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Abstract. We define Harbater-Mumford subvarieties, which are special kinds of closed subva-
rieties of Hurwitz moduli spaces obtained by fixing some of the branch points. We show that,
for many finite groups, finding geometrically irreducible HM-subvarieties defined over Q is
always possible. This provides information on the arithmetic of Hurwitz spaces and applies in
particular to the regular inverse Galois problem with (almost all) fixed branch points. Profinite
versions of our results can also be stated, providing new tools to study the geometry of modular
towers and the regular inverse Galois problem for profinite groups.
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Introduction

The regular inverse Galois problem over some field k, (RIGP/k), essentially re-
duces to finding k-rational points on Hurwitz moduli spaces of covers [FV91]. In
this context, two main methods can be distinguished: on the one hand, genus 0
methods [M89] which may provide in special situations Q or Q% -rational points
on usually low-dimensional Hurwitz spaces and, on the other hand, large field
methods [DF94], [D95], [Des95]', which combine irreducibility Conway and
Parker type results [FV91], realization results over local fields [HO3], [DF94] and
the local-global principle for varieties [Mo89], [P96] to provide Q¥2-rational
points. Our main theorem (theorem 2.3) conjoins these two aspects: it is, as
Conway and Parker’s theorem, a global structure result about high-dimensional
Hurwitz spaces but, as genus 0 methods, it deals with low-dimensional closed
subvarieties (of those high-dimensional Hurwitz spaces) obtained by specializing
most of the branch points. In §2.1, we give a more precise account on the history
behind our main theorem.

A. CADORET
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! See also works of Pop et al who have developed a parallel approach based on common
principles but not using Hurwitz spaces [P96], [HO3], [V99].

% Given a global field Q and a finite set ¥ of places of Q, we always denote by Q* the
maximal algebraic extension of Q (in a fixed separable closure of Q) which is totally split at
each place v € X. In the special case Q = Q and X only consists of the prime at infinity, we
use the notation Q" for Q*; Q' is the field of totally real algebraic numbers.
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356 A. Cadoret

The starting point are special components of Hurwitz moduli spaces of covers
introduced by M. Fried [F95] - the Harbater-Mumford components (cf. §2.2). We
consider the closed subvarieties - we call HM-subvarieties - of these HM-com-
ponents obtained by specializing most of the branch points; our main result is a
general criterion to ensure they are geometrically irreducible. If for instance the
monodromy group G of the studied covers is any group satisfying the assump-
tions of theorem 1 below, our criterion produces infinitely many Hurwitz spaces
carrying geometrically irreducible HM-curves, defined over the same field as the
whole Hurwitz space, and lying in the sublocus corresponding to covers with all
their branch points but one fixed. In general, “all their branch points but one”
should be replaced by “all their branch points but »(G)” for some integer 7 (G)
depending only on the finite group G in question.

One motivation for this work was to gain more information about the branch
point divisor of covers defined over large fields. Indeed, when applying the local-
global principle to solve for instance (RIGP/Q'"), this information is entirely lost.
Showing that any finite group G can be regularly realized over Q" with a Q-
rational branch point divisor would be a significant step towards the (RIGP/Q):
as explained in [D92], the monodromy of such a cover and its conjugates obeys
strong group-theoretical constraints. Also, showing all the groups G,, of a projec-
tive system (G,11 — Gp)n>0 can be regularly realized over a large field k with
the same branch point divisor t is a missing step to investigate the (RIGP/k) for
profinite groups; this is the underlying idea of works like [DDes04]. Our result
enables us to handle the derived problem - we denote by (RIGP/t, C t) - where
the subset t, C tis fixed and its complement, t; is allowed to vary (the cardinality
[t;| of t; corresponding to the dimension of the HM-subvarieties we consider).
We are particularly interested in the case when t; is defined over QQ and |t] is as
small as possible. The first and most difficult step, which is to ensure the HM-sub-
varieties are geometrically irreducible, is given by our criterion. The second one
consists in showing these HM-subvarieties can be built in such a way they carry
real or p-adic points; this requires a careful use of recent results from [DEQ3]
about the existence of p-adic points on HM-components. We can then apply the
usual local-global machinery to obtain results like

Theorem 1. Let G be a finite group containing two conjugacy classes A, B such
that G =< A >=< B >and G =< a,b > foranya € A, b € B. Let 0(A)
denote the order of the elements in A and write ks 1= Q(e% ). Then, for any finite
set X of non archimedean places of k4 of residue characteristic not dividing |G|
there exists a Q-rational divisor ts and G-covers f defined over k% with group
G and branch point divisor ty =ty + tx where |ty| = 1.

As another application, we obtain new regular realizations of some prodihedral
groups over Q" (cf. also [CO4a]).
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Moreover, our irreducibility criterion behaves well with Frattini extensions.
This allows us to investigate the arithmetic of Fried’s modular towers [F95] (sec-
tion 4.1.2) and tackle the related (RIGP/t, C t) for profinite groups like the
universal p-Frattini cover ,,G of a finite p-perfect group G (for some prime p
dividing |G|). For instance, with the notation and hypotheses of theorem 1 but
assuming in addition that G is p-perfect and A, B are p’-conjugacy classes, one
obtains this structure result

Theorem 2. There exist modular towers (H,+1 — Hp)u>0 associated with G
such that for any finite set ¥ of non archimedean places of k of residue char-
acteristic not dividing |G| there exists a Q-rational divisor ts and a projective
system (Cy+1.x — Cp.x)ik>0 of geometrically irreducible HM-curves defined over
k satisfying:

(i) Co.x C 'H, parametrizes G-covers f, with group 'I’,G and branch point
divisor ty, =ty | +ty where |ty 1| =1,n> 0.

(ii) lim C, 5 (kp)"* £ @, P € X.
<~

(iii) Cp.x (k®)"% £ @, n > 0.

Here ’I’,G denotes the nth characteristic quotient of p(~} (cf: §4.1.2) and the “noob”
labelling (for no obstruction) means we consider the sets of k-rational points cor-
responding to G-covers defined over k£ and not only with field of moduli & (cf.
§1.1).

This shows a strong arithmetical property is kept along some modular tow-
ers. It is a positive result which emphasizes the difficulty of Fried’s conjectures
about the disappearance of rational points over a number field on a modular tower
beyond a certain level [D04], [F95].

The paper is organized as follows. In section 1 we recall necessary definitions
and basic results, section 2 is devoted to the statements and examples, section 3
to the proofs. In section 4, we give applications of our results such as theorem 1
and theorem 2.

I wish to thank P. Debes for encouraging me to write this paper and the care-
ful re-reading he made of it. I also want to thank the referee for his constructive
suggestions.

1. Preliminaries

This section is devoted to recalling the necessary definitions and some basic facts
about Hurwitz spaces.

Given a morphism V — W of algebraic varieties and Wy < W a subvariety,
we will often denote the fiber product V xw Wy by Vyy,. Also, given a finite group
G and an integer r > 1 we will denote the set of all the -tuples C = (Cy, ..., C,)
of non trivial conjugacy classes of G by C,(G); we will sometimes write /(C) :=r
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for the length of such a tuple C € C,(G). And for any conjugacy class C, we will
write o(C) for the order of any element in C. Finally, given atuple t’ = (¢, ..., )
and two integers 1 <i < j <r, we will write tlf,j = (i, ..., 1j).

1.1. G-covers and Hurwitz spaces

Recall a G-cover with group G is a pair (f, ) where f : X — P! is a Galois
cover with group G and « : Aut(f) — G is a group isomorphism. In the follow-
ing, we will always drop the notation « though it remains part of the data. One
can attach to each G-cover of IF’(IC the three following invariants: the monodro-
my group G, the branch point set t = {¢, ..., 2.} C P!(C) and for each ¢ € t
the associated inertia canonical conjugacy class C, . To summarize this, we will
sometimes say the considered G-cover has invariants G, (Cy);¢t, t. Adopting the
topological point of view, let us recall what these invariants correspond to: given
t = {#1, ..., t,}, introduce a topological bouquet y of IP)I((C)\t, that is an r-tuple
of homotopy classes of loops y1, ..., ¥, based at some point fy ¢ t such that (1)
y1, ..., ¥» generate the topological fundamental group JTIOP(PI((C)\L to) with the
single relation y;...y, = 1 and (2) y; is a loop revolving once, counterclockwise,
about #;, i = 1, ..., r. Now, considering a G-cover f : X — P, the monodromy
action defines a permutation representation 7, (P'(C)\t, fo) — Per(f~'(19)).
The image group G of this representation is the monodromy group (we also say
the Galois group) of f and the conjugacy class C,, of the image of ; in G is the
inertia canonical class corresponding to ;,i = 1, ..., r.

For any integer r > 3 let " C (}P’}C)’ be the subset of (IP’(IC)F consisting of
all r-tuples t' = (¢4, ..., t,) € (IP’(IC)r such that ; # ¢; for 1 <i # j < r,let
U, = U" /S, be the quotient space of U” by the natural action of the symmetric
group S, and o, : U, — U" /S, the canonical projection. Given a finite group G
let ¥,.¢ : Hrc — U, be the coarse moduli space (fine assuming Z(G) = {1})
for the category of G-covers of IP)(IC with group G and r branch points, where ¥, ¢
is the map which to a given isomorphism class of G-covers associates its branch
point set. For any r-tuple C = (Cy, ..., C,) € C,.(G) let H, ¢(C) be the corre-
sponding Hurwitz space [FV91], that is the union of irreducible components of
‘H,.¢ parametrizing the isomorphism classes of G-covers with invariants G, C, t.
A pointh = (&, (11, ..., t,)) of the fiber product H, ¢ (C) xz. " then corresponds
to a G-cover given with an ordering of its branch points, which allows us to define
a monodromy map:

M: H.c(C) xpe U" = {Cy,...,C}"
(h9 (tly s 7tr)) - (Cl‘la RN Clr)
This map, being continuous, is constant on each connected component of H, ¢ (C)

xu, U". So, M ~1(C) is a union of connected components of H,.(C) xu, U we
will denote this variety by H,. ;(C). We have a commutative diagram:
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H, (O H, 6(C) Xz, U" == H,. ¢(C)

, \L O i Yr.G
I'/fr,G

ur x U,

We will freely use the general theory of Hurwitz spaces (see for instance
[FVI1] and [V99]), and only recall here the description of the fibers of ¥, ¢
and Y/ ; in terms of Nielsen classes ni(C) and straight Nielsen classes sni(C)
respectively, where:

G =<g1,...,8 >
ni(C) =3 (g1,....8)€G | Qg8 =1
(3)gi € Coy,i =1,... ,rforsomeo € S,

and sni(C) is the set defined as ni(C), but replacing (3) by
3)gi€Cifori=1,..,r

We use the notation ni(C) and sni(C) for the corresponding quotient sets modulo
the componentwise action of the inner automorphism group, Inn(G).

Given t € U,, it is classical that (wr,g)*l(t) is in bijection with ni(C). Fur-
thermore, if we choose an ordering of the branch points t' = (¢, ..., %) in t,
then sni(C) is in bijection with (w,fy G)*1 (t"). The correspondence is given by the
monodromy action and depends on the choice of a topological bouquet y for
P! (C)\t; we denote it by BC D, (for B(ranch) (C)ycle (D)escription).

For later use, we also recall that two finite cyclotomic field extensions of Q -
which We denote by Q¢ and Q. - are associated to C. Precisely, Qc = @AC and

Q where Ac and A are the closed subgroups of finite index of the abso-
lute Galois group I'g defined by Ac = {o € I'g|C*”) = C up to permutation}
and A = {0 € ['g|C*?) = C} (here, x : Tg — 7. is the cyclotomic character).
Resulting from the branch cycle argument [V99, lemma 2.8], Qc is the field of
definition of H, (C) and Q, the one of H, ;(C). When Q¢ = Q, we say that
C is a rational union of conjugacy classes and when Q- = Q, that C is a tuple
of rational conjugacy classes.

