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The purpose of these Notes is to supplement Section 4.10 of the course textbook (‘Calculus, 5th Edition’,
by J. Stewart), and to smooth the transition to Chapter 5, which is studied at the start of Math 2B.

First, let us recall the definition of ‘antiderivative’ given on Page 300 of the textbook:
Definition: A function F is called an antiderivative of a function f on an interval I if F'(z) = f(xz)
for all z in I.

Among the results obtained in this section is the following:
Text’s Theorem 1 (see Page 300): If F is an antiderivative of the function f on an interval I, then
the most general antiderivative of f on I is G(z) = F(z) + C, where C is an arbitrary constant.

One consequence of this theorem is that if F' and G are both antiderivatives of the same function f on
an interval I, it is probable that for all z in I we have F(z) # G(z).

What the text does not point out, however, is that there is a slightly more complicated quantity,
associated with f and the points of the interval I, that is the same for both F' and G:

Proposition 1: If F and G are antiderivatives of the same function f on I, then for every pair of
points x1 and x2 in I, the differences F(x2) — F(z1) and G(xz2) — G(z1) are equal.

Proof: It follows from the Text’s Theorem 1 above that there exists a constant C' such that G(z) =
F(z)+ C for all z in I. In particular, this holds for z = z; and z = =2, hence

G(x2) = G(z1) = (F(22) + C) = (F(21) + C) = (F(22) = F(21)) + (C = C) = F(x2) = F(21)-

Example 1: Suppose that f(z) = 622 — 4z + 3. It is easy to check that F(z) = 223 — 222 4 3z is an
antiderivative of f on the entire real line; but so also is G(z) = 223 — 222 + 3z + 10.

Let 1 = —1, zog = 2. The preceding proposition says we should have F'(2) — F(-1) = G(2) — G(-1).
Let us verify this by direct calculation:

F2) =16-8+6 =14 F(-1)= -2-2-3 = -7,

thus
F(2)—F(-1) = 14— (-7) = 21;
while
G(2) =16—-84+6+10 =24, G(-1) = -2-2-3+10 = 3,
thus

G(2) —G(~1) = 24—3 = 21.

Geometric Interpretation of Antiderivatives In Math 2A one learns that there is a very beautiful
geometric interpretation of the concept of ‘derivative’ of a given function ¢ in terms of the slope of the
graph of g. The main goal of these Notes is to provide an equally beautiful — but very different — geometric
interpretation of ‘antiderivative’ of a given function f in terms of the graph of f. Indeed, it turns out that
one can provide such an interpretation in terms of ‘area’ instead of ‘slope’.

Let us begin with an important special case of the desired result.

The Restricted ‘Area Theorem’: Suppose that the function f is continuous on an interval [a,b],
and that f(z) > 0 for all x in [a,b]. Define a new function A(x) on [a,b] by the following geometric rule:



A(z) is the area of the figure bounded by the graph of the function f and the horizontal azis, over the
interval [a, x| (see Figure 1 below).

Then A'(z) = f(z).

Proof (due to Isaac Newton, in the late 1660s): To determine A’(z), we must compute the expression
limy_,o(A(xz + h) — A(z))/h. To simplify our discussion, consider only z such that a < z < b, and let
h > 0 be small enough that z + h < b. Then the numerator A(x + h) — A(z) can be interpreted as the
area between z and x + h; see Figure 2a below. But by comparing this area with the areas of rectangles
in Figures 2b and 2c below, we see that

y1h < A(x + h) — A(z) < y9h,

where y; denotes y-coordinate of the lowest point of the graph on the subinterval [z, z 4+ h] and y2 denotes
the y-coordinate of the highest such point.

Now divide by the positive quantity h to get

A(x + h) — A(z)
Y1 < A

< yo.

It is clear, from the hypothesis that f is continuous, that y; and y, both approach f(z) as h approaches 0.
Then it follows from the ‘Squeeze Theorem for Limits’ (see Page 88 of the text) that (A(z + h) — A(x))/h
approaches f(z) as h approaches 0; that is,
A h)—A
Afa) = tim ATENZAG .

h—0 h

as claimed. m

Remark: The word ‘Restricted’ in the name of the preceding theorem comes from the restriction
that f(z) >0 for all z in the interval. Removing this restriction requires a somewhat more complicated
discussion, and is done later in these Notes.



