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Abstract

We discuss the non-unitarity of a spherical principal series of a real split group by
means of Weyl group calculations.

For a good choice of the parameters, a spherical principal series admits a non-
degenerate invariant Hermitian form. To discuss unitarity, one needs to compute
the signature of such a form. Computations can be done separately on the isotypic
of each K-type and when the K-type is “petite”, they can be reduced to Weyl group
calculations. It follows that, to compute the signature on the isotypic of a petite
K-type pu, one only needs to understand the representation v, of the Weyl group on
the space of M-invariants in pu.

For type A, the set of Weyl group representations ¢, that arise from petite K-types
can be identified with the set of partitions of n in at most two parts. We give an
inductive algorithm to extend each Weyl group representation in this class to a pe-
tite K-type. This construction produces all the K-types used by Barbasch to detect
unitarity in SL(n, R).

Our inductive algorithm appears to be generalizable to other split groups with one
root-length. The final result will be a list of petite K-types on which the signature can
be computed with Weyl group calculations; hence, a non-unitarity test for a spherical

principal series for split groups of types D, Eg, E7 and Es.
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Chapter 1

Introduction

One of the most interesting problems in representation theory is the study of the
unitary dual of a real reductive Lie group G. It is a theorem by Harish-Chandra that
every irreducible unitary representation of GG is admissible, and that two irreducible
unitary representations are unitarily equivalent if and only if they are infinitesimally

equivalent. Therefore, the problem of classifying the unitary dual is equivalent to:

1. describing the set of irreducible admissible representations of GG, up to infinites-

imal equivalence;

2. understanding which irreducible admissible representations of G admit an in-

variant Hermitian form;

3. deciding whether the invariant Hermitian form on an admissible irreducible

representation of G is definite.

The first problem was solved in the early 1970s by Langlands, who showed that every
irreducible admissible representation of G is infinitesimally equivalent to a Langlands
quotient Jp(d @ v).

Let P = M AN be a parabolic subgroup of GG, let § be an irreducible tempered unitary

representation of M and let v be a complex linear functional of A, with real part in



the open dominant Weyl chamber corresponding to N. Let Ip(d ® ) be the principal
series obtained by inducing the representation § ® v of P to GG. The assumptions on
the parameters ¢ and v guarantee that Ip(d ® v) has a unique irreducible quotient,
Jp(6 ® v), which we call a Langlands quotient with data (P, J, v).

We can describe Jp(0 ® v) as the quotient of Ip(d ® ) modulo the kernel of the

intertwining operator

AP:P:6:v): Ip(d@v) — Ip(d@V), Frs F(xn)dn.
e(N)

Please, refer to chapter 2 for more details.

A few years later, Knapp and Zuckerman understood that a Langlands quotient
Jp(0 ® v) is Hermitian if and only of there exists an element w in K satisfying the

formal symmetry condition

w-d~0, wPwl=P, w-v=-. (1.1)

The existence of a non-composition on the rangedegenerate invariant Hermitian form
on Jp(d®v) is equivalent to the existence of a Hermitian (g, /K)-map that intertwines
Jp(d®@v) and its Hermitian dual Jp(d ® (—7)). The symmetry condition (1.1) follows
from the fact that two Langlands quotients Jp(d ® v) and Jp/(§' @ V') can only be
equivalent if there exists an element w of K such that wPw™' = P/, w-6 = ¢ and
w-v=1v.

For each Hermitian Langlands quotient, Knapp and Zuckerman constructed a

Hermitian intertwining operator B on the principal series Ip(d ® ) whose kernel co-

incides with the kernel of the operator A(P : P : 4 : v). Such an operator induces a

Ip(5®l/)

non-degenerate Hermitian form on the Langlands quotient Jp(d ®@v) = Rer(A(P-Po))"

Please, refer to chapter 3 for details.



We are left with the problem of deciding whether a Hermitian Langlands quotient
Jp(0 ® v) is unitary. This is equivalent to understanding whether the Hermitian in-
tertwining operator B (on Ip(d ® v)) is semi-definite.

Because the representation is admissible, the signature of B can be computed sep-
arately on the isotypic component of each K-type appearing in the principal series,
which is a finite-dimensional vector space. Of course there are infinitely many K-
types, so the problem remains complicated.

Please, refer to chapter 5 for a short description of how to study the signature of an

Hermitian intertwining operator defined on an admissible representation.

For each K-type (u, E,) appearing in the principal series, we obtain an intertwin-

ing operator

I(w, v): Homg(E,, Ip(d ® v)) — Homg(E,, Ip(d @ w - v))

(induced from B by composition on the range) whose signature equals the signature
of B w.r.t. the K-type p. Using Frobenius reciprocity, we can interpret /,(w, v) as

an endomorphism of Hom,(Resh; E,,, V°).

Problem Compute the signature of 1,(w, v), for each K-type (u1, E,) appearing

in the principal series Ip(d ® v).

The example of SL(2, R) (chapter 4) shows that it is fairly easy to solve this problem
when G is a split group of real rank one.
For G = SL(2, R), we let P = M AN be the minimal parabolic consisting of upper

triangular matrices. We assume § = 0" to be the trivial representation of M and v to



be a real dominant character of A satisfying the symmetry condition w-v = —v. We
identify the irreducible representations of K = SO(2) with integers, and the charac-
ters of A with complex numbers. In particular, since the long Weyl group element w
is the negative of the identity, we identify v with a real positive number number.
For all A > 0, we construct the spherical principal series Ip(6" ® ), and we observe
that Ip(0T ® A) contains every even K-type &, with multiplicity one, and no odd
K-type at all.

For all integers m, the operator B acts on the the isotypic of &, by a scalar (be-
cause this isotypic is one-dimensional), and we denote this scalar by cy,,. A long but
classical computation shows that

(1=NEB=A)--(2m—1-\)

pu— = > .
Com = Com = NN BT em o1ty 2

By definition, B is positive semi-definite if and only if ¢y, = 0, for all integers m, and
this happens if and only of 0 < A < 1. We notice that this condition is equivalent to
the one we obtain by requiring the signature to be positive only on the K-types &,

&i2 and & 5 (which are petite).

When the group G is split!, and P is a minimal parabolic we can always reduce the
computations for the construction of the operator /,(w, ) to rank-one calculations.
For simplicity, we assume that ¢ is the trivial representation of M and that v is a
real character of A. The element w that appears in the symmetry condition 1.1 is a
Weyl group element, hence it admits a minimal decomposition as a product of simple
reflections. We decompose I, (w, v) accordingly, and notice that the intertwining op-
erator corresponding to a simple root 3 can be interpreted an operator for a principal

series of a rank-one subgroup L (which is essentially a product of M and the SL(2)

Write go = € @ po for the Cartan decomposition of Lie(G), and choose a maximal abelian
subspace ag of pg. The group G is called “split” if the centralizer of ay inside ¥ is zero. As a
consequence, the group M is finite (and abelian).

4



attached to the root ), and can therefore be computed using the results already
known for SL(2, R). Here are more details.
If w= 54, 54,54, 1S @ minimal decomposition of wy as a product of simple reflec-

tions, we can write:

[M(w7 I/) = [u(sa'rsar—l “tSagSars l/) =
= [u(saw (Sap_y " SaSay) " V) " Iu(saza Say - V)Iu(sau V). (1.2)

Each factor of this decomposition is an operator of the form I,(sg, v), with sz a
simple reflection and v a real character of A satisfying (v, 3) > 0.

For 8 and ~ as above, and for each integer [, we let ¢; be the isotypic component of the
character & of K(® ~ SO(2) inside p, so that E* = @),., ¢ is the decomposition

of 11 in K®W-types, and

Hom,, (Resh; E,,, V) = @ Hom, (Res? " (o + ¢_om), C)

meN
NS

/

~

U’"L

is a decomposition of HomM(Resﬁ E,, V) in M K ®)-stable subspaces. The operator
I,(s3, 7): Homy(Resh, B, V°) — Homy, (Resy; E,, V?)

preserves the decomposition of Homy, (Resy; E,,, V%) in M K (®)-stable subspaces. Pre-

cisely, for all m > 0, 1,(sg, ) acts on U, as scalar multiplication by

) (2m =1~

) (2m — 1+

)
)

(1— (v,
(1 + {7,

o )G~ (. N
o 3+ (v, B v, B (13)

E< ¢

Please, refer to chapter 6 for details.



We obtain a decomposition of I,(w, v) as a product of operators corresponding
to simple reflections, and for each of these operators an explicit formula exists. The
difficulty is that this formula depends on the decomposition of E,, in irreducible K (¥-
types (with K the SO(2) attached to () and this decomposition changes when
(B varies. It is very hard to keep track of these different decompositions when you
multiply the various rank-one operators to obtain /,(w, ). Therefore, we look for an

alternative approach to construct the operator I,(w, v).

Strategy For some K-types p, construct the operator I,(w, v) by means of Weyl

group calculations.

Definition 1. Let G be a real reductive group, and let K be a mazimal compact
subgroup of G. A K-type (u, E,) is called petite if the SO(2) subgroup attached to

every restricted root (of G) only acts with characters 0, £1, =+2.

When (4 is a petite K-type, the operator I,(sg, ) only depends on the represen-
tation 1, of the Weyl group on the space of M-fixed vectors in E,,.

We can construct I, (w, v) in a purely algebraic fashion, as follows:
1. We factorize I,,(w, v) as a product of rank-one operators (as in 1.2)

2. For each simple root 3, and for each real character « of A satisfying (v, 3) > 0,

we write:?
I( ) +1 on the (+1)-eigenspace of 1, (sg)
p\sSgs V) = .
1-— 75 .
‘1+g_, ,@i on the (—1)-eigenspace of ,(sp).

ZRecall that I,(sg, ) is defined on the space of M-fixed vectors in E,. Because y is petite

® ®
Hom s (Resh; E,,, V°) = Homyp (Res}y ™ g, C) @HomM(Res%K (p2 ® p_3), C) .

UO U2

We can identify Uy with the (+1)-eigenspace of ¢, (s), and Uz with the (—1)-eigenspace of ¢, (s3).
1—(v.5)
1+(v, )

It follows from 1.3, that I,,(sg, ) acts by co, =1 on Uy, and by camy = on Us.



3. We multiply the various rank-one operators I,(sg, ) to obtain I, (w, v).

Please, refer to chapter 6 for details, and to chapter 7 for an application of these

considerations to SL(3, R).

Final Results: When G is a real split group, and X(v) is a unitary spherical
Langlands quotient, the Hermitian operator /,(w, v) must be semi-definte for all K-
types . When g is petite, we can compute I, (w, v) by Weyl group calculations, so
it should not be too hard to understand its signature.

The result is a non-unitarity test for a spherical principal series of GG, in the sense
that this test can be used to show that some representations are not unitary: if the
“algebraic” operator I,(w, v) fails to be semi-definite for some petite K-type p, then

we can conclude that X (v) is not unitary.

It is quite an amazing fact that this test also detects unitarity when the group G
is a classical group. This beautiful result is due to Barbasch and can can be stated

as follows:

Theorem. If G is a classical (real or p-adic) split group, then the spherical Lang-
lands quotient X (v) is unitary if and only if the invariant Hermitian form is positive

semi-definite on the petite K-types.

Inspired by this result, we decide to explore the relation between petite K-types
and Weyl group representations. The main result is an inductive algorithm that
extends a certain class of representations of the Weyl group to petite K-types. We
have formulated this result for the group SL(n), but it appears to be generalizable to
other split groups whose root-system admits only one root-length (this includes the

non-classical groups Fg, Fr, Eg).



In chapter 8 we give an explicit description of the petite spherical K-types of
SL(2n), and we compute the corresponding representations of the Weyl group on the

space of M-fixed vectors. The following table summarizes the results of the chapter

petite K-type | Weyl group repr. dim.
0=0¢; 4+ -+ 01, SCm) — trivial 1
itk | SR
O0<k<n
Gk 2| S ()= ()

With standard notations, we have identified the Weyl group of SO(2n) with the
symmetric group in 2n letters, and the irreducible representations of Sy, with the
partitions of 2n. We notice that the Weyl group representations p arising from the
petite spherical representations are exactly the Specht modules corresponding to the
partitions in at most two parts. This condition is equivalent to requiring that p do
not contain any copy of the sign representation of Ss.

In chapter 9 we run this process backwards, and for each Weyl group representation
p not containing the sign of S3, we construct a spherical petite K-type p, such that
p is a submodule of the representation of the Weyl group on the space of M-fixed
vectors of p,. This construction produces all the petite spherical K-types.

In chapter 10 we determine the highest weight decomposition of ;, and provide a
number of examples.

In chapter 11 we generalize this construction to non-spherical representations of M’,



obtaining an inductive algorithm to construct petite K-types.

For type A, our algorithm provides a list of petite K-types on which the inter-
twining operator for a spherical principal series can be tested by means of Weyl group
computations; in other words, a list of K-types on which we should be able to explic-
itly calculate the signature.

Generalizing the algorithm, we will obtain a similar output for other groups with
one root-length. The final result will be a non-unitarity test for a spherical principal

series for split groups of type A, D, Eg, E7 and Fg.



Chapter 2

Classifications of Irreducible

Admissible Representations

2.1 Principal Series Representations

In this section we introduce the notion of a Principal Series Representation induced
from a minimal parabolic subgroup!, and we list its main properties. A detailed

description of the material can be found in Knapp|[21].

Let P = M AN be a minimal parabolic subgroup of G. Fix an irreducible repre-
sentation (4, Vy) of M and a character v of A. We consider § ® v as a representation

of P, with N acting trivially.

The Principal Series Representation
(6 @ v) = IndS(6 @ v)

is obtained by inducing 6 ® v from P to G. We give two different realizations of this

!There is a more general notion of Principal Series Representation, in which the parabolic sub-
group is not required to be minimal. We will discuss it later.

10



representation:

» Induced Picture. The representation space is the completion of the vector

space

{F: G — Vs continuous | F(gman) = e~ le@)§(m)=1F(g),
Vman € P, Vg € G}

with respect to the L? norm

AP = Sy 1LF (R, dk,

where dk is the normalized Haar measure on K. It can be identified with the Hilbert

space
Hf®y ={F:G—V,: F|geL*K, V) and F(gman) = e~ @+018@)§(m)~1[(g),
VmeM,ae A,ne N, ge G}

This space is invariant by left translation in GG, so we can define a representation of

G on Hi,, by
[rp(0@v)(9) - Fl(x) = F(g~'x)  Va,g€C.

We call mp(d ® v) the principal series representation with parameters P, and v.
We also denote it by Ind%(§ ® v), to emphasize the fact that it is induced from the

representation § ® v of P.

Notice that the restriction of 7p(0 ® v) to the maximal compact subgroup K is

independent of the character v, and it is given by:

Res% (Ind% (0 @ v)) = Indy; 6.

11



» Compact Picture. The representation space is obtained from Hf;@, by re-

striction to K:

My ={f € LXK, V5) | f(km)=0(m)"' f(k), VmeMVkeK}
The action of G on Hy is defined by

[mp(6 @ v)(g) - fl(k) = e M f(k(g7'k)) Vo€ G VkEK,

where = x(z)ef@n(z) denotes the Iwasawa decomposition of an element z of

G = KAN.

These two pictures of the principal series representation are isomorphic. Indeed,
restriction to K defines a Hilbert space isomorphism from H§®V onto Hs, which
intertwines the action of G.

The inverse mapping associates to an element f: K — Vs of Hs the unique ex-
tension F': G — Vj endowed with the desired transformation property under right

multiplication by elements of P:
F(g) = F(kan) = e~(o)osle) f (k)

(the unicity of the extension follows from the unicity of the Iwasawa decomposition

of G = KAN).

We will continuously switch between the induced picture and the compact one.
The compact picture has the advantage that the representation space is independent
of v, but the action of GG is much simpler in the induced picture.

Now that the definition of a principal series representation is understood, we

describe its main properties. For clarity, we subdivide the results in three categories:

Admissibility Any principal series representation mp(d ® v) is admissible.
Indeed, by Frobenius reciprocity, the multiplicity of a K-type p in

12



Res% (Ind% (6 @ v)) = Ind}; &

equals the multiplicity of § in Res? (1), which is finite.

We denote by X (0 ® v) the corresponding Harish-Chandra module.

It is a theorem by Harish-Chandra that every irreducible admissible represen-
tation of GG is infinitesimally equivalent to a composition factor of a principal

series representation.

This is the famous “Harish-Chandra subquotient theorem”. It states that an
irreducible representation of GG is admissible if and only if the corresponding
Harish-Chandra module is equivalent to an irreducible quotient M;/M,, where
M, 2 M, are two submodules of a principal series induced from a minimal

parabolic.

Equivalence Two principal series representations mp(d ® v) and mp/ (6’ ® V') have
equivalent composition series if and only if there exists a Weyl group element

w such that
(0", V)= (w-0, w-v).

We make the Weyl group act on equivalence classes of irreducible representations

of M and A as follows:
(w-0)(m) =6(z"'mx) Vm e M,
with x a representative for w in the normalizer of ay in K, and

(w-v)(eM) = (et ) Y H e q.

13



Unitarity If v is imaginary, the principal series representation mp(J ® v) is unitary.

Notice this condition on v makes d®v unitary, for each irreducible representation
0 of M. Indeed, when P = M AN is minimal parabolic, M is included in K

and therefore is compact.

2.2 The Standard Intertwining Operator

In this section we discuss the existence of an intertwining operator between two prin-
cipal series representations myan(0 ® v) and 7, 45(0 ® v), that are obtained by
inducing the same representation 0 ® v of M A from two different minimal parabolic
subgroups P = M AN and P = MAN. Results are stated without a proof. A good

reference is Knapp|21].

Let P = M AN be a minimal parabolic subgroup of G, with

Lie(N) = @, ca+ Foa-

The choice of a new positive system AT C A(g,, a,) determines a new minimal
parabolic subgroup P = M AN, with

Lie(N) = @, ca+ Foa-

Fix an irreducible representation (d,Vs) of M and a character v of A. The rep-
resentation 0 ® v of M A can be regarded both as a representation of P and as a

representation of P (with N and N acting trivially).

Induction to G gives rise to two different principal series representations 7y an (d®
v) and 7y, 45(6 @ v), defined on Hilbert spaces Hf,, and H(;}S@V.

Consider the operator
A(P: P:6:v): HE,, — Hf®y

14



defined formally? by

[A(P: P:§: v)F|(x) = [5.x F(xn)dn,

NNN

where N = O(NN) denotes the analytic subgroup of G with Lie algebra

L16<N) = ’19(L1€(N>) = @QGA7 Yoo = @aeA+ Yo—q-
It is not too hard to check that

e for each F in Hj,,, the function
A(Z5: P:0:v)F:G— Vs

has the proper behavior under right multiplication by elements of P = M AN

A(P: P:§: v)F(xm) = §(m)~""(A(P: P: §: v)F(z)) Yme M

A(P: P:6: v)F(xa) = e WD A(P: P: §: v)F(x) Vae A

A(P: P:6: v)F(xzn) = A(P: P: §: V)F(x) ViheN
(here p denotes the semi-sum of the roots in AT, counting multiplicity);

e for each F in Hj,, and each g in G,
A(P: P:§5: V) [myan (0 @ v)(g) - F] = myan (0 @ v)(g) - [A(P: P: §: v)F].

So for each choice of the parameters ¢ and v, A(I5: P:§:v) is a formal inter-
twining operator from 7y an (0 @ V) to w45 (0 @ V).

It is an actual intertwining operator only if the integral

A(P: P:5:v)F(x) = [y F(zn)dn

2At this stage, we only consider A(]B: P: §:v) as a formal operator; the attribute “formal”
means that we do not worry about convergence.

15



converges, for each F' in H(f@y.

Unfortunately, convergence happens only for certain values of v.
If P= MAN and P = MAN are minimal parabolic, a sufficient condition for the
convergence is that (Re(v), §) > 0, for each § which is positive for N and negative

for N:

Theorem 1. Let P = MAN and P = MAN be minimal parabolic subgroups, and

suppose that v satisfies the condition
(Re(v), ) >0 VYBeAtNA~,

Then, the integral defining A(P: P: §: v)F(x) is convergent for every continuous

function F in HE,, and for all z in G.

In this case, we refer to A(P: P: §: v) as the standard intertwining operator

from mpran (0 @ V) to my 450 @ v).

We also mention a result about the factorization of standard intertwining opera-

tors:

Theorem 2. Let P = MAN, P' = MAN' and P" = MAN" be minimal parabolic

subgroups of G. Suppose that
Lie(N") N Lie(N) € Lie(N’) N Lie(N)

and that (Re(v), B) > 0, for each (3 which is positive for N and negative for N".
Then

AP": P:6:v)=AP":P:6:v)0c A(P': P:0:v).

16



2.3 A Langlands Quotient

We use the standard intertwining operator A(P: P: §: v), with P equals the mini-
mal parabolic opposite to P, to construct an irreducible representation of G. Such
representation is called a Langlands quotient, because it was obtained by Langlands
as a quotient of the principal series representation 7p(0 ® v) module the kernel of

A(P: P:§: v). The main reference for this section is [9].

With the same notations used the previous section, we consider the case in which

P is the minimal parabolic opposite to P:

P=0(P)= MAN.
Since every root positive for N is automatically negative for N, the convergence
condition for A(P: P: §: v) is

(Re(v), By >0 VpBeAT.

As a result, we obtain the following theorem:

Theorem 3. Let P = M AN be a minimal parabolic subgroup.
For each irreducible representation 6 of M, and for those characters v of A such that

Re(v) is strictly dominant, there exists an intertwining operator
A(P: P:6:v)
from 7p(6 @ v) to mp(d @ v), with P the opposite parabolic.

The intertwining operator A(P: P: §: v) was the object of many studies in the
"70s and '80’s, because of its intimate connection with the irreducibility of the prin-
cipal series representation 7p(d @ v).

The following results are mainly due to Langlands (and Mili¢i¢), and can be found

in [9]:

17



e The operator A(P: P: §: v) is not identically zero.

o If F € Hf,, but F ¢ Kernel(A(P: P: §: v)), then F is a cyclic vector for

mp(d @ V).

e The image of the operator A(P: P: §: v) is an irreducible submodule of 75(J ®

V).
e 7p(0 ® v) has a unique non-zero irreducible quotient:
HP

JP(5 ® V) = Kernel(A(ggiwpi d:v))?

which is isomorphic to A(P: P: §: v)(H},,).

The irreducible admissible representation Jp(d @ v) is called a Langlands Quotient

with data (P,d,v).

If we allow the parabolic subgroup P to be non-minimal, we basically obtain all
the irreducible admissible representations of GG in the form of Langlands quotients.
The next step is therefore a generalization of the principal series to the case “P

non-minimal parabolic”.

2.4 Generalization to non-minimal parabolic

Under some additional conditions on 9, all the constructions carried out in the pre-
vious sections (principal series representation, standard intertwining operator, Lang-
lands quotient) can be generalized to the case in which the parabolic subgroup P is

not a minimal parabolic. A good reference is again Knapp[21].

Let P! = M'A'N' be a parabolic subgroup of G, containing a minimal parabolic

P=MAN (so A C A, N* € N and M!' 2 M).

18



Let A = A(go, a}) be the set of roots:
Al ={B € (a5)": (g0) # 0},
where we have denoted by (gg)é the root space corresponding to [3:
(90)s = {X € go: [H, X] = B(H)X, VH € ag}.

The roots in A' = A(gy, a}) are basically # obtained from A = A(gg, ag) by restriction
to al. When P! is not a minimal parabolic, they do not necessarily form a root system.