Finally, since Hurwitz spaces are only coarse moduli spaces in general, we will
write H,. ¢ (C) (k)"°" for the set of all the k-rational points in the non obstruction
locus that is, corresponding to G-covers defined over k.

1.2. The covers V, g and \I’;’G

From now on, we will always assume r > 4. We first recall useful results about
Hurwitz braid groups and then give a description of the covers W, s and ¥/ . in
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terms of group actions. Fixt = {1, ...,r} e U, (C) and t' = (1, ...,7) € U (C)
and for k = 1, ..., r — 1 define the simple arcs f;; : [0, 1] — PY(C),i =1, 2 by
Jea

k k+1

S

andwrite ¢: [0,1] — U"(C) for the

t — (Lo k=1 fia(0), fio(0), k+2,....7)
usual topological braid. Let H, be the abstract group given by the presentation

with generators Q1, ..., Q,_; and defining relations
(D QiQin10i = Qit10i0it1 fori=1,...,r—2
(2) 0iQ; = 0,0 fori,j=1,...,r — 1 with|j —i| > 1

(3) 0102+ Qs 1Qr 1+ 0201 = 1

and S H, the kernel of the morphism H, — S,, Q; — (i,i + 1). Set

Aij = Q;_ll 07407200 - 0

=0 0,202,071, 0"

(we will also often use the notation g; ; = A;}, 1 <i < j < r) and denote by
Iy, the subgroup of SH, generated by {A; j}i<i<ki<j<r» k =1,...,r — 1. The
following result will play an important part in the proof of theorem 2.3. It is a
direct corollary of [Bi74, lemma 1.8.2], which gives a presentation of S H, with
generators A; ;, 1 <i < j <r and defining relations.

},1§i<j§r

Theorem 1.1. The groups Iy, are normal in SH,, k =1, ....r — 1.

The next theorem gives the link between the abstract groups H,, SH, and the
topological fundamental groups 7, (U, (C), t), 7, (U’ (C), t'). More precisely,
it states that

Theorem 1.2. (Artin (1925), Fadell and Van Buskirk (1962)) The group homo-
morphisms
u, : He — 1/ UA(C),t) v, SH, — 7, U (C), t)
and -2 -1 -1
Qi — [(0/)«(gi)] Aij =g q9j-29;29;5---q; ']
are isomorphisms.
Let us use this result to show that I , =~ nIOP(L{t’, O, ). k=1,..,r—1
k+1,r ’
For this, consider the homotopy sequence of the fibration with connected fibers
prsrr s U©C) — UTHO)
(tlv 7tr) - (tk-‘r]a atr)

which gives rise to the short exact sequence of topological fundamental groups
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top 9 r / P 17 1 g1y PRHLI% 10D 7 ek o7
L= 7 t G ULEY) = U Gy ,) >
W

It follows from the definition of the topological braids (g; )1 <;<,—1 that v, (IT; ;) <
ker((pr+1.r)+). The group homomorphism #n;, : SH, — SH,_; defined by
Mer(Ai ) = Ajgjxifk < i < j < randn,(A; ;) = 1elseis well de-
fined and we get the commutative diagram with exact rows

Nk,r

1 1_Ik,r SH, SH,_j

vrn,ﬂ,l v,l v,kl

op 7 /r / to to _
T U , P7r ¢/ P72 r—k ¢/
o U ) ——m U ) U ) ——

But, according to theorem 1.2, the two last vertical arrows v,, v,_; are isomor-
phisms and, by the five lemma so is the first one, v, |p,, .

For any t € U, (C), for any 1, € P!(C) \ t, any ordering t’ of t defines gen-
erators Q1, ..., Q,_; of niOP(Z/{, (©),t) >~ H, [FV91] §1.3 as above. With these
generators, the cover W, ¢ : ‘H, g(C) — U, corresponds to the action of H, on
the fiber (¥,.) ' (t) ~ ni(C) given by

Ql'g - (gl’ ceey gl—l’ glg_ll’_17 gl’ g1+2, ceey gr): i = 1, ey ' — 1

Likewise, the cover W] ; : ‘H] ;(C) — U" corresponds to the action of SH,
on the fiber (W;,Gr] (t) ~ sni(C) induced by the one of H, on ni(C) [FV91] §1.4.

Fix now an (r — k)-tuple t; | , = (txt1, -0 1) € U"*(C) and consider the
following cartesian square

(e V— (o)

’
u;, r
tI/(-H,r Z/[

By Grauert-Remmert’s Theorem (for £ = 1, Riemann’s Existence Theorem) the
etale cover (‘D;,G)t;“,. : H;’G(C)%H,r — u‘r;i+1,r extends to a branched cover
(E;’G)tl/wrl,r : ﬁ;,G(C)‘iH.r — U* associated with the action of I, induced by
the one of SH, on sni(C). When k = 1, we obtain a branched cover (@L G)té,r :
ﬂ/,,G(C)% — IP}‘C with branch points 15, ..., ¢, and branch cycle description the

images of (A; ;)2<i<, under the permutation action of SH, on sni(C).
Resulting from the branch cycle argument [V99, lemma 2.8], (H;‘ G)t;iﬂ . is
defined over the field Q¢ (t; , ; ) and its image %, (H; (C)%”) in the symmetri-
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sed Hurwitz space ‘H,, ¢ (C) is defined over a subfield Q(C, t; ,, ) of Q¢(t; |, ,)
which can be explicitly computed taking into account the rationality property
of (C,t,,,,) (for instance, if C is a tuple of rational conjugacy classes then
Q(C, t;, ) = Q(ty1,,). Similar fields can be defined for any field Q of chara-
cteristic 0.

2. HM-subvarieties

2.1. History behind the main theorem

This paper originates in [FV91, Proposition 1] (usually referred to as Conway and
Parker’s theorem). For any centerless finite group G, there exists an infinite (so,
in particular, non empty) family H; := (Hg.i)ier of geometrically irreducible
varieties defined over QQ such that there exists a regular realization of G over Q
if and only if Hg ;(Q) # O, for some i € I. The RIGP thus becomes a purely
diophantine problem. The practical value of this statement starts with asking how
explicit this family of varieties is and whether it points to where such QQ-rational
points might be located. The branch cycle argument shows there exists a partition
I = []¢ Ic of the index set I where C runs over all the finite rational unions
of non trivial conjugacy classes of G. For such C, the set /¢ is finite - possibly
empty - and the family (H¢ ;)ies. consists of all the geometrically irreducible
components of H, ¢ (C) which are defined over Q (where 7 is the length of C).

What, more precisely, [FV91, Proposition 1] does is to exhibit an “almost”
explicit infinite subfamily ﬂlc ‘= (Hg,i)ier, C H. The varieties lying in ﬂlc
are full Hurwitz spaces Hg(C) for all the finite rational unions of conjugacy
classes containing > ¢(G) copies of each non trivial conjugacy class of G. The
constant ¢(G) only depends on G but we have no explicit lower bound for it -
whence the “almost”. In [F95, Th. 3.21 and Cor. 3.23], another explicit infinite
subfamily H2 := (Hg.i)ier, C H is identified. The varieties lying in ﬂé are
the so-called Harbater-Mumford components which are geometrically irreducible.
We give more details on this in §2.2 below.

The ultimate goal for regular realizations of G over QQ would be to ensure that
some of the Hg ; carry Q-rational points (that is, O-dimensional geometrically
irreducible subvarieties defined over Q). From this point of view, the main result
of our paper can be regarded as an intermediate step. We show that Hg ; carries
low-dimensional geometrically irreducible subvarieties H ; ¢ defined over Q for
infinitely many i € I,. The subvarieties H ; ¢ are those obtained by fixing all the
branch points except the r(G) first ones and so, they are of dimension »(G). The
constant r (G) only depends on G and is explicitly computable. In many cases we
show that r(G) = 1, hence obtaining geometrically irreducible Q-curves on Hg ;
for infinitely many i € 1.
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2.2. HM-components of Hurwitz spaces

We recall here the definition and main properties of H(arbater)-M(umford) com-
ponents of Hurwitz spaces, which have been introduced by M. Fried [F95] and
then studied by P. Debes and M. Emsalem [DEO3]. To do this, we need the notion
of H(arbater)-M(umford) type for covers of P'. Given a finite group G, an inte-
ger s > 2 and a symmetric 2s-tuple C of non trivial conjugacy classes of G,
that is consisting of s pairs (C;, C; 1), any 2s-tuple in ni(C) of the form g =
(g1, .., &1 == (g1, gl_l, - g;l) is called a Harbater-Mumford representa-
tive; we denote the set of all these 2s-tuples by hm(C). A G-cover f : X — ]P’(IC
with invariants G, C, t is said to be of Harbater-Mumford type (a HM-G-cover
for short) if there exists a topological bouquet y for P!(C) \ t and an 2s-tuple

g € hm(C) such that BC D, (f) = g. A HM-component of the Hurwitz space
Has.6(C) is the component of some HM-cover. Equivalently, it is a component
that corresponds to the orbit of some HM representative under the action of the
Hurwitz braid group H,;. The following theorem is proved in [F95], with the
assumption Z(G) = {1}, and in [DE03] without this assumption; a main tool of
these proofs is Wewer’s compactification of Hurwitz spaces [W98].

Theorem 2.1. The union HM(C) of all the HM-components of the Hurwitz space
Has.c(C) is defined over Qc. Likewise, the union HM'(C) of all the HM-compo-
nents of the Hurwitz space H, ;(C) is defined over Q.

Using Fried’s terminology, say an r-tuple C of non trivial conjugacy classes of G
is g-complete if forany g; € C;,i =1, ...,r, we have G =< gy, ..., g > and an
2s-tuple C consisting of s pairs (C;, C; 1Y of non trivial conjugacy classes of G is
HM-g-complete if, when removing a pair (C;, C;” 1, the remaining (25 — 2)-tuple
is g-complete. Being HM-g-complete is a condition that ensures there is a single
HM-component in H/ZS,G(C)’ as proved in [F95, Th. 3.21]. In particular, if C is
both a rational union of non trivial conjugacy classes of G and HM-g-complete,
then the HM-component HM(C) of H; ¢ (C) is a geometrically irreducible vari-
ety defined over Q. Likewise, if C is both a tuple of non trivial rational conjugacy
classes of G and HM-g-complete, then the HM-component HM'(C) of His 6 (C)
is a geometrically irreducible variety defined over Q.

2.3. Definition

Given a finite group G and an integer R > 4, the closed subvarieties of H, ¢,
H,. ; obtained by specializing some of the branch points are of particularly interest
when considering the regular inverse Galois problem. We will deal with special
kinds of such subvarieties - we call HM-subvarieties. More precisely, given a
symmetric 2s-tuple C = (Cy, C; L., Cy, C ") of non trivial conjugacy clas-
ses of G, for any t//<+l,2s € U K@), with 1 < k < 25 — 1 we will say that
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HM/(C)%H,zs is the HM-subvariety associated with the data (G, C, t, +1.05) and
that HM(C)tLHQS = oy (HM’(C)%H’%) (which is a subset of the fiber of Wy, ¢
above the setof all T € Uy, (@) such that t;y »s C 1) is the symmetrised HM-sub-
variety associated with the data (G, C, ti_, , ,,). Finding HM-subvarieties which
are geometrically irreducible and defined over Q with k small is the aim of this
paper.

Starting from a symmetric 2s-tuple C = (Cy, C 1_1 s Cs, CF 1) such that there
is one single HM-component in H5, ;(C) - or, equivalently, such that all the HM
representatives fall in one single S H,-orbit O™ (C) -and given 1 < k < 25 —1,
forany t; , , € U** (Q), the number of geometrically irreducible components
of HM’ (C)t Lo corresponds to the number of orbits of O#M (C)/T; »s. Consider
the ass001ated symmetrised HM-subvariety, HM(C)t/ . An obvious necessary

condition to get one of its geometrically irreducible component defined over Q is
that HM(C)t/ be itself defined over Q. This is the rationality condition given
by the branch cycle argument [V99, Lemma 2.8]:

—C is arational union of conjugacy classes.
—(Cg+1, - - ., Cyy) is a rational union of conjugacy classes and

| BEUSERIEE U1 (Q).
— For any o € I'g, ng;(l) =C;, withk+1<i <2swhere x : I'g —> Z

is the cyclotomic character and o : Gg — S»s—x is the natural representation

induced by the action of 'g on t; | 5.