Corollary 1: Suppose that f is a continuous function on the interval [a,b], and f(z) > 0 for all z in
[a,b]. Then:

(a) The function f has at least one antiderivative on [a, b], namely the ‘area function’ A defined by the
rule that A(z) equals the area between the graph of f and the z-axis over the interval [a, z].

(b) If F is any antiderivative of f on the interval [a,b], and z; and z, are any numbers in [a, b] such
that 1 < w9, then F(x3) — F(z1) equals the area bounded by the graph of f and the z-axis from x = z;
to x = xo.

Proof: (a) This is simply a rephasing of the conclusion A’(z) = f(z), from the Restricted ‘Area
Theorem’, in terms of the definition of ‘antiderivative’.

(b) It is clear from our previous discussion that the area from z; to xg is just A(xg) — A(z1). But since
A(z) is an antiderivative of f(z) (by Part (a)), as is F'(z) (by hypothesis), it follows Proposition 1 above
that F(zq) — F(x1) = A(z2) — A(x1), which proves the claim. =

Remark: The two parts of Corollary 1 seem to be quite similar, but in fact they look at the relationship
between ‘area’ and ‘antiderivatives’ from very different perspectives:

Part (a) tells us that f has an antiderivative F', but it does not tell us how to find an algebraic formula
for F' in terms of the formula for f. Thus, Part (a) is primarily of theoretical interest.

In contrast, Part (b) tells us that if, by any means at all, we can find an algebraic formula for an
antiderivative F' of f, we can use that formula to compute areas. Since one learns a variety of techniques
in Math 2B for obtaining algebraic formulas for antiderivatives (see Chapter 8 of the text), one thinks of
Part (b) as being more on the applied side of the subject.

Example 2: (a) Let f(z) = x2/4, so the graph of f is the parabolay = x2/4. Note that f is continuous,
and f(z) > 0, at all z, so that the hypotheses of the preceding results are valid on any interval. Also, note
that F(x) = x3/12 is an antiderivative of f(z). Thus it follows that the area bounded by the parabola
y = z2/4 and the axis over, say, the interval [2, 4], is given by

482 64 8 56 14

A= F4)_F(2) = = _= _ % _ 5 o0 14 "
W-F2) == 12~ 12~ 3 Squareunits

(b) Next, let f(z) = 1/22, so that we can take F(z) = —1/z. Then the area under this graph from
z = 1tox = 3 is given by
-1 -1 1 2
A = F — F 1 = — — _ p— =
6 -F0) = 5 - (F) Lo



(c) Consider now the function f(z) = 2?+z—2 = (z+2)(z—1), whose graph is the parabola pictured
below:

Consider the region bounded by this graph and the z-axis over the interval —3 < < 3. Note that it
breaks up, in a natural way, into three subregions of areas Ai, Ao, and A3, with the points where the
subregions meet being where the graph of f crosses the z-axis; note that the first and third subregions lie
above the z-axis, while the second lies below the axis.

Problem: Calculate the area A of that portion of this region which lies above the z-axis.

In light of the Restricted ‘Area Theorem’, the solution is straight-forward: First note that F'(z) =
x3/3 4+ x?/2 — 2z is an antiderivative of f(x). It is clear from Figure 5 above that the desired area A is the
sum of the areas A; and Aj over the subintervals [—3, —2] and [1, 3], respectively. One computes:

3 10 7 15
F(-3) =% F(-2)=—; FQ1)=-= F(3)=—
(-3) =5 F(2) =75 FO)=-5 F@)=-
Thus,
10 3 11
Ay = F(=2)—F(-3) = &~ — - = —

Ay = F(3) - F(1) = L2

()T
2 6/ 6 6 6 3
It follows that Ay = A; + As = (11/6) + (26/3) = 63/6 = 21/2 square units of area.

The relation between ‘antiderivatives’ and ‘areas’ in the case of negative functions is similar to what
was just described for positive functions, but with one important difference:

Corollary 2: Suppose that f is a continuous function on the interval [a,b], and f(z) < 0 for all z in
[a,b]. Then:

(a) The function f has at least one antiderivative on [a,b]. Indeed, let A(x) denote the area of the
region bounded by the graph of f and the z-axis over the interval [a,z]. Then (—A(z)) = f(z).

