7 Techniques of Integration

7.1 Integration by Parts

The best that can be hoped for with integration is to take a rule from differentiation and reverse it.
Integration by Parts is simply the Product Rule in reverse!

j‘x[ﬂx) ()] = f ()3(x) + F()g (x)

/f dx+/fx
:>/f x)dx = f /f

This can also be written

/udv:uv—/vdu

where u = f(x), du= f'(x)dx, v=g(x), dv=g'(x)dx.
Unfortunately, Integration by Parts is a lot less useful than the Product Rule to which it is equivalent.

* Applying it correctly means deciding which factor in the integrand is # and which ! dv: these
pieces must be treated differently. Moreover, you must know how to integrate the second factor
before you start.

¢ The best it can achieve is to transform one integral into another. Hopefully this second integral
is easier to compute.
Examples

1. Our first example is very simple. We recognize the integrand xe* as a product of two functions
and choose the simpler u = x to be the function which we differentiate. The working is on the
right.

/xe"dx:xex—/e"dx (u=1x, dv=-e"dx)
=xe* —e* +c (= du=dx, v=2¢

2. This time we take 1 = 3x + 1.
/(3x—|—1)c0sxdx:(3x—|—1)sinx—/33inxdx (u=3x+1, dv=cosxdx)

= (Bx+1)sinx+3cosx+c¢ (= du=3dx, v=sinx)

Always write out the working for these; trying to compute with # and dv in your head is a recipe for
disaster!



Which factor is 1, which dv?

1. If one factor is a polynomial, it is often easier to let this be u. Differentiating u results in a lower
degree polynomial, whence the new integral [ vdu might be simpler than the original.

2. Can you integrate your choice of dv? If not, may need to make u more complicated.

In our example above we calculated [ xe*dx. There are several possible choices for u and dov.
Here is what happens if you try them all:

u do du v uv— [vdu
e* | xdx e* dx Ix2 |l 1x2e% — [ 1x2e¥dx
xe* | dx || (1+x)e¥dx| x | x%* — [x(1+x)e*dx
x |e¥dx dx e~ xe* — [e¥dx

The first two choices in the above table result in a more difficult integral [ v du than we started with.
Only the final choice made things easier!

Can I choose any anti-derivative v of dv? Notice how we didn’t writedv =e¢*dx = v =e¢"+c.
Why didn’t we include a constant of integration. The reason is that it doesn’t matter.

Lemma. The choice of anti-derivative v of dv is irrelevant

Proof. Suppose that 9 is another anti-derivative of dv. Then 9 = v + ¢ for some constant ¢, whence
uzﬁ—/ﬁdu =u(v+c) —/(v+c)du :uv+cu—/vdu—c/ du
:uv—/vdu+cu—cu:uv—/vdu

It follows that the choice of anti-derivative does not effect the Integration by Parts formula.

[
Definite Integrals
We can easily adapt Integration by Parts to cope with definite integrals:
b b
b
| F0g ) dx = f@)g)]; = [ (xgx) dx
Example Here we apply Integration by Parts twice, evaluating as we go.
7T 7T
/ x*sinx dx = [—x% cos x]J + / 2x cos x dx (u = x%, dv = sin xdx)
0 0
T
:—nzcosn+/ 2x cos x dx (= du=2x, v =—cosx)
0
T
= —m?cos 7t + [2xsin x]J — / 2sinx dx (il =2x, dd = cosx dx)
0
:7'c2+2cosx\(7)r (= diil =2, 7 =sinx)

=’ —4

Try the same thing to see that ;" x* cos x dx = 47(6 — 72).
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Recurrence Formuleae

Complicated integrals can often be simplified using multiple applications of the technique. For ex-
ample, when faced with

/ e % cos3xdx

we don’t know which factor to choose: exponentials and sines/cosines don’t qualitatively change
whether you integrate or differentiate. We therefore don’t expect Integration by Parts to help us, but
let’s try it anyway:.

If we let u = e~2* and dv = cos 3x dx, then du = —2¢~2*dx and v = 1 sin3x. Plugging this into
the formula, we obtain

1 2
/e_Zx cos3xdx = ge_zx sin 3x + 3 /e_Zx sin 3x dx
The result is an integral that looks almost the same as what we started with! Rather than give up, we
try the technique again. Let ii = ¢ >* and d¢ = sin3xdx, then dil = —2¢~>*dx and v = —J cos 3x.
Thus

1 2 1 2
/e’z" cos3xdx = ge’z" sin 3x + 3 <—3ez" cos3x — 3 /e’zx cos 3x dx>

This almost looks useless, until you realize that we’ve returned to the integral we started with. Indeed
if you use the letter I to represent the original integral, then the above is an algebraic equation for I
which can be easily solved:

— 1 —2x s 2 —2x 4
I= 56 sin 3x §e cos 3x §I
13 o 1 —2x - 2 —2x
— ?I = §€ sin 3x §e cos 3x

— 131 = 3¢ sin3x — 2¢ ** cos 3x

It follows that our original integral is

1
/e’zx cos3xdx = Ee’zx(3 sin3x —2cos3x) + ¢

A similar approach allows us to calculate sequences of integrals. For instance, if 7 is a positive
integer, we can let I, = [ x"e* dx. A single application (try it!) of integration by parts shows that

I, = x"e" —nl,_4
By iterating this expression, we can quickly compute larger integrals: for example
/x3e" dx = Iy = x%* — 31 = x%* — 3(x%" — 2I1) = x%e* — 3x%e* + 61,
= x3e" — 3x%e" + 6xe* — 6Ip = (x° —3x> +6x —6)e* +c

since [y = [e¥dx =e* +c.



Unexpected Applications

Sometimes taking dv = dx gives surprising results. This approach only works in very special situa-
tions!

Examples

1. Letu = Inx and dv = dx, then du = %dxandv:x

/lnxdlenx-x—/x-chdx:xlnx—/dx:x(lnx—l)%—c

2. Similarly u = sin"'x = du = 1 dx

1—x2

1

-1 1 -1

sin” " xdx = sin x-x—/x-idx:xsm x+vV1—-x24c¢c
/ V1— 2

Suggested problems

1. Evaluate the following integrals:

(a) / te’t dt
1/2
(b) / 2sin~1(2t) dt (sin~!(2t) = arcsin(2t))
0
(c) f eV*dx (try a substitution first)
2. (a) Make the substitution u = sin~! x and then integrate by parts:
xsin~!x

V1—x?

(b) i lIfl,= fol x"e~* dx, prove the recurrence relation

dx

I, =nl,_1— e !

ii. Hence, or otherwise, evaluate the integral

1
/ e dx
0

3. Consider the function f(x) = e”*sinx for x > 0.

(a) Sketch the function for 0 < x < 471.

(b) If f is rotated around the x-axis, the result is an infinite string of beads of decreasing
volume. Find the volume of the first two beads.

(c) Find the volume of entire infinite string of beads (you will need to sum an infinite series,
see chapter 11...)
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