Consider the case kK = 1 and assume the rationality condition above holds for
t) 5, € UF1(Q). Let O{'M(C) € 0#M(C)/ I 5, be the orbit of some HM-rep-
resentative under IT; 5. The starting point of our work was problem B.2 of [F95]
which asks for a sufficient condition to ensure

(C1) all the HM representatives fall in O]H M)

Our main theorem (theorem 2.3) gives such a sufficient condition ((H1) for m =
1). There is, however, a subtlety. Indeed, the following can happen (cf. comment
1 after theorem 2.3)

S oM (C)/TI1; »s may consist of several orbits yet one contains all the

HM-representatives.

or, equivalently, HM’ (C)y, ,, may have several geometrically irreducible compo-
nents yet one contains all the points corresponding to HM-representatives. It does
not necessarily follow this geometrically irreducible component is defined over
@ as in the proof of theorem 2.1. On the contrary, lemma 2.2 below states that, if
(S) occurs, then for generic choices of t} 5 € 4*~!(Q) none of the geometrically
irreducible components of HM’(C)%S is defined over Q.
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That is why we need a stronger condition than (H1). This is condition (H2)
in theorem 2.1. For m = 1, it ensures that HM’(C)t/2 ,, Temains geometrically
irreducible. This is equivalent to the transitivity condition

(C1) Iy, acts transitively on oM ().

and automatically implies that HM'(C)y,, is defined over Q provided t; ,; €
MZS—I(Q). ’

Lemma 2.2. Assume (S) occurs then, for generic choices of t/2,2s e U 1(Q)

the group I'g acts transitively on the geometrically irreducible components of
HM’(C)%,ZS.

Proof. Indeed, consider a birational equation H (t1, ..., tys, Y) = 0 of HM'(C).
Then H(ty, ..., tas, Y) € Q[t4, ..., tz5, Y] is absolutely irreducible. Let H (¢4, ...,
s, Y) =[], Fi(t1, Y) be the factorization of H (¢, ..., t5, Y) into a product
of irreducible factors in Q(r,, ..., ts)[#1, Y]. Assume r > 2thatis, H(7y, ..., s, Y)
splits and let z be a primitive element of the field generated over Q(z,, ..., f2,) by the
coefficients of the (F;);<;<,. The finite Galois extension Q(t,, ..., 25, 2)/Q(t2, ...,
fs) is not trivial and we denote by h(ty, ..., tzs, Z) € Q[ta, ..., s, Z] the irreduc-
ible polynomial of z (up to multiplication by an element of Q[z,, ..., t25]) over
Q(1a, ..., toy). By the Bertini-Noether theorem, there exists a Zariski closed subset
F of the hypersurface V (h) defined by h(ty, ..., toy, Z) = 0 such that for any
@, ....19, 2% € V(h)(Q) \ F, the polynomials (F;(t), ..., 10, 2%, t1, ¥))1<i<
remain irreducible in @[tl, Y]. Setting W := (V(h)(@) NQ>» ! x @) \ F,
Hilbert irreducibility theorem states there exists a Zariski dense subset U of W
such that for any (29, ..., tgs, %) € U, Q(z°)/Q is a Galois extension with group
Gal(Q(z)|Q) = Gal(Q(ty, ..., tas, 2)|Q(t2, ..., t25)). In particular, I'g acts tran-
sitively on the (Fi(tg, s tgs, 20,1, Y))1<i<r the same way as I'g(,,...,,) does on
the (F})1<i<- o

2.4. Irreducible HM-subvarieties defined over Q

2.4.1. Statements and comments Givenagroup G, forany tuplea = (ay, ..., a;;)
€ G™ and any subgroup H of G, we will write

<all =< {ai”, ...,afln’"}h1 ,,,,, hycH >
Given a tuple A = (Ay, ..., A,;) of subsets of G, the symbol a € A means
we consider a tuple of elements a = (ay, ...,a,) witha, € A;,i = 1,...,m.
Finally, given a tuple A = (Aj, ..., A,y) of conjugacy classes of G, we write
[A] = (A4, Al_l, e Ap, A;l) and [A]" for the tuple obtained by repeating r
times [A].
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Theorem 2.3. (Main Theorem) Let G be a finite group containing two tuples
A = (A, ..., An), B = (By, ..., B,) of non trivial conjugacy classes and con-
sider the following hypotheses:

(H1.0) Thereexists a € A such thatG =< a,B > .
(H1.1) < a<P> > qcts transitively onB;,
(H1) forallace A,beB,i=1,...,n.

H1.2) < al-<B> > acts transitively onA;,

foralla,':(al,... ,a,~_1)€A1 X"-XA,'_l,iIZ,... , m.

(H2) There exists b; € B;,b; € Bj such that bib; =b;b;,1 <i # j <n.
For any integer s > 1 write C; := ([A], [B]*). Then we have the following

— (C1) IfA,Bsatisfy (H1) then for s large enough, (C1) holds : all the
HM-representatives fall in one single To,,_( 20ut-sn)-0rbit
oM (Cy)

— (C2) If, in addition B satisfy (H2) then (C2) holds : Top_1 20n+sn) aCts
transitively on the S Hyyysn)-orbit oM (Cy).

The arrows in —(C1) and —(C2) are meant to distinguish the full statements
from their conclusion parts.

Comments

1. Here is an example of (S) (that is (C1) holds but not (C2)). Consider the
direct product G := &3 x Qg of the symmetric group of order 6 by the
quaternion group Qg. Denote by C") the conjugacy class of v-cycles in Ss,
v = 2,3 and by C;, C;, Cy the conjugacy classes of i, j, k in Qg. Also set
C :=[C? x {1}, C¥ x {1}], C; := [{1} x C;, {1} x C;], C = (Cy, Ca).
Then, one easily checks that sni(C;) and sni(C,) consists of two elements,
say g1.1, 812 and g 1, g » respectively and so, sni(C) = sni(Cy) x sni(Cy).
Furthermore, sni(C,) only contains one HM-representative - say g, 1,a = 1,2
s0 g := (g1.1, &.1) is the only HM-representative contained in sni(C). As a
result, showing (S) amounts to showing that the IT; g-orbit of g is strictly con-
tained in its S Hg-orbit. To show this, choose explicit representatives for the
8ab,a,b =1,2. Forinstance: g, | = (7, 7, ¢, ¢, g2 = (7, Tc, ¢, c) where
t=(,2)andc = (1,2,3)and g ; = (i, —i, j, —j), &2 = (,1i, j, j). On
the one hand, one has SHg - g = sni(C) (A13 - 1.1 = 81.2, A6.7 - £2.1 = £2.2)
and, on the other hand, one has SHg - g = {g, (g1.2, €.1)} (any conjugate of t
in G acts trivially on the elements of Qg).
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2. We can now give an explicit value for the constant »(G) of the introduction.
For s > 1 large enough and for any t' := t;, ,, ., € U»"1(Q), both
HM'(Cy)y and HM(Cy)y are geometrically irreducible of dimension 2m — 1.
In particular, when m = 1, we obtain HM-curves and condition (H1.2) is
empty. The constant r (G) mentioned in the introduction can be defined by as
the smallest integer » = 2m — 1 such that there exists A, B satisfying (H1),
(H2) with |A| = m.

Compared with [F95, theorem 3.1], theorem 2.3 usually provides lower dimen-
sional geometrically irreducible varieties. For instance, with G = M/, and
A = (8A), B = (11A) (c¢f example (2) below), the former provides an 8-
dimensional variety whereas the latter provides a curve.

Also observe that the tuple C; = ([A], [B]*) built in theorem 2.3 is far from
being unique. For instance, any tuple of the form (C;, B;,, B;l, o Biy, B;l),
1 <iy,....i; <n,t >0 also works.

3. Instead of (H1.1) and (H1.2) one can consider the stronger - but easier to check
- conditions

(H1.1") <a<P> >= G, foralla € A, b € B.
(H1.2%) < a7®> >=G, foralla; = (a1, ... ,ai_1) € A| X -+ X A;_y,
i=2,...,m.

These lead to the following practical corollary.

Corollary 2.4. Let G be a finite group containing two tuples A = (Ay, ..., Ap)
€ C,(G)andB = (By, ..., B,) € C,(G) such that

(i)G=<A; >=<B>.
(i) (A, B) € Cy1n(G) is g-complete.
(iii) There exists b;eB;, b; € Bj such that bib; =bjb;, 1 <i # j <n.

Then, for s large enough, writing C; := ([A], [B]®), there is a unique
S Hyip+sn)y-HM-orbit OHM(C,) and Tyy,_ 1.2(m+sn) Acts transitively on it.

Proof. For any a € A, b € B, < a<P> > is normal in < a,b >. But by
(ii) < a,b >= G thus, < a<P> > is normal in G and, in particular, con-
tains < A; >= G (by (i)), which implies (H1.17). As for (H1.2%"), since
< al.<B> > isnormal in < B >= G (by (1)) it contains < A; >= G (by (1)),

which implies (H1.2). |

The hypotheses of corollary 2.4 are fulfilled automatically when G is simple
and (A, B) g-complete (cf: example (2)). They also are preserved by Frattini
extensions (cf. proposition 2.7). However compared with theorem 2.3, corol-
lary 2.4 is often too restrictive (cf. examples (1) and (3))
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2.4.2. Examples The purpose of this section is to give examples of groups sat-
isfying (H1.1), (H1.2) and (H2) (condition (H1.0) is here to ensure hm(C) is
not empty and it will always be fulfilled in our examples - where either the tuple
(A, B) is g-complete or the stronger condition (H1.17) holds). We are particularly
interested in minimizing m that is, obtaining HM-subvarieties of low dimension.

(1) Symmetric and alternating groups: Consider the symmetric group S, where
p > 5is aprime number, A = (C?) and B = (C®) where C”) denotes the
conjugacy class of i-cyclesin G,i = 2, ..., p. Foranya € C?, b € C?,
<a<"> ><<a,b >.But < a, b > is a transitive group of prime degree p,
soitis primitive [Wi84, Th.8.3] and, since it contains a 2-cycle, itis S, [Wi84,
Th.13.3]. As a consequence < a<t> >= A, which acts transitively on the 2-
cycles class. Likewise, consider the alternating group G := A, where p > 5
is a prime number, A = (C”)) and B = (C®). Foranya € C'?,b € C?®,
<a<"> ><d<a,b >.But < a, b > is a transitive group of prime degree p,
so it is primitive and, since it contains a 3-cycle, it is A, [Wi84, Th. 13.3]. So
conditions (H1) and (H2) hold.

(2) Non abelian finite simple groups: Suppose G is a non abelian finite simple
group. With the notation of corollary 2.4, observe that since G is simple
hypothesis (i) is automatically fulfilled since the groups < A} >, < B > are
normal. So we are only left to check hypotheses (ii) and (iii). Taking n = 1,
(iii) is automatically fulfilled too. So, for a simple group G we always have
c(G) < 21(G) — 3 where [(G) denotes the minimal length of a g-complete

tuple (Ay, ..., A,, B) of non trivial conjugacy classes of G.

Example 2.5. Here are examples of simple groups containing g-complete 2-
tuples of conjugacy classes.

- According to the Atlas, the Mathieu group M, has 10 conjugacy classes:
1A,2A,3A,4A, 5A, 6A, 8A, B¥*, 11A, B** and its maximal subgroups have
order 720, 660, 144, 120, 48. Since none of these orders is divisible by both
8 and 11, (8A, 11A) is a g-complete 2-tuple for M. So, M, satisfies (H1)
with A = (84), B = (11A).