(b) If F' is any antiderivative of f on the interval [a,b], and z; and z, are any numbers in [a, b] such
that x1 < x9, then F(x9) — F(x1) equals the negative of the area bounded by the graph of f and the
r-axis from x = z1 to z = z9.

Proof: (a) Let g(z) = —f(z), and note that g is continuous and g(z) > 0 on the interval [a, b]. Also note
that A(z) is the also area function associated with g, so by Corollary 1 we have A'(z) = g(z) = —f(z).
(b) Clearly if F' is an antiderivative of f, then G = —F is an antiderivative of ¢ = —f. Applying

Part (b) of Corollary 1 to the function g, we see that
F(zg) = F(z1) = (=G(22)) = (G(21)) = —(G(22) — G(21)),

which (by Corollary 1, applied to G) equals the negative of the area, as claimed. =



Example 3: Consider again the quadratic function f(r) = z? + x — 2 that we already studied in
Example (2c) above. It is clear from our previous discussion about this function that on the interval
[~2,1] we have f(x) < 0. Thus, the antiderivative F(z) = x3/3 + 2%/2 — 22 must satisfy

F(1) — F(—2) = —(Area between graph and axis over [—2, 1]).
Indeed, notice that, by our previous calculations, F(1) = —7/6 and F(-2) = 10/3, so

7 10 o7
6 3 6’
which, as expected, is a negative quantity.

To complete our interpretation of F(x9) — F'(z1) in terms of areas, we need only say what happens if
the function f changes sign on the interval; that is, if f(z) > 0 for some values of z, and f(z) < 0 for
other values.

Example 4: Let f(z) = x?+z—2 as in Example (2c) above. Note that F(3)—F(—3) = (15/2)—(3/2) =
12/2 = 6. But we can also write

F(3)—F(-3) = (F(3)—F(Q))+ (F(1) —F(-2))+ (F(-2) —F(-3)) = A1 — Ay + A3 = (A1 + 43) — Ao.

That is, F'(3) — F(—3) equals the difference between the area above the z-axis and the area below the
T-axis:

Lymy_m_s

F(3)—-F(-3) =
O -F = (5+3)-5 = 3

Note that this number is not the total area of the region bounded by the graph and the z-axis over the
interval [—3, 3]. Indeed, it is clear that the total area is

11 2 27 90
A+ Ag+ Ay = — + 24020 = 2 _ g5,
1At Ay = o d oty 6

The analysis carried out in the preceding example works in general.

Definition: Suppose that f is a continuous function on an interval [z1,z2], with 1 < 2, and let R
denote the region bounded by the graph y = f(z) and the z-axis, for z in the interval [z1,z2]. Then the
net area between f and the z-axis for the interval [z, z2] is the difference Apet = Ay — A_, where A,
is the area of that portion of R above the z-axis, and A_ is the area of that portion of R below the axis;
see Figure 6 below. In contrast, the total area between f and the z-axis for the interval [z, x2] is the
sum Atqt = Ay + A_ of these areas.

WARNING: Notice that in Example 4 above the total area is NOT just the absolute value of the net area.
It is easy to see that in general if f changes sign at least once on an interval, then the total area must be
strictly larger than the absolute value of the net area.



The ‘Net Area’ Theorem: Suppose that the function f is continuous on an interval [a,b]; for
simplicity, assume also that f changes sign at most a finite number of times over the interval. Define a
second function A on [a,b] by the rule that A(z) is the net area between f and the z-axis for the interval
[a,z]. Then A'(z) = f(x) for all z in [a, b].

The proof is similar to that used above in the analysis of Example 4, and is left to the reader.

Remarks

(1) Note that the ‘Net Area Theorem’ says we do not have to calculate the area above the z-axis and
the area below the z-axis separately in order to compute the net area, even though the definition of ‘net
area’ would seem to say we should do so. Instead, all we need is the formula for an antiderivative of f over
the interval [a, b].

(2) In contrast, to compute the total area we do have to compute separately the quantities A and A_
by breaking [a, b] into the subintervals on which f is of constant sign.

