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Notations. Let D(a, r) be the disc in the complex plane C with center at a
and radius r; and ∂D(a, r) = {z ∈ C : |z − a| = r}.



1. Describe all entire holomorphic functions f and g such that

(a) f(
1
n) = f(− 1

n) =
1
n2 for all positive integers n. Show your work.

(b) g(
1
n) = g(− 1

n) =
1
n3 for all positive integers n. Show your work.
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2. Let f(z) be an entire holomorphic function such that

lim
z→∞

|f(z)|
|z| = 0

Prove that f is a constant.
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3. Evaluate � ∞

0

dx

x1/3(1 + x)
.
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4. (a) Show that there is an analytic function defined in Ω = {z ∈ C | |z| > 4}
whose derivative is

f(z) =
z

(z − 1)(z − 2)(z − 3)
.

(b) Does there exist an analytic function in Ω with the derivative

g(z) =
z2

(z − 1)(z − 2)(z − 3)
?
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5. Let f : [0, 1] → C be a continuous function. Define the function F :

C\[0, 1]→ C by

F (z) =

� 1

0

f(t)

t− z
dt, z ∈ C\[0, 1].

Prove that F is holomorphic on C\[0, 1].
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6. Prove the Schwarz-Pick lemma: Let f : D(0, 1)→ D(0, 1) be holomorphic.

Then ���
f(z)− f(a)

1− f(a)f(z)

��� ≤
���

z − a

1− āz

���, a, z ∈ D(0, 1).
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7. Let f be holomorphic in D(0, 1) and let

M(r, f) =

� 2π

0

|f(reiθ
)|2dθ

Prove that M(r, f) is an increasing convex function of r on [0, 1).
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8. Let f be meromorphic in D(0, 1) \ {0} such that

�

D(0,1)\{0}
|f(z)|3dA(z) ≤ 1.

Prove z = 0 is a removable singularity of f .
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