- The argument above, using the maximal subgroups given by the Atlas, works
for instance with m = 1 and

M3 with A =7A and B = 11A, (443520, 40320, 20160, 7920, 5760, 253).
Sz(8) with A =5A and B = 7A, (448, 52, 20, 14).

Jr with A =5A and B = 7A, (6048, 2160, 1920, 1152, 720, 600, 336, 300,
60).

Js with A =5A and B = 17A, (8160, 3420, 2880, 2448, 2160, 1944, 1920,
1152).

LywithA = 37Aand B = 67A,(5859.10°,5388768.10°,465.10%,299168.107,
9.10°, 3849120, 699840, 1474, 666).

etc.
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3)

- Consider the projective special linear groups L,(p) where p = 3 [mod4],
p = 7 is a prime number. The following theorem of Dickson [Di]: Let
p > 5 a prime number, then the order of the maximal subgroups of the
projective special linear group Ly(p) belongs to {@, p—1,p+1,60}if
p = %1 [mod10] and to {222, p — 1, p + 1,24, 12} else shows the tuple
(2A, pA) is g-complete.

Families of p-groups: All the assertions in the following can be found in
[S86], Chap. 2 §2 or Chap. 4 §4.

(3-1) p = 2: Then G is one of the following groups:

- Dihedral group of order 2": Dyr= < x, y|x2r*l =y>=1, yxy=x"1>.

- Special dihedral group of order 2": S»r =< x, y|xzr71 =y2=1, yxy =

x71+2f*2 -

- Generalized quaternion group of order2": Q»r= < x, y|x2r71 =y2, ylxy =
~1

x>,

and, taking A = CY, B = C9, using the relations, one immediately checks

that for each a € A we have B = {x, axa™'}, so condition (H1.1) is fulfilled

and, since m = n = 1, conditions (H1.2) and (H2) are empty.

(3-2) p > 2: We use the following lemma.

Lemma 2.6. Let G be a finite group with Frattini subgroup ®(G). Assume
the quotient G/®(G) is abelian, then, for any xi,...,xq € G such that
G/P(G) = @;1:1 < X; >, the tuple C := (CxGl, s Cg) is g-complete.

P_roof. Indeed, for any gy, ..., g4 € G, since G/P(G) is abelian, one has
g

x=x,i=1,.,rs0G=<ux{", .., x5 ®(G) > which, by the charac-
terization of the Frattini subgroup, implies G =< x{', ..., x5¢ >. ]

A finite p-group G has the property that G/®(G) is an elementary abelian
p-group. Assume furthermore that ®(G) = Z(G) and G/P(G) =< x >
@ <y >.Then any g € G can be written in a unique way g = x"“sy“ ¢, =
yex"eyr, with ¢g, ¥, € Z(G) and all the elements in A := CyG are of the
form y¢, ¢ € Z(G). So, for any a € A, we have B = CY = {a'xa™"};>¢
and, consequently, < a >C< a=<"> > for any b € B. This shows (HI.1) is
fulfilled and, once again, since m = n = 1, conditions (H1.2) and (H2) are
empty. The following groups satisfy these hypotheses:

M) =< x,ylxP T =yP =1, ylxy = xS

- Any non abelian group of order p>. Recall that such a group is isomorphic
to Dg or Qg if p = 2 or to M(p?) or E(p?) if p > 2, where

E(p?) <x,ylx? =y? =[x,y1" =1, [x,y] € Z(E(p?)) >
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(4) Frattini extensions: The next result is about Frattini extensions; it is related to
modular towers §4.1.2 and will be proved in 3.2. It will give us information
about regular realizations of finite unsplit extensions of a given finite group
G, which is a difficult matter, even when the group G is known to be regularly
realized (this is the theory of embedding problems, [MMa99], Chap.V)

Proposition 2.7. (Frattini covers) Let G be a finite group satisfying (H1.0),
(H1.17),(H1.2") with A = (A, ..., Ay), B = (By, ..., B,). Then, for s large
enough, ([A], [B]*) satisfies (C1) and

— (C3) Given a finite Frattini coverG — G, (C3) holds, thatis :
for any tuples A, B aboveA, B, the tuple ([A], [B]’) satisfies
(C1).

We have the following additional conclusions:

— (C4) If the B;,i =1,... ,nare p'-conjugacy classes for a given
prime number p and G, A, B satisfy (H2) then, given a finite
Frattini cover G — G with p-group kernel, (C4) holds, that is :
there exists tuples A B of conjugacy classes of G above A and B
such that the tuple ([A], []~3]S) satisfies (C1) and (C2).

— (C5) If n = 1then, given a finite Frattini cover G — G, (C5) holds,
that is : for any tuples A, B above A, B, the tuple ([A], [B]*)
satisfies (Cl)and(C2).

3. Group theoretical proofs

This section is devoted to the proofs of theorems 2.3 and proposition 2.7. They
rely on the following technical lemma, the proof of which is postponed to section
3.3:

Lemma 3.1. Suppose given a finite group G and a symmetric 2s-tuple C =
[C1, ..., Cs] € Cos(G).

(1) Forany 1 < k < s there exists ux € I1, o, such that for any HM representative
g = [g1, -, g1 € hm(C)

Up - g = [gl, veey glfl, ceey gv]

(2) Forany 2 < k < s and for any i = (i1, ...,i,) with2 < i; < i) < ... <
ir < k — 1 there exists v; ; € Il such that for any HM representative
g=1I[g1,..., &l € hm(C)

8ip 8i

1

Vik-8=1[81,- & s oo &5
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(3) Forany 2 < k < s, foranyi = (i}, ....i;) withk +1 <i; <ip) < .. <
ir <5 — 1 there exists wy; € Il such that for any HM representative
g=Igi, ..., & € hm(C)

8ip 8

wk,i‘g: [gl’“'ag]fl ’-'-,gs]

The underlying idea of lemma 3.1 (and of the whole proof) is that, the larger
the tuple [C», ..., C;] is, the larger the groups generated by the gigi""gil withi =
(i1, ..., iy) asin (2) and (3) of lemma 3.1 are; our purpose is to show that under
the assumptions of theorem 2.3 these groups are large enough to act transitively
on the conjugacy classes Cj, ..., C;.

3.1. Proof of theorem 2.3

In the following, we say 0 = (o (1), ..., o(v)) is an ordered v-tuple in a sub-
set X C Nifo(k) e Z,k=1,..,vando(l) < 6(2) < ... < o(v). Given
such an ordered v-tuple o, we write o + [ for the translated ordered v-tuple
() +1,...,0w)+1).

3.1.1. Casem =1 Let G be a finite group and A, B = (B}, ..., B,) ben + 1
non trivial conjugacy classes of G.

(1) Givenb = (by, ..., b,) € B,write < b >= {4, ..., B,}; each B; can be writ-
ten as a product of say s(j) terms of the form b, ; := by, ;1) * * boy ;01 )
where oy ; = (oy, (1), ..., 0k j (v ;) is an ordered tuple in {1, ..., n}, k =
I,....s(j), j=1,..,s. Setting N(b) = max{s(j)}i<;<s, the set

{b01 e mb } o ordered tuple in {1,...,n}
s<N(b)

contains < b >, that is, is equal to < b >. And, since by definition
< a<P> > is the subgroup generated by {a”},c_p-, one deduces from the
above that

b by, ---b,
<a~" >=<{a"1""""}; ordered tuple in (1,..n) >

s<N(b)
(2) Write N; = |B;|,i = 1,...,n and N° = max{N(b)}peg and set N =
N --- N,N°. Then, for any (bj 1, ..., bin)1<i<n € BY there is at least one
b = (by, ..., b,) € B which is repeated NO times among the (b; 1, ..., bi n),

i =1,..., N and since N(b) < N, step (1) yields:

Lemma 3.2. There exists N := N(B) > 1 depending only on B such that for any
Wi)1<i<nn = Bi 1y oo, bip)i<i<n € B there exists b € B satisfying

<b>

<a >=< {aua(v)---u(f(l)}g ordered tuple in {1,...,.nN} = fOl" eacha € A

,,,,,
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We now show that, for x > N(B) + 1, the tuple C, = ([A], [B]**) will satisfy
(C1) provided A, B satisfy (H1) and (C2) provided B also satisfies (H2).

(H1) = (C1): Forany 1 < k < 4nx one can always find in [B]** either N (B) + 1
copies of [B] before k (if 2nx < k < 4nx) or N(B) + 1 copies of [B] after k (if
0 <k <2nx).Letg =[a,hy, .., hoyyl € hm(C,) be a HM-representative and
g € G. We are to show that, for any 1 < k < 4nx, g and [a, hy, ..., hf, ooy Mok
fall in the same orbit under IT; 4,,17. Suppose for instance 2nx < k < 4nx, that
is there are at least N (B) + 1 copies of [B] before k£ and so, according to lemma
3.2, there is at least one n-tuple b = (by, ..., b,) € B such that < a<P >is gen-
erated by the set {ao® oM} dered wple in (1,...nx—1)- But since < a<P> > acts
transitively on the conjugacy class of /;, we can assume that g €< a<"> >
and, consequently, that g can be written as a product x; - - - x; of s terms of the
form x; = a"x0 0 where op = (o (1), ..., 0k (1)) is an ordered tuple in
{1,...,nx — 1}, k=1, ..., s. So, we are left to do the following s operations

g — [Cl,h],... ,h?,... ’h2nx]

Xs—1X,

—>[Cl,h],...,hkv S,...,]’lznx]
X1+ Xg—1Xg

—>[Cl,h1,...,hk ! A,---ah2nx]

But, according to part (2) of lemma 3.1, these can be handled by applying suc-
cessively Vo, +1 k+1> Vo, +1.k+1 €tc., k =1, ..., s. If 1 <k < 2nx, use part (3) of
lemma 3.1 instead of part (2).
(H1) & (H2) = (C2): From now on, we denote by C the tuple C, built above
and set s = 2nx + 1. We assume furthermore (H2) is fulfilled that is, there exists
b; € B;,b; € Bj suchthat b;b; = b;b;, 1 < i # j < n. We have shown that
all the HM-representatives fall in one single orbit O{IM(C) € sni(C)/I1 1.2s SO in
one single orbit OYM(C) € sni(C)/T1,. o as well. In the first place, we prove the
1, s HM-orbit OgM (C) has the same length as the S H,; HM-one O'™(C), that
is, they coincide. In the second place we show that O¥™(C) = OM(C).
Condition (H2) implies S H,, leaves O5M(C) globally invariant. Indeed, since
[T 5 is normal in S Hy, S Hys permutes the orbits of sni(C)/ I15 . But, for any
HM-representative g = [gy, ..., g;] € hm(C), straightforward computations give

@i2j &= ([g1s .- &i-1], &> (8f1)gf_lg-’, [git1, -5 &j—1],
gl g gt e, 2<i<j<s

@izj+1 8= (g1, 8&-1l, &, (gfl)gflg-;l, (giv1s -5 85-1], 8)>
&7 Igjt e ga ). 2P j<s— 1

ari-12j 8= (g1, ... gi-1). 8 g7 " [giv1s - . gjl g8 87"
[gj+1 -+ s 8umxt1])s 2 =i = J'IS s

@i-12j+1 8= ([g1,--- agifl]’gfj g gt s 81l g
&7 g et 25i<j—1<s—2
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Consequently, any HM-representative g = [g1, ..., g&;] € hm(C) with g; g =88
- such a HM representative always exists according to (H2) and the way C was
built - is fixed by a; ; thatis, a; ; - OfM(C) = OZHM(C), 3<i<j<2s.And,
since Of M(C) is a Iy, orbit, we obviously have a;, i 02H M) = 0;’ M),
i =1,2 < j <2s. Consequently

SHy, - 0FM(C) = 08M(C)
D SHy, - hm(C) = 0™ (C)

We now show that O™ (C) = 0™ (C). As above, I 5, being normal in
[T o, entails that I, o, permutes the 0rb1ts of sni(C) /T11 2. Thus, it is enough to
show that for any i = 3, ..., 2s there exists g € hm(C) with ay; - g € 0¥ (C).
But, for any HM—representatlve g = [g1, ..., g&] € hm(C) straightforward com-
putations give

a1 8 = (1. (81 hsi, (82, gi-1]: gi. (g7 HE, [gm,..l. S
_(gl 7g1 »[82 R 7gl 1] glal(gl )gl g] [gl+1a"~ $g§i ])

ayh 8 =(g17(g11)gf.[gz,... 8-, g, ,g, L gists - s &)
:(gflvg; [gglvaglg 1] gl 9gl [g,+1,---,gA ])

and, by the proof of (H1) = (C2), there exists u; g, v; g € I1j 2, such that

-1 -1 -1
| & 8i ]
uig 8 =818 ,---,g, pgug,H,---,gzan
vi,g'g:[glng’a"' 7gl 19glagl+19"' vg2;1X+1]

One then checks that

_ -1
aipillig -8 =dy041°8
—1
a12i-1Vig " §=0dy5 " §

which yields the expected result observing that aj y;u; g, a1 2i—1vig € Iy 2.

