5.4 Indefinite Integrals and the Net Change Theorem

The Fundamental Theorem of Calculus tells us that an anti-derivative of a continuous function f de-
fined on an interval cointaining a may be written F(x) = [ f(t)dt. Given this relationship between
anti-derivatives and integrals we introduce a new notation for anti-derivatives:

F(x) = /f(x)dx means the same thingas  F'(x) = f(x)

Definition. If f is a function which has an anti-derivative, then the indefinite integral of f is denoted
J f(x)dx. This expression represents either:

1. All anti-derivatives of f.

2. A particular anti-derivative of f (rarely).

Be careful: the definite integral | ub f(x)dx is a number, while the indefinite integral [ f(x)dx is a
function or a family of functions: indeed

/abf(x)dx = [/f(x)dx}z

Table of Indefinite Integrals

We can rewrite the table of anti-derivatives from Section 4.9 as indefinite integrals:

/ kf(x)dx = k / F(x)dx, K constant
[ £ +g0dx = [ flxdx+ [g(x)dx
1

x"dx = mxn+1/ n 7& -1

cos xdx = sinx sinxdx = —cosx

sec? xdx = tan x csc? xdx = — cotx

sec x tan xdx = secx cscxcotxdx = —cscx

— e —

x~ldx = In |x| e‘dx = e*
1 1

mdx =sin " x

—

dx = tan ' x

—
——

1+ x2

Examples

1. f3x2—1dx:x3—x+c

2. /4x—3€x—cosxdx =2x% — 3¢ —sinx +¢
3. /4x—35inx—cosxdx =2x% +3cosx —sinx + ¢
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2xt — -2
4. /xx33\/}dx:/2x—3x_5/2dx:x2—3-3x—3/2+c:x2+2x—3/2+c

5. To compute the net area under a curve, we have the option of first evaluating the indefinite

integral. For example,
3 : L4
/x — 6sinxdx = 2~ +6cosx+c

whence the net area under the curve y = x*> — 6 sin x between x = 0 and x = 77 is

1 7T
“x* 4+ 6cosx .

1
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Discontinuous Functions

As we saw in the discussion of anti-derivatives, we must be careful of | f(x)dx when f is discontin-

uous. )

2x° —2x 1

E 1 = = 4

xample f(x) por —|—x2
except when x = O or 1.

If x #0,1then f(x) =2x+ %, and so the general

indefinite integral of f is

is continuous

‘ 1 1
/f(x)dx:/2x+;dx:x2—;+c

2=l x<0

=qx2—14c0 0<x<1 7 I
¥—140 1<u 1 0 /1 2
where the constants ¢1, ¢, c3 may be different. (click)

The animation shows several anti-derivatives of f in blue against the original curve f in black

The Net Change Theorem

This is merely a rephrasing of the Fundamental Theorem, part 2. Recall that the derivative F’ is the
rate of change of F. The net change in the value of F over an interval [4, b] is the difference F(b) — F(a).

Theorem (Net Change Theorem). The integral of the rate of change of a function is the net change in that

function:

/b F'(x)dx = F(b) — F(a)

a

By contrast, the total chang is the integral fab |F'(x)|dx

ICounts all changes in F positively



Example Let F(x) =2 —2¢ * —x,sothat F/(x) =2¢ " —1.

The net change in F(x) over [0,2] is clearly the difference F(2) — F(0) = —2e¢ 2. In terms of the
pictures below and the net change theorem, we are computing the difference between the areas A;
and A,:

/02 F'(x)dx = A, — Ay = F(2) — F(0) = —2¢2

17 17 17
Y Fx)=2—x—2e% Y F'(x)=2"*-1 Y

[F'(x)| = 27 = 1]

Ay

In2 1 2

To compute the total change of F(x) over the interval, we need to find the sum of the areas A1, A,. This
requires solving F’(x) = 0 to obtain x = In2. The total change is then

2 In2 2
/ |F'(x)|dx = Ay + Ay = / F'(x)dx + —F'(x)dx
0 0 In2

= F(In2) — F(0) — (F(2) — F(In2)) =2¢ 2 +2—2In2
Distance and Displacement In Physics, the distinction between net and total change is exactly the
discrepancy between displacement and distance, or between velocity and speedﬁ
Displacement Net change in position = integral of velocity.
Distance travelled Total change in position = integral of speed.

If you walk directly the the store and back, your displacement would be zero, but your distance trav-
elled would be positive.

For example suppose that a particle has velocity v(t) = 4sint m/s at time f seconds.

4sint

v(t)

[o(t)] = |4sint]
_|_
_|_

Displacement = Net Change = 0 Distance = Total movement > 0

2Speed is the length of the velocity vector and is therefore > 0. In one-dimension this is absolute value: speed = |v(t)|.
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The displacement of the particle over the time interval 0 < t < 277 is then

27T
4sintdt = —4 cos t‘én

5(271) — 5(0) = /Oznv(t)dt -/
— 4 (-4)=0m

The distance traveled over the same time period is

27 T 21
/ lo(t)|dt :/ 4sintdt—|—/ —4sintdt
0 0 T

= —4cost‘g—i—4cost]in —4—(—4)+4—(—4)=16m

Suggested problems
1. A particle starts at rest at t = 0. Its acceleration is given by
a(t) =2 —tm/s%.

(a) Find the velocity at time ¢.
(b) Find the displacement of the particle over the time interval 0 < ¢t < 6.

(c) Find the distance traveled by the particle in the same time period.
2. A plane starts at 10,000 ft above sea level and its altitude changes at a rate f(t) ft/min.

(a) What is represented by the quantity 10,000 + f012 f(t)de?
(b) If f020 f(t)dt = —12,000, what must have happened to the plane?
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