex-
tension of degree < p of Gal(K,/F). Now if o(/a) =+ /a then ¢ has order p? in Wy. Hence
o fixes all /a for a e F* with F # F(y/a) ¢ F(&,2). Since o ¢ ®(Wp), there must exist
a cyclic extension E = F®) of F which is not fixed by 6. We deduce that &,2 ¢ F and so
E =F(&,). If pis odd then L := F(&,3) is a cyclic extension of F of degree p? and o re-
stricts to a generator of Gal(L/F) ~ 7 /p*Z, again a contradiction, whence p = 2. Now let
s € Wp\®(WF) be an element of order 2. By [MSpl], proof of Theorem 2.7, the elements of
F whose square roots are fixed by s form an ordering of F. Hence (2) = (4).

(4) = (1). Suppose that (4) holds. By [Be], Satz 3, there exists an ordering of F' whose
square roots are fixed by some element s of order 2 in Gg(2). Then the restriction of s to
FO s the required element g € Vp\® (V) of order 2. Hence (4) = (1).

(3) = (2). Let g € Vp\® (V) such that for each cyclic extension E/F of degree p the
image o/ of ¢ in Tg/p has order at most p. Let E = F(y/a) such that ¢ acts nontrivially
on V/a and L, = F(p\z/é_l, &,2). As above, since the restriction of og/r to L, = E?) is not
of order p?, we deduce that p =2 and v/—1 ¢ F. Hence F is not quadratically closed. If
F is real closed then there exists precisely one extension E/F of degree 2, namely F?),
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12 Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups

and F® = F® = @ (2), whence Wy = Tg/r = Vp. Otherwise, F () is a compositum of ex-
tensions L/F such that Gal(L/F) is either a cyclic group of order 4 or a dihedral group of
order 8. (See [MSp2], Corollary 2.18.) On the other hand, each such L lies in E) for a suit-
able quadratic extension E/F: each L may be obtained as a Galois closure of E(,/7) for
some [E : F] =2 and y € E*. Therefore the restrictions o, of o to the extensions L/F
have order < 2, and so the restriction of )y of 6 to F () /F has order 2. Hence (3) = (2).

U

3. Pro-p-groups that are not absolute Galois groups

Theorem A.4. Let p > 3 be prime. There exists a pro-p-Z, operator group € such
that no group of the form I := ((Q*Z) X Zp)/é’, where X is any pro-p-group with
trivial Z,-action, and & is any normal closed subgroup of (QxZX) > Z, such that
&< ((QxZ) = pr)(3), is an absolute Galois group.

Here * denotes the free product in the category of pro-p-groups. (Recall that R™ de-
notes the nth term of the p-descending series of a pro-p-group R; see section 1.)

The Q of the theorem is that of the following proposition. Recall that for a pro-p-
group T, the decomposable subgroup of H*(T',F,) is defined to be the subgroup generated
by cup products of elements of H'(T, F,): H3(T,F,)*¢ = H(T,F,).H' (T, F,). We say that
HX(T,F,) is decomposable it H*(T,F,) = H*(T, F,)*".

Proposition A.2. Let p > 3 be prime and C be a cyclic group of order p. There exists
a torsion-free pro-p-C operator group Q such that as F,C-modules, H'(Q,F,) ~ M, and

ec -3
HZ(Q, [Fp) = Hz(Qv [Fp>d = Mp1 @ (p 3 )

M,

Here we use M; to denote the unique cyclic F,C-module of dimension 7, and we write
the action of [, C multiplicatively.

Proof. Let D = {g|g” = 1) be a cyclic group of order p, and let Z,D be the p-adic
group ring, written multiplicatively as ¢, where the element g; of & corresponds to the
element g’ of Z,D. We interpret the suffixes modp. Now let C=<{o|a’ =1) be
another group of order p, acting on ¢ via o(g;) = g;_;. In this way ¢ and H'(%,Z,) are
free Z,C-modules, and H'(%,7Z,) has a topological generating set yo, y1, ..., y,—1 dual to
Jo> 1 - -+ Gy—1- Observe that a(y;) = yiy1. Next let #” = Z,, be a trivial Z,C-module with
generator 4, and let z e H'(#,Z,) be dual to h. We define a nonsplit central extension Q
of # by % as follows. The group H*(%, #) = N H' (%, #) is a free Z,C-module of rank
p(p —1)/2 with free generators ygy; for 1 < j < (p — 1)/2. Consider the element

y=(l+o+--- + " Nyoyr = yoy1 +yiya+-- - + Yp—1)0-
Let Q be the central extension of # by % corresponding to y € H*(%, #).