O

3.1.2. Case m > 2 Keeping the same notation as above the 2s-tuple we are
going to consider will be once again of the form C, = ([A], [B]**) with x large
enough. The following lemma is a straightforward generalization of lemma 3.2.

Lemma 3.3. Let G be a finite group and consider two tuples A = (A4, ..., Ay) €
Cn(G), B=(By, ..., By) € C,(G). There exists N := N(B) > 1 depending only
on B such that for any (u;)1<i<an := (b1, -, bin)1<i<y € B" there existsb € B
satisfying

<b> Ug(v)Us(1)

<a >=< {q; } I<i<m >, foreacha € A
o ordered tuple in {1,...,n N}
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(H1) = (C1):Asinsection 3.1.1,if x > N+1, condition (H1.1) ensures two HM-
representatives of the form [ay, ..., @y, h1, ..., hogy] and [ay, ..., @, b3, .oy K32 ]
fall in the same orbit under Ily,,_1 4nx+2m- TO prove it, just observe the method
used to construct the elements uy, v; x, wi,; of Iy o, inlemma 3.1 gives similarly

elements uf(, vf o w,"”. of ITy;_ 25 such that

uhog=1lg,....8,....gl, 1<i<k<s
g,, 8y
i _
Vi <ipk 8=181,... ,gk e &l
i=0,...,0y) withi<ij<ih<...<i <k
. ggir'“gil
; B .
wk,i1<._<jr.g_[glv~-- ’gk[ ERC 7g5]7
i=(01,...,iy) withi<k<ij<iz<...<li,
Now, let2 <i <m and g € G. We are left to show g = [ay, ..., am, A1, ..., honx]
and [ay, ..., al, ..., am, h3', ..., h3>] fall in the same orbit under [oy—1 4nxt2m-

First note that there exists a constant M > 1 such that any element of < B > can
be written as the product of at most M elements of U <; <, B;. Up to increasing the
number x of copies of B’, we assume 2x > M. Since < a<]“"> > acts transitively

on the conjugacy class of @;, we can assume that g €< a<]“"> > and consequently

Biyy b
that g can be written as the product x; - - - x; of s terms of the form x; = a;, bt

wherei, € {1,...,i—1}, by ; € U]Sl'SnBl,] =1,...,vcandv, < M,k = 1 ey S
So, this time, we have to carry out the following s operations

X¢
g_)[al""vaiév' ,amahlw--’thzx]
Xs—1X,
_)[ah"‘vais 3’ 7amah17"'7h2nx]
X1 Xg—1X
_)[alv"‘va[ : $a »amvhlv---’thx]

Since 2x > M, one can always find (h}, ..., h5,.) € B* and s ordered tuples
or = (ox(1),...,01(v)) in {1, ..., 2nx}, k = 1,...,s such that by; = h(rk(i),
i=1,.. v, k = 1, ..., s. But, as already noticed, [ay, ..., @y, A1, ..., hony] and
[aq, .. am,h’l, 2M]falllnthe same orbit of ITa,,—1 4nx+2m- Thenapply succes-

Is—1

Os—1+m,i
/

o Ay hYy ey 2nx

land[ay, ..., af,

s1velytheelementsw w etc.k=1,..,rtolay, ..., an, b, ..., b}, ]

og+m,i° 2nx

in order to obtain [ay, ..., aig, ..
that [a;, ...,aig, e Gy B
same orbit of H2m_1,4nx+2m.
(H1) & (H2) = (C2): This part of the proof remains unchanged since (H2) en-

sures S Hyy,x1om leaves 02m 1(C,) globally invariant.

] To conclude, use once again
o Qp, Ny, ..., hope] fall in the

2nx
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3.2. Proof of proposition 2.7

We retain the notation of 3.1.1, 3.1.2 and of proposition 2.7. Consider the integer
N :=NB) >1 deﬁned in lemma 3.3. Then, accordmg to (H11.%), for any

(i) 1<i<nN = (bl Ly oo ,,,)1<Z<N € BY there exists b € B satisfying
~Ll "'M ~ T
G =< {s(a, ") 1<i<m >, foreacha € A
o ordered tuple in {1,....nN}

But, s : G—>G being a Frattini cover, this entails

G =< {sz"(”)mﬂ““) 1<i<m >, foreacha € A

o ordered tuple in {1,....nN}

So we can always take N = N(B) = N(B). Now, recall that in (H1) = (C1) &
(C2) we have also imposed that 2x > M. The Frattini property shows M does

not have to be increased when passing from G to G. Indeed, (H1.2*) means that

G =< {s(&fl"'ﬁ’)}  isksicl > foreacha; e Ay x--- XAy, i =2,..,m.
BjeVi<i<nBi. =M

which entails that

G =< {&,’f]"'ﬂl)} isksiol > foreachd;, € Ay x --- x Ay, i =2, ..., m.
BjeUi<i<nBi, I=M
This and section 3.1.2 show the 4nx + 2m-tuple C one gets replacing A; by A;,
i =1,..,nand B; by I§,~, i = 1, ..., m satisfies (C1). As for the second part of
proposition 2.7, we are left to show B can be chosen in such a way that the com-
mutativity conditions (H2) are still fulfilled. For this, choose b; € B; and apply
Schur-Zassenhauss lemma to the short exact sequence

1 — ker(s) — s (< b; >) S< bi >— 1

which splits uniquely up to conjugation, defining thus a single conjugacy class B;
above B; the elements of which have the same order asthose of B;,i =1, ..., n. Let
us show the n-tuple B = (El, E,,) works. Forany 1 <i # j <nleth; € B,
bj € B such that b;b; = b;b; so, in particular < b;, b; >~< b; > X < b; >.
Once again Schur-Zassenhauss lemma implies the short exact sequence

1 — ker(s) = s~ (< b, bj >) S< bi,bj >— 1
splits uniquely up to conjugation and, in particular that, for any section o of s we
have o (b;)o(b;) = o(bj)o(b;) with o(b;) € B;, o(b;) € B;. This proves (1)
and (2) is straightforward since n = 1.

3.3. Proof of lemma 3.1

We proceed in two steps:
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3.3.1. Firststep Fori =1,...,2s,set

2a1+1 A200+1 200141 2y 2] 2B+l 2Pt
=]l o gl oot Lo o L

BissBi—1
viei—(0}

and By = Ul_l 1.2s- Then B 25 is contained in IT; 5. Indeed, each of the
1 o1 =1,...,2sis. Fori = 1, this is obvious. For 2 < i < 2s, this results from
the followmg equality: for any «y, ...,;—1 € Z, B1, ..., Bi—1 € L, y; € Z — {0}
oj—1 Bi—1+1 B3+l B+l __ 2a1+1 H202+1 2‘11 1+1 A2y 2/31 1+1
ay 2“1 3---dy, 1—1a1 zal i-1 d13 A1 = ¢ 2 O Q70"
28+1 H281+1
2 1

one can check computing “from the center”, i.e
ﬂl l+1

allall 1 = Ql Ql* szl QZﬂl 2 1Q Q]
a(l;vlzfll(al lallsll liH) = CMlzfllQl Qlfl szl szfll l—HQ Q1 !
=01...0i 2Q2“’ g2 g
0...0"
@ @l e = 01 0,07 0
0 0l
=01...0i 2Q2“' g gt et
QF3 ... Q1

etc.

3.3.2. Second step  We use now elements of B 5, to build uy, v; x et wy;.
Set oy := Qo> Q%kfl Ooi-2, k =2, ..., s and note that

k(s ooy hok—3, 8, 8k 81 Mot 1 <oy T12y)
= (1 v hoks, 8, 885 (897" Bkt s Boy)
(1) Construction of uy:
Set By := Qop—3...01, k =2, ..., s, then, for any g = [g, ..., &s] € hm(C),
Br-g= (g g1, (g2, s 85D

Bi-g=(g " 85" (g3) " g1, g3, s 85D
-By induction, observing that B;1; = Qok—1 Q2k—28k, k > 1, conclude that

Bi-g=(gr ' [g3, ., g8 11, g1, [gks or &51)

So, setting u; = ,Bk_lotkﬂk € B 2, One gets :

ue-g =B (o (gr I[85 gl g1 (8- &5))
=B el lgs g L ogn gl gD
=B B8, 82 81y 85 Ght1s -+ 5 825))
=[81,82 -+ s 8k—1+ 84"+ Ght1s - - - » 8251
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In the following, given i = (iy,...,i,) with 1 < i} < ... < i, < s and
ij"'gil

g =1[g1. ... g1 € hm(C), we will write y (i, j) = g," ", j=1,...r.
(2) Construction of v; k:

In this section, given i = (ij,...,i,) with 1 < i} < ... < i, < sand g =

(g1, ..., &1 € hm(C), we will write g; o = [g5', ..., g;"ll_l] andg; j = [gy(i’j)

o [
yanq . _
g,-_/,+1_1], j=1,..,r.

Forany 1 <i < j <s, write y;.; := Q;j],] Q2j—2 - - - Q2;, wWhich acts this way:

Vicj-(hi, oo hoic1, 8, [8ik15 -+ 5 81 hojg1, ooy hog)
— (h], e ,hzi,], [g;-g+1, e ’gffl]vgi,g;l,gg'j,h2j+l9 . ,hzs)

and for any i = (iy, ...,i;) with 1 < i < ... <i, <= set )/L(l) ‘= Vi _,<i, O+ "0
Vii<iy © Vi<i, © Q1. Then, for any g = [g1, ..., g&;] € hm(C):

. (D -1 -1 8
-Forany 1 < i <y, Yi) &= Yi<i, 8= (8, [851» ---,g,g,l_l], g;'g]l?gil 81
[gi1+], ceey gs])
- By induction, observing that y((;?rm = y,-,<,-r+ly£(1), i = (i1, ...,i;) with 1 <
i1 <..<i <s,i, <l <s,r > 1, conclude that

(1 -1 g1 -1 y(@r=2) -1
VL 'g: (gl ’gi,()v ghl,gil 7g£,17'-" gir71 9gir719g£,r—l3g

)/(l_, r)’ [gi,~+la ceey gs])

y@ir=1) -1
) g,r )

ir

Finally, given i = (iy, ..., i;), k with 1 < i} < ... < i, < k < s write yi(i) =
| i
sz,g...Qzl-r.yL( ) and compute

2) -1 g -1 gi,r—1) 1 g(i,r) gi,r)
)/L,k 'g: (gl ’gLO’ gill’g[l ’giql’ e gi,r—l: gir ’gir ’ [gl’_;’_l AR gk_] ]7g

(@ 7)), [8ks s gsD)
So, setting

2)\— 2
Vik = (Vi(,k)) lak)/i(’k) € By s

forany g = [g1, ..., &s] € hm(C) one gets:
g[r.“g[l

Dl 2
Uik 8= (V;k)) 1}/;;() g1, 81, &' s 8k41s -+ » &5

8ir-8i)