We introduce a notion of positivity in A! by calling a root 3 positive if the cor-
responding root space (go)j is included in ng. We denote by p' the semi-sum (with

multiplicities) of the positive roots in Al

The construction of the principal series mimics the one done in the case of a

minimal parabolic:

1

e We fix a character v! of a} and a unitary* representation §' of M!, and we

regard v! ® ¢! as a representation of P! = M'A'N! (with N acting trivially);

e We describe the induced picture of the principal series representation mp1 (6! ®

v') as the action of G by left translation on the Hilbert space:

HE  ={F:G—V®": F|ge L*K, V%) and

Slev
F(zman) = e~ +2)108@ 5 (m) 1 F(z), Ym € M'NK,Yan € A'N'Vz € G}.
e In the compact picture of mp1(6* ® v'), the Hilbert space is simply

Hiy = € LK, VT): fam) = 6" (m)~ f(x), Vm € M' N K}

51|Mlm

3Just make sure to disregard the roots of A that are identically zero on aj.

4In the minimal parabolic case, we did not require § be unitary. Indeed, this was automatically
true, given the compactness of M.
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and we define the action of G by:
[mp1 (8" @ 1)(g) « fl(k) = e ¢TI (1 (g7 k) T f (' (971 R)

(where #'(2)v/(z)ef!' @n’(z) denotes the decomposition of an element z of G

under G = KM'A'N?').

Restriction to K is an isomorphism from the induced picture to the compact
one. The inverse mapping sends f: K — V?' to the unique extension F: G — V%'

satisfying the desired transformation properties under right multiplication by elements

of P:
F(g) = F(K'(9)v/(9)e™ @/ (g)) = e~ oD @G (1) ()71 f (K (g)).

Just like in the minimal parabolic case, the principal series representation 7p1 (6'®
v1) is admissible for any value of the parameters 6' (unitary) and »!, and it is unitary

if ! is purely imaginary.

Encouraged by these strong similarities, we introduce the formal intertwining
operator

51

A(PL: PY: gt vty Hf;l@,l — Hfigun (2.1)

defined by:

A(P': P': 6" v F(x) = [y F(an)dn.

For convergence (on K-finite vectors) we need Re(v') to be in the open positive
Weyl chamber relative to N!, and also an additional condition: we need &' to be

tempered.
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Theorem 4. Let P* = M'A'N! be a (not necessarily minimal) parabolic subgroup
of G. Let 6 be an irreducible tempered unitary representation of M, and let v' be
a characters of A' such that Re(v') is in the open positive Weyl chamber determined

by N'. Define the parameters (P?, 6%, v?) is a similar fashion. Then

1. there exists an intertwining operator
A(PL: Pt vt

from wp1 (' @ V1Y) to i (6F @ vY), with P the opposite parabolic.
A(PL: P': 6': vb) is defined on the space of K -finite vectors, and since wpi (6'®
vY) and wpi (8* @) are both admissible, it gives rise to an intertwining operator

for the corresponding actions of go.

2. wp1 (68t @ V1), as a representation of gy on the space of K- finite vectors, has a
unique irreducible quotient which we denote by J(P!, 6%, v').

3. J(P, 6%, vY) is infinitesimally equivalent with the image of the intertwining

operator A(PY: P': §': v') defined above.

4. J(PY, &Y, vt s infinitesimally equivalent to J(P?, 8%, v?) if and only if there is

an element of K carrying P* to P%, 6* to 6% (up to equivalence), and v to v>.

Definition 2. Let P' = M'A'N! be a parabolic subgroup of G. Let §* be an irre-
ducible tempered unitary representation of M*, and let v* be a characters of A with
real part in the open positive Weyl chamber determined by N. We call J(P', &', v')

the Langlands quotient with parameters (P, §', v1).
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2.5 Langlands Classification of Irreducible Admis-
sible Representations

We just report the main result, as stated in Theorem 8.54, Knapp|21].

Theorem 5. Fix a minimal parabolic subgroup P = M AN of G.
The infinitesimal equivalence classes of irreducible admissible representations of

G stand in one-one correspondence with all triples (P, [6'], v') such that
o Pl = MYA'N' is a parabolic subgroup of G containing P;

e 0! is an irreducible tempered unitary representation of M*, and [§'] is its equiv-

alence class;
1

o v! is a compler linear functional on a}, with Re(v') in the open positive Weyl

chamber corresponding to N*.
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Chapter 3

Classification of Unitary

Irreducible Representations

It is a theorem by Harish-Chandra that each irreducible unitary representation is
admissible and two irreducible unitary representations are unitarily equivalent if and
only if they are infinitesimally equivalent. Therefore, classifying the irreducible uni-
tary representations of a semi-simple group amounts to deciding which Langlands
quotients are infinitesimally unitary?.

This problem was solved by Knapp and Zuckerman in 1976. They proved that:
Theorem 6. Jp_pan(0 @ v) is infinitesimally unitary if and only if

(i) the formal symmetry conditions hold: there exists w in K normalizing a, with

wPw!

=P w-d~dandw -v=—0
(i1) the Hermitian intertwining operator

B =6(w)R(w)A(P: P:§:v)

s positive or negative semi-definite.

! An admissible representation 7 of G on a Hilbert space V is said to be infinitesimally unitary if
its space V{ of K-finite vectors admits an Hermitian inner product with respect to which 7(g§) acts
by skew Hermitian operators.
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We direct the reader to [25] for a detailed proof of this result. We will only add a

few comments.

3.1 The formal symmetry condition

The aim of this section is to explain why the formal symmetry condition
wPwlt="P w-0~9 w-v=—U (3.1)

(for some w in K) is necessary for the unitarity of the Langlands quotient Jp(d ® v).

Let Jp(0 ®v) be infinitesimally unitary, and let (, ) be a non degenerate (positive

definite) invariant form on Jp(d ® v). The mapping
T: Jp(6®@v) — (Jp(d @v))", x+— (, )

defines an invertible (g, K)-module map from Jp(d ® v) to its Hermitian dual.?
Because 0 is unitary, the Hermitian dual of Jp(d ® v) is the Langlands quotient
Jp(6®@—1).> We conclude that Jp(d®v) and Jp(§®@—7) are infinitesimally equivalent.
It then follows from 4 that the formal symmetry condition 3.1 holds.

Finally, we notice that the element w in (3.1) has the property that w? lies in M'NK.

2As a vector space, the Hermitian dual of an admissible (g, K)-module X is the set of K-finite
conjugate linear maps X — C. The actions of K and g are defined by:

(k- f)@)=fk™"2) (2 f)la)=~f(Z )

for all kin K, Z in g and = in X. Notice that if X is the Harish-Chandra module of an admissible
representation m of G on a Hilbert space, then X" is the Harish-Chandra module of 7". We have
denoted by 7" the representation of G defined by: 7"(g) = (7(g~!))*. Please, refer to [24] for more
information on the Hermitian dual.

3See [24], Proposition 11.26, or [26], lemma 20.
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3.2 The operator B

Let P be a (not necessarily minimal) parabolic subgroup of G, with Langlands de-
composition P = MAN. Fix a unitary irreducible tempered representation § of M,
and a character v of A in the open positive Weyl chamber determined by N. These
assumptions on ¢ and v guarantee the convergence of the standard intertwining op-

erator (2.1)
AP: P:6:v): Hp(6 ®@v) — Hp(d @ V).

Suppose that there exists an element w in K satisfying the formal parity condition
(3.1). By construction, w - § is unitarily equivalent to ¢, and w? belongs to M N K.
Hence, it is possible to define §(w) in exactly two ways (differing by a minus sign)
so that ¢ extends to a unitary representation of the subgroup of K generated by M
and w.?* Because w normalizes ag, the operator d(w) is a well defined intertwining
operator from 7p(y -0 @ v) to mp(d @ v).
We also consider the operator R(w) of right multiplication by w, which is an inter-
twining operator from 7p(d @ V) to T py-1 (W - I Qw - v) = Tp(w -0 ® —D).
Composing the standard intertwining operator A(P: P: §: v) with the operator

R(w), we obtain an operator
Rw)oA(P: P:§:v): Hp(§ ® V) — Hypo-1_p(w - d @w - v)

which intertwines the representations 7p(d ® v) and Tp(w - 6 @ —0).
We then compose [R(w) o A(P: P: §: v)] with d(w) to obtain an intertwining

operator

B=4(w)o R(w)o A(P: P:§: v): Hp(d @ v) — Hp(d @ —1) (3.2)

from 7p(d ® v) to Tp(0 ® —1).

4See [21], lemma 14.22 or [22], lemma 18.
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It is important to notice that the operator B = 6(w) o R(w) o A(P: P: §: v) only
depends on the equivalence class of w modulo M. Indeed, for each mg in M, the

element wmy also satisfies the formal symmetry condition (3.1) and

§(wmyg) o R(wmg) o A(P: P:6: v) =6(w)o R(w)o A(P: P:§:v).

Since w? lies in M N K, this implies that

S(w)oR(w)o A(P: P:§:v) =0(w ) oR(w ) o A(P: P:4: v).

The other fundamental remark is that the operator B is Hermitian (we use the com-
pact picture for the principal series representations 7p(d ® v) and 7p(d ® —7), so

that domain and codomain of B are identifies with HY). This result follows from the

following lemma:®

Lemma 1. Let G be a semi-simple Lie group, and let P, = M AN, and P, = M AN,
be associated minimal parabolic subgroups of G.
Fiz an irreducible (tempered) unitary representation § of M, and a character v of A

satisfying

(Re(v), a) > 0
for each « positive for Py and negative for P,. Let A(Py: Py: §: v) be the standard
intertwining operator from mp (§ @ v) to mwp,(d @ v). Then

A(Py: Pi:6:v)" = A(Py: Py:0: — D)

with the adjoint computed K-type by K-type in the compact picture.

We now prove that

°Please, refer to [23] (proposition 7.1 (iv)) for a proof.
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Proposition 1. The operator B: HY — HY is Hermitian.

Proof. This is not hard to prove:

B* = [6(w)o R(w)o A(P: P: §: v)]*

=A(P: P:§:v) o R(w)" o §(w)*

=R HoAP: Prw-0:v)od(w™) ()

=R Hodlw)o[d(w)o A(P: P:w-6:v)od(wt)]

=Rw HYodlw)oA(P: P:6:v) (% * %)

=6(w)o R(w)o A(P: P:6:v) = B.

Just a few remarks:

o (%) follows from the fact that the operators R(w) and 6(w) are unitary, and from

the the previous lemma;

e (xx) follows from the identity®

A(Sy: S1:0: N) =Ry HAySay " ySiy ™t y-o:y- NR(y)

6See [21], p.182.
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fory=w" 9 =P, S =P, c=w-§,and \ =,

o (x *x) is the easy identity

S(w)o A(P: P:w-6:v)od(w™t)=A(P: P:6:v).

3.3 Unitary Langlands Quotients

In this section we sketch the proof of theorem 6. A detailed proof can be found in
25].

Theorem (6). Jp_pan (0 @ v) is infinitesimally unitary if and only if

(i) the formal symmetry conditions hold: there exists w in K normalizing a, with

wPw =P, w-d~fandw-v=—0
(ii) the Hermitian intertwining operator
B =6(w)R(w)A(P: P: §:v)

s positive or negative semi-definite.

Proof. Let Jp(0 ® v) be a Langlands quotient and suppose that there exists an ele-
ment w in K satisfying the formal symmetry condition 3.1. Construct the Hermitian

intertwining operator
B=6w)oR(w)oA(P: P:§:v): HY — HY

as instructed in the previous section. Because d(w) and R(w) are invertible, we
can identify the kernel of B with the kernel of the standard intertwining operator
A(P: P: §: v). By construction, B gives rise to an invariant Hermitian form on

Hp(d ® v), and to a non degenerate Hermitian form ( , ) on the quotient space:
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_ Hp(5Qv)
Jr(0 © V) = am ooy

Because Jp(d ® v) is irreducible, the form ( , ) is unique up to a non-zero real factor.
We conclude that the Langlands quotient Jp(d ® v) is infinitesimally unitary if and
only if the invariant Hermitian form ( , ) is definite, i.e. if and only if the operator B

is semi-definite. O]
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Chapter 4

The example of SL(2, R)

4.1 The data for SL(2, R)

In this section we briefly recall the data for the group SL(2, R), and we fix the

notations that will be used throughout the chapter.

e G=S5L(2,R)

e K =5S02)=1ky= cos(9) - sin(d) v eR
—sin(d¥) cos(V)

e go =52, R) = ao @ (go)a © (g0)—-a, With

ap =RH,, H,=

a=2, p=c¢c ca9g— R, tH,—1
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(g())a = RXOU Xa =

0 0
0 0
(gO)—a - RYOH Ya =
10
10 -1 0
M = ,
01 0 -1
e 0 y 0
A= teRy =<(a, = yeR, y>0
0 et 0 y !
1 =z
N=<n, = cxeR
01
b r
P = :b,reR, A0
0 bt
b r sgn(b) 0 b 0 1 r/b
0 bt 0  sgn(b) 0 |b]! 0 1

the Twasawa decomposition of an element of P (where sgn(b) =b/ | b|)
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a b cos(¥)  sin(¥) y 0 1 =z
° = kyayn, =

c d —sin(d) cos(dd) 0 y! 01

with " = \/% and y = Va? + c? (4.1)

the Iwasawa decomposition of an arbitrary element of GG

o« M= {6}, with 6% and 6~ respectively the trivial and the sign representation

of M

. (ag)(C = Ce, with €: a0 = R, tH,+—t

e K ~ 7. For each integer n we denote by &, the character:

cos(v)  sin(¥ ,
ént K = C, ky = (9) ) e,
—sin(Y) cos(¥)

4.2 Principal Series induced from the Minimal Parabolic

4.2.1 The Principal Series Representation 7p(J ® \)

Fix an irreducible representation ¢ of M (6 = 6*), and a complex linear functional \e
on ag. We denote by mp(d ® ) the principal series induced from the representation
(0 ® Ae) of the minimal parabolic subgroup P = M AN (as usual, N acts trivially).
The Hilbert space Hfj;@ N of this representation is the completion with respect to the

norm
1N = fie | (k) 2 dk
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of the vector space of the continuous functions F': G — C satisfying:
F(gman) = §(m) le-OetPle@ p(g) Vg e G, Vman € P.

In the notations introduced above, we can describe this transformation property by:

b r sgn(b) 0
Flyg =6 [ Flg)
0 bt 0  sgn(b)

for all b and r in R, with b non-zero. G acts on Hf;@ 5 by left translation:

lg- Fl(z) = F(g~").

It is convenient to introduce also the compact picture for the principal series. In the

compact picture, the Hilbert space is

Hy ={f € L*(K,C): f(—g) =0 . fla)}.

We notice that HY is the space of all even functions in L?*(K,C) when § = §T, and
it is the space of all odd functions in L*(K,C), when § = 6~.
Restriction to K is an isomorphism from Hf;’@/\) to HEY. The inverse mapping

carries an element f of H{ to the function

F:G— C, g=kpayn, — F(kgayn,) = y " (kg).
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4.2.2 The restriction of 7p(0 ® A\) to K
By Frobenius reciprocity, the multiplicity of a K-type &, in the restriction of mp(d® \)

to K equals the multiplicity of ¢ in the restriction of &, to M. Since

-1 0 A 4+1 if n is even
& = einm = ,

0 -1 —1 ifnisodd

it follows immediately that

e if § is the trivial representation of M, then the restriction of mp(d ® A) to K

contains only even characters, each occurring with multiplicity one:

RGSK(WP(5+ ® )\)) = @neZ €2n

e if § is the sign representation of M, then the restriction of mp(§ ® A) to K

contains only odd characters, each occurring with multiplicity one:

Resg(mp(6~ @ N)) = B,z Eont1-

We now describe representatives for the various K-types in both the compact and
the induced picture.

Assume that n has the same parity as 0. The function

foi K — C, ky v fo(ky) =e "¢

belongs to HY and it transforms under K according to the character &,:

(ko - fal(ky) = falky'ky) = €777 fu(ky) = [€a(ko) - fal(Ky).

In the induced picture, a generator for the K-type &, is given by the function:

F,:G—C, g=kyayn, — yf/\*le*m‘p_
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4.3 Study of the irreducibility of 7p(d ® \)

The trick is to look at the action of g5 in the compact picture of 7p(6 @ ).

In g5 we pick the basis

which satisfies the bracket relations:
[H, X] =2X [H, Y] =-2Y (X, Y]=H.

We let {H, X, Y} act on the orthonormal basis {f,} of HL (n runs over 2Z when &
is the trivial representation of M, and over 2Z + 1 when 0 is the sign representation).

We find that

1. H fixes each K-type: ’ H-f,=nf, ‘

o000 0

Cfnfﬁl (Cfn72 Cfn (Cfn+2 Cfn+4

2. X pushes each K-type forward: | X - f,, = a,, frnio a,=AN+n+1)/2

e Cfn—4 (Cfn—Q (Cfn Cfn—‘rQ Cfn+4 e

3. Y pushes each K-type backwards: | Y - f, = b, fu_2 bp=AN—n+1)/2

= (Cfn—4 : (Cfn—Q ) (Cfn < Cfn+2 3 Cfn+4 e

Proof. 1. H-fpo=n/f,
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0 1
The element 1H = belongs to the Lie algebra gy and the vector f,

-1 0

is K-finite (hence smooth). So we can write:

(Z H) . fn = % |t:0 et . fn = % |t:0 COS(t) Sln(t) ’ fn =
—sin(t) cos(t)

= % ‘t:O [emtfn] = ann

The element H of g§ acts on each K-type &, as scalar multiplication by n.

X fa= )\—HQL—H fn+2

From the commutator relation [H, X| = 2X it follows immediately that X - f,
is an eigenvector of H of eigenvalue n + 2. So X - f, must belong to the
isotypic component of the K-type &,.2. Since this isotypic is one-dimensional

and generated by f, .o, there exists a constant a, such that

X - fn = anfn+2'

In particular, X - f,,(1) = a, fui2(1) = ay,.
To calculate a,, = X - f,,(1), we decompose X as a linear combination of elements

of the Lie algebra:

-1 0 0 0

and we compute the action of each summand on the smooth vector f,:

0 e 0
© ' fn(1> = % |t:0 » ’ fn(]-) = % |t:0 ag - fn(l)
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= % li=0 fn(a—¢1) = % li=0 fu(la—y) = % =0 e~ DY) fn(1)

=4+A+1)fu(l) = (A+1).

T =i ) =i ) = in
-1 0
1 1 ¢
° fa(1) = £ li=o fa(l) =4 |, fo(1) =0
00 01
This gives:

an = X f(1) = B+ 1) — fin] = 2521

so X - f,= % fnio. Finally, we prove that:

3. an:%fn—Q

Computations are similar to the previous case: since [H, Y| = —2Y, there exists

a constant b, =Y - f,(1) such that Y - f,, = f, 2. Since

we obtain:

ba =Y - £u(1) = [+ 1) + in] = AL,
]

We now go back to the problem of discussing the irreducibility of the principal series
representation mp(0 @ A). Of course, we need to distinguish between the cases“\ =

trivial” and“ A\ = sign.”
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4.3.1 TIrreducibility of 7p(dt @ \)

The action of g5 on the Hilbert space HE = D,z Cfom is given by:
H - fon, = 2m form
X+ fom = %fzmﬂ
Y fom = O o,

If \ is not an odd integer, the representation mp(0T @ \) is clearly rreducible.
If X\ is a positive odd integer, say A\ = 2mg — 1 with my > 1, the representation

wp(0T ® N) is reducible. There are three proper invariant subspaces:

L4 ®m>mo (Cme

(invariance follows from Y - fa,,, = 0)

hd @m}mo Cf—Zm

(invariance follows from X - f_o,,, = 0)

b (@m}mo Cf*2m) ©® (®m2mo (Cme) '

If \ is a negative odd integer, say A = —2mg— 1 with my > 0, then the representation

7p(6T ® N) is reducible. There are three proper invariant subspaces:

* eafmoémémo Clom

(invariance follows from X - fio,, =Y « foom, = 0)

* D < Clom

* D<o Clom:
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4.3.2 TIrreducibility of 7p(dt @ \)

The action of g5 on the Hilbert space HE = D,z Cfam—1 is given by:

H - fop—1 = (2m — 1) for,1

X - f2m71 = )\+22m f2m+1
_ A—2(m-1)
Y fom1=""5— fom3

If \ is not an even integer, the representation mp(d* ® A) is clearly irreducible.
If X\ is a positive even integer, say A = 2mg with my > 1, then the representation

wp(6~ ® N) is reducible. There are three proper invariant subspaces:

i ®m>m0 Cf2m+1

(invariance follows from Y - fo,,,41 = 0)

b @m;mo Cfom—1

(invariance follows from X - f_o,, 1 = 0)

° (@m>m0 (Cfﬂmfl) ® (®m>m0 (Cf2m+1) .

If X\ is zero, then the representation 7p(6~ ® 0) is reducible. There are two proper

invariant subspaces:

d ®m>o Cfamt1

(invariance follows from Y - f; = 0)
b @m>0 Cfam-1

(invariance follows from X - f_; = 0).

If X\ is a negative even integer, say A = —2mqg with my > 0, then the representation

mp(0~ ® A) is reducible. There are three proper invariant subspaces:
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b ®7m0+1<m<m0 (Cf2m71

(invariance follows from X - fo,,, -1 =Y - foome+1 = 0)

b ®7m0+1<m (Cf2m71

L @mgmo Cfom-1.

4.4 Study of the Unitarity of 7p(d ® v)

Let P = M AN be a minimal parabolic subgroup of GG, let § be an irreducible rep-
resentation of M and let v be a strictly dominant character of A. A principal series

representation mp(d ® v) gives rise to a unitary Langlands quotient if and only if

(i) the formal symmetry conditions hold: there exists w in K normalizing a, with

wPw =P w-§~6and w-v = —v and

(ii) the Hermitian intertwining operator
B =6(w)R(w)A(P: P:§:v)

is positive or negative semi-definite.

I = P implies that w is a

When P is the minimal parabolic, the condition w Pw™
representative in K for the long Weyl group element (the reflection s,). So we can

take
0 1

W = :]{fﬂ/g.
-1 0

It is easy to check that w stabilizes both the trivial and the sign representation of

M, so there are no conditions on J. Let us now look at the conditions imposed on v.
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Write v = A ¢, so that

t 0
V:a0_>©7Ht: — At
0 —t
Since
W - V(Ht) = V(k*ﬂ'/thk+ﬂ'/2) = V(H_t) = -\t
it immediately follows that v = A e satisfies the condition w - v = —v if and only if A

is real. And of course A must be strictly positive, because we want the character A e
of A to be in the open positive Weyl chamber determined by N.
For 0 = 6" or 6, v = Ae (with A > 0) and for w = k2, we have to study the

signature of the Hermitian intertwining operator

B =6§(w) R(w) A(P: P: §: \).

-1 0
Notice that w? = , 80 0(w?) = +1if § is trivial, and §(w?) = —1if § is

0 -1
the sign representation. We take the operator §(w) to be the identity if § is trivial,

and scalar multiplication by i if ¢ is sign. In any case, B is a multiple of the operator:

where (A, - F)(z) = [y F(zwn) dn.
The operator A, can be computed K-type by K-type, and since Hf;@)\ and Hf;@)/\
have different K-types, it is appropriate to to distinguish between the spherical and

the non-spherical case.
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4.4.1 The Spherical Case

We use for both 7p(07 @ \) and mp(6" ® —\) the compact picture, and we identify

domain and codomain of A, with the Hilbert space:

H(}; :@g2m:@CF2m'

meZ meZ

The intertwining operator A, preserves the decomposition of H(I; in isotypical com-
ponents of K-types, and since each isotypical is one-dimensional, A, acts as scalar
multiplication on each K-type.

