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1 Iterative Methods

In this paper we discuss iterative methods to solve the linear operator equation
Au = f, D

posed on a finite dimensional Hilbert space V equipped with an inner product (-, -).
Here A : V +— V is a symmetric positive definite (SPD) operator, f € V is given,
and we are looking for v € V such that (1) holds.

The X-Z identity for the multiplicative subspace correction method for solving
(1) is introduced and proved in Xu and Zikatanov [2002]. Alternative proves can be
found in Cho et al. [2008] and Vassilevski [2008]. In this paper we derive the X-Z
identity from the auxiliary space method Nepomnyaschikh [1992], Xu [1996].

A basic linear iterative method for solving (1) can be written in the following
form: starting from an initial guess u°, for k = 0,1,2, - -

uF = 4 B(f — Au¥). 2)
k

Here the non-singular operator B ~ A~! will be called iterator. Let e* = u — u".
The error equation of the basic iterative method (2) is

" = (I — BA)e" = (I — BA)*e°.

Thus the iterative method (2) converges if and only if the spectral radius of the error
operator [ — BA is less than one, i.e., p(I — BA) < 1.

Given an iterator B, we define the mapping #pv = v+ B(f — Av) and introduce
its symmetrization ¢z = P p: o Pp. By definition, we have the formula for the error
operator I — BA = (I — B*A)(I — BA), and thus
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B=B'(B'+B'-A)B. 3)

Since B is symmetric, I — BA is symmetric with respect to the A-inner product
(u,v)4 := (Au,v). Indeed, let (-)* be the adjoint in the A-inner product (-, -) 4. Itis
easy to show o

I —-BA= (I - BA)*(I- BA). &)
Consequently, I — BA is positive semi-definite and thus Aya,(BA) < 1. We get
|1 — BA||a = max{|1 — Apin(BA)|, |1 — Amax(BA)|} = 1 — Amin(BA).  (5)

From (5), we see that I — B A is a contraction if and only if B is SPD which is also
equivalent to B~* 4+ B~! — A being SPD in view of (3).

The convergence of the scheme @ and its symmetrization 5z is connected by
the following inequality:

p(I — BAY < I~ BA| = |[I - BAl|Lx = p(I - BA), (®)

and the equality holds if B = B!. Hence we shall focus on the analysis of the
symmetric scheme in the rest of this paper.

The iterator B, when it is SPD, can be used as a preconditioner in the Precondi-
tioned Conjugate Gradient (PCG) method, which admits the following estimate:

e — ¥ 4 JRBA -1\"  Amax(BA)
fu=wla < (w-@(BAm) N CLOR o))

A good preconditioner should have the properties that the action of B is easy to
compute and that the condition number x(BA) is significantly smaller than «(A).
We shall also discuss construction of multilevel preconditioners in this paper.

2 Auxiliary Space Method

In this section, we present a variation of the fictitious space method Nepomnyaschikh
[1992] and the auxiliary space method Xu [1996].

Let V and V be two Hilbert spaces and let I7 : V - Vbea surjective map.
Denoted by I1¢ : V — V the adajoint of II with respect to the default inner products

(ITtu, ) := (u, [T3) forallu € V,o € V.

Here, to save notation, we use (-, -) for inner products in both V and V. Since IT is
surjective, its transpose I1¢ is injective.

Theorem 1. Let V and 'V be two Hilbert spaces and let 11 : Vs Vbea surjective
map. Let B : 'V — V be a symmetric and positive definite operator. Then B :=
IIBII' : V — V is also symmetric and positive definite. Furthermore

(B lv,v) = Higliv(é_lﬁ,ﬂ). (7)
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Proof. We adapt the proof given by Xu and Zikatanov [2002] (Lemma 2.4).

It is obvious that B is symmetric and positive semi-definite. Since B is SPD and
ITt is injective, (Bv,v) = (BIT*v, IT*v) = 0 implies IT*v = 0 and consequently
v = 0. Therefore B is positive definite.

Let o* = BII'B~1v. Then IT%* = v by the definition of B. For any @ € V

(B~Y*, ) = (IT'B~ v, w) = (B~ ', [TW).

In particular (B~1*,9*) = (B~ v, ITo*) = (B~ v, v). Forany & € V, denoted by
v = IIv, we write U = 0* 4+ w with II®w = 0. Then
inf B71~ =) — 371 ~ % ~\ o~ ~
nf (B700) = inf (BTN 4 ). + )
= (B 'w,0)+ jnf (2B ) + (Bflw,w))

The symmetric positive definite operator B may be used as a preconditioner for
solving Au = f using PCG. To estimate the condition number x(B A), we only need
to compare B! and A.

Lemma 1. For two SPD operators A and B, if co(Av,v) < (B~ 1v,v) < ¢1(Av,v)
forallv €V, then k(BA) < ¢1/co.

