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Analysis Advisory Exam
September 18, 2008
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Instructions. Do all problems if possible. Use only one side of each sheet.
Do at most one problem on each page. Write your name on every page. Justify
your answers. Where appropriate, state without proof results that you use in your
solutions.



1. Prove that if f : [a,b] — R is continuous on the bounded interval [a,b] then
f is Riemann-integrable on [a, b].



2. Let an,b, > 0 for n € N and assume that }_ . a, < oo and that 2 nendn <

00. Prove that
Za,,bn <00.
neN



3. Prove that a normed vector space (E, || - ||) is complete iff the following condi-
tion is satisfied

N
lexn” <oco==3Jz € Es.t. ||1:—Z:c,,||—>OasN—>oo.

neN n=1



4. Construct a bounded sequence of continuous functions
fn :[0,1] — R such that

N fn = Fmnlloo = Sl[;p” |fa(z) = fn(z)| = 1 whenever n # m.
z€|0,

Can such a sequence be equicontinuous? Justify your answer.



5. Forz € R and n € N, let f,(z) = -zt

(a) Show that the sequence {f,} converges pointwise on R and find its limit.

(b) Is the convergence uniform on [0,1]? On [1, 3]?
(Justify your answer.)



6. Suppose S is a compact subset of R™ and f : S — R is a continuous function
and € > 0. Show that there is a number A > 0 such that |f(z) — f(y)| <
Allz — y|| + € for any z,y € S.



7. Show that there exists an € > 0 and continuous real-valued functions u and v,
defined on (—¢, €), with the property that u(0) = v(0) = 0, cos(u(z)) + u(z) +
v(z) = 2% + 1 and (u(z))? = 2v(z) + = for every z € (—e, ¢).



8. Let S C R consist of 0 and the numbers %,n = 1,2,3,... show that every
open covering of S has a finite subcovering. (Show that S is compact by
definition.)



9. Show that [~ z~*sinzdz exists for 0 < a < 2.
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