For each integer m, and for each k, in K, we want to compute the integral

Ay Foom(k,) = / F oo (ki) di
N

To proceed, we need to understand the Iwasawa decomposition of (k,wmn). Let

10
n= , and let . = kg(ya,yn be its Iwasawa decomposition. Then

t 1
y(t) =V1+# and €0 ==L (tanf(t) = ).
Since w = k/2, we obtain for (k,wn) the Iwasawa decomposition

koW = Kpio(t)+n/2 Gy N-

Therefore
Ay Foom(ky) = [oy@) A fram(Kpro@)rny2) dt =

_ fR (m)—l—)‘ o2milp+0()+7/2) gt
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( f 2m f]R 1+t2 —1-X 2mzl9()dt

1—it \™"
= (=1)"F _5,,(k 142~ ( ) dt. 4.2
(1" Foan(ly) (VTP (S= (42
We perform the change of variable t = — tan 6, so that

0 = — arctan(t) (with —7/2 <6 < +7/2).

This gives:

_ 6

o (00519)2 do.

Finally, we get:

Ay Foopn(ky) = (1) Foop(ky) [, (cos )2 e2mi0 L dg

w/2 (cos 0)2

= (—1)"F_op(k,) f:/riQ(cos 0)*1emif dg.

With the change of variable 0 — z =0 + 7/2, we get
Ay - Foon(ky) = Fgm(k'w)/ (sin )M e*™iT d g,
0

To conclude, we make use of the following result (see e.g. [10]):

(1 +a)e'™/?
20 D(1 4+ <2)T(1 + 252)

/ (sin t)* et dt =
0

for each b in R, and for each a in C such that Re(a) > —1. We obtain:
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F()\) e'i7'r'm,
A, F o, =F_ u
w 2m 2m 2>\,1F(1+A+2£n—1)r(1+x—2;n—1>

—F 7 T(\) ef™™
T T (A ) T (A m)

It is a convention to normalize the operator so that it acts trivially on the fine K-type

Cfo. Dividing by the constant

7 T'(\)
C=A, Fy(l)= ,
e )
we get
etTm A+l N Atl
¢Av - Foom = Foom praar fm F)( x(+ 2_,2)

To simplify this expression we recall the factorization property of the I' function:

I'(z+1)=2I(2)

and we introduce the notation

(2)n =2(2+1)(2+2)---(24+n—-1)
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for each z in C, and for every positive integer n. Then

['(2)(z) _ ['(z)(z—=n),['(z —n) _ (z—n)y _ (z—=1)(z=2)---(z2—n)
I'(z4+n)I'(z —n) (2)n T'(2) (2 — n) (2)n 2(z4+1)-(z+n-1)
Setting z = 23 and n =| m |, we find:

bo—q e A DA=3) A =2mt ) (1= NB =) (2m =1 - )
2 = oo = () O AT Fam =) (L NBLN) - @m—1F N

Conclusions. Fix ) in C with positive real part. If we use the compact picture
for both 7p(6* ® A) and 7p(0T @ w - A), we can identify domain and codomain of the
intertwining operator

. P P
Au: Hyrgyr — Hs+gwa

with the Hilbert space Hf. = D,z Eom-
The operator A, preserves this decomposition and acts on the K-types &, and £ o,

as multiplication by the scalar

1-NB-N)--2m—1-\

T NGT N Em TN

where C' is the value of A, on the fine K-type & = C Fy:

C:Aw Fo(l) —

Since C' is real and positive when A is real and positive, A, has the same signature
as %Aw (with respect to all K-types). The signature of the operator B = A, on a
K-type &, is simply given by the sign of the scalar

(1-=NB=A)---2[m[-1-1)
(T+XNB+XN) - (2]|m]|-1+X)

d2m -
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We notice that

o if 0 < A\ < 1, then dy,, > 0 for all integers m:

because ds,, = d_s,,, we just look at the case m > 0. Then it is clear that

(1= (B=A)-(2m—1-))
doy, = TGN~ @my) 0for 0 <A <1.

e if \ =1, then ds,, > 0 for all integers m:

precisely, dy = 1 and ds,, = 0 otherwise.

e if A\ > 1, then the integers {ds,} are neither all non-negative, nor all non-

positive:

(=)

i <0

for instance, dy = 1 > 0, while dy =

So the Hermitian operator B on Hp(dt ® A) is positive definite when 0 < A < 1,
positive semi-definite when A = 1 and indefinite when A > 1. As a result we obtain

the following theorem:

Theorem 7. Let P be a minimal parabolic subgroup of SL(2, R), let 6 be the trivial
representation of M and let X > 0 be a strictly dominant character of A. The Lang-
lands quotient Jp(0t ® N) is infinitesimally unitary if and only if 0 < A < 1. When

A =1, Jp(6" ®1) is the trivial representation of SL(2, R).
We conclude the analysis of the spherical case with a remark:

Remark 1. The Hermitian operator B on Hp(dT ® \) is positive semi-definite if and

only if it has non negative signature with respect to the K-types &y, & and &_».

Indeed, the previous analysis of the sign of the integers {ds,,} shows that

dom = 0 VmeZ@do,dg,d_2>O.
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4.4.2 The Non-Spherical Case

In the non-spherical case, B = iA,, with
Ay H§—®A - Hf—@)—x

Using the compact picture for each principal series representation, we regard A, as

an endomorphism on

H(]; = @&mﬂ = @CFZerl-

MEZ meZ

Being an intertwining operator, A, acts on (the isotypical component of) each K-type

as multiplication by a scalar. We want to compute this scalar explicitly.
Ay Foom(l) = [y Fom_1(wn)dn

= Jo @) famo1 (Ko 1r2) dt

= fR<m>_1_>‘ e(@m+1)i(0(t)+7/2) gt

— 6(2m+1)i7r/2 f—2m 1 fR 1+ t2 —1-X e(2m+1)i9(t) dt

. . 2m—+1
— 6(2m+1)17r/2 F—2m 1 f]R{ 1+ t2 ( 1—it ) dt

_ p(2m+1)in/2 Foom_1(1) fir/2 (cos 9)1+,\ (2m+1)i6

w/2 d@

(cos 0)2

— o2m+1)im/2 Foopm_i(1) f //Q(COS 9),\ 1,(2m+1)i0 79

= F_yp1(1) [y (sin @)1 e@mtiz gy
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T()\) et(2m+1)m/2
= F72m71(1) -1 F(q+(/\-222€m>l—‘(1+/\—2£n—2)

_ TD(A) it /2
=F on1 (1) oA—1 r(%+m+1) r(%—m) '

In particular,

w(\) e!(=D7/2 » 7 ()
D=A,-F(1) = F/(1 = e~im/2
(1) 1( )2,\,111(%) F(A+1) €

3 2T (3) T(5+1)
Then the operator %Aw acts on the K-type £ 9,1 as scalar multiplication by

d—2m—1 — (_1)m+1 I (% + 1)

This expression is not symmetric with respect to m. We distinguish various cases
[ ] d1 =1

[ d,lz—l

o if m> 0, then d_g,,—1 = (_1)m+1(

e if m <0, then d_5, 1 =(—1)

Shifting indices, we find:

B A= =) (A —2m)
damir = doacmon-1 = (C) " S S T am)

—a—(2m+1)
for each positive integer m.

Conclusions. Fix ) in C with positive real part. If we use the compact picture

for both mp(6~ ® A) and 7p(0~ @ w - ), we can identify domain and codomain of the
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intertwining operator

. P P
Au: Hs-ox — Hs-gua

with the Hilbert space Hf, = D,cz Som+1-
The operator A, preserves this decomposition, and it acts on each K-type &; as
multiplication by a scalar (that we call b;).

In the previous notations, b; = D - d;, so we have:

by =—b_1=D

and, for each positive integer m,

A=2)(A—4)---(A—2m)
A+2)(A+4)---(A+2m)

b2m+1 = _bf(2m+1) = (_1)mD

We have denoted by D the value of A, on the fine K-type & = C Fi:

_ —im/2 WF()\>
PTGy

The operator B = iA,, acts on the K-type &5,,11 as scalar multiplication by

m ()
PTE) E

) d2m+1

which is actually a real number (in agreement to the fact that B is Hermitian).

7 IT'(A)
P )

{dom+1}. Because

Since > 0, the signature of B is determined by the sign of the integers

di=1 and d_; =-1
for all values of A\, B is always indefinite.

Theorem 8. Let P be a minimal parabolic subgroup of SL(2, R), let 6= be the sign
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representation of M and let A > 0 be a strictly dominant character of A. The Lang-

lands quotient Jp(6~ ® N) is never infinitesimally unitary.
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Chapter 5

Signatures of Invariant Hermitian
Forms on an Admissible (géc, K)

module

The aim of this chapter is to discuss the signature of an invariant Hermitian form on
an admissible (g, K) module with respect to a given K-type.
We start by recalling some general results about Hermitian forms on finite-dimensional

vector spaces.

5.1 The finite-dimensional case

5.1.1 Signature of a Hermitian operator on a f.d. vector
space

Let V' be a finite-dimensional vector space with a Hermitian inner product ( , )pp
(we use the notation “PD” to distinguish an inner product from an arbitrary, not

necessarily positive definite, Hermitian form).

o1



Let T' be a Hermitian linear operator on V', so that

<T337 y)PD = <5U7 Ty>PD

for all x and y in V. By the spectral theorem, T is diagonalizable. It has real
eigenvalues and orthogonal (distinct) eigenspaces.

We define the signature of T' to be the triple (n*, n=, n°), where
nt = the number of positive eigenvalues of T', counting multiplicities;
n~ = the number of negative eigenvalues of T', counting multiplicities;
n® = dimension of the kernel of T' = multiplicity of the eigenvalue zero.

Since T is diagonalizable, we obtain a decomposition of V in direct sum of orthog-
onal eigenspaces. Collecting all the eigenspaces with positive eigenvalues (V1) the
eigenspaces with negative eigenvalues (V' ~) and then adding the zero eigenspace (V°),

we can write:

V=Vtev eV’
with dim(V*) =n", dim(V") =n~, dim(V°%) = n and
T positive definite on V'
T negative definite on V'~

T identically zero on V.

5.1.2 Signature of a Hermitian form on a f.d. vector space

Let V' be a finite-dimensional vector space with a Hermitian inner product ( , )pp.
There exists a one-one correspondence between Hermitian forms on V' x V' and linear
operators V' — V which are Hermitian with respect to (, )pp. The correspondence

being:
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T — (,)r
with (z, y)r = (Tz, y)pp for all x and y in V. The inverse mapping is
() — T

with 77y the Hermitian operator constructed as follows: fix an orthonormal basis {v;}

with respect to ( , ) pp; the matrix of T} y in this basis is given by (77 ))i,; = (v;, vs).

If ( , ) is a Hermitian form on V', we define the signature of ( , ) to be the signature
of the corresponding Hermitian operator T'. This definition makes sense only if we
prove that it is independent of the choice of the Hermitian inner product ( , )pp. So,
we fix another Hermitian inner product (, )pp on V', and we let S be the Hermitian
operator corresponding to ( , ) with respect to ( , )pp. There exists an automorphism

C of V relating the two Hermitian inner products:

(x,y)pp = (Cz, Cy)pp

for all x and y in V. Since

(Tz, y)pp = (x, y)r = (Sz, y)pp = (CSz, Cy)pp
for all z and y in V, we deduce that T' = C*C'S. We need to prove that T and S

have the same signature. Notice that

- since T and S are both Hermitian, the operator CSC~! = (C~')*TC™! is

Hermitian

- the Hermitian operators S and C'SC~! have the same signatures, because they

have the same eigenvalues

- the Hermitian operators 7" and C'SC~! also have the same signature, because
they give rise to equivalent quadratic forms. Indeed, since CSC~! = (C~1)*TC~!

the change of variable = +— y = Cz gives:
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(Y, Yyosc-1 = (CSC Yy, y)pp = (C)*TC 1y, y)pp = (TC 'y, Cly)pp =

= (Tx, x)pp = {(x, T)7.

Therefore, the operators T" and S have the same signature, and our definition of sig-

nature of an Hermitian form on a finite dimensional vector space makes sense.

The next step is to discuss the signature of an invariant Hermitian form on an

admissible (g5, K) module with respect to a K-type.

5.2 Signature of an invariant Hermitian form on
an admissible (g&, K) module w.r.t. a K-type

Let V be a (g5, K) module. An invariant Hermitian form on V is a sesquilinear

pairing V ® V — C satistying:

(@) (v, w) = {w, v)
(17) (X -0, w) = —(v, X -w)
(1i) (k- v, k-w) = (v, w)

for all v, w in V, for all X in gg and for all £ in K. In other words, it is a Hermitian
form on V with respect to which K acts by orthogonal operators and gy acts by
skew-symmetric operators.!

The definition of positive/negative definite (or semi-definite) invariant Hermitian form

is the standard one.

Equivalently, you can ask that K acts by orthogonal operators and that g5 acts by skew-
Hermitian operators. Indeed, if you write g(g = go P igo, and define conjugation accordingly, then
condition (i7) is equivalent to:

(X v, w) =—{v, X -w)
for all X in g5.
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Remark 2. The Harish-Chandra module of a unitary irreducible representation of G
has a positive definite invariant Hermitian form. The converse is less trivial, but also
true: for G reductive, any irreducible (g5, K) module admitting a positive definite
invariant Hermitian form is the Harish-Chandra module of a (unique) irreducible

unitary representation of G.

We now discuss how to determine whether an invariant Hermitian form on an
admissible (g5, K) module is positive semi-definite.?
Suppose that (7, V) is an admissible (g5, K) module with an invariant Hermitian
form (, ), and that V' has a Hilbert space structure. Since K is compact, we can
always assume that K acts unitarily with respect to the Hermitian inner product
(, Ypp on V. Then, by the Peter Weyl theorem, V' decomposes the orthogonal direct

sum of the K isotypical components:

V= V.

nEK*

Since the representation 7 is assumed to be admissible, each K-type u has finite
multiplicity and each isotypic V' (u) has finite dimension (equal to dim(p) - my (u)).
Moreover, the isotypics of two distinct K-types are orthogonal with respect to ( , ) pp.
We show that they are also orthogonal with respect to the invariant Hermitian form
()

let (1, E,,) and (us, E,,) be non equivalent irreducible representations of K that
appear in V, and let W = E, @ E,, be their direct sum. The finite dimensional
vector space W inherits by restriction the two Hermitian forms ( , ) and (, )pp (the

latter is positive definite).

2The results we find have an obvious analogous for negative semi-definite forms and for positive or
negative definite forms. We focus on positive definite forms, because in order to detect the unitarity
of a Langlands quotient Jp(d ® ) one needs to verify that an invariant Hermitian form on Hp(d @ v)
is positive definite.
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There exists a linear operator L on W, Hermitian with respect to ( , ) pp, such that

<$7 y> = <LZB, y>PD

for all x and y in W. Since both (,) and (., )pp are invariant under K, L is a

self-intertwining operator for the action of K on W:

(Lz, y)pp = (x,y) = (k-2 k-y)

= (Lk-z,k-y)pp = (k"*'Lk-z,y)pp

for all z and y in W. It easily follows that L = k~'Lk (for any k in K), because
(, )pp is non degenerate.

Since pq and po are irreducible and inequivalent, any self-intertwining operator on
W = E, @ E,, must be of the form cl]IE#1 D CQ]IE#Q. So for all vectors v = v; + v

and u = u; + ug in W, we have:

(u, v) = (L(ur + ua), (v1 +v2))pp = (cr1ur + coug, (v1 4+ v2))pp

= c1{u1, v1)pp + c2(ug, v2)pp.

We have used the fact that E,, and E,, are orthogonal with respect to (,)pp.

In particular, (u, v) =0 if u is in E,, and v is in E,,. This shows that any two

distinct K-isotypics are also orthogonal with respect to (, ). As a consequence:

(, ) is positive semi-definite on V' < its restriction to each K-isotypic is such
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This reduction is very advantageous: since any K-isotypic V' (p) is finite-dimensional,

we can use the signature to discriminate the sign of the form on V(). So if

ny () ng(p) ny(w)

denotes the signature of the restriction of ( , ) to an K-isotypic V (i), we can say that

() is positive semi-definite on V < n.(u) = 0 for all p.

The following lemma shows that the integers {n{-(u), ny, (1), nd (1)} are all di-

visible by the dimension of i, so one only needs to know the value of the triple:

pv(p) = gi;/n((/ﬁ) qv(p) = grvn((’ﬁ) v (p) = (ern(gj)

which we call the signature of V with respect to the K-type pu.

Lemma 2. Let (m, W) be a finite-dimensional representation of K, which is isotypic
of a single K-type p. Suppose that W has an invariant Hermitian form ( , ). Then,

there exists a decomposition

W=wrew ew°

of W in K-invariant subspaces such that
(,) is positive definite on W+
(,) is negative definite on W~
(,) is identically zero on WV.
Moreover, if W = WfL ® W, @ WY is a similar decomposition, then
M+ () = myr (1)
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my-(p) = my- (1)

1

WO = W0,

Proof. Since W is finite-dimensional and K is compact, we can find an invariant inner

product (, )pp on W and a Hermitian endomorphism 7" on W, such that

<$, y> = <Tx7 ?J)PD

for all x and y in W. The Hermitian forms ( , ) and ( , ) pp are both invariant under
K, so T must be a self-intertwining operator on W. It follows in particular that each

eigenspace of T is stable under the action of K. Write
W=wtrew aWw°

for the orthogonal decomposition of W induced by the Hermitian operator 7', so that
W™ is the direct sum of the positive eigenspaces of T, W~ is the direct sum of the
negative eigenspaces of T', and W9 is the kernel of T. Each of these subspaces is
stable under K, hence it decomposes in a direct sum of copies of p (which is the
unique K-type contained in W).

The decomposition W = W+ @ W~ @ W clearly has the property that the
form (, ) is positive definite on W™, negative definite on W~ and zero on W°. We
must show that if W = Wt @ W, & WY has the same property, then the “unicity
conditions” listed above hold.

This is very easy, indeed if {n*, n=, n°} is the signature of ( , ) on W, then:
o dim(W*) =dim(W;") =n™, so

_dim(Wt)  dim(Wy)
) = gy dim(u)

= Myt (1)
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o dim(W~) =dim(W;)=n", so

o WO =W = Ker(T).
The proof the lemma is now complete. Il

Definition 3. Let (7, V) be an admissible (g5, K) module. Suppose that { , ) is an
mwvariant Hermitian form on X, and that p is a K-type appearing in V. Define the

signature of ( , ) with respect to p to be the triple:

ny ny, nd
pel) = 5o = g ) = G0

where {n; (1), ny (), nY ()} is the signature of { , ) on the - isotypic part of V.

We notice that the triple {py (1), qv (1), zv (1)} consists of non negative integers,

and satisfies:

o py(p) + qv(p) + zv(p) = my () = with my (u) the multiplicity of the K-type

pwin 'V
e () is positive semi-definite if and only if ¢y (u) = 0, for all p.

Next, we give another interpretation for {py(u), qv(p), zv(r)}. There is a natural
way to define a Hermitian form (, ), on the vector space Homg(E,, V'), which is
finite-dimensional, of dimension my (u). The signature of ( , ) with respect to pu

equals the signature of ( , ),. Therefore:
pv(p) = dim. of a maximal positive definite subspace of Homg(E,, V')
qv(p) = dim. of a maximal negative definite subspace of Homg(E,, V')

2y (p) = dim. of the radical of the induced form ( , ), on Homg(E,, V).
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The key fact here is that Homg (E,, V') ~ E, ® V. We provide more details:

since y is an irreducible representation of the compact group K, the finite-dimensional
vector space [, admits a positive definite Hermitian form ( , ), which is invariant
under K. The dual space E; inherits a Hermitian form (also positive definite and
K-invariant) in a natural way: for each F' in E7, there exists a unique element vp of

E, such that F(u) = (u, vp)g,, for all w in E,. Define

(Fh, F2>E; = (vm, UR)E,

for any Fy, I in Ej. The tensor product of (, )p: and (, ) gives a Hermitian form

(,)on E;®V. The form (, ) is defined on tensors by the formula:

(F1 @21, F2 ®@x2) = (F1, o)y (21, 22)

and it is extended by linearity on the first component and conjugate linearity on the
second one to obtain a Hermitian form on all £ @ V.

Since (, ) and (, ), are both invariant under K, so are the forms ( , )p: on Ej,
and (, ) on £ ® V. Then (, ) descends to a Hermitian form on the space of K-fixed
vectors in EY @ V', which is isomorphic to Homg (E,, V).

We obtain a Hermitian form on Homg(E,, V'), which we denote by (,),. The
next step is to show that (, ), has signature equal to the signature of (,) with
respect to the K-type p. Write V' (u) for the p-isotypic part of V, and write V(u) =
V()T @V ()~ ®V(n)° for a decomposition of V(u) into the direct sum of a positive
definite subspace, a negative definite subspace and the radical of the restriction of

(,) toV(u), so that

ny(p) = dim(V() ") np(p) =dim(V(e)7)  ny(u) = dim(V(p)°)
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is the signature of (, ) on V(). Write

for the signature of ( , ), on Homg(E,, V). We must show that:

n+
(1) = 2 = py(u)

Because the decomposition V(u) = V(1) "@®V ()~ @V (1)° is stable under the action

of K, we obtain a similar decomposition for Homg (E,, V):

Homg (E,, V) = Homg(E,, V(1)) =

= Homg(E,.. V()*) & Homp (E,.. V(1)) & Homg (E,., V(1)").

We notice that
e on Homg(E,, V(p)*), the form (), is the tensor product of two positive
definite Hermitian forms, hence it is positive definite;
e on Homy (E,, V(i)™), the form ( , ), is the tensor product of a positive definite
Hermitian form and a negative definite Hermitian form, hence it is negative

definite;

e on Homg (E,, V(u)?), the form ( , ), is the tensor product of a positive definite

Hermitian form and an identically zero Hermitian form, hence it is identically

Zero.

The result follows:
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s (p) = dim(Homg (E,,, V(1)")) = my g+ (1) = pv (1)
s~ (n) = dim(Homg (Ey,, V(1) 7)) = my - (1) = qv ()

s(p) = dim(Homp (Ey, V(1)°) = myup(n) = 2v (1)
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Chapter 6

Weyl Group Representations and
Signatures of Intertwining

Operators.

In this chapter we discuss the unitarity of the Langlands quotient with parameters

(P, 0, v) for a real semi-simple Lie group G, under the assumptions that:
(1) G is split and P = M AN is a minimal parabolic subgroup of G
(73) ¢ is the trivial representation of M and v is a real character of A.

As shown in chapters 3 and 5, the unitarity of Jp(d ® v) depends on the signature
of a Hermitian intertwining operator for the principal series, which can be computed
separately on the various K-types. We now show how to determine some of this

signature by means of Weyl group computations.

63



6.1 Spherical Unitary Dual for Real Split Semisim-
ple Lie Groups

Let G be a real split group. Let P = M AN be a minimal parabolic subgroup, so
that M is a finite abelian subgroup of K. Let (6, V°) be the trivial representation of
M, and let IndIG)(é ®v) be a spherical principal series representation, with Langlands

quotient X (v). For simplicity, we assume that v is real, and of course dominant:
(v, a) >0 VaeA™.

As seen in chapter 3, the irreducible representation X (v) of G is unitary if and only

if the following two conditions are satisfied:
1. wy-v = —v, with wy the long element of the Weyl group;!

2. the Hermitian intertwining operator
B = §(wo)R(wo)A(P: P:6: v): Hp(6 ® v) — Hp(6 @ wy - )

is positive semi-definite or negative semi-definite.

Since 0 is the trivial representation of M, we let §(wy) be the identity, and we write
B = R(wy)A(P: P: 6: v) = R(wo)A(woPuwy': P:6: 1) ™2 Ap(wy, v).

It follows from the considerations in chapter 5 that the Hermitian operator B is

positive (or negative) semi-definite if and only if for each K-type (p, £,) that appears

I1f gg is not of type D,, with n odd, then wqg is minus the identity, and the condition wg-v = —v
becomes trivial.
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in the principal series, the induced intertwining operator

I(wo, v): Homg(E,, Hp(d ® v)) — Homg(E,, Hp(0 ® wy - v))

is positive (or negative) semi-definite. Indeed, the signature of I,,(wo, v) equals (by
definition) the signature of B with respect to the K-type p, and B is positive (or

negative) semi-definite if and only if it is such on each K-type.