Corollary 3: Suppose that f is continuous on an interval [a, b] and that f changes sign at most a finite
number of times on [a,b]. Then:

(a) The function f has an antiderivative on [a, b], namely the ‘net area’ function A defined by the rule
that A(z) equals the net area between the graph of f and the z-axis over the interval [a, z].

(b) If F' is any antiderivative of f on the interval [a,b], and z; and z5 are any numbers in [a,b] such
that 1 < =z9, then F(z2) — F(z1) equals the net area of the figure bounded by the graph of f and the
r-axis from 1 to zs.

The proof is similar to that for Corollary 1 above, and is left to the reader.

Remark: The ideas above come from Isaac Newton; but the standard notation for the ‘net-area
function’ A(z) is due to the other primary codiscoverer of calculus, Gottfried Leibniz. His notation, as
modified by the French engineer Joseph Fourier, seems rather strange at first, but it turns out to be very
convenient. Here it is:

A(z) = /amf(u)du

The right side is called the definite integral of f from a to z. The funny-looking symbol [ is called
the integral sign, the function f in this expression is called the integrand, and the numbers a and z
are the limits of integration. The motivation for this strange-looking notation will become clearer after
covering the first few sections of Chapter 5 in Math 2B. Note that with this notation we can write

dA d [
Al(x) = T a/a f(u)du

Using this notation we can reformulate the preceding results as:

Fundamental Theorem of Calculus (geometric version): If f is continuous on an interval [a, ]
then

T

W 5 [ fwdu = s

b
(2) / f(z)dz = F(b) — F(a), where F' is any antiderivative of f on [a, b].

WARNING: You should treat the definition of the definite integral given above as ‘unofficial’ or ‘prelim-
inary’. The ‘official’ definition, which is given in Chapter 5 of the text, is formulated in a purely analytical
manner, with no reference to geometry needed. That is, it defines the definite integral in terms of the



formula for f, and not in terms of pictures associated with f. This more-modern definition is mathemat-
ically equivalent to the geometric one given above, but is much more amenable to the use of high-speed
computers, which seem to be happier dealing with numbers than with pictures. See the Addendum to
these Notes for a discussion about the ‘official’ definition.

Example 5: (a) Let us compute [ sinudu, and then interpret the result geometrically.
Indeed, by the Corollary to the Net-Area Theorem we need only find an antiderivative of the integrand
f(u) = sinu; but clearly F'(u) = — cosu works. Now the Corollary says that

/07r sinudu = F(r) — F(0) = —cos(m) — (—cos(0)) = —(-1) —(—-(1)) = 1+1 = 2.

Geometric Interpretation: Since sinu is never negative on the interval [0, ], we see that [; sinu du equals
the (total) area between one ‘arch’ of the sine curve and the horizontal axis; see Figure 7a below.

(b) Now let us compute fg /2 sinu du, and interpret the result geometrically.
Solution: This is similar to the preceding example, except the limits of integration are changed. Thus,

/2
/03 sinudu = F(3n/2) — F(0) = —cos(37/2) —(—cos(0)) = 0—(—(1)) = 0+1 = 1.

Geometric Interpretation: The integrand sinu changes sign at u = w, and the definite integral equals a
‘net’ area, with the area below the axis on [m, 37/2] cancelling out half of the area above the axis.

(c) To get the total area over the interval [0,37/2], one must compute the areas A, and A_ separately.
We showed that A, = 2 in Part (a), and one easily computes that

A- = —(FG3n/2) —F(x)) = —(0—1) = 1

s0 Agot = AL +A_ =2+1=3.

Exercises
(1) Let f(z) = 2® — z. Let R be the region bounded by the graph of f and the z-axis for —2 <z < 2.
(a) Find the net area of the region R over the interval [—2,1]; use the ‘Net Area’ theorem.
(b) Find the total area of the region R over the interval [—2, 1].
(c) Find the area of that portion of R on the interval [—2, —1] which lies above the z-axis.
(d) Find the area of that portion of R on the interval [—2, —1] which lies below the z-axis.
(

e) Are your answers for Parts (c) and (d) consistent with your answers for Parts (a) and (b)? Explain.