=[g17"'agkflagkl ’gk+1"-'7g3]

(3) Construction of wy :

In this section, given i = (ij,...,i,) with1 < i < ... < i, < sand g =
N c -1 2 oy—1
(g1, ..., &1 € hm(C), we will write g; o == [gg(”) Y eees gl?/l(_l*’lr) land g; ; =
y@n™! y@ny .
[ Al o 8ii-1 ,j=1,..r.
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Forany 2 <i < j < s, write §;; := ngt3 . Q;ill 072, which acts this
way:

l<j (hlv"' 7hzi739 g’ [gia agj71]5h2j+17 7h2S)
= (hiy...  hoi—3, 0%, gi " [gists -+ 8jm1], 8% hojsts - s hay)

and for any i = (iy,...,i,) with 1 < i} < ... < i, < s set 821) = 8, <i,+1 ©
8i,_y<i, © 08 i, 0812, 0 Q1. Then, for any g = [g1, ..., gs] € hm(C):

[¢)) -1
5L : g = (g] ’ [gz; e ’gllfl] gll 7g” ’ [gll+17 e agizfl]’ LR ]
y@r=2) -1
gir71 s girfl l} [gir_1+1’ ey gi,fl]»
y(r=1)

gy r =D [g 41 85D

ir

Next, set 8(2) Q sz R (1) € B, and compute

8;2) g=(y(@,r), (g hyre. 7 ,8i 0, (gg')y(l 7 (8_1))/(' ! R P
r—2 iLr - Lr
(g y (@, ))V( )l (g irll)y(,,)

’rl

y(@.r— 1))7/(1 ! —1)7/Lr)

gir1. (8 (8 o815 -5 85D

Finally, given i = (i1, ..., i), k with 1 < k < i} < ... < i, < s write 8(3)

eja; ey ; where

-1
e = Ql cee Q2i1_3 Q2i172Q2i1—1 e QZi;<—l_3
-1
in,,l—z QZiH—l ‘l' : inrl,g
€k,i, = Q2i,—3 T Q2k Qg_k_l Qz_k_g Q2k—3 te Ql

_ 5O 2
8i * 6

then, 8,531) € B,,, which entails w,((),i = € Iljp and for any g =

(g1, ..., ] € hm(C) one gets

(g7 !)¥ir i
i g [gla- o0y gk—lvgk ! ’gk-‘rl"'-ags]

As aresult, wy; = (wy,)!<8">I71 € I} 5, works. Note that, this is the only step
in the proof of lemma 3.1 where we use the assumption G is finite. Actually, parts
(1) and (2) of lemma 3.1 remain true without this assumption and part (3) only
requires g to be of finite order.
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4. The regular inverse Galois problem with fixed branch points
4.1. General strategy

4.1.1. For a finite group We would like now to apply theorem 2.3 to the regular
inverse Galois problem with fixed branch points. Consider a field Q of charac-
teristic 0, a finite group G, a symmetric 2s-tuple C = [Cy, ..., C;] € Cy(G) and
suppose that (C1) and (C2) from theorem 2.3 are satisfied that is, there exists
1 < [ < 2s such that all the HM representatives of sni(C) fall in one single
S Has-orbit O™ (C) and T 5, acts transitively on this orbit. Then, HM'(C) (resp.
HM(C)) is a geometrically irreducible variety defined over Q. (resp. over Qc)
and for any t; 4125 € U—IF1(Q), the HM-subvariety HM’(C)t[r+I ” (resp. the
symmetrised HM-subvariety HM(C)‘ZHQS) is a smooth geometrically irreduc-
ible variety of dimension / defined over the finite extension Q(t; 11250/ O (resp.
the finite extension Q(C, t;, ,)/Q). So the problem is reduced to studying the
rational points of a smooth geometrically irreducible variety V of dimension /
defined over a finite extension ky/ Q.

This situation is particularly adapted to the Local-global principle [M089],
[GPRY7]. Let Q be a global field and ¥ a nonempty finite set of places. Denote
by Q% /Q the maximal extension of Q in a separable closure Q°/Q which is
totally split at each v € X. The local-global principle for varieties states that,
for any smooth geometrically irreducible Q*-variety V, if V(Q,) # @ for each
embedding Q¥ < Q, and each v € X then V(Q¥) # ¢. This applies in par-
ticular to Q = Q and ¥ = {p}, where p is a prime number (resp. co) that is,
Q) =Q,, 0% = Q7 (resp. Qs =R, 0¥ = Q).

So, using the modular interpretation of Hurwitz spaces we can state, for in-
stance:

Proposition 4.1. Fix a finite group G, a symmetric 2s-tuple C = [Cy, ..., Cs] €
C2s(G) and an integer 1 <1 < 2s. Let Q be a global field and ¥ a nonempty
finite set of places. Assume

(Trans) All the HM representatives fall in one single S Hy
-orbit O™ (C) and 1, o5 acts transitively on this orbit.
(LocReal) There exists a tuple ty . , € U™ (Q) such that
Q(C,tg 15, C Qand, foreachv € X, there exists a
HM G-cover f defined over Q, with invariants G,
C(t), t ;o) (wherety € Ui(Q,) depends on f).

Then there exists a HM G-cover f defined over Q¥ with invariants G, C and
branch points (t}, tS5 11 1.05) (Where ty € U (QF) depends on f).

Proof. Interms of Hurwitz spaces, condition (Trans) implies that HM(C) is a geo-
metrically irreducible variety defined over Q and that forany t;, , , € U »-1(Q),
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HM(C)t/ Lo remains geometrically irreducible. Furthermore, according to condi-
tion (LocReal), there exists tZ I+1.2s € U»~1(Q) such that HM(C)¢ (Qy)"ob

2,1+1,2s

# ¥, v € T with Q(C, tg, ., ,) C Q. So, since HM(C)y, . is smooth, geo-
metrically irreducible and defined over Q, the local- global pr1n01ple entails that
HM(C)t (Q ) # @, which is the expected conclusion when, for instance,
Z(G) = {1} Else, the local-global principle should be applied to the global
descent variety D [DDoMo04] associated with HM(C)t o instead of

21 1,2s

HM(C)y |, ,. itself. Indeed, one has DHM (0,) #W,veX. SmceD is
%,014+1,2

%,014+1,2s
smooth geometrlcally irreducible and defined over 0, the local-global pr1n01ple

yields Dt (QF) # ¢ or, equivalently, HM(C)y, (QF)nob £ ¢, O
X, 0+1,2s X, 1+1,2s

Remark 4.2. Existentially closed extension analog. Recall a field Q is said to be
existentially closed in a regular extension 2/Q if for any smooth geometrically
irreducible Q-variety V, V(2) # ¢ entails V(Q) # . For instance a large
field Q is existentially closed in Q((X))/Q [P96]. Thus, an analog of proposition
4.1 can be stated for this situation, more precisely: Let Q be a field existentially
closed in a regular extension 2/ Q. Fix a finite group G, a symmetric 2s-tuple
C=|[Cy,...,Cs] € Cox(G) and an integer 1 <1 < 2s. Assume (Trans) and

(LocReal) There exists aHM G-cover defined over k with
invariants G, C and branch points t' € U*(Q) such that
Q(C, t;,,,) C Q.

Then there exists a HM G-cover f defined over ko with invariants G, C and branch
points (t}, t/1.05) (where t; € Ui(Q) depends on f).

4.1.2. For a projective system of finite groups The above strategy can also be
developed for a complete projective system of finite groups (Gi+1 — Gp)iso0.
Indeed, assume there exists a projective system (C; = [Ci.1, ..., CrsDi>0 Of
symmetric tuples C; € Ca;, (Gy) and an integer 1 < [ < 2s, such that (C1) and
(C2) from theorem 2.3 are satisfied at each level k > 0. Then (HM'(Cy,() —
HM'(Cy))i=0 (resp. (HM(Cyy1) — HM(Cy))i>0) is a tower of geometrically
irreducible varieties defined over U0 Q¢, (resp. over Q) such that for any pro-

jective system of branch points (t; )i, € lim U (Q) the corresponding tower

(HM’(CkH)t;, e HM/(Ck)t;,)kzo (resp. symmetrised tower (HM(Ck-&-l)t}(H —
HM(Ck)t;() x>0) is a tower of geometrically irreducible /-dimensional varieties de-
fined over Ui>0 O, (t;) (resp. Ui Q (Ck, t;)). Theorem 4.1 of [DE03] states that,
given a complete projective system of finite groups (Gi+1 = Gi)i>0, (Ci)i0
can always be built in such a way that (C1) is fulfilled for any £ > 0 and that, for
any henselian field H of characteristic O with residue characteristic either p = 0
or p > 0 not dividing any of the |G|, K > 0 and containing all the prime-to-p
roots of 1, l(igl HM(Cy)(H)"°® + (. We would like to obtain the same kind of
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results replacing the towers of HM-components by towers of HM-subvarieties in
order to apply the profinite version of proposition 4.1.

We will deal with modular towers [F95] and some towers of Hurwitz spaces
associated with modular towers we call associated central towers. The end of this
section is devoted to describing the construction of these objects which are the
main motivation for proposition 2.7.

a/ Modular towers: Fix a finite group G and a prime number p dividing |G]|.
Consider then the universal p-Frattini cover of G, ,,¢~5 : pé — G (cf. [F95],
part II). Since ker( pdN)) is a free pro- p group, its Frattini series, defined inductively
by kerg = ker(pJJ), ker; = kerg[kero, kerg], ..., ker; = kerffl[kern, ker,], ...,
is a fundamental system of neighbourhoods of 1. This provides a complete pro-
jective system of finite groups (’;“G —»’; G)kzo with ’;é = pé /kery, k > 0
such that ,,G = l(iLn ’I‘,G Furthermore, for any ¥k > 0 and any p’-conjugacy

class Cy of ’[‘,G, there exists a unique conjugacy class Cyy; of ’[‘,“G above Cy
with 0(Cy41) = 0o(Cy) [F95, lemma 3.7]. As a result, if G is p-perfect (that is
generated by elements of prime-to-p order), any tuple of p’-conjugacy classes
Cy = (Co1,...,Co,) € C(G) With hm([Cy]) # @ defines a unique projective
system (Cy = (Ck.1, ..., Ck.r))i>0 such that for all k > 0, o(Cy;) = 0(Ci.),
i=1,...,r, m(Ci]) = () (Frattini property) and C; has the same rationality
properties as Co*. The corresponding projective system of HM-varieties

HM'([Cit1]) — HM'([C]))e=0

is called the HM-modular tower associated with the data (G, [Cy], p). As usual,
HM([Ci11]) — HM(Ci]D))i>0 will be called the symmetrised HM-modular
tower associated with the data (G, [Cy], p).

b/ Associated central towers: To a given HM-modular tower, one can associate
a family of Hurwitz towers we call associated central towers. For this, recall the
classical following results about universal central extensions:

— If G is perfect (thz}t is, G = [G, G]) then, by Schur’s theorem, the universal
central extension G — G of G exists; furthermore, it is finite, Frattini and its
kernel is the Schur Multiplier M (G) of G.

3 Indeed, for any k > 1, [’[‘,G : G] = p'* so, for any ¢ > 1, g is prime to |’;G| if and
only if ¢ is prime to |G|. As a result, for any ¢ > 1 prime to |’;,G| and forany 1 < j < r,
C,f_ j is the only conjugacy class above C? with elements of the same order as those of C?. In
particular, for any ¢ > 1 prime to |G|, if 0, € S, satisfies C7 = (Cy (1), - .-, Co,(r)) then

Cl = (Crioy1): -+ -+ Chooy(s)-
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— If G is g-perfect for some prime ¢g dividing |G| then the universal central g-
extension 4G — G of G exists; furthermore, it is finite, Frattini and its kernel
is the g-part M (G), of the Schur Multiplier M (G) of G (cf. [BF02], §3.6).