Using Frobenius reciprocity, we can interpret I,(wp, v) as an endomorphism of

Hom,,(Resy; E,, V?), which we denote by R,(wp, ). The operator R,(wp, v) is

again Hermitian, and its signature determines the unitarity of the principal series.?

The example of SL(2, R) (chapter 4) shows that it is fairly easy to determine the
signature when the real split semi-simple Lie group has rank one. Therefore, we try
to reduce computations for the general case to rank-one calculations. The method
of rank-one reduction has proven to be very effective for the study of intertwining

operators® and it can be briefly described as follows:

stepl Find a minimal decomposition of wy as a product of simple reflections

Wo = Sa, * " SasSay

(such a decomposition is called minimal if wy has length r).

step2 Find the corresponding decomposition of B=Ap(wy, v):

AP(w07 V) = AP(SarSar—l "t SanSars V) =

2Notice that since ¢ is the trivial representation of M, the space Hom (ReS][\(/l E,, V) is simply
the space of M-invariants vectors in E,.

3For instance, it was used by Stein and Knapp in [22, 23] to gain information on the irreducibility
of the principal series.
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= AP(Sar7 (Sarfl T Sazsal) ’ V>AP(SC¥T717 (Sarﬁ T Sa25a1) : V) T

-+ Ap(Sayy Say - V)Ap(Say, V).

step3 When sg is a simple reflection and + is a real character of A satisfying (v, ) > 0,
interpret the Hermitian operator Ap(sg, v) as an intertwining operator for a

rank-one subgroup, and compute the corresponding operator R, (sg, 7).

step4 Find R, (wo, v) = Ru(Sa,Sar_1 ** " SasSars V) =

= Ru(sara (Say_1 """ SazSay) " V) Ru(sar—p (Say_s " SanSay) " V)"

- Ru(Sass Sar - V) Ru(Sar, V).

The key-point in this method is that to each simple root § we can associate a subgroup
LP of G with real rank one, so that the the operator R,(sg, v) (for the spherical
principal series G with parameter v) can actually be regarded as an operator for a
principal series of L” and can therefore be computed using the results already known
for SL(2, R).

We define L? to be the group MG?, with G? the analytic subgroup of G whose Lie
algebra is the subalgebra of gy generated by the weight vectors of weight +3. The
subgroup

KP = exp(RZg5) = exp(R(Es + VEp))

is a maximal compact subgroup of G® isomorphic to SO(2,R), and it is included in

K. Let

Eu:@me
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be the decomposition of j in isotypic components of irreducible representations of K*#:
for each integer m, we have denoted by ¢,, the isotypic component of the character
imt

Em: exp(tZg) — e'™! inside p. The decomposition

EAL = @(@m + SDfm>

meN

is invariant under M K”, which is a maximal compact subgroup of L? = M K”, and

the corresponding decomposition of Homy,(Resh; E,,, V?) is

@ Hom (Res%Kﬁ(tpgm + ©_om), (C) )

meN

The operator R,(sg, ) preserves this decomposition, and acts on each of these sub-
spaces as scalar multiplication. We normalize R, (sg, 7) so that it acts trivially
on Hom,; (ResM5” ¢y, C). The action on Hom,y <Res%Kﬁ(<p2m + ©_om), C) is then

given by the scalar

(1— (v,
(1 + {7,

for all non negative integers m.

Remark 3. R,(wo, V) can be decomposed as a product of operators corresponding to
simple reflections sz, and for each of these operators an explicit formula exists. This
formula depends on the decomposition of E,, in irreducible K”-types.

Although each KP is isomorphic to SO(2), the decomposition changes when [3 varies.
It is very hard to keep track of these different decompositions when you multiply the

various rank-one operators to obtain R, (wo, V).

In this section we have intentionally omitted the details, so to convey the general

idea in a more effective fashion. Please refer to the following subsections for all the
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details.

6.1.1 The rank-one subgroup G attached to a (simple) root

In this subsection we construct a subgroup G” of G of real rank one, for each root f3.
This construction is general, and does not actually require the semi-simple group G
be split nor 3 be simple.

Without loss of generality we can assume that the restricted root 3 is reduced,
i.e. that %ﬁ is not a root. We define G® to be the analytic subgroup of G’ whose Lie
algebra is the the subalgebra of gy generated by the root vectors of weights +3 and
+2(3. Being v-stable, the Lie algebra gg is reductive (actually semi-simple), and the
restriction of ¥ to gg gives a Cartan involution on gg :

If go = & Dy is the Cartan decomposition of gg, we set Eg = Eoﬂgg and pg = poﬂgg, SO
that gy = €0 ®p} is the Cartan decomposition of gi. The subspace aj = aoNgy = RH 3
is a maximal abelian subspace of pg . The restricted root space decomposition of gg

with respect to ag is given by:

gg = ag ®mg @ [(g0)s B (80)—p D (80)25 B (go)—20]

with m = myNgl = Zeg(ag). If we choose # and 20 to be positive, then n) =

(80)s ® (g0)2s and
Al = 9(nd) = (g0)_s ® (g0)—25. The Iwasawa decomposition of G is compatible with
the one of G"

GP = KPAPNP = (K NGP)(ANGP)(N nGP).

It follows that the Iwasawa decomposition of an element z of G# = KPAPNP is the
same as the Iwasawa decomposition of z regarded as an element of G = KAN. In
particular, the function H” (which maps = into the log of the AP-part of z) is just

the restriction to G? of the H function on G.
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We now compare the “p” functions:

p= %ZQGA'*‘ dim((go)a) @: a9 — R

p* = Ldim((go)s)  + 2 dim((go)as) ]: of = RH; — R.

In particular, we ask whether p? equals the restriction of p to ag :

p(Hs) = p°(Hs) = = [dim((go)s) + 2 dim((g0)as)] - [|5]1*

N[ —

The answer to this question is in general negative. It is instead affirmative when the
root (3 is simple. Indeed, if 3 is simple, the reflection sg carries each multiple of 3

into its opposite and permutes the other positive roots. The equation

sp(p) = p — [dim((go)s) + 2 dim((go)2s) | B

(B, p)
6112 -

implies that [dim((go)g) + 2 dim((go)2s) ]| = 2 Hence

p(Hy) = (3. ) = - [dim((go)s) +2 dim((go)es) ] - 5]

This shows that p \ag: p?, for each simple root f3.

6.1.2 The operator R, (wy, V)

In this subsection, we give an explicit construction for the operator R, (wo, v).
The restriction of a principal series representation Ind$_,, , (0 @ v) of G to the
maximal compact subgroup K is isomorphic to the induced representation Ind%,(6).

The linear isomorphism

Tv: Hp(0 ®@v) — Hs, F— f=F|g
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intertwines the action of K on the two spaces and it is actually an isometry. The

inverse mapping T5: Hs — Hp(d ® v) is defined by
F=Ty(f): G > V3, g = (kan) > e~0rH)108(0) £k
for each f: K — V? in H;.* Consider the composition
B:Hs BHp(60 1) 2 Hp(B@wy - 1) 2 H

where B = §(wo)R(wo)A(P = wyPwy': P: §: v) is the intertwining operator intro-
duced in chapter 3. When § is the trivial representation of M, we can take §(wp) to

be the identity, and for each F' in Hp(d ® v) we have:
B(F):G—V°yg |—>/ F(zwon) dn.
N

The operator B =T,BTy: Hs — Hs is a self-intertwining operator for the represen-
tation Ind;(8) of K. It is convenient to write down B more explicitly. If f belongs

to Hs, then

Bf: K >V ks / To(f) (kwon) di = / e~ lpr)loela®) £ Lok (7)) dn.®
N N

Let (i, E,) be a K type appearing in the principal series, and consider the homo-
morphism

Hom(E,, Hs) — Hom(E,, Hs)

induced from B by composition on the range. Since B is an intertwining operator,

4Ty (f) is the unique extension of f to G that has the suitable transformation properties under
right multiplication by elements of P.

®We have denoted by x(7)a(n)n(n) the Iwasawa deconposition of an element 7 of N. Then
(kwor(n))a(n)n(n) is the corresponding Iwasawa decomposition of kwofi.
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the subspace of K-fixed vectors is preserved®, so we obtain a homomorphism
I,(wo, v): Homg(E,, Hs) — Homg (E,, Hs).

By Frobenius reciprocity, we can interpret I,(wy, v) as an endomorphism R,,(wo, V)
of Homy(Resh; E,, V) = (E))*. Indeed Hs = Ind%, (V;) is the representation space
of the induced representation Ind]\[z 0 and Frobenius reciprocity states that the space
Homp (E,,, Ind};(V?)) is isomorphic to Hom (Resy; E,,, V?). Let us explain how one
gets this isomorphism.

Let T belong to Homg (E,, Indy (V?)). For each v in E,,, T(x) is a function from K

to V?; in particular, T'(v)(1) lives in V°. Define Lo(T) to be the linear mapping
Ly(T): E, — Vv T(v)(1).

Claim 1. Ly(T) is a fived point for the action of M on Hom(Res, E,, V°).

Proof. For all m in M

because T belongs to Homy (E,,, Ind}, V?). O

We obtain a linear mapping

Ly: Homg(E,, Indy (V%)) — Homy (Resk, E,, V).

6The action of K on Hom(E,, Hs) is given by
(k- T)(v) = Indyy () (k) - (T(p(k~" - v))

for all v in E,, T in Hom(E,, Hs) and k in K.

71



Its inverse L, is defined as follows: let S: E, — V° be an element of Homy;(Resy; E,,, V°).

For each v in £, consider the function

Li($)(v): K — VP, k= Li(S)(0) (k) = S(u(k™) -v).

Claim 2. L;(S)(v) belongs to Hs = Ind}, V?.

Proof. For all m in M

= 0(m™N)S(pu(k™") - v) = 6(m™") La(S) (v) (k).

because S is a fixed point for the action of M on Hom(Res}y; By, V). [

The result is a well defined linear mapping

Li(S): B, — Indy; V°, v+ Li(S)(v).

Claim 3. L,(S) belongs to Homg(E,, Ind}; V?), i.e.

(Indyy 6)(k)(Ly(S)(u(k™") - v)) = La(S)(v)

for each k in K and v in E,.

Proof. This is easy, because for any z in K

(Ind3; ) (k)(La(S) (k™) - v))(w) = Li(S) (k™) - v) (k™ '2) =



We obtain a linear mapping

Ly: Homy(Resy; E,, V°) — Homg (E,, Ind}; V?)

which can be easily checked to be the inverse of Lo.

Now that the Frobenius reciprocity is understood, we go back to the construction

of the operator R, (wy, ). We define R, (wo, ) to be the composition

Hom,, (Resh; E,, Vo) L2, Hom (E,,, Ind¥ V) Tu(wo,9)

I (wo, 3) HomK(Ew IndK V5) kN HomM(ResM E,, V5)

More explicitly, the image of an element T' of Homy(Resh; E,, V?®) under R, (wp, v)

is the function

Ru(wo, V)T: B, — V° v e~ (Pt1oe @D ((wor(R)) ™t - v) di.

N:Nﬂ(wonal)

6.1.3 The operator R, (s, )

In this subsection, we compute the operator R, (s, 7) under the assumptions that
the semi-simple Lie group is split and the root [ is simple. These assumptions are
crucial. We assume v to be a real character of A satisfying (v, ) > 0.

An argument similar to the one used in the previous subsection shows that the op-
erator R,,(sg, ) is the endomorphism of Hom, (Res}; E,,, V?) that carries an element

T into the mapping

Ru(s5, V)T: E, — V° v e~ PN ((g5k(7)) 7L - v) d,
Nﬂ(agNagl)
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with o3 a representative in M’ for the root reflection sg.

Since [ is simple, using results described in subsection 6.1.1 we can write:

(Ru(ss, NT)(v) = [ya e @VHIOIT(055(R)) 7" - v) di =

—(pB HB(n
(p +7|ag)( ( ))T((O'gﬁ/g(ﬁ))_l v) dn

= [xee
and this is exactly the value at T of the “R-operator” (with parameters u, sz and
v |a§) for the rank-one subgroup L? = MG” of G.
Notice that, as a representation of M K” (which is a maximal compact subgroup of
MGP), the representation y is reducible. Let us discuss its decomposition in irre-
ducible summands.
When G is split, each restricted root is reduced and each root space is one-

dimensional. In particular, the Lie algebra of G*
gy = 6y © (80)p  (80)—p = RHy + RE; + RI(Ejp)

is isomorphic to s[(2, R). We have denoted by Ejs a non-zero element of (go)s that
satisfies the normalizing condition B(Ejg, J(Eg)) = —ﬁ, with B the Killing form.
Ej is a generator for the root space of weight 5 and is uniquely determined up to a

sign. The element Z3 = Eg + J(Ejp) is a generator for . so
KP = exp(RZ5) ~ SO(2, R)

is a maximal compact subgroup of G®. The group MK? is a maximal compact

subgroup of L? = MG”, and its structure is described by the following lemma:

Lemma 3. Let (m) = +1 denote the scalar by which an element m of M acts on

the root vector Eg. Then
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(b) Ad(m)Zs = (m)Zs
1 ﬁ(m)'

(c) mogm™" =0y

Proof. We first show that M acts on the vector E3 by a scalar. Since the root space
(g0)s is one-dimensional, it is enough to show that Ad(m)(Ej3) belongs to (go)g, for

each m in M. This is easy, because
[H, Ad(m)(Ey)] = Ad(m)[Ad(m™")H, Ey] = Ad(m)[H, Ey] = B(H) Ad(m)(E})

for all H in ag. For each m in M, define 5(m) by the equation Ad(m)(Ejs) = 5(m)E;.
Since Ad(m) commutes with the Cartan involution”, we easily deduce that (—3)(m) =

B(m), for all m:
Ad(m)(E_5) = Ad(m)(9(Ep)) = (Ad(m)(Es)) = H(m)E_p.
It follows that
B(Es, 9(Es)) = B(Ad(m)(Ep), Ad(m)(9(E5))) = (8(m))*B(Es, ¥(Ep))

and, being B(Ejz, V(E3)) = —W # 0 (by definition of Ej3), we conclude that
(B(m))? = 1, so the function m ~— 3(m) only takes the values +1 or —1 on M .8

Proving that Ad(m)Zs = (m)Zg is trivial, because Z3 = Eg+ E_g and (—f)(m) =

“Let © be the global Cartan involution. Being © an involutive automorphism of G which fixes
K (hence M), we have

mam ™t = O(mO(z)m™") Ve GVme M.

Differentiating at 2 = 1 we find that Ad(m) = J Ad(m)d, for all m in M. The results follows from
the fact that also ¥ is an involution.

8Using the fact that being G split each restricted root is the restriction to ag of one (and only
one) root in A(g§, a5), and some standard results from the representation theory of SL(2,C), you

_2 ;
can prove that if m = m, = exp(nZ,) then S(m,) = (—1)Tal? e B) (—1)(@ 8,

I6)



B(m). Finally, setting 03 = exp(5Z3) and exponentiating, we find:

mogm” = ag(m) = ng.

and this concludes the proof. O]

More generally, m exp(tZg)m~' = exp(tZ3)?™), so the structure of the group
M K?# is understood.
We now go back to the problem of discussing the decomposition of the (irreducible)
representation p of K into isotypic components of irreducible representations of the
subgroup M KP?. First, we decompose p under the action of K ~ SO(2, R), obtain-

ing:

E,u:@()@l

leZ

where, for each integer [, we have denoted by ¢; the isotypic component of the char-

acter & of SO(2). Then we notice that for all ¢ in R and all v in ¢
exp(tZs) - (m-v) =m- [(m "t exp(tZs)m) - v] = m - [exp(tB(m~1)Zg) - v] =

=m - [exp(tB(m™")Zp) - v] = &(exp(tB(m) Zs)) (m - v) = Egmy(exp(tZs)) (m - v)
hence m - ¢; = Ygmyu = p+1- The decomposition

E,=P(ei+ o)

leN

is clearly invariant under M K”, and it coincides with the decomposition of y in M K#-

types.? Because each subspace (¢;+¢_;) is M-stable and ¢ is the trivial representation,

9Unless, of course, M stabilizes Zg, so each ¢; is already stable.
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we can write:

Hom , (Resh; E,, V) = @ Hom,, (ReS%Kﬂ(gpl + @_1), C>

leN

When [ is odd, the space Homy (Res}™ (o, + ), C) is zero. Indeed, for each

M-fixed linear map T': ¢; & ¢_; — C, and for each v in ¢; ® p_;, we must have:
T(v) = (mg-T)(v) = T(mz"-v) = T(—v) = =T(v).
So we can write: Homy(Res}; E,,, V°) = @D, cqy Homy (ReS%Kﬁ(w + 1), C) =

= HomM(Res%Kﬁ ©o, C) @ Homy, (Res%Kﬁ (o1 @ ), C) :

lE2N*

We will compute the operator R, (sg, ) separately on each component.

If T belongs to Hom,, (Res%K’6 00, (C) and v is in g, then

=P+l 5)(H"( )

(Bylss, NT)W) = [yo e T((as (1)~ - v) dn =

—(p"+9l 5)(H‘3(n))

= Jns e

T(v)dn =

B /Bﬁ
{fme (b 411 ,0)(HO dn] T(w).

If T belongs to Homy, <Res%Kﬁ(cpl d 1), C) and v = (v, +v_) isin (@), then

—(p+n B)(Hﬁ( )

(5o, NT)W) = [yoe T((ap (1)~ - v) dn =

—(p"+9l ,8)(H" (n))

= [yse T (&4i(opr?(0)vg + Ei(opr®(R)) ™ o) dn =

7



—(P° 7| p)(HP (7)) _ _
= [for e e ) tin) 700+

(7 +,0) (P (7))

+ {fw e f—z(Uﬁﬁﬁ(n))ldn} T(v_).

To conclude the computations we need one final observation. Consider the Lie algebra

isomorphism
Ws: sl(2, R) — gb = RHs + RE; + RO(Ej)
defined by:
0 1 00 1 0 42
0 0 " lio 0 -1 181

When G has a complexification'®; ¢ lifts to a group homomorphism

WUs: SL(2, R) — GP.

It follows from the formula 4.1 for the Iwasawa decomposition in SL(2, R) that

10This is always the case if G is semi-simple. Indeed every adjoint group has a complexification:
if G = Ad(go), you can take GC to be Ad(gf).
It also true, more generally, if the group G is real reductive and satisfies the condition

Z(G)NK = {1}.

Indeed, if G = K exp(po) is the Cartan decomposition of G, and ( is the center of the Lie algebra
of G (so that go = [go, go] ® (), then we can write

G = K exp(po N [go, go]) exp(po N (). (%)

with G real reductive (of the same rank as G) and Z! a vector group included in the center.
Because Z(G') = Z(G)NK = {1}, the group G* is actually semi-simple. So () is a decomposition of
G as a direct product of an adjoint group and a vector group, both of which have a complexification.
As a result, we obtain a complexification for G.

Finally, we notice that Z(G) acts by scalars on any irreducible representation of G (this is Schur’s
lemma), and that Z(G) N K acts trivially on the trivial K-type included in any irreducible spherical
representation p of G (hence on the whole representation space E,). So, when dealing with spherical
representations, we can assume w.l.o.g. that the condition Z(G) N K = {1} is satisfied.
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1 0
n = exp(td(Eg) = exp(—ts(f)) = Vs(exp(—t f)) = ¥ (( t 1 )) )

v cos(arctan(t))  sin(arctan(t)) V1412 0 1 =z
’ —sin(arctan(t)) cos(arctan(t)) 0 1/vV/1+¢2 0 1

= Wy (exp(arctan(t) (e — f)) ¥s (exp(In(v1+12) h)) Us(exp(ze)) =

= exp (Vg(arctan(t) (¢ — f))) exp (Ys(In(V1+t2) b)) exp (Ys(ze)) =

= exp (arctan(t) Zz) exp (ln(\/l + t2) H/;llQHg) exp (z Eg) .

This is the Iwasawa decomposition of an arbitrary element n = exp(t¥(E,)) of

NP. We notice, in particular, that H%(n) = In (V1 + ¢2) WHQ and that x”(n) =

exp (arctan(t) Zz). Therefore

o PP(HP(R)) =13 (ln(\/l ) H;HQHﬁ) = In(VI+ )

o 7l (Hm) = (n(VITB) 2 Hy) = (VT ) (3, 22) =
=n(vVIT2) (3, )

o &y(oprP ()" = &y (exp (—(% + arctan(t)) Zg)) = (—1)le 2 ilarctan(t)] —

N2
= (-1)! < it > , for all [ in Z.

[
q

~+
)
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We can now compute the action of R, (sg, 7) on the generic element 7" of

Hom ; (ResMX” g, C):

(P HB(n .
Ry (s, 7)T = U e ())d”}T: [/ (VT ) 0+0fge| T
NB R

We have already computed this integral in chapter 4, its value being the scalar by

which the standard intertwining operator A, of SL(2, R) acts on the trivial K-type

of the (minimal) spherical principal series with parameter A\ = (v, 3):!!

/( T 7)) gy — RN (PN
R 20, B)-1T <(v 6>+1> r <<w,,32>+1>
We will denote this constant by C<% - For each positive integer [, we now compute

(Ru(s8, 7)T)(vy), for vy in ¢y and T in Hom,, (Res%Kg(gpgl ® v_a), (C):

— (PPl 5)(Hﬁ

(Ru(sn, D)) = [ [ 6 sm(oe?(m)dn| 7(0.) =

. -2l
[ ) J(VTF)- 0400 (22) dt} T(0,).

After a simple change of variable (¢ — —t), we can identify the integral

[(_1)1/]1%( 1+ ¢2)" 1+ 6) (\}L_Z;) - dt]

with the one (already computed in chapter 4) that defines the scalar by which the

standard intertwining operator A, of SL(2, R) acts on the “+2[” K-type of the

(minimal) spherical principal series with parameter A = (v, 3).'> The value of this

1 Compare this integral with the one appearing in formula 4.2 of chapter 4, for m = 0.
12Compare this integral with the one appearing in formula 4.2 of chapter 4, for m = —1.
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integral is

- BB B 21— (0, )
POy, BB+ (1, B) - (2L =1+ (3, B))

For brevity of notation, denote this quantity by C', 5 dx((v, 3)).

Similarly, for v_ in ¢_o;, we find:

—(pP+1] B)(H"

(By (5. )T =Dm ﬁimwwW»1MPWJ=

N 2
= |(~1) [,(VTF£2)" 1+W>)< 1*;;) dt} T(v.) =

= |Crpdal(, )| T(w).

It follows that (R,(sg, 7)T) = [C’<%B>d21(<7, B))} T'(v), for any positive integer I,
for all v =v; 4+ v_in (¢ @ ¢_;) and all T in Homy, <Resj‘1\§Kﬂ(gpl ® p_i1), (C).
Conclusions. For each simple root 3, and for each real character v of A such that
(v, B) = 0, the operator

R,(ss, v): Homy(Resy; E,, V) — Homy, (Resh; E,, V)

preserves the decomposition of Homy(Resk, E,, V%) in MKP-stable subspaces:

HomM(ReS%Kﬁ ©o, C) GB Hom,, <R€S%K6(5021 ® v_a), (C) )

leN*

Precisely, R,(sg, v) acts on HomM(Res%K wo, C) as scalar multiplication by

. "y, )
.8 o1 B)-1T ((’y,ﬁ;-‘rl) T <%)
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and on each subspace Homj, <Res%KB(gozl @ p_2), (C), with 1 in N*, as scalar mul-

tiplication by

v -
Co,ydan((7, B)) = Cio 3y - El - g 25;23

6.1.4 Final considerations

By assumption 7 is a real dominant character of A satisfying (v, 3) > 0. Be-

ing (7, ) real and positive, also the constant C\,, 5 1s real and positive. Write

R,(s5,7) = ﬁRM(S@ 7) for the normalized operator. R,(sgs, 7) acts trivially on
v

HomM(Res%Kﬁ w0, C), and acts on each subspace Hom y, <Res%K6(g02m D ©_om), (C)

-with m € N*- as scalar multiplication by

)
)

[ (25— 1) = (v
I (25 = 1) + (v

0
e
Collecting all the normalizing factors, we can write R,,(wo, ) as a real positive mul-
tiple of a product of f%u—operators corresponding to simple reflections, and because
multiplication by a real positive constant does not affect the signature, we can as well
assume that this constant is one.