Proof. Note that BA is symmetric with respect to A. Therefore

(BA) = el (BA) Y = sup (PATs (Bl

)\—1
weV\{0} (u,u)a weV\{0} (Au,u)

min

Therefore (B~v,v) < ¢ (Av, v) implies Ayin(BA) > ¢; ' Similarly (B~ v, v) >
co(Av, v) implies Ayax(BA) < ¢y *. The estimate of x(BA) then follows. O

By Lemma 1 and Theorem 1, we have the following result.

Corollary 1. Let B : V — V be SPD and B = IIBII'. If

co(Av,v) < inf (B710,9) < ¢1(Av,v) forallv eV, 8)

then k(BA) < ¢1/co.

Remark 1. In literature, e.g. the fictitious space lemma of Nepomnyaschikh [1992],
the condition (8) is usually decomposed as the following two conditions.

1. For any v € V, there exists a & € V, such that [T# = v and 1o01% ., < ellvll%
2.Forany & € V, ||[ITo||% < cal|\17||2j§71.
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3 Auxiliary Spaces of Product Type

LetV;, CV ,i=0,...,J, be subspaces of V. If V = ZZ o Vis then {V;}/ is
called a space decomposmon of V. Then for any v € V, there exists a decomposition
u = E;‘]:o u;. Since Z;‘]:o V; is not necessarily a direct sum, decompositions of u
are in general not unique.

We introduce the inclusion operator I; : V; — V), the projection operator Q); :
V — V; in the (-, -) inner product, the projection operator P, : V — V; in the (-,-) 4
i A= Asz and Qi = Ilt

Given a space decomposition V = Z%I:o V;, we construct an auxiliary space of
product type V = Vo x Vi X ... x V;, with the inner product (i, ) := Z;]:O(ui, v;).
We define IT : V — V as I = Zj:o u;. In operator form IT = (I, I1, -+, 1;).
Since V = Z;]:o V;, the operator I1 is surjective.

Let R; V — V; be nonsingular operators, often known as smoothers, approx-
imating A;” ! Define a diagonal matrix of operators R = diag(Ro, R1,--- ,Ry) :
Y Wthh is non-singular. An additive preconditioner is defined as

J J
B, =IIRII' =Y LRI =) LRQ;. )

Applying Theorem 1, we obtain the following identity for preconditioner B,.

Theorem 2. If R; is SPD on V; fori = 0,...,J, then B, defined by (9) is SPD on

V. Furthermore
J

(B, 'v,v) = _inf Z(R;lvi,vi). (10)
2i—o Vi=V i=0

To define a multiplicative preconditioner, we introduce the operator A= IT'AII
By direct computation, the entry a;; = Q;Al; = A;FP;1;. In particular a;; =
A;. The symmetric operator A may be singular with nontrivial kernel ker(I1),

but the diagonal of A is always non- -singular. Write A = D + L + U where

D = diag(Ao, A1, -+ ,A;), L and U are lower and upper triangular matrix of
operators and L' = U. Note that the operator R~ + L is invertible. We define
= (R~' + L)~" and its symmetrization as

B, =Bt + B, — B! AB,, = B (B! + B} — A)B,». (11)
The symmetrizied multiplicative preconditioner is defined as
B = I1B,,IT". (12)

We define the diagonal matrix of operators ﬁ = diag(Ro, Ry, -+ , Ry), where,
for each R;,t = 0,--- , J, its symmetrization is

R, =R{R; "+ R ' — A)R;.



Deriving the X-Z Identity from Auxiliary Space Method 5
Substituting B;;! = R~' + L,and A = D 4+ L + U into (11), we have

Bp=(R"+L) " R'+R—D)R '+ L)!
= (R + Y 'RRRY (R + L)~ (13)

Itis ob\iious that Em is symmetric. To be positive definite, from (13), it suffices

to assume R, i.e. _each R;, is symmetric and positive definite which is equivalent to
the operator I — R; A; is a contraction and so is [ — R; A;.

(A) |[I — R;A;|ja; < 1foreachi =0, ,J.

Theorem 3. Suppose (A) holds. Then B, defined by (12) is SPD, and

J J
(B, v,v) = o]l + - DIRIARY vj— R[50 (14)
=0 Vi=Y = j=i ’

In particular, for R; = Ai_l, we have

J J
1

(B v.v) = [olf3 + _, inf DB Y vl (15)

=0 VTV = j=it1

Proof. Let
M=R'"+R*-D=R'RR™', #=D+U-R"', L=u"

then R-'+ L=#+ L and A= .4 + £ + % . We then compute

——1

B, =(R'+L(R'+R*-D)"Y(R'+LY
= (M +L)M M +U),
A+ L w
t~—1

— At [Rt([) + 0 - ﬁf—l)} R [Rt(b LU - R

For any © € V, denoted by v = IT%, we have

(Ad,0) = (IT'AITS,v) = (AIID, ) = ||v]|3.