(2) Use Part (2) of the Fundamental Theorem of Calculus to compute the following integrals, and interpret
the results geometrically:

(a) /12 (:1:3 + %) dzx.

w/6
(b) / cos z dx.
—m/4

4
(c) / f(z)dz, where f is the function whose graph consists of the line segments through the points

0
(Oa _4)1 (172)7 (25 _1)1 and (414)'
(3) Let f(z) = (22 —1)(x — 2)(z — 5), and let R denote the region bounded by the graph of f and the

Z-axis.
(a) Find the net area of the region R for the interval [—2,5].

(b) Find the area of that portion of R which lies above the z-axis over the interval [-2, 5].
(c) Find the area of that portion of R which lies below the z-axis over the interval [—2, 5].
(d) Use the results of Parts (b) and (c) to determine the net area and the total area of the region R.

Compare with your answer for Part (a).

(4) Suppose that F'(z) is an antiderivative of the function v/1 + z%.
(a) Compute F"(z).

(b) Compute C;i—ng(wQ) (Hint: Chain Rule.)
(c) Let G(z) = F(2?) — F(y/z). Compute G'(x).

(d) Express the function G in Part (c) as a definite integral, and then reformulate the differentiation
problem in Part (c) in terms of that integral.

(5) (a) Compute di/ V14 ttdt.
T J1

2

d U
(b) Compute W/ cos (t%) dt.
1

d =
(c) Compute I / cos (t?) dt. (Hint: Problem 4 may give you a clue.)
-3z

(6) (a) Draw a picture of the graph of a continuous function f over an interval [a,b]. Make sure that this
graph crosses the z-axis several times.

(b) Let g(z) = |f(z)|, where f is the function whose graph you drew in Part (a). Draw the graph of
g. Is it possible to draw the graph of g without first determining where f(x) = 07

(c) Interpret the number [ (f g(x) dx geometrically in terms of the original function f.

(d) As a check on your comprehension of the previous parts of this problem, compute ff 4|2z — 1| dz.

In Exercises 7 and 8 you are being asked to think about the problem and try to reduce it to problems
you already know how to solve. It will help if you draw careful pictures.

3

(7) Determine the area of the region between the curves y = 22 and y = z3 over the following intervals:

(a) [a,b] = [-2,-1]; (b) [a,b] = [1,3].



(8) Determine the area between the following curves over the indicated intervals.
(a) y ==z and y? = x, for 0<y<1

2

(b) y = cos“z and y = —2, over [7/3,27].

Addendum — Transition to Chapter 5 of Stewart’s Calculus

The definition of [ : f(x) dx that was given above, in terms of geometry and ‘net area’, was considered
adequate for over 100 years. But around the year 1820 mathematicians realized that they needed a more
rigorous treatment of the definite integral, one which was not based on the intuitive notions of geometry.
This ‘analytical’ approach to the definite integral, in terms of the defining formula for f and the concept
of limits, is associated with the names of some of the most brilliant mathematicians of the nineteenth
century: Cauchy, Riemann, Weierstrass, and so on. It is this approach which has become the ‘standard’
way to define the concept of ‘definite integral’, and is the approach taken by the textbook in Chapter 5.
Thus, let us end these Notes by focusing on the main problem that this ‘new’ analytical approach really
tries to solve: Given a function f that is continuous on an interval I, to show, without basing anything on
geometry, that f has an antiderivative F' on I.

In light of our earlier discussions on the properties of antiderivatives, the key question can really be
boiled down to:

Given the continuous function f, come up with a method that predicts what F(b) — F'(a) must equal for
every pair of numbers a, b in I with a < b.

To prepare the student for what will be said on this issue at the start of Math 2B, let us consider a
concrete special case.

Problem: Suppose that f(x) = sin (2?) for all z. Assuming the function f has an antiderivative F on
R, determine F'(2) — F(0).

The obvious first step is to try to find an explicit formula for the antiderivative F, and the reader
should certainly try that approach first; but don’t spend much time on it, because it has been proved that
any such antiderivative cannot be expresssed in a finite number of steps in terms of the usual functions of
freshman calculus!