The following theorem summarizes all the information we gathered so far about

the spherical unitary dual of a split semi-simple Lie group.

Theorem 9. Let G be a real split semi-simple Lie group, let P = M AN be a minimal
parabolic subgroup of G and let wy be the long element of the Weyl group. For each
real dominant character v of A satisfying the parity condition wgy - v = —v, denote
by X(v) the Langlands quotient of G with parameters (P, d, v), with § the trivial
representation of M. Then, X (v) is unitary if and only if for each K-type p a certain
Hermitian operator R,(wo, v) of Homy(Resk, E,, V) is positive semi-definite. The

operator ﬁiu(wo, v) can be constructed as follows:

82



e Find a minimal decomposition of wg as a product of simple reflections:
Wo = Sa, " * SasSay

o Write R,(wo, ) = Ru(Sa, 80, 1 SanSars V) =

= é#(‘gar? (Soér—l e 8a23a1) ’ V)Ru(sar—n (Sa'r—Q e Sa23a1) ' V) T

+ Ru(Sags Sy - V)Ru(Says )
and observe that each factor is an operator of the form R#(Sﬁ, v), with sg a

simple reflection and 7y a real character of A satisfying (~y, 5) = 0.

o For (8 and v as above, define RM(SQ, v) as follows: for each integer 1, let @, be
the isotypic component of the character &: exp(tZg) — €'t of KP ~ SO(2)

inside p, so that

EMZ@%

leZ

is the decomposition of i in KP-types, and

Homy (Res} B, V?) = @D Homy, (Res%K"(chm + 0 am), C)

meN

is a decomposition of Homy(Resh; E,,, V?) in M K5-stable subspaces. Define
the operator EM(SQ, ) to to act on Homy, (Res%Kﬁ(wm + ©_om), C) as scalar

multiplication by

1725 - 1) = (v, )
[T/ (25 = 1) + (7, )

for all non-negative integers m.

We emphasize one more time that this construction is less trivial than it looks like,

because the definition of Ry(sﬁ, 7) depends on the decomposition of u in K”-types,

and this decomposition depends on the choice of the simple root 3. So to compute

}?ﬂ(wo, v) one needs to keep track of the many different decompositions. Another

difficulty consists of the fact that we are required to compute the signature of the
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operator Ru (wo, v) on all the K-types u that appear in the spherical principal series,

whose number is in general infinite.

In the next section we give an alternative method to compute the operator Ru (wo, V),

which uses only Weyl group calculations.

6.2 Spherical representations and the Weyl group

We start by recalling the formal construction of the Weyl group.
Let V' be a finite-dimensional real vector space, with inner product (,) and norm
squared || [|2. A root system R is a finite set of non-zero elements of V' satisfying the

following conditions:

(i) R spans V,

(7i) for each a in R, the reflection s,: V — V,y — v — 2|<|1’H62“>04 is an orthogonal

transformation of V' that carries R into itself,

) 2|<|27H§> is an integer, for all & and (3 in R.

We say that an element o of R is a root, and that s, is a root reflection. We define
the Weyl group W of the root system (R, V') to be the subgroup of O(V') generated
by the the root reflections.
By construction, the (real) group algebra R[W] of W lies in the algebra of all endo-
morphisms of V. We introduce a notion of positivity in V', and we call a root simple
if it is positive and cannot be expressed as a sum of two positive roots. The simple
roots form a basis for the root system, and the corresponding reflections (that we call
“simple reflections”) generate the Weyl group.

W contains a unique element wy (of order two) that carries R into R~. We call

wo the long Weyl group element, because a minimal decomposition of wy as a product
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of simple reflections has length N = #R* .13

An element v of V is dominant if, for any root 3 in R, (v, §) = (v, 255) > 0.

Definition 4. For any simple root a in R, and for any element v in V' satisfying

(v, B) = 0, define

A, (7)

where e is the identity of W.

Definition 5. Let v be a dominant element of V', and let

Wo = SaySan_1 """ Sar

be a minimal decomposition of the long Weyl group element wy as a product of simple

reflections. Define

A(V> = ASaN ((SQN718QN72 T 801)(”)) ’ Asa]\_l ((Saz\uz T Sal)(”)) T

+ Asey (50, (V) - A, (V).

A(v) is also an element of the group algebra R[IV]. The following lemma describes

its properties:
Lemma 4. For all dominant v in'V

1. A(v) is a rational function of v

2. A(0)=e

BEach element = of W can be written as a product of simple reflections. This decomposition
is called minimal if it involves the least possible number of reflections; the length of a minimal
decomposition of z is defined to be the length of . It can be shown that the length of = equals the
number of positive roots that are mapped by = into negative roots. Therefore the length of x is less
or equal than the cardinality of RT, for all x in W.
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3. lim, 0 A(V) = wy

4. A(v) is invertible in R[W| provided that (v, &) # 1, for all a in Rt

(the inverse of A, (&) is A, (=€) = —t—e — (v, ft>

T, &) (0, &) Sa)
5. A(v) is self-adjoint if wo(v) = —v
6. A(v) is independent of the choice of the reduced decomposition for wy.

If (¢, Ey) is any representation of the Weyl group W, ¢(x) € Aut(E,) for all x

in W and ¢ (y) € End(Ey) for all y in R[W]. In particular,

_ Id + (v, &) ¥(sa)

V(A (7)) T+ (7, )

is a well defined endomorphism of Ey, for all & and v in V' such that (v, a) > 0, with

a simple. We notice that ¢(A,, (7)) is the identity on the (41)-eigenspace of 1(s,),

1_<’Yv 6‘>
1+(y, &)

and acts as scalar multiplication by on the (—1)-eigenspace of (s,).
Because the operator (s, ) is unitary of order two, Ey is the orthogonal direct sum

of the (+1) and (—1) eigenspaces of ¥(s,), so we can equivalently define ¥(A;_ (7))

by:
v for v in the (+1)-eigenspace of 1(s,)
YA =1
1;2? ggfu for v in the (—1)-eigenspace of (s, ).

Similarly we can consider the endomorphism 1 (A(v)), for v real and dominant, which

-by definition of A(r)- admits a decomposition

V(AW) = (A ((San_iSans * 501)(V))) - P(Asey_ ((Say_s - 501)())) -

(Asy (500 (V) - ¥ (Ase, (V)

Y(A(v)) is well defined for each v dominant, it is independent of the choice of the

reduced decomposition for wy and it is Hermitian whenever wy - v = —v.

86



Theorem 10 (Barbasch-Moy [7]). If G is a split p-adic group, the spherical irre-
ducible representation X (v) is unitary if and only if the following two conditions are

satisfied:
(/l) WV =—V;

(i7) for each irreducible Weyl group representation 1, the Hermitian operator ¢ (A(v))

s positive-semidefinite.

In the real case, the Hermitian operator ¢(A(v)) does not generally detect uni-
tarity.! Still, it can be used to create a “non-unitarity test”. To formulate this idea

we need a preliminary definition.

Definition 6. An irreducible representation (p, E,) of K is called petite if for ev-
ery simple oot 3, the representation p |s of K° ~ SO(2) does only contain the
characters 0, £1, +2.

Let us look at the operator Z?“(%, ) when (i, E,) is a petite representation of
K, (3 is a simple root, and + is a real character of A satisfying (v, 5) > 0.

Decomposing the domain of R#(Sg, 7v) in M KP®-stable subspaces, we obtain:
Hom, (Resh; E,, V) =

= HomM(Res%Kﬁ ©o, C) @ Hom, <Res%Kﬁ(gpg D p_2), C)

(there are no other components because p is petite). The operator f%“(wo, 7v) acts
trivially on HomM(Res%KB ¢o, C) and it acts as scalar multiplication by % on
Hom, (Res%Kﬁng @ p_s), (C>.

The element 03 = exp (2Z3) is a representative in M  for the root reflection sg.

Clearly, o3 acts by (+1) on ¢, and by (—1) on (pa@B¢_s). It easily follows that it acts

4Unless G is a classical group. See [5]
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by (+1) on Homy (Res?®” oo, €), and by (—1) on Homy, (Res%Kﬁ(g@ D p_2), (C).
Hence, if we regard HomM(Resj\IZ E,, V?) as a representation 1, of the Weyl group
(which might be reducible), then we can identify HomM(Res%Kﬁ ©o, C) with the (41)-
eigenspace of 1,(s3), and Hom, (Res%Kﬁ (P2 @ p_2), (C) with the (—1)-eigenspace
of ¢, (sg). We obtain that:

. +1  on the (4+1)-eigenspace of ¢,(sg)
Bulse ) = 1-(~,06)

rweow the (—1)-eigenspace of 1,(sg).

Therefore, | R, (53, 7) = ¥u(As;(7)) |, for each simple root 3, and for each real char-

acter v of A satisfying (v, 5) > 0.

It follows that for every dominant real character v, the full intertwining operator

R, (wo, v) coincides with the p-adic operator 1, (A(v)):

Ry(wo, v) = Pu(A(v))

(because of the common pattern in the factorization as a product of operators relative

to simple reflections). We have proved the following theorem:

Theorem 11. Suppose G is a real split group, and (p, E,) is a petite irreducible
representation of K. Let 1, be the representation of the Weyl group W on the space
of M -fixed vectors of . Then Ru(wo, v) = ¢, (A(v)), for all real dominant characters
v of A.

Corollary 1. Let G be a real split group, let v be a real dominant characters of A
and let (1, E,) be a petite K-type of the spherical Langlands quotient X (v). The
Hermitian intertwining operator on the K-type v can be computed by means of Weyl

group calculations.

Corollary 2. Let G be a real split group, let v be a real dominant characters of A and

38



let X(v) be the corresponding spherical Langlands quotient. For each petite K -type
in X (v), denote by 1, the representation of W on the space of M-fized vectors u™.

If X (v) is unitary, then the algebraic operator 1,(A(v)) is positive-semidefinte.

This is a non-unitarity test, in the sense that it can be used to show that some
representations are not unitary: if the algebraic operator ¥(A(v)) fails to be positive
semi-definite for some representation ¢ that arises from a petite K-type p in X (v),

then we can conclude that X (v) is not unitary.

It is quite an amazing fact that this test also detects unitarity when the group G
is a classical group. This beautiful result is due to Barbasch and can be found in [5].

It can be stated as follows:

Theorem 12. If G is a classical (real or p-adic) split group, then the spherical Lang-
lands quotient X (v) is unitary if and only if the invariant Hermitian form is positive

semi-definite on the petite K-types.

Actually, Barbasch uses a subset of the set of petite K-types, that he calls “rel-
evant” K-types. For each relevant K-type u, the representation v, of W on pM
is irreducible, and computing the signature of the algebraic operators v, (A(v)) (for
all relevant ) is enough to detect unitarity. Therefore, we can study the spherical
unitary dual of a split classical group by means of Weyl group computations. Even if
Barbasch’s result has a very simple form, it is really hard to explain. So we will not
do any attempt in this direction.

Instead, in the next chapter, we will give an application of the result and show how

to use the Weyl group to study the spherical unitary dual of SL(3, R).
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Chapter 7

The example of SL(3, R)

7.1 The data for SL(3, R)

In this section we briefly recall the data for the group SL(3, R) and fix the notations

that we will be using throughout the chapter.

e G =SL(3, R) = {3 x 3 real matrices with determinant 1}

go = sl(3, R) = {3 x 3 real matrices with trace 0}

U: go — go, X — —XT

to = {3 x 3 real skew-symmetric matrices with trace 0}

po = {3 X 3 real symmetric matrices with trace 0}

ap = {3 x 3 real diagonal matrices with trace 0}

® My = {0}
aq 0 0

o ciiap— R, 0 as 0 | —ay (J=12,3)
0 0 as
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A = A(go, ag) = {£(e1 — &2), £(e2 — £3), £(e1 —€3)}
AT = At (go, ag) = {e1 — €9, €9 — €3, €1 — €3}

IT = {e; — €9, €3 — 3} (simple roots)

(80)e;—e; = RE;; (1,5 =1, 2, 3; 1 # j)

K = 50(3, R) = {3 x 3 real orthogonal matrices with determinant 1}

A = {3 x 3 diagonal matrices with determinant 1 and non-negative entries}

M = {3 x 3 diagonal matrices with determinant 1 and diag. entries = +1}

mi 0 0
= 0 my O cmimomg =1, m;==x1 Vj=1, 2,3
0 0 ms

N = {3 x 3 upper triangular real matrices with diagonal entries = 1}

P = MAN = {3 x 3 upper triangular real matrices}

€1Eo(1)

M = €26, |10E€ Ss, € = £1 and (e€2€3)sgn(o) =1
€3%5(3)

W ~ &3 (symmetric group on 3 letters)

Wo = Se,—e; (the long element of W)

M = {0, 01, 02, I3} with Jy the trivial representation of M, and

mq 0 0
(SJMHR7 0 mg O Hm],VJ:1,2,3

0 0 ms
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7.2 The irreducible representations of SO(3)

The group K = SO(3) has no irreducible representations of even dimension and, up
to equivalence, a unique irreducible representation of each odd dimension.

For each integer N > 0, consider the space Hy of harmonic homogeneous poly-
nomials of degree N in three variables, with complex coefficients. Hy is a complex

vector space of dimension 2N + 1, and SO(3) acts on it by:
(g-F)(z,y,2)=F((z,y,2)g) YgeSOB),VF € Hy.

This representation is irreducible, and any irreducible representation of SO(3) is

isomorphic to some Hy.

7.2.1 A closer look at Hy

The following remark is helpful to understand the structure of H .

Remark 4. Fvery harmonic homogeneous polynomial of degree N in three variables

can be written uniquely in the form:

with Fy ... Fy homogeneous polynomials in two variables y and z (of degree deg(Fy) =
N — k) satisfying:

Fk(y> Z) = _Ay,szfQ(ya Z) VEk P 2.
We have denoted by A, . the Laplacian % + 2

022"

Proof. Let F' be a harmonic homogeneous polynomial of degree N in z, y, z. Because
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F' is homogeneous, we can write

with each Fj homogeneous of degree N —k. We now show that because F' is harmonic,
the condition

Fily, 2) = =Dy Fyo(y, 2) Yk=>2

must hold. We do it by writing down an explicit expression for the Laplacian of F"

Axvysz - (Dq;Q _|— D2 + Dz2) ( k! 1 k;‘ Fk(y7 ))

2,.k Ik 2 2
= Zk;@ % (Dbx ) Fi(y, z) + 2k>0 " (307 + a%) (Fr(y, 2)) =

xk
= Zk>2 T k- 2Fk(y7 z) + Z/@o W Ay Fr(y, 2) =

zk—2

= k>2 m [Fk(ya Z) + Ay,sz—2(y7 2)] + 1)| Ay zFN 1<y7 >+
+%\: Ay,zFN(ya Z) = (*)

zh—2
= Zk>2 (k—2)! [Fk(ya Z) + Ay,szfQ(ya Z)]

In (%) we have used the fact that Fy and Fx_; have degree less than two, so
their Laplacian is zero. It is then clear that A, , . F = 0 if and only if [Fj(y, 2) +
A, Fyi oy, 2)] =0, for all k > 2. O

Corollary 3. Hy has dimension 2N + 1.

Proof. Let F(x,y, z) = k L Fk(y, z) be a harmonic homogeneous polynomial of

degree N in z, y, z. F' is completely determined by Fj = Z;‘V:o c;jy’ 2N =7 (which is a
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homogeneous polynomial of degree N in y, z) and by F} = ZN

is a homogeneous polynomial of degree N — 1 in y, z). So F depends on a total of

J=0

(N+1)4+ N =2N + 1 complex parameters.

7.2.2 Spherical K-types

In this subsection we study restriction of (p,, H,) to M, and its decomposition in

isotypic components of irreducible representations of M. In particular, we want to

determine whether H,, contains the trivial M-type.

It is easy to see the action of M on H,, is given by

my 0 0

Hn 0 my O - F(x, y, 2) = F(miz, mey, msz)

0 0 ms

for all m = diag(my, my, mg) in M, and all F in H,,. We write F = 31, ”;c—]: Fi(y, 2)

and observe that, when N is even

0 0 -1 —F

+F
10 0

| 0 1 0 |-F=
0 0 —1 —F

if Fy only contains even powers of z,

and F) only contains odd powers of z

if Fy only contains odd powers of z,

and F) only contains even powers of z
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+F if Fy only contains even powers of y,
-1 0 0 and [} only contains odd powers of y
® [l 0 -1 0 | F=

0 0 1 —F it F, only contains odd powers of z,

and F} only contains even powers of y.

Comparing these results with the character table of M

100 1 0 0 ~10 0 -1 0 0
010 0 -1 0 0 1 0 0 -1 0
00 1 0 0 -1 0 0 —1 0 0 1

8 1 1 1 1

& 1 1 —1 -1

8 1 —1 1 ~1

8 1 —1 —1 1

we conclude that
e [’ spans a copy of dg if and only if F; = 0 and F{ only involves even powers of
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both y and z. The mapping F' +— Fj defines an isomorphism from the isotypic
component of &, in H, to the vector space (of dimension % + 1) of all the
homogeneous polynomials of degree N in y, z that only contain even powers of

both y and z:

V(6) =~ {aoy™ + agy™ 22% + .. an_oy?2N 2 +anzV )

F spans a copy of ¢; if and only if F; = 0 and F; only involves odd powers
of both y and z. The mapping F — Fy defines an isomorphism from the
isotypic component of §; in H,, to the vector space (of dimension %) of all the
homogeneous polynomials of degree N in y, z that only contain odd powers of

both y and z.

V(61) ~ {aryN 2+ asy™N 32+ an_sy? 2N TP +ay w2V )

F spans a copy of 09 if and only if Fy = 0 and F} only involves even powers
of y and odd powers of z. The mapping F' +— F; defines an isomorphism from
the isotypic component of 3 in H,, to the vector space (of dimension %) of all

the homogeneous polynomials of degree N — 1 in y, z that only contain even

powers of y and odd powers of z.

V(6) =~ {ayyN 22+ asy™N 122 + . an_sy?2N P+ a1 2N

F spans a copy of 93 if and only if F; = 0 and F} only involves odd powers of y
and even powers of z. The mapping F' — F} defines an isomorphism from the
isotypic component of d, in H,, to the vector space (of dimension &) of all the

2

homogeneous polynomials of degree N — 1 in y, 2z that only contain odd powers
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of y and even powers of z.

V(03) =~ {Gonyl +agyN P+ ay gyt N T+ CLN72yZN72}.

The situation for N odd is slightly different, but can be analyzed in a similar

way. The results are as follows:

e The isotypic component of dy in H,, has dimension %, and the mapping

V(o) — {alyN_Qz + agyN_423 + .. .aN_4y32N_4 + aN_gyzN_2}, F— F

is an isomorphism.

N+1

e The isotypic component of §; in H,, has dimension , and the mapping

V(d) — {aoyN_l +ayN 32 4+ an_syt N T+ aN_lzN_l}, F— B

is an isomorphism.

N+1

e The isotypic component of 5 in H,, has dimension , and the mapping

V(82) — {aoy™ 4+ agy™ 222 + . an_oy?2N T+ a1y L F e Ry

is an isomorphism.

N+1

e The isotypic component of 3 in H,, has dimension , and the mapping

V(d3) — {alyN_lz +asyV 3B 4 ay oyt N TR 4 aNyzN}, F— F,

is an isomorphism.

We have proved the following claim:
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Claim 4. The irreducible representation Hy is spherical for each N # 1. Indeed, for

all m > 0, we have

Hopm = 0" @ 6™ @ 62" @ 5.

Homs1 = 05" & 6" @ 6,7+ & 65"+

7.2.3 Petite K-types

In this subsection we determine the values of N for which the irreducible representa-
tion (uy, Hy) of K = S0O(3) is petite.

For each simple root «, we must look at the SO(2) subgroup attached to «

K = exp(RZ,) = exp(R(E, + VE,))

and check whether the restriction of puy to K¢ only contains the characters 0, +1 and
+2 of SO(2). This is equivalent to verify that for each simple root o, duy(Z,) only
acts with eigenvalues 0, £7 and +2i.

We start with an explicit description of the subgroups K*“.

0 10
e Fora=¢e; —ey, wetake Z, = | —1 0 0 |. Therefore
0 00

cos(t) sin(t) 0
K* = —sin(t) cos(t) 0 |[:t€R

0 0 1

98



0 0 0

e Fora/ =gy —e3, wetake Zo = | 0 0 1 |. Therefore
0 -1 0
1 0 0
K = 0 cos(t) sin(t) |:teR

0 —sin(t) cos(t)

We notice that Z, and Z, are conjugate (via an element of M'):

0 0 1 0 10 0 0 1 0 0 O
0 -1 0 -1 0 0 0O -1 0|=|0 0 1
1 0 0 0 00 1 0 0 0 -1 0

hence duy(Z,) and duy(Z.) have the same eigenvalues. We just need to consider
one of the two simple roots. We will focus on o/ = g5 — €3, and we will assume that
N is even (the odd case is similar).

An easy computation shows that

oF oF
dMN(Za/>'HN_>HN7 F(LL’, Y, z)Hy<0_Z> _Z(@).

Since duy(Z,) does not touch the variable z, it preserves the subspaces

HY = V)@ V(©a)  HY =V(6,) @ V()
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of Hy.! Identifying each element F' of Hg\l,) with its Fy-part
apz + a1y - an_y" e+ anyN

and writing down the explicit matrix for the action of duy(Z,) on HE\}), we find that

dun(Z. ) has even eigenvalues
~Ni, —(N —2)i,..., =2i, 0, 2i,..., (N —2)i, Ni.
This is compatible with the fact that
Mme = exp(rZ,) = diag(1l, —1, —1)

acts on V(o) @V (8;) as scalar multiplication by +1. Similarly?, we find that duy(Z)

acts on Hg\?) with odd eigenvalues
—(N —=1)i, =(N = 3)i,..., =i, t,..., (N —=3)i, (N —1)i,

compatibly with the fact that m, acts by —1 on V(d2) @ V(d3). We conclude that

Claim 5. For each simple root «, the restriction of Hy to K* ~ SO(2) is given by

N
Hy ko= @ &l

I=—N

Therefore, Hy s petite if and only if N =0, 1 or 2.

Corollary 4. The only irreducible representations of SO(3) that are both petite and

'Because N is even, we can identify HE\}) with the subspace of H that consists of polynomials

with even powers of = (and arbitrary powers of y or z) and Hg\?) with the subspace of Hy that
consists of polynomials with odd powers of z (and arbitrary powers of y or z).

2 After identifying each element F' of HS\?) with its Fj-part.
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spherical are Hy and Hs.

7.3 The representations of the Weyl group

We identify the Weyl group of SO(3) with the symmetric group in three letters
W = &3. There are three conjugancy classes, corresponding to the three cycle struc-
tures (1), (23) and (123), hence three irreducible inequivalent representations that we

denote by U, U’ and V. More precisely:
e [ is the trivial representation of S3. Every permutation acts by +1.
e U’ is the sign representation of S3. A permutation o acts by sgn(o).
e W is “the other” representation of S, necessarily® of dimension 2.

The character table of S5 can easily be computed using the equation

Z dim(v)X,(c) =0  VoeS;—{1}.

v irred.