The group Q is a torsion-free nilpotent pro-p-group of Hirsch length p 4+ 1. The stan-
dard correspondence of group extensions with H? gives us that for suitable representatives
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g; € Q with images g, € 4, we have the relations [g;,g;] = h for j =i+ 1; [g;,g;] =1 for
jFi+1landi=+ j+ 1;and [g;,h] = 1 for all i. The action of C on ¥ may be extended to
Qbyoa(g) =¢i-1,0=<i< p,and a(h) = h.

The E, page of the spectral sequence H*(%, H'(#',F,)) = H*"™(Q,F,) is generated
by anticommuting elements j; € Ezl"0 and Z € Eg ! and we have d20 )1 (Z) = y, where y is the
reduction mod p of y. Observe that ds'' is injective on E®! = H'(#,F,). By the five-term
exact sequence, H!(Q,F,) ~ H'(%,F,) as F,C-modules and so H'(Q,F,) ~ M,,.

Now consider H*(Q,F,). We claim first that ale’l is injective. It is enough to show
p—1
that dzl’l()‘c.f) = 0 implies that X =0 for xe H'(%,F,). Write X = _ ¢;¥;, ¢; € F,. Since
i=0
p > 3, the set of elements ¥,.y,,,.7;.3, 0 =i < p, is F,-independent and may be expanded
to an [,-basis of E23’0 = H3(%,F,) consisting of products ViV 05i<j<k=p-1
Consider the coeflicient §; of y,.y,,,.y;,3 in an expansion of dzl‘l()‘c.z‘). Since p > 3, the only
consecutive pair of indices in y;.9;,,.¥;,3 is {i + 2,1+ 3}. Hence f; = ¢;. If all §; = 0, then
each ¢; = 0 and therefore d,"' is injective. Now since d,'' is injective, E;'' = EL! =0,
and because Ey? =0 we have E%?=0. Next observe that y = (¢ — 1)”'5,.5, and
so ye H*(%, [FP)C. Since E*° = H?*(%4,F,) is the direct sum of free [F,C-modules
M (0,i) ~ M, on generators 3.5, | <i < (p—1)/2, we deduce that

EX0 = E7" = (M(0,1)/M(0,1)) @ @M(O, 0).

(p ; 3) M,.
2

H2(Q,F,) is a quotient of E;* = H2(%,F,) = A H'(%,F,), H*(Q,F,) is decomposable as

well. [

Thus H?*(Q,F,) ~ M, 1 @ Finally, since H'(Q,F,) ~H'(%,F,) and

Given a free pro-p-group V and a pro-p-group A, we say that a surjection V' — Aisa
minimal presentation of A if inf : H'(A,F,) — H'(V,[F,) is an isomorphism.

Proposition A.3. Let A be a pro-p-group, V a free pro-p-group, and
1 - R—V — A — 1 aminimal presentation of A. Then we have natural maps

(1) H*AFy) = (R/(R?[R, V]))",
(2) HX(A,F,)* ~ (R/(Rn V).

Proof. Set AP := A/A® and VB .= /¥ Because the presentation is minimal,
AP~ V' /V2). We then have the following commutative diagram:

1 R VvV — A —— 1
2)
1 Z<3> Bl AR,
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14 Benson, Lemire, Minac, and Swallow, Detecting pro-p-groups

Passing to the natural maps induced by the Hochschild-Serre-Lyndon spectral sequence
with coefficients in [,, we obtain the commutative diagram

Hl (A[z]) inf Hl(VB]) res Hl <
H'(A) " HY() =L H'@®Y L H2A) —— 0.
Since the extension 1 — V@ /¥ — yB - A? — 1 is central,
H' (VP /v )~ = 1 (VP VO ).
Additionally using the fact that the inflation map on the first cohomology group in each

row of the previous diagram is an isomorphism, we may extract the following commutative
square, with the rightmost transgression map an isomorphism:

. 4% . A
H m, [Fp —_— H (R, ”:p)

J{ tra ~ ltra

HX (AP F,) —— HYA,F,).
Since H'(R,F,)* ~ (R/R?[R, V'])", we have (1).

The leftmost transgression map, however, is also an isomorphism by [Ho], 1.1 and
proof. Now consider the natural map R/RP[R,V]— V) /Y3 of abelian topological

groups of exponent p. The image of the natural map H'(V®/V®) F,) — H'(R, )A
H'(RV®) V) F,). We then factor the horizontal maps of the commutatlve square into
homomorphlsms followed by injections:

|40 RV

1 1 1 A
H <V<3 lF) H (W,[Fp> — - H (R, [Fp)
tra :ltra
d
H2(APF,) ——  HXAF)® —— HAF,).