The next best thing to do is try to approzimate the quantity F(2) — F(0) using the fact that F'(z) =
f(x) = sin(2?). The key to this approximation is the Mean-Value Theorem (see Page 235 of the text).
Indeed, this theorem tells us that F(2) — F(0) = F'(c)(2 — 0) for some ¢ in the interval [0,2]; that is,
F(2) — F(0) = (sin(c?))-2 for some such c¢. Using the ‘max/min’ techniques developed in Section 4.1
of the textbook we see that the maximum value of sinz? in the interval [0,2] is 1, which occurs when
r? = 7/2, ie., when z = /7/2 = 1.2533...; similarly, the minimum value of sin(z?) in the interval
[0,2] is —0.7568. .., which occurs when z = 2. In particular, —0.7568... < sin (c?) < 1, so we get

—1.51... < F(2) — F(0) < 2.

This tells us something about the actual value of F'(2) — F(0), but not much: We now know that it must
lie between —1.51... and 2. We can improve our knowledge of the true value of F'(2) — F(0), however, with
a simple ‘trick’:

Notice that F(2) — F(0) = F(2)-F(1)+ F(1) - F(0) = (F(2) — F(1)) + (F(1) — F(0)). Now repeat
the previous ‘Mean-Value-Theorem’ argument on each of the differences (F'(2) — F (1)) and (F (1) — F(0)):

F(1) = F(0) = sin(c¢?)(1 —0) and F(2) — F(1) = sin(c3)(2 — 1)

for some ¢; in [0,1] and some ¢z in [1,2]. Using the methods of Section 4.1 again, one checks that on the
interval [0, 1] the function sin (z2) assumes its minimum value at z = 0 and maximum value at z = 1;



while on the interval [1,2] the function sin (z?) takes its minimum value at = 2 and its maximum value
at x = \/7/2. Since sin(02) = 0, sin(12) = 0.841..., sin(22?) = —0.7568..., and sin ((\/7/2)?) = 1,
we get
0 < sin(c;)? < 0.841..., —0.7568... < sin(cp)? < 1.
Thus
0 < F()-F0) < 0.841...
—0.7568... < F(2)—F(1) < 1.000...

Adding together corresponding parts of these inequalities then yields
—0.7568... < F(2)—F(0) < 1.841...

Notice that, by breaking up the original interval [0, 2] into two equal halves, our ‘uncertainty’ about the
true value of F'(2) — F'(0) has been cut quite a bit from our original estimate. Thus it makes sense to repeat
the procedure, but breaking up the original interval into a large number of pieces. Here is a summary of
what to do:

Let n be a positive integer.

Step 1: Break up the interval [0,2] into n equal subintervals [zg,z1], [z1,%2], ... [Tp—1,%n], each of
length Az = 2/n. Note that xg = 0, z1 = 2/n, zo = 4/n, x3 = 6/n, and so on; the general formula is
zp = 2k/nfork = 1,2, ...n.

Step 2: Use the methods of Section 4.1 to find the maximum and minimum values of sin (?) on each of
these subintervals. Denote the maximum and minimum values of sin (z2) on the j-th subinterval [z,_1, z;]
by M; and m;, respectively. Thus,

m; < sin(2?) < M; forallj = 1,2, ...n
Step 3: Use the Mean-Value Theorem, as above, to show that
mjAzr < F(z;) — F(zj—1) < MjAz

Step 4: Note that F(2) — F(0) = (F(x1) — F(xo)) + (F(x2) — F(x1)) + ... + (F(xy) — F(xy-1), and
then add together the inequalities in Step 3 to get

miAz +meAz+ ... + mpyAz < F(2) — F(0) < M1Az + MyAz + ... + M,Ax

bl

To save writing, let us denote the sum on the left by L, and the sum on the right by U,. (The ‘L’ and

‘U’ stand for ‘lower’ and ‘upper’, respectively.) Then the preceding analysis says that
L,<F(2)—-F(0)<Upforeachn = 1,2, ....

Our calculations in the cases n = 1 and n = 2 suggest that maybe we can get the ezact value of F'(2)—F(0)
by taking the limit of L, and U, as n approaches infinity. The key to proving this claim is the following
observation: Let B be the maximum value of |f'(z)| over the interval [0,2], where f(z) = sin(z?); one
can use the usual ‘max-min’ techniques to compute B. Then by the Mean-Value Theorem, we have

0< My —my = |f(sg) — f(re)| = |f'(ck)]-|sk — 7| < B-Ax,

where si and 7, denote the values of z in the subinterval [zy_1,x;] where f assumes the values M} and
my, respectively. From this fact it is not hard to show that

4B
0<U,—-L,<2BAx = —
n
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