We obtain:

vl 1| -1 1

V2 0 -1

We now give a more explicit realization of the two-dimensional representation V' of

S3. Let Ey be the hyperplane

{76@3:1}14—1}2—1-1)3:0}

3The sum of the square of the dimensions of the irreducible representations equals the size of the
group.
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and let a permutation 7 of S5 act on Ey by

T (1, Vo, v3) = (vrr—l(l)a Vr=1(2), v7r—1(3))

for all @ in Ey. We notice that if w is a primitive cubic root of 1, then 14+w+w? = 0.
So the vectors

7 = (1, W, W) Y = (1, w, w?)

belong to Ey, and actually form a basis of Ey. It is easy to check that 7 and o
are eigenvectors of 7=(123) of eigenvalue w and w? respectively, and that o=(23)
permutes 7 and 3 (hence the vectors @ + 3 and @’ — 3 are eigenvectors of 0=(23)
of eigenvalue +1 and —1 respectively).
It follows that o=(23) acts on Ey with trace zero, and 7=(123) acts on Ey with
trace w + w? = —1. Therefore Ey is a realization of the irreducible two-dimensional
representation V' of Ss.

We conclude this analysis of the representations of the symmetric group Ss by
giving an explicit formula for the decomposition of a representation (¢, E,) of Ss

into isotypic components of irreducible representations:

w — UaEB (U/)b@vc

with
a = mu(1h(0)) — m((7))
b=m_1(4(0) — mu(u(r))
¢ = m(6(7)).

We have denoted by m.(1(7)) the algebraic multiplicity of the eigenvalue z for ¢ (),
for each permutation @ = 7 or o, and each complex number z = 1, —1 or w. This

formula easily follows form the facts that
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e o has eigenvalues

+1 on each copy of U
—1 on each copy of U’

+1, —1 on each copy of V
e 7 has eigenvalues

+1 on each copy of U
+1 on each copy of U’

w, w? on each copy of V.

7.3.1 4y,: the representation of S;3 on (Hy)"

In this subsection we study the representation 1, of the Weyl group on the space of

M invariants of a petite spherical representation p of SO(3).

If 1 = Hp, then p is the trivial representation of K. Clearly u™ = C and W acts

trivially on it. The case p = Hy is more interesting. Recall that

2 2 2.
By, = {ay” + bz (ai—b)x.a,bEC}J@Cyz@(C:Ez@ny
V() vy V02 v(s)

with K acting by:

(- F)(x,y, 2) = F((x, y, 2)9) Vge K, VF € H,.

We want to determine the representation of W = S3 on the two-dimensional subspace

(By, )™ = {ay® + b2* — (a +b)z?: a, b € C}.
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It is enough to understand the action of 0=(23) and 7=(123). The first step is to

pick representatives in M  for the two permutations. We choose

1 0 0 0 0 1
c=|0 0 1 T=1 -1 0 0
0 -1 0 0 -1 0

For all F'= ay? + b2? — (a + b)2? in (Fy,)™, we have

1 0 O
U, (o) - F=F | (z,y2)| 0 0 1 = F(z, -2, y) = by* + az* — (a + b)z*.
0 -1 0

Therefore, the matrix associated to 1, (o) with respect to the basis {y* — 22, 22 — 2%}

1
is . It has eigenvalues +1 and —1. Similarly, for 7, we have:
10
0 0 1
QbHQ(T)'Pj = I (:Ev yZ) -1 0 0 - F(_y7 —Z, ZL‘) = _(a’—i—b)yQ—'—azz—'—be'
0 -1 0
-1 -1
We associate to 1, (7) the matrix , with eigenvalues w and w?.
1 0

We conclude that
a = ml(wﬁz (O’)) - mw(%ﬁ (T>) =0
b= m—l(¢7’(2 (O-)) - mw(lez (T)) =0

¢ =my(t,(7)) = 1.
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Hence, ¢y, = V.

Conclusions. The representation of the Weyl group on the space of M -invariants in

Ho is irreducible, and isomorphic to V.

7.4 Signature on the K-type H,

In this section we compute the signature w.r.t. the K-type H, of the standard inter-
twining operator for a principal series Ip(d ® v) of SL(3, R), under the assumptions
that P = M AN is a minimal parabolic subgroup, J is the trivial representation of M
and v is a real dominant character of A.

Because H, is a petite representation, there are two ways to do this:*
(1) construct the “analytic” operator Ry, (wo, v) and compute its signature
(2) construct the “algebraic” operator 13, () and compute its signature.

In both cases v is intended to be a real dominant character of A
3
V= A€l + \aga + A3e3 <Z )\j =0 and A\; > A\ > )\3)
j=1

satisfying the “symmetry” condition wg - v = —v. As usual, we have denoted by wy
the long element of the Weyl group: wy = s.,_,. It is easy to check that v must be
of the form

VvV = )\€1 —>\€3

for some A real and positive.

7.4.1 The “analytic” operator Ry, (wy, )

Recall the main steps for the construction of Ry, (wp, v):

4Please, refer to chapter 6 for notations.
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(7) Find a minimal decomposition of wy as a product of simple reflections:

Wo = Sa, * " SasSay
(71) Decompose Ry, (wp, ) accordingly:

RHz(w07 y) = RH? (sarsar—l "t SanSars I/) =

- RHz(‘Sar? (Sarfl T 80428041) ) V) T RH2(8027 Say - V)R,M(Salv V)

(73) For each simple root 5 and for each real character y of A (satisfying (v, 3) > 0),
define RHZ, (sg, ) as follows: for all integers [, let ¢; be the isotypic component

of the character &: exp(tZs) — €'t of KP ~ SO(2) inside Ha, so that

EH2 = @ ¥

leZ

is the decomposition of H, in KP-types, and

Hom (Resf; Bre,, V) = @) Homu (Resif™ (o + ¢ am), C)

meN A ' 4
Um

is a decomposition of Homy(Resy; Ex,, V°®) in M K”-stable subspaces.

Define the operator RH2<85, v) to act on U, as scalar multiplication by

I17.((25 = 1) = (v, )
I (2 = 1) + (7, B))

for all non-negative integers m.

Steps (i) and (i7) are really easy:

W = Sey—e3 = Sey—eo Seg—e3 Sey—eo
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and the corresponding decomposition of the operator RHQ(SEI,%, v) is

RHQ (551*627 (862*63881*82) ’ y) RHQ (562*537 Se1—eg V) RH2<851*527 l/)'

We observe that
V= MAe1 — Aes
Sei—ey "V = A2 — A&y
(Seg—es Sey—eq) " V = —AE2 + Ae3

SO can write:

RHz(w07 V) = RH2(861—63a /\51 - /\53> =

= RH2(851—527 —>\€2 + )\63) RHQ (552_53, )\82 — )\83) RH2(851—527 )\61 — )\53).

To continue, we need to understand the decomposition of (Ha, Ey,) in irreducible

representations of the SO(2) subgroup associated to each simple root.

We start with o« = ¢; — e9. Then

cos(f) sin(f) 0
K*=dko=] —sin(@) cos(d) 0 |:0€R
0 0 1

An easy computations shows that

ko - F(x,y, z) = F(x cos(0) — y sin(@), = sin(f) + y cos(d), 2)

for all F'in Fj,. In particular
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ko (yz —ixz) = e (yz —ixz)

ke - (yz +izz) =e ¥ (yz +ixz)

ko (222 — 2% — ?) = +(222 — 2% — i)
ko - (y* — 2% — 2iwy) = ¥9(y? — 2% — 2 ay))
ko - (y* — 2% + 2izy) = e 20(y? — 22 + 2i y).

The decomposition of Ey, in K*types is therefore given by:

Ey, = EC(QZQ —a? - yZ)l & EC(y2 — 2% —2i xy)l o EC(y2 — 2+ 2i myl &

®Yo Y2 p—2

® Clyz —izz) ® Clyz+izz) .

J (. /
~~ -~~~

11 w1

The corresponding decomposition of Hom s (Resy; By, V?) in M K“-stable subspaces
is

Hom s (Resji™" o, C) & Homy (Resy™ (g2 @ ¢p_s), C)
with
e Homy (ResiH" g, C) ~ C(22% — 22 — 3?)
e Homys (Resj™" (02 @ ¢_s)) = C(y? — 2?)

e Hom(Resy; By, V) ~ C(y? — 2%) @ C(2% — 2?) =~ (B, M.

Once this decomposition is understood, it is really easy to compute the operator
Ry, (e, ey, 7), for each real character « satisfying (v, e1—es) > 0. Indeed, Ry, (S, —cy, )

acts trivially Homys(Res);™" ¢g, C), and it acts on Homys (Res);™ (g2 @ ¢p_)) as

108



scalar multiplication by

2(e1—€2)
1-{, ||6f1—6§ﬁ2> 1= (7, €1 —€2)

1+ <")/, 2(81—82)> o 1+ <"y, €1 — 52>'

lle1—e2]|?

The matrix associated to Ry, (., _e,, 7) with respect to the basis

B={(y"—2%), (" —2%)}

of Homy(Resy By, V) ~ (E3,)™ is therefore given by

1-(y,e1—e2) —(y,e1—€2)
RH (S 7) — 1+(y,e1—e2)  1+{v,e1—e2)
2 £1—E€92
0 1

When v = —Xey + Aeg or v = +Ae; — Aeg, we have (v, 1 — €2) = +A. Hence:

RHQ(SQ*Q’ —Ag2 + /\€3> = éH2 (551*627 Aep — )\83) ~ S

The construction for o/ = ey — €3 is very similar. The subgroup

1 0 0
K = 0 cos(f) sin(@) [:0€R
0 —sin(#) cos(f)

acts on Fy, by

ko - F(x,y, z) = F(x, y cos(f) — z sin(0), y sin(f) + z cos(h))
for all F'in Fy,. In particular
ke - (zy +izz) = e (xy +ixz)
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ko (wy —izz) = e ¥ (xy —ixz)

ko - (y? + 2% — 22%) = +(y* + 2% — 22?)

ko - (y* — 22+ 2iyz) = ¥ (y? — 22 + 2i y2)
216

ko (y? — 22 —2iyz) =e y? — 2% — 2iyz).

The decomposition of Ey, in K®'-types is therefore given by:

Ey, = EC(y2 + 22— 2x2)j ® g:(y2 — 2242 yz)l @ EC(y2 — 22— 2 yz)l @

$o Y2 p—2

® Clzy +ixz) ® Clay —ixz) .

P+1 -1

The corresponding decomposition of Hom M(ResJ\K/f Ew,, V%) in MK o’_stable subspaces
is
HomM(ReS%KQI o, C) & Homy, (Res%KQl(wg D p_s), (C)
with
o HomM(Res%Ka/ 0o, C) ~ C(y* + 2% — 22?)
e Homy, (Res%Ku/ (02 B p_a), (C) ~ C(y* — 2?)

e Hom,(Resy, By, V) ~ C(y? — 2?) @ C(2% — 2?) =~ (B, M.

For each real character v satisfying (v, e, — 3) > 0, the operator Ry, (se,—c,, 7) acts
trivially HomM(Res%Ka/ ¢o, C), and it acts on Homy, (RGS%KQI(SOQ D p_9), (C) as

scalar multiplication by

2(e2—e3)
1- <77 ||522753T|2> o 1-— <’}/, Eg — E3>

14 (y, 22220y 14 (y, 69 —€3)

llea—es|?
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The matrix associated to Ry, (S.,—,, 7) with respect to the basis

B={(y’—2%), (=" - 2%)}

of Homys(Resy; By, V) ~ (Ey,)™ is therefore given by

1 (v,e2—¢€3)
14+(y,e2—e3)  1+(y,e2—e3)

RHQ (551*52 ) 7) ~

<7v£2_53> 1
1+(v,e2—e3)  1+(v,e2—¢3)

When v = Aeg — Aeg, we have (7, €5 —e3) = 2\. Hence, we obtain:

1 22
Tr2n 1421
Ry, (Scy—esy A2 — AEg) ~>
2 1
TH2x 1121

Let us now consider the the full intertwining operator:

RHQ((,U(), V) = RH2(851_53, /\61 — /\63) =

= RH2(851_52, —>\€2 + )\53) RHQ (852_53, )\82 — )\63) RH2<351—527 )\61 — )\53).

If we denote by R be the matrix associated to I%HQ (wo, v) with respect to the ba-

sis B of (Ey,)M, then

I-=X =X 12X I—-X =X
R=-1__1
(T+X0)2 (1+2))

0 I+ A 22 1 0 I+ A
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a1 1—2\ 0
= (1+_A) I+2X
2\ 142X

An easy study of the eigenvalues of R

m=(73) (73)

shows that (for A real and positive)
e R is positive definite if 0 < A < %

1

e R is positive semi-definite if A = 3

oRisindeﬁniteif%</\<1or)\>1

e Riszeroif A =1.

7.4.2 The “algebraic” operator ¢y, (A(v))

These are the main steps for the construction of ¥, (A(v)) :

(7) Find a minimal decomposition of wy as a product of simple reflections:

Wy = Segi—e3 = Sey—eg Seg—e3 Se1—en

(1) Decompose A(v) accordingly:

A(”) = A551752 ((852_53851_52) ’ V) AS€2763 (851_52 : V) A851752 (V)

(¢43) For each simple root 3 and for each real character v of A (satisfying (v, 5) > 0)
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that appear in the above decomposition, construct the element

of C[W]. More explicitly, set

A _
b A561—52 ((Sey—es5e1-e5) " V) = Assl—sz(_)‘@ + Aez) = H{g%

2\ _
b A552*s3 (S€1—€2 ) U) = ASEZ*ES ()\62 o )\63) - %
oA, (1) =A, (e — Aeg) = TPz,

(17v) With calculations in C[W], compute A(v):

A(v) = Asal—EQ ((Sey—e58e1-e2) " V) As@-sg (Se1—es " V) Assl—sz (v)

_ [ etASe —eg e+2Asey—eqg et+Ase;—eq
- 1+ 142X 1+

— (14X?) e+2X2 (51,2 82,3+52,3 51,2)+2X (81,2+52,3)+223 51,3
- (T+X)2(142X)

(for brevity of notations we have set s.,_., = s, for all 4, j =1...3).

(v) Evaluate the representation ¢, of W at the element A(v) of C[IV].

Recall that 13, = V (the two-dimensional irreducible representation of the Weyl

group Ss), and that Ey has a basis {7, '} with the following properties:

113



e 0 = (23) permutes 7 and Y

e 7 and ¥ are eigenvectors of 7 = (123), of eigenvalues w and w? respec-

tively. Here w a primitive cubic root of 1.

With respect to the basis {7, ¥} we can write:

0 w 0 1
Pr,((12))  ~ Yn,((23)) ~

w? 0 1 0

0 w? 1 0
V1, ((13)) ~ Yry(e)

w 0 01

1

Ve A) = A= AT _

(1 _ /\) 1 1 —2)?
L+AJ 14201 oy, 1
The eigenvalues of A are

G =7 (52)

Therefore (for A real and positive)

e A is positive definite if 0 < A < %
e A is positive semi-definite if A = 1
° Aisindeﬁniteif%</\<1or)\>1
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o Aiszeroif A\ =1.

7.5 Conclusions

In this section, we summarize the information gathered in the chapter about the uni-

tarity of a spherical principal series of SL(3, R).

Let P = M AN be the minimal parabolic subgroup of SL(3) consisting of real
3 x 3 upper triangular matrices. Let wy be the long Weyl group element, and let v be
a real dominant character of A satisfying the formal symmetry condition wy-v = —v.

More explicitly, set wy = s.,_., and set v = A\e; — Aeg, for A > 0.

Denote by X(v) the Langlands quotient of SL(3) with parameters (P, dy, v),
with Jy the trivial representation of M. X (v) is unitary if and only if the Hermitian

operator

R, (wo, v): Homy(Resh, E,, V®) — Homy, (Resh; E,, V®)

is positive semi-definite for all spherical K-types (p, E,,).

By a theorem of Barbasch, it is enough to check the signature of Ru(wg, v) for the
petite K-types. Apart from the trivial one, K = SO(3) has only one spherical petite
irreducible representation: the K-type Hs.?

So it all comes down to computing the signature of the operator

R’Hg (Cdo, /‘L) - RHQ (851—63’ /\61 - /\63)‘

5(Hz, Ep,) is the 5-dimensional representation of SO(3) on the space of homogeneous harmonic
polynomials of degree 2 in three variables.

115



We find that

o Ry, (wo, v) is positive definite if 0 < A < %

o Ry, (wp, v) is positive semi-definite if A = %

2

o Ry, (wo, v) is indefinite if 3 <A <lorA>1

o Ry, (wo, v) is zero if A = 1.

We therefore conclude that

the Langlands quotient X (v) is unitary for 0 < A < % or A=1/.

There is an alternative method to construct the operator Ry, (w, v), which is
purely algebraic in nature. We identify Hom;(Resy; Fy,, V%) with the space of M
invariants in Ey,, which carries a representation 15, of the Weyl group. Once this
representation is understood, we replace the analytic operator RH2 (wo, ) with an
algebraic operator ¢, (A(v)), that is also Hermitian and has the same signature as
Ry, (wo, ). The remarkable fact is that 14, (A(r)) can be computed by means only

of Weyl group calculations.

6The fact that H, is petite is crucial for this construction.
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Chapter 8

The petite spherical

representations of SO(2n, R)

In this chapter we study the irreducible representations p of SO(2n, R) that satisfy

the following requirements:

e for each restricted root o of SL(2n, R), the restriction of p to the SO(2) sub-
group associated to a only contains the characters zero, plus or minus one, plus

or minus two (i.e. u is petite)

e ;. contains an M-fixed vector, where M is the subgroup of diagonal matrices in

SO(2n,R) (i.e. p is spherical).

These are exactly the K-types that appear in a spherical principal series of SL(2n, R)

on which the intertwining operator can be computed by means of Weyl group com-

putations.!

IPlease refer to chapter 6 for details.
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8.1 The petite representations of SO(2n, R)

First, we fix some notations. Let K be the group SO(2n, R), and let H be the

maximal torus

We denote by &, and b, the Lie algebras of K and H, and by ¢ and h their complex-

cos(fy) sin(6y) 0 0
—sin(6y) cos(6q) 0 0
L0y,
0 0 cos(6,) sin(f,)
0 0 —sin(6,) cos(6,)

ification (so € = €5 and h = h5).

h is a Cartan subalgebra of the complex semi-simple Lie algebra ¢ = so(2n, C), and

it is explicitly given by

For brevity of notations, it is convenient to introduce a basis of fh. We pick the

elements

0 o0 0 O
—6; 0 0 O
0 0 0 6,
0 0 —0, 0
\

Hj = Esj 195 — Egj2j1

(j=1...n)

where as usual £, stands for an elementary matrix?.

Since {H,};=1.» is a basis of h, we write h = @?:1 CH;.

2For each a, b=1,...,2n, E,p is a square matrix of size 2n with entry 1 where the ath row and

the bth column meet, all other entries being 0.
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For each j = 1...n, let ¥; be the complex linear functional on h defined by

More explicitly,

0 61]. 0 O
-6, 0 0 0
Vi = —it)
0 0 0 0,
0 0 -0, 0

for all 64, ..., 6, in C.

There exists a one-one correspondence between the set of dominant analytically inte-
gral forms A on f and the set of irreducible representations py of K, the correspon-
dence being that A is the highest weight of .

The dominant analytically integral forms on h are all the expressions
A=a1hy + -+ @11 + antdy
with integer coefficients aq,...,a,_1,a, satisfying
a2 2 ap1 2| ay |
We ask which of these forms give rise to petite representations of SO(2n,R).
The answer to this question is easy to state:

Haypy+-+anwy 18 Detite < a; € {0, £1, £2} Vji=1,...,n

but the proof requires some preparation. Once we have a deep understanding of
the restricted root space decomposition of sl(2n,R), and an explicit construction for

the SO(2) subgroup K* associated to each restricted root «, we can look at the
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restriction of u to each K* and impose that this restriction only contains the 0, +1

or 2 characters of SO(2).

8.1.1 The restricted root system of s((2n, R)

In this section we describe the various constituents of the restricted root space de-

composition of gy = sl(2n, R):
go = £ @ po = ap © My Daea(go, ao) (80)a-
Fix the Cartan involution 9: gg — go, X — —X7. Then:
o £y =50(2n,R) is the (+1)-eigenspace of
e po = go N {real symmetric matrices} is the (-1)-eigenspace of ¥

e a0y = go N {real diagonal matrices} is a maximal abelian subspace of pg

O ... 0 0 \
0 by ... 0 0 .
ap = U Db b ERsE Y by=0
0 0 ban1 0 -
L\ o o 0 boy

We ple the basis {H] = E2j,2j — E2j+1,2j+1: ] = 1, RN 2n — 1} in ag .
e my = {0} is the centralizer of ay in &

o A= A(go, ap) = {£(ei — ;) }i j=1,..2n,i<; 1 the set of restricted roots,
where for each j we have denoted by ¢; the real linear functional on ay defined

by

€j: Og — ]R, diag(bl, Ceey bgn) — bj
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o At ={g; —¢j}ij=1.. 2ni<; is the set of positive restricted roots

o IT={c; —€it1}i j=1,. 201 Is the set of simple restricted roots

® (80)e;—c, = RE;; is the restricted root space associated to a root g; — ¢;.

8.1.2 The SO(2) attached to a restricted root

To each restricted root v in A, we attach a subgroup K® isomorphic to SO(2,R) in

the following way:

1 We pick an element E, in (go), that satisfies the normalizing condition

B(Eav ﬁ(Ea)) =2

lled*?

where B is the Killing form on gy and ||a||? = B(H,, H,), with H, the unique

element of ay such that
B(H,, H) = «a(H) VH € a.
2 We construct the skew-symmetric matrix
Zoy=Ey,+9Y(E,) = E, — (E,)7,

which generates a one-dimensional Lie algebra £ isomorphic to so(2, R).

3 We define K to be the analytic subgroup of SO(2n,R) with Lie algebra £, so
K* =exp{RZ,}.

The first step is to understand the Killing form on gy = sl(2n, R). For each X and Y

in go, we have?:

B(X,Y)=Tr(ad(X)ad(Y)) = (2n)Tr(XY).

3See [16], Ch.III
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In particular, if H = 2321 x;E;; and H' = 32" 2/ E; ;, then

Jj=1"7

B(H, H') = (2n) 37" a; - ;.

Jj=1 J

It easily follows that
He, e, = 5 (Eywi — Ey)
for all integers [, k (I, k =1...2n, 1 # k). Therefore

HaH2 = B(Ha, H,) = =

2n

for any root a = g, — ¢;.

Since any root space is one-dimensional, the vector F. must be a multiple of the

k€l

generator By, say E. = ckl;, and because

k—E€l
B(Ek,la ﬁ(Ek,l» = —(2n)T7"(Ekyl(Ek7l)T) = —(QH)TT(EkJEl’k) = —(2Tl)
the complex number ¢ must satisfy the equation

_ 2 _ 2
@n)llell® = =575

(whose solutions are +1).
For each root a = ¢j, — ¢;, we set E, = Ey; and Z, = Ey; + (Ey;) = Ex; — Epx.
Zs is a generator for the so0(2) associated to the root «, the corresponding SO(2)

subgroup is therefore K* = exp{RZ,}. Here is an explicit description of K*: if
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a=*x(er — ), with 1 < k << 2n, then

1 0 0 0 0 0 0 0 —1

0 1 0 0 0 0 0 0

0 0 cos(f) 0 0 sin(d) 0 0 —k
0 0 0 1 0 0 0 0

0 0 0 0 . 1 0 0 0

0 0 —sin(@) 0 0 cos(d) 0 0 — 1

0 0 0 0 0 0 1 0

0 ... 0 0 0 ... 0 0 0 ... 1 — 2n

with 0 in R.