Using component-wise formula of R*(D + U — R~ Yo, e.g. (D + U)d); =
Z;‘]:i aijv; = Zj:i AiPi’Uj, we get

J J
(M UD,UT) =Y |RUAPY v — R;lvi)n%l.
i=0 j=i

The identity (14) then follows. O
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If we further introduce the operator T; = R;A;P; : V — V;, then T} = R{A; P;,
T, .= T, + T =TT, = R;A;P;, and (E;lwi,wi) = (AiT;lwi,wi) =
(T; 'wi,w;)a. Here T; * := (T;y.)~' : Vi — Vj is well defined due to the as-
sumption (A). We then recovery the original formulation in Xu and Zikatanov [2002]

(Bu'vo) =Nl + it S (T T Trwa,

J

withw; = Y5 v; — T;lvi. With these notation and w; = ), , vy, we can also

use (13) to recovery the formula in Cho et al. [2008]

J
va) = ]inf Z(TZ_I(TQ +Tl*w1),vl +TZ*’LU1)A
im0 vi=viDg

4 Method of Subspace Correction

In this section, we view the method of subspace correction Xu [1992] as an auxiliary
space method and provide identities for the convergence analysis.

LetV = ZLO V; be a space decomposition of V. For a given residual r € V,
we let r; = @;r be the restriction of the residual to the subspace V; and solve the
residual equation in the subspaces

A;e; =r; approximately by é; = R;r;.

Subspace corrections é; are assembled together to give a correction in the space V.
There are two basic ways to assemble subspace corrections.

Parallel Subspace Correction (PSC)

This method is to do the correction on each subspace in parallel. In operator form, it
reads
uF =k 4 B, (f — AuP), (16)

where

J J
B, =Y LRI/ =Y LRQ. a7

i=0 i=0
Thus PSC is also called additive methods. Note that the formula (17) and (9) are
identical and thus identity (10) is useful to estimate x(B,A).

Successive Subspace Correction (SSC)
This method is to do the correction in a successive way. In operator form, it reads

0 =, o =0t 4 RiQi(f — AvY),i=0,...,N, Wt =2/t (18)
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For each subspace problem, we have the operator form vt = v¢ + R;(f — Av?),
but it is not easy to write out the iterator for the space V. We define B,,, such that the
error operator

I -B,A=(I—-R;Q;A)I - R;j1Qs-1A)..(I = RyQoA).

Therefore SSC is also called multiplicative method. We now derive a formulation of
B,,, from the auxiliary space method.

In the sequel, we consider the SSC applied to the space decomposition V =
Z;‘]:O V; with smoothers R;,i = 0,--- ,.J. Recall that V = Vy x V; X ... x V; and
A = II'AII. Let f = IT' f. Following Griebel and Oswald [1995], we view SSC
for solving Au = f as a Gauss-Seidel type method for solving A= f .

Lemma 2. Let A= D+ L+ U and B = (R™' + L)~%. Then SSC for Au = f with
smothers R; is equivalent to the Gauss-Seidel type method for solving At = f:

b+t =@k + B(f — Ad"). (19)
Proof. By multiplying R~ 4 Lto(19) and rearranging the term, we have
R71akt = R1gk 4 f — Lak*t — (D + 0)ak.
Multiplying R, we obtain

@ = @* + R(f — L' — (D + U)a*),

and its component-wise formula, fori =0,--- | J
i—1 J
k+1 k ~ k1
ui Tt =k —&-Ri(f-—ZaijujJr Zamuj)
§=0 =i
i—1 J
k k41 k
=uf + RiQi(f — AY ult =AY uh)
j=0 =i
Let
i—1 J
i—1 __ k+1 k
EEDTLED 9it)
j=0 j=i
Noting that v — v*~! = uf ™1 — ¥, we then get, fori =1,--- ,J + 1

Ui _ Uifl 4 RlQl(f o 14,1}7,'71)7
which is exactly the correction on V;; see (18). O

Lemma 3. For SSC, we have

B,, = IIB,, ]I and B,, = IIB,,II'.
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Proof. Let u* = ITi*. Applying IT to (19) and noting that

f=1I'f, and Ad* = IT'Au”,
we then get

uFtt = oF + ITBIT(f — Au®).
Therefore B,,, = I Bm ITt. The formulae for B,, is obtained similarly. O
Combining Lemma 3, (5), (6), and Theorem 3, we obtain the X-Z identity.

Theorem 4 (X-Z identity). Suppose assumption (A) holds. Then

1
(I -R;Qs;A)I —Rj_1Qs-1A4)...(1 — ROQQA)H% =1- T o (20)
+CO

where

J J
co = sup inf Z | RL(A; P; Zvj - R;lvi)H%/,l.
j=i '

J _
vl a=125—0 vi=v ;50

In particular, for R; = Ai_l,

1
I-P)I—-Py_1)---I—-P)|3A=1—- 21
¢ 7)( 7—1) - ( 0) I T+ ey 21
where
J J
cg= sup __ inf ZHR Z vil%4-
lolla=12imovi=v =y ;55
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