We keep the above notation, assuming furthermore that G is g-perfect for some
prime ¢ # p dividing |G|. Denote by ¢ the functor “universal g-central

—_—

extension” and consider the projective system (¢ (],‘,HG) — 4 (];,G))kzo- For each

—

k > 0 let Ay be the set of all symmetric 2r-tuples of conjugacy classes of (’;G)
above [Ci]. Then (Axy1 — Ap)iso is a projective system of non empty finite
sets, so its projective limit is non empty. In other words, there exists a projec-
tive system (‘1T\Ck])k20 of symmetric g-complete 2r-tuples of conjugacy classes
above ([Ci])r>0- Such a system defines a tower of Hurwitz spaces covering the
HM-modular tower associated with the data (G, [C], p) we call an associated
q-central tower. It cannot be defined uniquely in general exceptif Co i, ..., Co ,
(and thus, C¢ 1, ... , Ckr, k > 0) are also g’-conjugacy classes, in which case, by
Schur-Zassenhauss, the associated g-central tower can be defined uniquely with,
furthermore, the property that ‘IT\(Z;J has the same rationality property as [Cy],
k > 0 and, consequently that the associated g-central tower is defined over the
same field as the original modular tower. In general, if the original modular tower
is defined over k C @, an associated g-central tower is defined over a subfield

of k(e“’”z(%) where e(M(G)), denotes the g-part of the exponent of the Schur
multiplier M (G) of G. Indeed, one has e(M (4 G)| e( G) with e(4G) = p"e(G)
thus e(M (£,G))y = e(M(G)),.

If G is perfect, one can carry out the same construction with the functor
“universal central extension”, ~, but the resulting associated central towers are
not necessarily defined over a finite extension of k since {e(M (’[‘,G))}kzg is not
necessarily bounded.

Theorem 2.3 and proposition 2.3 give group-theoretical conditions to ensure
the transitivity condition (Trans) holds. Sections 4.2 and 4.3 are devoted to prove
the local realization condition (LocReal) for fields like R, Q,. As a result we
can give explicit forms of proposition 4.1 and its profinite analog: theorems
4.4 and 4.5. Theorems 1 and 2 from the introduction are special cases of these
results.

4.2. (RIGP/; C t) over Q*

4.2.1. G-covers over a complete field of characteristic 0 We start with a pre-
liminary paragraph about the regular realization of finite groups over complete
fields satisfying some additional technical conditions that we will need for our
construction.
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Let k be a complete discrete valued field of characteristic 0 and of residue char-
acteristic p. The main tools to deal with G-covers over k are formal geometry [H87]
or rigid geometry [L95], [P94]. Given a symmetric 2s-tuple C = [Cy,, ..., Cs] €
Co5(G), these methods provide a construction of G-covers defined over Q, with
invariants G, C, t € U,,(Q). However, it is not obvious these G-covers are HM
G-covers - and, in general, they are not. For a prime p not dividing |G|, some
technical assumptions on the branch points - conditions (*) and (**) below - are
necessary to ensure they are [DE0O3] and for primes p dividing |G|, the prob-
lem remains open (because of the possible bad reduction of Hurwitz spaces for
these primes). Suppose given t = {x1, vy, ..., X5, ¥s} € Uss(k) and consider the
conditions

(%) x;, y; lie in the same coset,i =1, ... ,s and xq, ... , X,
lie in pairwise distinct cosets.
e ..
() [x; — yil < v —x;llplrT, 1 <i#j<s
1
(with the convention |p|7~T = 1ifp = 0).

where a, b € k lie in the same coset means that e1ther lal, |b] < land|a—b| < 1
or |al|, |b] > 1. We will sometimes write ¢, := e ,n > 2 in the following.

Our purpose here is to build HM G-covers deﬁned over k, with a totally k-
rational fiber above some unramified k-rational point and with a QQ-rational branch
point divisor or - at least - a kg-rational branch point divisor where k(/Q is an
explicitly computable cyclotomic finite extension. If we impose for instance that
(x1, ..., x;) € U'(Q) then the second part of condition (*) can’t be satisfied if
t > p + 1. This difficulty can be overcome by adjoining roots of 1 to k; we
explain precisely how below (Lemma 4.3).

The statement and proof of lemma 4.3 being rather technical, we first explain
how we are going to proceed. As usual, the method consists in glueing cyclic
G-covers in an appropriate way. We are going to use the rigid glueing procedure.
Given four integers ni, np > 2 and m, mp > 1, fori = 1, 2 list the elements
of (Z/n}"Z)* as €u; ;, where € = £1, j = 1,...,¢(n;")/2 and ¢ is the Euler
function. Consider then the two cyclic G-covers f; : X; — IP’}@ with group <

gi >= 7Z/n;7Z, inertia canonical invariant ({gfui"/}, {g,<7Ell"""})].:1 ") )2, =]

€u;

—€u; j
andbranchpomtst’ _(xlj _a,+§ i ,yl i =ai +a+C i ’1).,'21,._4,¢(n;"")/2, e=t1)

= 1,2 where a € Q is chosen in such a way that |a] < min{l, Ipll’%l} and
ay,ay € Q are translation terms we will specify below. Each of these two G-
covers is defined over Q with a Q-rational unramified point the fiber of which
is totally QQ-rational [Des95] and is a HM G-cover. But to assert the G-cover
obtained by glueing f1 xg k and f> xqg k will still be a HM G-cover, we have
to check that (tl/, t2) satisfy conditions (*) and (**) as well. This will occur for
instance if |a; |, |az|, a1 —az| < 1 provided n]"' # n3”. So we just have to choose
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mi,my > 1, ay,a; € Q this way. Given any integer m > 1, we will denote by
Rat,, the rationalization operator which to each conjugacy class C of a finite
group G associates the rational union of conjugacy classes

Rat,, (C) := (C"', C™")i=1, . p(o(Cym))2, e=+1
where {£u;}i<i<pocyn2 = (Z/o(C)"Z)*. Likewise, given any tuple m =
(my,...,m;) € N\ {0}, let Rat,, be the rationalization operator which to any
tuple C = (Cy, ..., C,) € C,(G) associates the tuple

Rat,, (C) := (Rat,,, (Cy), ..., Rat,, (C))).

We now state lemma 4.3 and give its proof, which is just a slight adjustement
of the method described above.

Lemma 4.3. Let G be a finite group and C = (Cy, ..., C;) € C;(G) such that
there exists g; € C;, i = 1,...,t with G =< gy, ..., & >. Assume that p [ |G|,
k contains all the o(Cy)th roots of 1. Choose m = (ma, ..., m;) € N\ {0} such
that o(C;)™ # o(C;)",2 <i # j < tandwriter :=[(Rat, (C, ..., C;)). Then
there exists a branch point tuple t' € U"t2(Q) satisfying conditions (*), (**) and
tﬁ’z e U*(Q), t3,42 € U (Q). And, for any such branch point tuple, there exist
HM G-covers defined over k with invariants G, ([C], Rat,,(C, ..., Cy)), t'.

Proof. Write o; := 0(C;) and choose g; € C;,i = 1,...,t such that G =<
g1,...,& >.Then for any ay, by € Q, the G-cover f; : X| — ]P’f@ with group
< g1 >, inertia canonical invariant ({g;}, {gl_l}) and associated branch points

(x1 :=ay, y1 := by) is defined over Q(¢,,) and has a Q(¢,,)-rational unramified
point the fiber of which is totally Q(¢,,)-rational. For each 2 <i < ¢, write

Rat,,, (C;) = ((le‘i,j’ Ci_ui‘j)e=i1)j=1,...,¢(Of"i)/2

Then, for any q;, b; € Q, any G-cover f; : X; — P}@ with group < g; >, iner-
tia canonical invariant ({g? Y, {g,-_ ui’j})e 1)< j<o@"2 and associated branch
points ((xf; = a; + ﬁff Lyi =bit+s me,u”)e 1) 1<j ("2 18 defined over Q
and has a Q-rational unramified point the fiber of which is totally Q-rational.
Choose furthermore (a;)1<i<, € Q' in such a way that |¢;| < 1 and |a; —

1
ajl < 1,1 <i # j <t and, given a € Q such that la] <min{l, |p|?-T}
setb; == a; +a,i = 1,...,t. With N := ]_[2<l<t ., by assumption p /N
and, from this, one easily checks condition (*) and (**) are both fulfilled by
t' = ((x1, y1), (Cxf y;j)jzl,_._!(b(gzﬂ,-)/2),0+15i5,, ¢=+1). Condition (**) allows us
to glue together - via rigid geometry - the G-covers fi Xq,,)k and (f; Xg@k)2<i<
togetaG-cover f : X — IP’,i defined over k with group G, inertia canonical invari-
ant ([C1], Rat,,(C, ..., C;)) and branch points t’. Condition (*) combined with

[DEO3, proposition 2.3, theorem 1.4], shows that the G-cover f : X — ]P’,l is
actually a HM-cover. O
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4.2.2. Results To avoid rationality problems, we only deal, in this section, with
fields containing enough roots of 1 and HM-curves. The following statements and
proofs can be adjusted for fields without roots of 1 and to HM-subvarieties of
arbitrary dimensions. We refer to §4.4.2.3. of [C04b] for details about this matter.

Theorem 4.4. Let G be a finite group containing n + 1 conjugacy classes A,
B = (By, ..., B,) suchthat A = (A), B satisfy (H1) and (H2) from theorem 2.3.
Set ka 1= Q(Loca)) and write

C, := ([A], Rat,,(B*)) r,:=1(Cy)

where m = (my,...,my) € N\ {0y is any tuple such that o(B;)™it £
o(Bj)™itn, (i,ky # (j,1), 0 <i,j <n 1 < k,I < s — 1. Then, for s
large enough, HM'(Cy) is a geometrically irreducible variety and, for any t' €
Z/l”_l(@) the HM-curve HM'(Cy)y remains geometrically irreducible. Further-
more, for any finite set X of (non archimedean) places of k 5 of residue charac-
teristic not dividing |G|, there exists ts, € U"s~! (Q) with ts € Ur,—1(Q) and such
that the corresponding symmetrised HM-curve HM(Cy)y, is defined over k4 with
the property that

HM(Cy)q, (k)" # ¢

Proof. According to theorem 2.3, for s large enough C; satisfies condition (Trans)
of proposition 4.1 (since ([A], [B]®) already does) so we are only left to check con-
dition (LocReal). Writing ¥ N Q = {p1, ..., p,}, re-use the notation of lemma
4.3 and take for instance a; = (p; - - - p,)i, i=1,....ns+1lL,a:=(p-p)

with n >max{ﬁ}1§,-5,. These satisfy the conditions |a;|, < 1, |a; —ajl, <1

and |a|, < |p|7 forall p € £, 1<i# j <ns+1.Set

X1 ‘= ay
and t; := (x1, y1)
yi:i=a;+a
€ R . . €Ujtkn,j
Xiskn,j = Gitkn,j T Copymi
P
Vitkn,j ' Githnj T A+ Eypom”

fore=%1,j=1,...,¢0B)"+ ") /2.1 <i<n1<k<s—1and

’ A € €
tk-‘,—] = ((.xl-_’_kn’j, yi-i-kn,j)e:il)j:l,...,¢(n(Bi)”li+kn)/2 N fOr 1 E k f S — 1

i=l,....n

Then, writing ty, := (t], (t; ) 1<k<s—1) conclude thanks to lemma 4.3 that for each
v € X, there exists a HM-G-cover defined over (k,), with invariants G, C;, t’
with ), = tg thatis, HM(Cy)¢, ((k 4)v)"°? £ (. By the branch cycle argument,
HM(C;)y, is defined over k4. Thus, as in the proof of proposition 4.1 applying the
local-global principle to the global descent variety yields the announced result. O
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In terms of G-covers, theorem 4.4 means that for s large enough there exist
HM-G-covers f defined over k%, with invariants G, Cy, t r where t; can be writ-
tent; = {f; s} + ty with ty € U, _;(Q). For instance, take for G any group of
section 2.4.2 (1), (2), (3).