8.1.3 Petite representations

Let A =a¥y + -+ ap_1¥,_1 + anyh, be an analytically integral dominant form on

b, so that
ai, aa'n—laa'nGZ
ai > 2 Ap—1 2‘ ap ’ (%)7

and let p1, be the irreducible representation of SO(2n,R) with highest weight A. Let «
be a restricted root for SL(2n,R) and let K* be the corresponding SO(2) subgroup.
In this section we study the restriction of u, to K®. In particular, we ask whether

this restriction consists only of the characters {0, £1, £2} of SO(2).
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Notice that, for each o in A, the group K is isomorphic to SO(2) via

cos(f) sin(f
exp(0Z,) < (6) (6)
—sin(f) cos(f)

so, if we want K¢ to act by the characters

- cos(f)  sin(0) o
—sin(f) cos(6)

cos(f)  sin(0)
i — e

—sin(#) cos(0)

+i6

frat cos(f) sin(h) a0
—sin(f) cos(0)
then Z, must act with eigenvalues {0, +i, £2i}.

For each j = 1,...,n, consider the element H; = FEy;_12; — Es;9;-1 of the Cartan

subalgebra b of so(2n,C). Because H; = Z,

c0;_1—co,» Uhe eigenvalues of H; must also

lie in the set {0, i, £2i}. The list of eingenvalues of H; in duy can be found by
looking at the coefficient of 1; in all the possible weights of p, and multiplying this
coefficient by —i.*

We conclude that gy is petite if and only if all the coefficients of all the weights of
dpy lie in the set {0, £1, +2}.

In particular, the coeflicients {a;};—1 ., of the highest weight of ;, must belong to
this set. Taking also the condition (3%) into account, we see that u, is petite only if

its highest weight A falls in this list:

41f 4 is a weight vector of weight b1t + - - - + b, 1)y, then
dpx(Hj) -y = (bihy + -+ + bpbn) (H)y = bje;(Hj)y = (—ibs)y

so (—ib;) is an eigenvalue of duy(H; ). Since the weight vectors from a basis of the representation
space, it is clear that all the eigenvalues of (H;) are obtained this way.

124



0cby + -+ + 0,

Iy +---+ 1Y, 0<k<n

(L1 + - 4 1hyn) £ 1y,

201 + -+ 29y 0<k<n

(201 4+ 4+ 20a) + (Whyr + -+ 1¢0)  0<a, b<n

(201 + 4+ 20) + (Mpgr + -+ W) £ 1y, 0<k<n

(21 + -+ -+ 2¢,1) £ 20y,

The next step is to show that each representation in this list is actually petite. We

need a case by case analysis.

o If A =0t + -+ 0¢,, then u, is the trivial representation of SO(2n,R), and

it is of course petite.

o If A\ =19 + -+ + 1oy, with 0 < k& < n, then uy = A¥C?" is the kth wedge
product of the standard representation of SO(2n,R), and it is also petite.

We start by determining the weights of the standard representation of SO(2n, R).

.....

€5;) is a (+1)-eigenvector of H; and a O-eigenvector of H; for [ # j. Hence it is

a weight vector for h of weight

0¢1+ +0¢j_1 + 1¢] +0wj+1"'+0¢n == +1/1j.

Similarly, (eg;_1 — €2;) is a (—1)-eigenvector of H; and a 0-eigenvector of H; for

[ # 7, so it is a weight vector (for h) of weight

0y + - -+ 01 — 19 + 041 - - - + 0, = =),
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Because the vectors {ey; 1 & € }j—1...» form a basis of C**, we deduce that the
weights of the standard representation of SO(2n, R) are {£;};—1. .

Let us now look at the weights of A¥C?". It follows from the product rule for
differentiation that the wedge product of k weight vectors of C?" is a weight
vector for A*C?" (relative to the sum of the weights of the k vectors). For
dimensional reasons, all the weight vectors of A¥C?" are obtained this way. We

therefore conclude that each weight of A*C?" is of the form

j:wil j:wlz T :I:wzr

for some r < k and some (distinct) indices iy, is, ..., ¢, in {1, 2, ..., n}.
Every t; appears with coefficient 0 or +1, hence the representation A*C?" is

petite.

o If A= (1¢p1+---+14,_1) £ 11, then p, is one of the two irreducible summands
of A"C?". 1In particular every weight of uy is also a weight of A"C*", and
therefore the same argument used above shows that the coefficient of 1; in each

weight lies in the set {0, +1, —1}. We conclude that pu, is petite.

o If A =2¢1 + -+ 2¢y, with 0 < k < n, then u, is an irreducible summand of
(ARC?) @ (A*C?). Tt is easy to check that the weights of (A*C?*") @ (AFC??)
are of the form v+ 1/, with v and v/ (not necessarily distinct) weights of A*C?".

So they are of the form

(F20, -+ 2005, + (Fj, - £y,

for some (distinct) indices 41, ..., iy, J1,..., js in {1, 2, ..., n}, with r+s < k.
Since every weight of y, is also a weight of (A*C?*") ® (A*C?"), the coefficient of

1, in a weight of y1y lies in the set {0, £1, £2}. We conclude that p, is petite.

o If A= (2¢1+- - -+21,_1)£2%,, then p, is an irreducible summand of (A"C**)®

(A"C?"), and the same argument used above shows that it is petite.
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o If A= 21+ 4+2¢,) + (1thgy1 + - - + 11by), with 0 < a, b < n, then p, is an

irreducible summand of (A°C?") ® (A’C?") and it is again petite.

o If A= (2¢y + -+ 4+ 2¢x) + (Wgs1 + - -+ + 1hy_1) £ 19, with 0 < k < n, then

fy is an irreducible summand of (A*C?") ® (A"C?") and it is also petite.
This concludes the proof. We obtain:

Proposition 2. The petite representations of SO(2n, R) are ezactly the ones with

highest weight

o 0ty + -+ + 0y,

Wi+ +1, O0<k<n

201+ +2¢, 0<k<n

214+ 4+ 20) + (Wgpr + -+ 1) 0<a<b<n

14+ +2U) + Mg+ -+ 1) £ 19,  0<k<n

(201 + -+ + 2¢_1) £ 20,,.

8.2 The petite spherical representations of SO(2n, R)

Finding the petite spherical representations of SO(2n, R) accounts to determining
which petite representations contain an M-fixed vector.

Here M is the group of diagonal matrices of size 2n with entries +1 and determinant
one. It is a finite abelian group of order 22"~! and its irreducible representations are

the form

ds: M — C, m = diag(mq, ma, ..., May,) — dg(m 1_[771]1 ()
jES
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with S a subsets of {1, 2,..., 2n} of cardinality less or equal to n.% In particular, dy
is the trivial representation of M.

A petite irreducible representation of SO(2n) is spherical if and only if it contains
0z. The previous proposition contains a list of the highest weights of the petite rep-

resentations; for each A in this list we study the decomposition of uy in M-types.

If X\ = 0¥ + -+ 0y, then p, is the trivial representation of SO(2n, R),

i |m= Oz and of course pu, is spherical.

If \=1¢; +---+ 1, with 0 < k < n, then uy = A¥C?*". We will show that
restriction of py to M does not include dg, hence iy is not spherical.
Let m = diag(my, ma, ..., ma,) be an arbitrary element of M. We notice that m
acts on a basis vector e_i = (Z-: A e_j; ARERWA e_j,: of A*C?" as scalar multiplication
by (mj, - mj, ---m;,). It follows that, for every multi-index j = (j1, jo,...,Jx), the
one-dimensional subspace (Ce_£ is a copy of the representation oy j,,. 53 of M.

Therefore:

Hapy -+ 1epy, |M: @sg{l..zn}; |S|=k 0s-

Being 0 < k < n, any of these summands is equivalent to dg. So p) is not spherical.

If A= (1¢y + -+ 1,_1) & 14, then p, is an irreducible summand of A"C?*"

and the same argument used above shows that ), is not spherical.

If A= (2¢1 4 -+ 2¢) + (1hgy1 + -+ + 1ahy), with 0 < a < b < n, then pu,

is an irreducible summand of A®C?" @ APC?". We will show that the restriction of

°It is clear that, for each S C {1, 2,...,2n}, (%) defines a character of M. It is also easy
to check that 6g = d¢ if and only if 5" is the complement of S (because any element of M has
determinant one). This gives a list of %22” = 227~ inequivalent representations of M, basically all
the representations of M because M has cardinality 2271,
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AC? ® APC?™ to M does not contain the trivial representation. Hence juy is not
spherical.

To prove that A*C?* @ A’C?" does not include the M-type dg, we notice that every
basis vector

(—> —

€y Ao NEiD) @ (e N AEjy)

spans a copy of an irreducible representation dg not isomorphic to the trivial M-type.

Indeed, the cardinality of S satisfies:

0<b—a<#5=#({i1,i2,...,ia}A{jl,jg,...,jb})<b<n

(A being the symmetric difference).

If A= 2y +--- 4 29y, with 0 < k£ < n, then pu, is an irreducible summand of
AFC?" @ AFC?". Showing that the representation A*C?" ® A*¥C?" is spherical is easy,
but proving that also u) is spherical is quite harder.

We start with A*C?" @ A*C?". The isotypic of the trivial M-type in A*C?*" @ A*C?*»

has dimension (2,?) and is spanned by the vectors

with 1 < i1 <19 < -+ <1 < 2n. The next step is to show that some of these copies
of 0z actually lie in py. This requires a long argument, that we explain the following

lemmas.

Lemma 5. As a representation of SO(2n,R),

AFCP @ AFC? = sk oy, @ Hykotoy, DD oy, D o D some non spherical types.

Corollary 5. The trivial M-type appears in the irreducible representation sk oy,
p
of SO(2n,R) with multiplicity (2;1) - (,f_"l).

We start with the proof of lemma 5.
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Proof. For brevity of notations, we set A¥C?" @ A¥C?" = p. Recall that the weights

of p are of the form

(j:2¢i1 == 2?%) + (i%’l == ?/th)

for some (distinct) indices i1, ..., ir, J1,..., je in {1, 2, ..., n}, with r +¢ < k. Tt
follows that AFC2?" ® AFC?" can only include K-types whose highest weight is of the

form
v =0
Us = 21 + -+ + 20
Ye =1t + -+ e

Yatb + W = (F201 + -+ 4 2000) + (Yaq1 + -+ + Yasp).

Since the K-types fi,, and fiy,1+,,, are non-spherical (for all possible a, b and ¢), p
can only include the spherical K-types fiy,, toys - - -5 foy-

We want to prove that, for every s =0, 1,...,k, the K-type p,, appears in the
decomposition of p in irreducible representations of SO(2n, R) with multiplicity one.
With this in mind, we study the decomposition of p in irreducible so(2n, C)-modules.

When s = 0, i.e. v, is the 0 weight, the result follows from the fact that A*C?" is

self dual:”

(Akc%)* — Ak((c2n)* — Ak@Zn

6Look at p = AFC?" ® A*C?" as a s0(2n, C)-representation; all the weights have integers coeffi-
cients. In particular, the highest weight of each irreducible summand is analytically integral. Hence,
any decomposition of p in s0(2n, C)-modules lifts to a decomposition in SO(2n, R)-representations.

"This, in turn, follows from the fact that the standard representation of SO(2n, R) is self dual:
let 7 = C2", and let n* be its dual. Then, for each = of SO(2n, R), we have

n*(z) =n@ ")’ =@ =z =n()

hence 7 is self dual.
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and from this general formula for the decomposition of a tensor product in highest

weight representations:®

multyugy (V) = Z sgn(t)m,(A+p—1-(v+p))
TeW

(where of course W is the Weyl group). When V¥ = V# = A¥C?" and \ = 0, we find:
m,A+p—7-(V+p)=mu(p—7-+p)=m,(r" - p—(v+p) *

=my(—v—p+77p) =m v+ (p—77"p))  # %

1 ifr=1d
= % %%, where

0 ifr# Id.
(%) follows from the fact that weights that are conjugate under W have the same
multiplicity
(x¢x) follows from the fact that the weights of a self-dual representation are symmet-
ric with respect to zero?, and finally

(¢ % x) follows from the fact that if 7 is any non-trivial Weyl group element, then

1 -1

-p) is a sum of positive roots so p+ (p—7"'-p) cannot be a weight. Instead,

(p—7~
if 7 is the identity of W, then p+ (p—7"1-p) = p, and it has multiplicity one because
it is the highest weight.

Therefore:

multAk((C%)@Ak((czn) (Vo) =1.

We now discuss the case s > 1. We intend to show that for each s = 1...k, p,, =

s, 2y, is an irreducible summand of ARC? @ AFC?,

8See [15], corollary 7.1.6.
9For any representation j, the weights of u* are the negative of the weights of p.
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When k = 1 the result is obvious, because v; = 2¢; is the highest weight of A'(C*")®

AY(C?) = C?" @ C?". Similarly, if s = k then v, = Z§:1 2¢p; is the highest weight

of A*¥(C?) @ AF(C?™).

So we assume 1 < s < k — 1. The trick in this case is to pass from a calculation on

the Lie algebra so(2n, C) to a computation on gl(s, C) @ so(2n —2s, C), which is the

Levi factor of a suitable parabolic subalgebra of so(2n, C). Here are all the details...
Let b be the Cartan subalgebra of ¢ = so(2n, C) already introduced at the begin-

ning of the chapter:

( )

0 6;]. 0 0
-0, 0 |... 0 0
h= 0., 0,,...,0,cC
0 O 0 6,
0 O —0, O
\ )

and let U = U(g, h) be the corresponding root system:

U= {£(hi £ ¥5) b jm1,mics-

We denote by ¥ the set of positive roots:

Ut = {% + %’}i,j:1 ,,,,, n,i<j

and by b the corresponding Borel subalgebra: b = b &,cy+ £,. The parabolic subal-
gebras of € containing b are parameterized by the class of subsets of ¥ including U
the one corresponding to a subset T is of the form q = § Be Lo

The subalgebras

l=h@< . ea> u:< P ea>
aeYN-_T aeY: —agY

are respectively called the Levi factor of q and the nilpotent radical of q, and they
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are a key tool for the study of the finite-dimensional irreducible representations of &.
Indeed each representation of £ on V' gives rise to a representation of [ on the space

of u invariants
Vi={veV: X -v=0 VX €cu}

and the structure of the [-module V* completely determines the structure of the

t-module V. In more details:!°
e [is reductive. It has center h” = (), cyn_r ker(a) € b and semi-simple part
[ss:b/®< @ Ea)
aceYTN-=_"

with I)/ = @aeTﬂ—T CH, is a Cartan subalgebra of [

e for each irreducible finite-dimensional €-module V', the corresponding [-module

V*is irreducible and has the same highest weight as V'

e two irreducible finite-dimensional £-modules V; and V5 are equivalent if and

only if the corresponding [-modules V}* and V' are equivalent

e for every irreducible finite-dimensional [-module £ whose highest weight A is al-
gebraically integral and dominant for U™ (€, h), there exists a finite dimensional

t-module V', with highest weight A\, such that £ = V™.

We want to apply these remarks to the parabolic subalgebra corresponding to the set

of roots

T:\I/+@< @ —(1/11‘—%))69( é —(¢ki¢l)>

1<i<j<s k,l=s+1, k<l

so that

10This material can be found in [20].
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TN=T={£i — ;) h<icics YU {EWr )}k 1=s41,...m, k<t
We notice that the Levi factor

(=h P t.= (( > Hiwz-—%)) @< D Ei(wi_wj))) v

aceYN-_" 1<i<j<s 1<i<j<s

® (( > Hi(wkiwn) ® ( . ?iwkiwn))
s+1<k<i<n s+H1<k<I<n

is isomorphic to the reductive Lie algebra gl(s, C) & so(2n — 2s, C). !
Each dominant weight a1y + -+ + asths + asi1tsi1 + -+ + aph, of € = so(2n, C)
can be regarded as a weight of [ = gl(s, C) @ so(2n — 2s, C) by grouping the first s

variables and the last n — s variables together. We write
k&4 Fk& (Fizke>- kg ki—kin €Z Vi)
for the dominant weights of gl(s, C), and
kiGi+-+knsCs (ki=zko= Zkys 2k €Z& ki —k; €Z Yi, j).
the ones of s0(2n — 2s, C).1? If

V= a1¢1 + - +asws + as—l—ll/}s—&-l + -+ anwn

is a weight of so(2n, C), we denote by

V= <(I1£1 + -+ asgs) + (as+1C1 + -+ anCn—s)

the corresponding weight of [ = gl(s, C) & so(2n — 2s, C).

It follows from the previous remarks that the so(2n, C)-representation with highest
weight v, is an irreducible summand of A*(C?") @ A¥(C?"), with some multiplicity
my, if and only if the gl(s, C) ® so(2n — 2s, C)-representation with highest weight vg
is an irreducible summand of (A*(C*) @ A*(C*))* = (A¥(C*))* @ (AF(C?"))¥, with

HTt is gl(s, C) instead of sl(s, C) because the t;’s are linear independent (here there is no relation
25:1 ¥y = 0).

f2Here n—s > 2, because n > k > s.
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the same multiplicity m;.
So it all comes to understanding the decomposition of (A*(C*))* @ (A*(C*))* in
irreducible gl(s, C) @ so(2n — 2s, C)- modules.

Since A*(C?") is the irreducible representation of so(2n, C) with highest weight
U1+ -+ P+ g1+ -+, the space of u-invariants (A¥(C?%))* is the irreducible

representation of gl(s, C) @ so(2n — 2s, C) with highest weight

(4 + &)+ (G + -+ )

It is a standard fact that the irreducible representation of so(2n—2s, C) with highest
weight ((+ -+ + () is AF75C2=25, The following claim identifies the irreducible

representation of gl(s, C) with highest weight (& + .-+ &).

Claim 6. The irreducible representation of gl(s, C) with highest weight (&4 -+&;)

is the the differential of the determinant representation of GL(s, C).

Proof. Let & = ¢1& + -+ + cs_1&-1 + ¢s& be an analytically integral form for
gl(s, C), and let ®¢ be the irreducible representation of GL(s, C) with highest weight

§. We can describe ®¢ as follows:

e The restriction of ®¢ to SL(s, C) is the unique irreducible representation ®; of

SL(s, C) with highest weight & = ¢; & + -+ + o1 Es1 + cs(—& — -+ — E1).

e The representation ®¢ of GL(s, C) is the unique extension of ®; to GL(s, C)

that satisfies the condition:
D¢ (2l5x5) = 2Tt teld Vz e C*

with I, the identity matrix of size s.

If A is an element of GL(s, C) and z is an s-root of the determinant of A, so that

the matrix 1A belongs to SL(s, C), then
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@g(A) — Zf:1+<:2+~~-—i-cs<pg (%A) )

Let € = & 4 -+ &1 + &, then € = 0 and ®g is the trivial representation of
SL(s, C). For A in GL(s, C), we choose z s.t. det(A) = z*°, and we obtain

s

T (1 .
Pe(A) =2t T lg, (—A) — 2°1d = det(A)Id.

z

This shows that ®¢ i...¢, ,+e, is the differential of determinant representation of

GL(s, C), as claimed. O

As a consequence, we obtain that the representation of GL(s, C)x SO(2n—2s, C)

on the space of u-invariants in A*(C*") is equal to (det) ® A**C?**~2¢ . Hence

(Ak(CQn))u ® (Ak((CQn))u — [(det) ® Ak—sCQn—Qs] ® [(det) ® Ak—sCQn—Qs] —

— [(det)2 ® (Ak_SCQn_25)®Q].

We notice that (A*=5C2?"=25)%2 contains the trivial representation of SO(2n —2s, C)
with multiplicity one.'® Therefore, the representation (A*(C?**))* @ (A*(C*))* of
GL(s, C) x SO(2n—2s, C) contains the irreducible representation (det)?® (trivial),
also with multiplicity one.

Because (det)? @ (trivial) has highest weight

26 4 -+ 281 + 286+ 00 + 00 + -+ - 4+ 0,5 = U5

it follows that the representation A*(C2") @ A*(C?**) of SO(n, C) contains the ir-
reducible representation with highest weight v, (with multiplicity one). This finally

ends the proof of the lemma. O

We now give the proof of corollary 5.

13 Apply the same argument used in the discussion of the case s = 0.
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Proof. We must show that, for each k& = 1...n, the irreducible representation of
SO(2n,R) with highest weight Z?Zl 2¢); contains the trivial M-type dy with mul-
tiplicity (%) — (,2)-

Recall that, for each k = 1...n, the multiplicity of dz in A*C?** @ A*C?" is equal to

(Qk"), and that:
NC" @ NC = iy oy, @ pictny, & ap @ 0 ® O

with €2 is a sum of non spherical K-types. It follows that if we denote by
¢s: the multiplicity of gy in Iys 2y, foralls=1...n—1
co: the multiplicity of 0y in po (co = 1)
c¥: the multiplicity of dp in AFC™ @ AFC™™ (cF = (%))

then
2n i
(k) :ck:co—l—cl+---—|—ck:1+ZcS
s=1

for all £k =1...n. Solving this equations inductively we find that

2n 2n
Cs = —
] s—1
for all s =1...n, and this ends the proof of the corollary, and shows that Hys, 20

is spherical.

]

To conclude our discussion of the petite spherical representations of SO(2n, R)

we must still consider the petite representations with highest weight

(2¢1 + -+ 2¢n_1) + 24,,.
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An analysis similar to the one carried out for the K-type 2¢; + - - - + 21, will show
that they are both spherical.

For brevity reasons, let us introduce some notations:
vy =261+ 289+ +2 (s=1...n—1)
vt =261+ 289+ -+ 26,1 + 28,
v, =261 +2e9+ -+ 21— 2,

Ve=3Us=c1teat - te, (s=1...n—1)

Yy =3vr =e1+et - ten ten
_ 1 —
Vn = 3Up =€1TE+ "+ Ep1— En.

We notice that, for each s = 1...n—1, u,, is the irreducible representation A*(C?")
of SO(2n, C), while p_+ and - are the two irreducible summands of A™(C*").
We also recall that s, is self-dual, for each s = 1...n—1. It is interesting to observe

that p+ and g - are not necessarily such. Indeed:

Lemma 6. If n is odd, the dual of pu+ is equal to p.—. If n is even, p+ and p -

are both self-dual.

Proof. Tt is a standard fact'* that, if V is an irreducible representation of highest
weight A and lowest weight X', then V* has highest weight —\" and lowest weight —\.
Also, A = wy - A, where wy is the long Weyl group element. It follows that Vj is self-
dual if and only if its lowest and highest weights satisfy the formal symmetry condition
A= -\ = —wy - A. Therefore, computing the dual of an irreducible representation
comes down to determining its lowest weight.

When n is even, the long element of the Weyl group W (so(2n, C)) is the negative of

the identity, hence N\ = wy- A = —\, and every irreducible representation is self-dual.

14Please, refer to [15], chapter 5 for details.
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When n is odd, we notice that the negative of a weight w of p_+ is a weight of 4.
Indeed, since the Weyl group of so(2n, C) only contains the sign changes that involve
an even number of signs, —w is not conjugate to w under W(so(2n, C)). It follows
that —w is a weight of A"C that does not lie in the same irreducible representation
as w.

Setting w = 7,7, we deduce that —7," is a weight of u_-. It is the lowest weight
because, for every weight v of p_ -, the negative —v is a weight of 1+, and hence we
have:

(=) S & (-m) v

n

Since the lowest weight of y - is equal to —~;F, the dual representation has highest

weight —(—v;") = + ;5. This concludes the proof. O

Corollary 6. Ifn is even, both i+ @+ and p - @ p. -~ contain the trivial K-type.

If n is odd, none of them does.