We obtain isomorphisms
H'(R/(RA V), ) ~ H(RVE) /YO F,) ~ HY(A,F,)*.
Hence H*(A,F,)* ~ (R/(Rn V™))", and we have proved (2). [
Proposition A.4. Let I" and H be pro-p-groups with maximal closed subgroups A and

N, respectively, and o : T' — H a surjection with a(A) = N and kera < AP, Write G for
I'/A ~ H/N. Then as F,G-modules, H*(A, F,)* ~ H*(N,F,)*.
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Proof. We prove that H2(A,F,)" ~ H2(N,F,)*° under a natural isomorphism,
and it will follow that the isomorphism is F,G-equivariant. Let 6 : IV — A be a minimal
presentation of A with kernel R. We may choose a section W < V®) of ker o under the
surjection 6. We obtain a minimal presentation of N = a(A): 1 = RW — V — N — 1,
where ) = o o 6. By Proposition A.3(2),

HZ(A’ [Fp)dec ~ (RV(S)/V(3))V ~ (RWV(3)/V(3))V ~ H2(N, [Fp)dec. O

Lemma A.5. Let p be prime and I a nonfree pro-p-group which is the absolute Galois
group of a field F. Then char F % p and , € F.

Proof. Since I' is not free, then by Witt’s Theorem, charF # p. Since
([F(fp)iF],p)zl,fpeF' [

Proposition A.5. Let p > 3 be prime. Suppose that I is a pro-p-group and A is a max-
imal closed subgroup of T. If the F,(T'/A)-module H*(A, [Fp)dec contains a cyclic summand of
dimension i with 3 < i < p, then T is not an absolute Galois group. Moreover, if T contains a
normal closed subgroup A = A with T /A ~ 7 /p?, then we may take 2 < i < p in the same
statement.

Proof.  Suppose that I' = Gp for some field F. Then A = G for some E/F of
degree p. Since H*(A,F,) &0, Gg is not a free pro-p-group and therefore neither is G
[S], Corollary 3, §1.4.2. Lemma A.5 gives char F % p and ¢, € F. By [MeSu], Theorem
11.5, H*(A, F,) is decomposable. Therefore by [LMS], Theorem 1, H2(A,F,)* contains
no cyclic F,(I'/A)-summand of dimension i with 3 <7 < p, a contradiction. Moreover, if
A < N is a normal closed subgroup and I'/A ~ Z/p*Z, then by [A], &, € Ng/r(E). Letting
E = F(y/a) for some a € F*, we obtain in H*(T', F,) that (a).(¢,) = 0. By [LMS], Theorem
1, H*(A, [F[,)dec contains no cyclic F,(I'/A)-summand of dimension 2, again a contradic-
tion. [

Corollary A.5. Let p > 3 be prime. Suppose that I and H are pro-p-groups with
respective maximal subgroups A and N, and o : U — H a surjection with a«(A) = N and
kera = A®). Write G for U/A ~ H/N. If either H2(A,F,)" or H2(N,F,)* contains a cy-
clic F, G-summand of dimension i with 3 < i < p, then neither A nor H is an absolute Galois
group.

Moreover, suppose additionally that H contains a normal closed subgroup A = N with
H/A ~7/p*Z. Then if either H2(A,F,)* or H*(N,F,)* contains a cyclic F,G-summand
of dimension 2, then H is not an absolute Galois group.

Proof. By Proposition A.4 we have that H*(A,F,)* ~ H*(N,F,)* as F,G-
modules. The remainder follows from Proposition A.5. []

Proof of Theorem A.4. Let Q be the group of Proposition A.2. Observe that
A= ((Q*X) x pZ,)/& is a maximal closed subgroup of T of index p. Let G =T'/A and
note that the actions of G and C on A are identical. By Corollary A.5 it is enough to show
that H2(A,F,)"* for & = 1 contains a cyclic F,G-summand M, with 3 <i < p. Assume
then that & = 1. By [NSW], Theorem 4.1.4, we have
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H'(AF,) ~ H'(Q.F,) @ H'(Z,F,) @ H'(pZ,,F,)

and H?(AF,) ~ H*(Q,F,) ®@ H*(2,F,) ® HY(Q,F,) ® H'(Z,F,). By Proposition A.2,
H2(Q,F,) is decomposable and so H2(Q,F,) is a direct summand of HZ2(A,[F,)"".
From Proposition A.2, we obtain that H*(Q,F,) contains an F,G-summand M; with
3=sizsp-1 O

Remark. The proof excludes the groups I from the class of absolute Galois groups
by using the n = 2 case of [LMS], Theorem 1. However, neither a direct application of the
n = 1 case nor Theorem A.2 excludes the groups I'. Observe also that the fact that Q > Z,
is not an absolute Galois group could be deduced from the main results in [Koe], using dif-
ferent methods. However, the fact that each ((Q x X) < Z,) /& is not an absolute Galois
group does not follow from [Koe].
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