Combining proposition 2.7 and the constructions of section 4.1.2 yields the
following profinite version of theorem 4.4

Theorem 4.5. Let G be a finite group and p a prime number dividing |G|. Assume
G contains n + 1 p’-conjugacy classes A, B = (By, ..., B,) suchthat A = (A),
B satisfy (H1.17), (H1.2%) and (H2) from proposition 2.7 (for instance, assume
G, A, B satisfy conditions (i), (ii) and (iii) of corollary 2.4). Set ks := Q(&y(a))
and write

C; := ([A], Rat,,(B*)) rs :=1(Cy)

where m = (my, ... ,my) € N\ {0}" is such that o(B;)" i+ % o(B;)"i+n,
i, k)#(j,D,0<i,j<n,1<k,l<s— 1 Then, fors large enough, the H\-
modular tower (HM'(Cyy1.5) = HM'(Cy 5))k>0 is a tower of geometrically irre-
ducible varieties and, for any t' € U"s~'(Q), (HM’ (Cir1.5)r = HM'(Ci )v)i=0
is a tower of HM-curves which are still geometrically irreducible. Furthermore,
for any finite set X of (non archimedean) places of ks of residue characteris-
tic not dividing |G|, there exists ty, € U™~ L(Q) with ts € U,,—1(Q) and such
that the corresponding tower of symmetrlsed HM-curves (HM' (Crt1,9)e, —
HM/(Ck,s)t’E )i>0 is defined over k4 with the property that

lim HM'(Cy y)q, (ka))"" # 0, v e X

and
HM'(Cy5)g, (k)" # 0,  k>0.

This conclusion still holds (with the same s and t5,) for any associated q-central
tower (for primes q # p dividing |G| and such that G is q perfect) replacing
e(G) by e(G)e(G),.

Proof. According to proposition 2.7, for s large enough and for all £ > 0, C;
(resp. @) satisfies (C1), (C2) that is, HM(Ck’S)trZ (resp. HM(@)%) is a geo-
metrically irreducible HM-curve. Consider the t' € U"s (Q), ty. € U~ (Q) built
in the proof of theorem 4.4. Then, for any v € X, HM(Cy ;)¢ ((ka)y)™" #£ @
(resp. HM(@ Yo ((ka)y)™? # ) and, these sets being finite, their inverse limit
is non-empty. The second part of the conclusion is obtained, once again, using the
local-global principle and the global descent varieties. O

In terms of G-covers, theorem 4.5 means that for s large enough and for all
k > 0 there exist HM-G-covers f; defined over kf, with invariants G Cis, t
where t; can be written t;, = {t; 1} + tx with ty € U, _;(Q).
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Example 4.6. Let us consider for instance My, (cf. section 2.4.2 (2)). Take A =
(84),B = (11A) and, with the notation of theorem 4.5, let (Hg+1.s — Hi.s)k>0 be
the HM-modular tower associated with the data (M, C;, 3) and write Cy 5 v :=
(His)t,,» k = 0 for the resulting symmetrised HM-curves. Since 5 does not di-

—

vide 8, 11, by Schur-Zassenhauss, there exists a unique conjugacy class S(8A)
(resp. 5(llA)k) lifting (8A); (resp. (11A);) in? kG with 0(>(8A);) = 8 (resp.

—

0o(3(11A);) = 11). This defines uniquely an associated 5-central tower (° Hk+1,s —
5:7\\-(;(,5,);@0 defined over the same field k := QG+2) as (Hi41.5 = Hi s)k>0; write
Crysx = (SHkJ)t/2 , k > 0 for the resulting curves. The following commutative
diagram defined over k summarizes the situation

3Chys x> "His1,s

v

Cit1,5,5— Hi1.5

Theorem 4.5 then means that the non obstruction locus of the left side of this
diagram carries (double) projective systems of k p-points for each P € ¥ and that
Crosz (k™)' £ 0,5Ch 5 5 (K*)"" £ B,k = 0.

4.3. (RIGPA; C t) over Q"

4.3.1. G-covers defined over R We first recall succinctly the description of G-
covers defined over R with prescribed invariants given in [DF94]. We will use it
in the next paragraph.

Let t' € U"(Q) be an r-tuple consisting of r = r; + 2r, branch points in
configuration (ry, 1), that is with

— ry real branch points ¢, ... , #,,.
— r, complex conjugate pairs {z;,z;} C P'(C)\P'(R) with z; = bybiels 2i =
tr1+i,i =1,...,r.

Assume furthermore that#; < ... < t,, andRe(z;) < ... < Re(z,,). Then there
exists a standard ordered topological bouquet y = (yi, ..., y,) for P!(C) \ t such
that complex conjugation ¢ € I'g acts by N

-y = (yi_l)(Vl"'Vi—l),l’ =1,..,r

- Vr2ic1 = (Vr:.}.z,')(ylmyrl)a i=1,..,nr
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Let G be a finite group and C = (Cy, ..., C,) € C,(G). Define the subset
sni®(C; rq, r2) of sni(C) consisting of those (g1, ..., g-) in sni(C) satisfying the
additional condition:

(4) there exists an involution gy € G such that

-1 g .
- gio = (g )G lghl()’l :)1, )
0 — - e 8r ;] —
- gr1+2i—1 _(gr1+2i) 81m8n ,i=1,... ,

. —R . .
Write sni (C; ry, rp) for the corresponding quotient set modulo the component-

. . N . —mod,R
wise action of Inn(G). Similarly, define smm"d’R(C; 1, p) and si (C;r1, 1)
without requiring go to be an involution. Then, BC D,, defines an identification

(\IJ;,G)_I(t/ ) =~ sni(C) such that ER(C; r1, r2) corresponds to those G-covers

in sni(C) which are defined over R and ﬁmOd’R(C; r1, r2) to those with field of
moduli contained in R.

4.3.2. Statements and applications We will use here a variant Rat of the ratio-
nalization operator Rat; introduced in paragraph 4.2.1. Namely, Rat(C) := (C*',
C™, .., C", C™") if {C"}ue@/ocrzy = {CFi )i,

Theorem 4.7. Let G be a finite group containing two tuples A = (Ay, ..., Ap),
B = (B, ..., B,) satisfying (H1) and (H2). Write C; := (Rat(A), Rat(B)*) and
ri=> _, IRat(Ay)|, rs := s> ;_, IRat(By)|. Then, for s large enough, HM(Cy)
is a geometrically irreducible Q-variety and there exists tfR € U’S"(@) with
a Q-rational associated divisor tr € U, _.(Q) and such that the symmetrised
HM-subvariety HM(CS)t]/R is a geometrically irreducible r-dimensional Q-vari-
ety with,

HM(Cy)y (Q7)" # 0

Proof. Asin the proof of theorem 4.4, we are only to show HM(CS)t]/R (R)"%b £ .
For this, apply the following procedure (with the notation of section 4.2.1): given
a non trivial conjugacy class C

(1) = If o(C) = 2, associate to C the tuple t,. := (v/—1, —v/—1).
- If o(C) > 2, associate to C the tuple ti 1= ({,ic)s Soicys -+ - » {:(%(C))/z,

o(
—Up(0(C))/2

go(c) ).
(2) Sett :=(t, ,t., ) with

1Lr> r+l,rg
), = (£, +4G = Dizt...n,
t;—i—l,rs = ((t/B[ +43G — 1))1’:1,...,11 +4(m + jn))jzo ...... s—1-

Then, t' € U"*(Q) is in configuration (0, r,/2) and since #§ # hm(C,) C
sni®(Cy; 0, 15/2), we obtain HM(C;)y (R)"°? £ (. Set tp =t ., . which sat-
isfies tp € U,,_,(Q). Then, by the branch cycle argument, HM(CS)tﬁQ is defined
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over Q and conclude applying the local-global principle to the associated global
descent variety as in the proof of proposition 4.1. O

As in section 4.2.2, one can state a profinite version of theorem 4.7 for mod-
ular towers and associated g-central towers; we leave this to the reader and give
another application of our method to the profinite regular inverse Galois problem
over Q' (see also [C04a]).

Let (sy+1 : Gkr1 — Gy) be a complete projective system of finite groups
and (D;y = (D1, ---, Der))iso a projective system of tuples Dy € C.(Gy).
Write G := lim G and D := limDy. Also assume there exist r;, r» > 0 with

r = ry + 2r; such that the following holds
(%) Forall m > 1 such that (m, ¢(G)) = 1, we have
— —R —R
Sea(sni- (Dg; 71, 72)) C sni (Dyyr; 71, 72)

Lemma 4.8. Assume there exists a G-cover fy defined over Q' with invariants
Go, Do, t' such that °t' is in configuration (r1, ), for all o € T'g. Also assume
that Z(G) is a direct factor of G*. Then there exists a regular realization of G
defined over Q' with invariants D, t'.

Proof. Let po € H, g, (Do) (Q)™° and ( fi)r=0 be a projective system of G-
covers defined over Q corresponding to a projective system of points (px)i>o €
lim H, g, (Dy)¢ above po. For any o € I'g, by the branch cycle argument,

T(Pr)ik=0 € 1<iLn H,,G,(Df ©)),. Furthermore, since f; is defined over Q'", ° f,
is defined over R with branch points °t’ in configuration (rq, r;) so, its branch
cycle description lies in ER(DO; r1, r2). The branch cycle description of “ f;
lies in sni(Dy) above the one of ? fo so, according to (*), in ER(D;(; ri,r2).
As a result, ? f; is defined over R. Now, let D(f) be the descent variety of fj
[DDoMo04]; it is a smooth geometrically irreducible R-variety such that for any
o € F@D( )R = DO (fr)(R) # @. Apply then the local-global principle to
show D(fi)(Q') # @; that is, f; is defined over Q. Finally, the hypothesis
about Z(G) assures the Q""-model of the (f)x>0 can be chosen in a compatible
way cf. §5.3.1 of [C04b]. O

Example 4.9. Let Dy 0 := lim D, « be the prodihedral group of order 2a* where

k _
Doy =< u, vl u® =v=1, vuv=u""'>

Forany k > 1, let A; ; be the conjugacy class of u’ in Dy, i = 1, ..., [(@* +1)/2]
and By, be the conjugacy class of vin D,,«. Then check thatforany 1 < iy, ...,i; <

4 This hypothesis can be relaxed cf. §5.3.1 of [CO4b]. If it is removed and if ER Dy;ri, 1)

is replaced by sﬁm()d’R(Dk; r1, r2), k > 0 then one obtains profinite Galois extensions of Q(T)
with invariants G, D, t’ and field of moduli contained in Q'".
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[a + 1)/2] condition (*) is fulfilled with Dy := ([Bil, [Aki;> ---» Ak, 1), K > 1
(cf [C04b]). To prove the existence of f] as in the lemma, we re-use the idea (and
the notation!) of the proof of theorem 4.7 as follows: observe that A := (By),
B := (A;,) satisfy (H1) and (H2) so, noticing that the tuple C; of theorem
4.7 is of the form Dy = ([Bol. [Ao,> ..., Ao.;,]) above, for s large enough and
for any t/3,rx € U’S‘l(@), HM(Cs)t; . is a geometrically irreducible curve. Let
té,m e U2 (@) built as in the proof of theorem 4.7 then, since B is rational
(o(B) = 2), HM(CS)(OJ;JY) is defined over Q. According to section 4.3.1, we
obtain HM(CS)(O)%”)(R)””"[’ # ) so, applying once again the local-global prin-
ciple to the global descent variety, HM(CS)(O,th_X)(Q")”‘”’b # () and, if fp is a
G-cover corresponding to a point p; € HM(C‘Y)(O,%”) (Q')mo°" its branch point
divisor is of the form (¢, 0, t/Z,rs) thatisin conﬁguratioin (2, rg/2—1) and satisfying
the hypothesis of lemma 4.8. Conclude, by applying this lemma, that there exists
regular realization of D, over Q" with invariants 1<i£1 ([Bxl, [AZ}I, AZ?’f“)/ D,

(t1,0,85, ).
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