Proof. When n is even, the result is trivial: since p + and p - are both self-dual,
the representations p + ®p.+ and p - @ p. - (of K') contain the trivial K-type with
multiplicity one.!> When n is odd, we compute the multiplicity of the trivial K-type

in /1 + ® g+ and show that it is zero:
multy, e . (o) = 22 rew k) sen(7) my, O+p—7-(n +p) =
=2 rewqy sen(T)my (77 p— (9 +p)) =
=2 rewue se(m)my (=70 —(p—77"p)) = %

1

= rewx) sen(T) my, . (+9, +p— (worlwyt) - p) =

15 Apply the same argument used in the proof of lemma 5 for s = 0.
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= ZO’EW(K) sgn(o) m”ﬁH—%: +(p—0o-p)=0 X %

Just a few comments are necessary:

in (%), we apply the long Weyl group element wy to the weight —~ — (p — 7~

obtaining a weight with the same multiplicity. Since

Wo * Yy = — 7, = the lowest weight of j_+
wo-p=—p (because wy carries AT in A7)
wo (17" p) = —(worlwg ') p

'wg') - p.

we find that wy- (=9 —(p—7"1p) =+, +p— (W™
In (%) we use the fact that (+7, + (p—0-p)) is never a weight of y_+. Indeed, if
o is the identity element, then (+~, + (p—0-p)) =+, and if 7, were a weight

of s+, then the condition 7, < v, would make ~,;f — v, = +2¢, asum of positive

roots. Similarly, if ¢ is a non trivial element of the Weyl group, then

T = (T +(p—0p)) =426~ (p—0-p)
————
a sum of pos. roots
cannot be a sum of positive roots, or 2¢, would be.
We have proved that f.+ ® p + does not contain the trivial K-type. The argument

for 1 - ® p. - is similar, so we omit the details. O

Corollary 7. If n is odd, both i+ ® .- and p - @ 1+ contain the trivial K-type.

If n is even, none of them does.

Proof. Since p+ ® p - and p - @+ are isomorphic, the multiplicity of the trivial
K-type is the same in the two representations. Let us show that this multiplicity is

equal to one if n is odd, and to zero if n is even.
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multu’y;t(@uw; (MO) = ZTGW Sgn(T) m“’y;t (0 + p — T (’}/T: “I"p)) =

-1

= 2rew SE(T)my (770 p— (v, +p)) =
=2 ewsgn(m)my (=7, —(p—77"p)) =

=Y ew sen(r)my  (—wo -y +p— (worlwg ') p) =

= 2rew seU(T)my,  (—wo- v, +(p—0-p)) =
doew Sgn(U)mﬂﬁ(—l—’y;—l—(p—U-p)):0 if n is even
Y pew sgn(o)my, , (+3F +(p—0-p)) =1 ifnisodd

Once these results have been established, it is pretty easy to prove that:

Lemma 7. As a representation of SO(2n, R),

Pt @ ot = ( @ fo,) @ p+ @ some non spherical types
s=0...n—1

n — s even

Py @ o = ( @ fo,) D p,- © some non spherical types

o @ po - = ( @ Uo,) B some non spherical types.
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We omit the proof of this lemma, because it is similar'® to the one already given
for the decomposition in irreducible summands of the tensor product p.,, ® ., =
ARC? @ AFC?™ with k < n. Once again, we need to use the “gl(s) @ so(2n — 2s)

trick”.

Corollary 8. The irreducible representation pi + of SO(2n,R) contains the trivial
M -type with multiplicity (2:) — (nzfl).
Proof. Let us introduce some additional notations:

ct: the multiplicity of g in Pt

c": the multiplicity of g in A"C?** @ A"C?".
Recall that ¢, denotes the multiplicity of d4 in s, 20, foralls=1...n—1, and
that ¢, = (25") — ( 2n ) Therefore, Zg;ll Cs = ( n )

s—1 n—1
The aim of this corollary is to compute ¢. In order to find an equation for ¢, we
look at the decomposition
A"C* @ ATCH" = ('u%f ® Mﬁ) b w%? ® “75) b wﬁ ® ,u%?) 8 (,u%: ® “75{)
= U+ D p,- D 2 ( @ ,uvs> @ some non spherical types
s=0..n—1
which gives:
n—1
2n
n—F e 42 c=chte 42 . 8.1
t=ci e, +2) c=cl+e, + <n—1) (8.1)

s=0

We start by computing ¢”. Consider all the vectors of the form

(€5 Nem A NEi) @ (e Aeg Ao NEyy)
or

N
(i, Néig A+ Neiny ® (e, Ny A=+ NEj,)

16The few elements of difference have been fully outlined.
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with 41 <iy < -+ <i, and j; < jo < --- < j, complementary sets in {1...2n}.
These vectors form a basis for the isotypic component of the trivial M-type in
A"C* @ A"C?". Hence, c" = 2(27?).

The next step is to show that ¢ = ¢,

Let C' be the orthogonal matrix C' = diag(1,1,...,1,—1) and let ® be the (irre-
ducible) representation of O(2n, C) on A"C*". Conjugation by C' preserves the sub-
group SO(2n, C) of O(2n, C), therefore ®(C) carries a SO(2n, C)-stable subspace
of A"C?" into another SO(2n, C)-stable subspace. Conjugation by C' also preserves
the Cartan subalgebra b, sending an element of coordinates 64, ...,0,_1, 6, into the
element of coordinates 6y, ...,0,_1, —0,. So ®(C) carries a weight vector of weight
a1+ - +ay_ 10, _1+a,1, into a weight vector of weight a1+ - -+a,_ 19,1 —ap,.
It follows that ®(C) defines an isomorphism from .+ to j,- and, given that all
diagonal matrices commute, ®(C') intertwines the actions of M on the two representa-
tions. We conclude that the restriction to M of j,+ and g, are isomorphic. Hence
the trivial M-type appears in the two representations with the same multiplicity.

To conclude the proof, we use equation 8.1 to deduce that the multiplicity of the

trivial M-type in 1+ is equal to (2:) —( 2n ). O

n—1

It is a consequence of this corollary that p + and fp - are both spherical. We

obtain a complete classification of the petite spherical representations of SO(2n, R):

Proposition 3. The petite spherical representations of SO(2n, R) are exactly the

ones with highest weight
° 0¢1+...+0¢n
o 2y + - 4 2y, O0<k<n

e 2¢1 ++277Z)n—1 iQ?ﬁn
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Our next goal is to describe the representation of the Weyl group W = W (SL(2n, R))
on the space of M-fixed vectors of each spherical petite representation. Being W iso-

morphic to Sy,, we start by recalling the representation theory of the symmetric

group.

8.3 The irreducible representations of the sym-
metric group

Definition 7. A Young diagram is a collection of bozes, arranged in left -justified

rows, with a (weakly) decreasing number of boxes in each row.
The correspondence
{ Young diagrams with m boxes } < { partitions of m }
is clearly bijective.

Definition 8. Let A be a partition of m. A Young tableaw is an array obtained by
filling the m boxes of the Young diagram corresponding to A with the integers 1...m

(no repetitions allowed).

For instance:

—_

3[2]6]8] is a Young tableau of shape (5,3).
41715

Definition 9. A standard Young tableau is a Young tableau with a filling that is

icreasing across each row and also down each column.

For instance:

1[3]4]5]8] is a standard Young tableau of shape (5,3).
2167
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For any given partition A\ of m, there is a natural action of the symmetric group
S, on the set of Young tableaux of shape A: we define o - T to be the filling that
puts (i) in the box where T' puts i.

For example, applying the permutation (1,7) to the Young tableau

113[4]5]8]  gives: 17]3]4]5]8]
2(6|7 12[6]1].

Fix a Young tableau T of shape A = (A; > ... Ay > 0). The row group R(T') of
T is the subgroup of &, that consists of those permutations that permute the en-
tries of each row among themselves. It is clearly the product of symmetric groups
Sy, X Sy, X ... Sy, . Similarly, we define the column group C(T") of T as the subgroup

of §,, that stabilizes each column of T.

Definition 10. Two tableauz T and T  (of shape \) are called row equivalent if
corresponding rows contain the same entries, i.e. if T = o -T for some o in R(T).

The row equivalence class of T is called a tabloid (of shape \) and is denoted by {T'}.

A tabloid {7} is displayed by omitting the vertical lines between boxes, empha-

sizing that only the content of each row matters:

13458 = |[18534]

267 276].

The action of §,, on the set of all tableaux with m boxes of shape A\ descends to

an action on tabloids:
o {T}={oc-T}

and gives rise to a representation of S, of dimension WM, that we denote by

M)\ 17

Definition 11. We call M* the permutation module corresponding to \.

17M is the complex vector space with basis the tabloids of shape .
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An important remark:

A Sm .
M* = IndSAl X3y XX 5x, (trivial)
where \; > -+ > )\, > 0 are the parts of \.
The permutation representation M* is (in general) reducible. We now discuss its
decomposition in irreducible summands.

For each tableau T, let k1 be the sum with sign of all the permutations that stabilize

the columns of 71"

ke =Y sen(q)g.

qeC(T)

kr is an element of the group algebra C[S,,] and is called a Young symmetrizer.

Definition 12. If T is a tableau, we call e = k- {T} the polytabloid associated
toT.

Let us illustrate this definition by an example:

if T={4[1]2] then sy =1—(4,3) — (1,5) + (4,3)(1,5) and e is given by:

412 - [312]- [312]- [312]

.

We notice that o-e; = e,.p, for each permutation o in §,,, and for each tableau

T. Therefore, the subspace of M?* spanned by the polytabloids is stable under the

action of S, and defines a submodule of M.

Definition 13. The Specht module S* corresponding to a partition X\ is the sub-

module of M spanned by the polytabloids of shape \.

Theorem 13. For each partition A\ of m, the Specht module S* is an irreducible

representation of the symmetric group S, .
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Theorem 14. Every irreducible representation of S,, is equivalent to a Specht module

S*, for some partition \ of m.

In particular, every irreducible summand of a permutation representation M* is

a Specht module. If we write

MV = @ m,\HSA

AEm

for the decomposition of M* in isotypic components, then the multiplicity my, of S A

in M* can be explicitly described as follows:
m,, = #{semi-standard tableaux of shape A and content v} .

More explicitly, my, is the number of fillings of a Young diagram of shape A with

integers {1...r}, r being the number of parts of v, so that

e the rows weakly increase;
e the columns strictly increase; and

o if p= (w1 = p2>--- = p, >0), then p1; equals the numbers of j’s in the filling.

Suppose for example that p = (m — k, k). For each partition A of m, m,, counts the
numbers of fillings of the Young diagram of A\ with (m — k) integers equal to 1 and
k integers equal to 2, in such a way that the entries increase weakly across each row
and strictly across each column. Let us count these fillings.

If A has only one row, then there exists one (and only one) filling with these properties,

namely:
m—k k

). e 22

I

If A has three or more rows, then my, = 0, because to make the first column strictly

increasing, its third box should be filled up with a 3 (which is not allowed).
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Let us now look at partitions A with two rows, say A = (m — s,s). Since all the
(m — k) entries equal to 1 must sit in the first row, s must be smaller or equal to k.
If this condition is met, the partition (m — s, s) admits one (and only one) filling of

the prescribed form, namely
m—k k—1

T 12 22 ifs—1

m—k k—2

1[1 1|1|1A|1\-~-]1|1‘\]2|2\A--- if s =2

~ "~
~[1]1] 2] ifs=k—1

[1]---[1]1] it s =k

We conclude that for each s = 0...k, the Specht module S(™~%%) appears in

Mm=kk) with multiplicity one. There are no other irreducible summands. Therefore:

k
M(m—k,k) _ @S(m—s,s).

s=0

For future reference we recall a few more facts about Specht modules.

Each box of a Young diagram determines a hook, which consists of that box and all
the boxes in its row or in its columns below the box. The hook-length of a box is the
number of boxes in its hook. We denote by h; ; the hook-length of the box in the ith

row and the jth column. For instance, in
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efefefe]e] the box (1, 3) has hook-length 7.

Theorem 15 (Hook Formula). Let A\ be a partition of m. The Specht module S

has dimension equal to m! divided by the product of the hook-lengths of the boxes:

m)

dim (S)‘) = T A
2,7 b

As an example, we compute the dimension of the Specht modules corresponding
to the partitions of m in at most two rows.
Assume k > 1. Filling up each box of the Young diagram of A\ = (m — k, k) with the

corresponding hook-length, we find:

m-k+1 mk |- m2k+3|m2%k+2] m2k |--.[ 2 [ 1

Kt(m—k+1)!

m—ans1» and the dimension

Therefore, the product of the hook-lengths equals

of the Specht module is:

i) < 2 (1) ()

When A = (m) has only one row, the computation is even easier. Indeed the hook-

length of the box in position (1, j) is equal to m + 1 — j. Hence, the product of the

hook-lengths is equal to H;nzl(m 4+ 1 —4j) = m! and the Specht module S has
dimension 1. This is not surprising, because S(™) is the trivial representation of the

symmetric group S,,.

Theorem 16 (A basis for S* ). Let S* be the Specht module corresponding to a
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partition A of m. The set

{er: T isa standard tableau of shape \}

is a basis for S*. It consists of the polytabloids associated to all the standard tableaux

of shape \.

Let us describe the action of a transposition (k,k + 1) on the Specht module S*

with respect to this basis.!® For any standard tableau T, three possibilities can occur:

(1) The indices k and k + 1 lie in the same column of 7', then

<k7k+1>'§T:_§T

(2) The indices k and k + 1 lie in the same row of 7', then

(k,k+1)-ep = eqp+ (a sum of other standard polytabloids e, with 7' > T

(3) The indices k and k + 1 are nor in the same row neither in the same column of

T, then

(k,k+1)-ep=eqp
for some standard tableau 7" # T.

For instance, the polytabloid e, € S ~%% associated to the standard tableau

T 1 3 5 || 2k-3 | 2k-1 | 2k41 | 2k+2 | 2k+3 ][ m-1 [ m-0 |
4 [ 6 |- [2k2] 2k

is a simultaneous (—1)-eigenvector for the transpositions (1, 2), (3,4) ... (2k—3,2k—2)

18Please, see [27] for details.
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and (2k — 1,2k). It is also a simultaneous (+1)-eigenvector for the transpositions
(2k+ 1,2k +2), (2k+3,2k+4)....
It is clear from this example and from the considerations above that a polytabloid
of shape (m,m — k) can be a simultaneous (—1)-eigenvector of at most k disjoint
transpositions.

We conclude this section on the representations of the symmetric group S,, by
mentioning the branching rule, which describes what happens when a representation

S* of S, is restricted to a subgroup isomorphic to S,,_;.

Definition 14. If \ is a Young diagram with m bozes, we define an inner corner
of A to be a box (i,7) of A whose removal makes X into a Young diagram of a partition

of m — 1. Any partition obtained by such a removal will be denoted by \~.

The inner corners of A are exactly those boxes that sit simultaneously at the end
of a row and at the end of a column. For instance, if we mark with a bullet the inner

corners of the partition (4,4, 1) of m = 9 we obtain:

[ T-]-T:] soA canbe (4,3,1) or (4,4).
.In

Theorem 17 (Branching Rule). For each partition X\ of m, the decomposition of

the Specht module S* in irreducible S,,_, representations is given by:

S ls,=EP s
-

For instance, S+ |5 = W3 g g4
As an application of the branching rule we notice that, for every m > 3, the represen-
tations of S,,, whose restriction to S3 does not contain the sign representation (1,1,1)

correspond to partitions of m with at most two rows.
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8.4 The “petite” Weyl group representations

Let (E,, i) be a spherical representation of K, and let ¢ be the dimension of the
isotypical component of the trivial M-type in p. The Weyl group W of SL(2n, R)
acts on the space of M-fixed vectors Ey , giving rise to a c-dimensional representation
that we denote by v,. In this section we describe the Weyl group representation 1,
corresponding to each petite spherical K-type (E,, p).

We identify the Weyl group of SL(2n, R) with the symmetric group S, and the set
of inequivalent irreducible representations of W with the set of partitions of 2n, as
illustrated in the previous section.

If 11 has highest weight Oty + - - -4 0¢,,, then p = o is the trivial representation
of SO(2n, R). It is clear that the corresponding Weyl group representation v, is the
trivial representation of Sy, that we identify with the partition (2n).

If 1 has highest weight 2y 4 --- + 2t , with 0 < £ < n, then p = p,, is
an irreducible summand of A*C?" @ A*C?". The isotypic of the trivial M-type in

ARC?" ® A*C?" has dimension (%) and is spanned by the vectors
en N Ney)® (e A+ Neg)

with 1 <4 <19 < -+ <1 < 2n. Denote by Jk the representation of Weyl group on
the space of M-fixed vectors of A*C?* @ AFC?".

Let Hjy be the subgroup of S, consisting of all the permutations of the indices
{1,...,k}, and let Loy, 1 be the subgroup consisting of permutations of {k+1, ..., 2n}.
Clearly Hp = S, and Lo, 2 Sop_k, SO We write Sa,_p X S for the direct product

Loy X Hi.* The vector

(—> — . — — —>)

eiNesNesAN-—-ANep)@(ef ANes Aes A--- A e

98,1 X S consists of permutations of {1,...,2n} whose cycle decomposition only involves
cycles that lie either in Sy, or in Sy.
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spans a copy of the trivial representation of the subgroup Ss,_r X S of Ss,, SO Jk
contains the trivial representation of Sy,_; X Sy.
It follows by Frobenius reciprocity that sz is included in the permutation represen-
tation

MEER) = Indqgn

. xs, (trivial).

By dimensional reasons, ng = MCn—kk),

Putting together all the information we have gathered so far, we obtain:
° M(2n—kz,k) — @S_O ks(Qn—s,s) — S(Zn) D (@s—l ks(Qn—s,s))

o Up =V & (DBomi t Vi)
(because AFC?" @ APC*™ = py & (D,_, , Hv.) ® non spherical K-types)
e S =4, = the trivial repr. of W

e dim (S(2n75’3)> = (Qn) - ( - ) = dim(t,,)

s s—1

for any 0 < K < n.
It easily follows that for each s = 1...k, the Weyl group representation ¢, (on the
space of M fixed vectors of i, ) is equal to the Specht module S"~%%) corresponding

to the partition (2n — s, s) of 2n. This result holds for every k, hence:
Yo, = Sen=ss) yg=1,...,n—1.

Finally we discuss the case in which u = i,.+ or u = p,,—, so p has highest weight
vE =2y + -+ 29,1 £ 29, and sits inside A"C?" @ A"C?".

We have already observed that the space of M-fixed vectors in A"C?" @ A"C?" has
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dimension 2 - (2: ), and it is spanned by all the vectors of the form
(€ A Ao Nei) ® (e Neg A A&,)
or

N
(i, N A=+ Neiny @ (&5, Nejy A=+ Nej)

with i1 < iy < -++ <4, and j; < jp < --+ < j, complementary sets in {1...2n}.
Denote by Jk the corresponding Weyl group representation.
We define the subgroups L, = S,, and H, = S, as above, and we write S, x S,, for

their direct product. The vector

I\ o (= A = A =

(eiANesAesA---Nep)®(ef Aes A

€n)

3/\”./\677,

spans a copy of the trivial representation of S,, x §,,, and so does the vector

(Ens1 A Cnra A Epya A A €ap) @ (Engt A Epga A ngs A+ A €an).
So @Zn contains two copies of the trivial representation of S,, x S,. It follows?® that
Do = M) gy ),

We notice that
o M(nﬂ) = @s:O...n S(2n_878) = (@s:O...nfl S(QTL—S,S)) EB S(Tlﬂl)

i {/;n =2 (@s:l.“nfl wlh@) D r(/},uv;;- D w,uvgu because

A"C*™ @ A"C*" = Pt @ - B 2 ( Z ,uvs) ¢ some non spherical types

s=0..n—1

20Use Frobenius reciprocity and the fact that dim(i,) = 2 dim(Indgi”X s, (trivial)).
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° ¢/Lvs = S(2n_s’s) fOI“ all S = 0 oo — 17 and

o dim(y, ) = (3') = () = dim ($).)
Therefore, ¢, . =1, = =S () Tn other words, the Weyl group representation Yy o

(on the space of M fixed vectors of ju,+ ) is equal to the Specht module S (nn)

8.5 Conclusions

The following chart describes the set of petite spherical representations of SL(2n, R)

and summarizes the results of the chapter.

highest weight | Weyl group repr. dim.
0=0¢;+---+ 0, SCm) — trivial 1
2001 + -+ 20y S (2n—Fk.k) (2’?) B (kQ_nl)
O<k<n
Bk Rk | S0 () ()

Conclusions. For each petite spherical representation p of SL(2n, R), denote by 1,
the representation of the Weyl group W ~ S, on the space of M -fized vectors in pu.

If we identify the irreducible representations of W with partitions of 2n, the set

{4, p petite and spherical }

consists of the partitions of 2n in at most two parts.
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Chapter 9

Constructing petite K-types

For each representation ( p, F,) of the Weyl group of SL(n, R) whose restriction to any
W (SL(3)) does not contain the sign representation, we construct a finite-dimensional

representation (y,, E,,) of SO(n, R) with the following properties:
e for each root a of SL(n), the subgroup K ~ SO(2) only acts with characters
zero, plus or minus one, plus or minus two (i.e. p, is petite)
e /i, contains a M-fixed vector (i.e. pu, is spherical)
e p is a submodule of the representation of W (SL(n)) on the space of M-fixed
vectors of p,, .

When p varies in the set of Weyl group representations that do not contain any copy
of the sign representation of W(SL(3)), this construction produces all the petite

spherical representations of SO(n).

9.1 Assumptions on p

In this section we motivate the assumptions on the Weyl group representation p.
Let 1 be a petite representation of K = SO(n, R), and let H be a subgroup of

K isomorphic to SO(3). The restriction of © to L must be petite, hence it can only
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contain the irreducible representations %, 54 and % of SO(3).!

We look at the restriction of p to M’ N SO(3), and ask whether it contains the sign
representation of S3.2 The answer is negative, because the restriction of %, 54 and
5 to M' N SO(3) does not contain the sign representation.?

Hence, if we want a Weyl group representation p to extend to a petite (and of
course spherical) representation of K we must assume that the restriction of p to
any W(SO(3)) does not contain any copy of the sign representation.

Next, we interpret these assumptions on p in terms of partitions. We identify the
Weyl group of SL(n, R) with the symmetric group of n letters, and each irreducible
representation of W with a Specht module S*, for some partition A of n.* It follows
from the branching rule that the representation S* of S, contains the sign represen-
tation (1,1,1) of Sz if and only if the partition A has at least three rows.® Hence, our

assumptions on p can be rephrased by saying that

p =~ S for some A\ Fn with at most two rows|.

For all N > 0, the representation % of SO(3) contains the character N of SO(2). So %,
A4 and % are the only petite representations of SO(3). Please, refer to chapter 7 for details and
notations.

ZWe can of course regard any representation of W(SO(3)) = S; as a representation of M’'NSO(3).

3M’ N SO(3) has a total of 5 inequivalent irreducible representations: U = trivial, U’ = sign
and V| which are the three irreducible representations of the Weyl group &3, and two additional
representations, both 3-dimensional, that we will denote by v; and v,. They can be realized as
the two irreducible summands of the (six-dimensional) reducible representation v = I nd%;%soo(g)él,
with

01: M — {£1}, m = diag(mq, ma, mg) — my.

In particular, we denote by 14 the irreducible summand of v on which the element o192 =
exp(5Ze, —c,) acts with eigenvalues {1, £i} and by 1o the irreducible summand of v on which
01,2 acts with eigenvalues {—1, +i}. Then

o I lmnso=U
o JA lmnso) =11
o s lunsom =V & va.

The sign representation U' makes its first appearance in J43.

4Please, refer to chapter 8 for a quick description of S*, and to [13] or [27] for more detailed
analysis of the representation theory of the symmetric group.

5 Again, refer to chapter 8 for details.
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Equivalently, p ~ S"=**) for some k =0,..., [%].

Finally, we give some notations.

Notations. We denote by A the set of restricted roots of SL(n R), and by A" a
choice of positive roots. For each a € A", we let E, be an element of (go)a satisfying

the normalizing condition
=2
o]

B(Eq, 9(Ea))
We also take
Zy =E,+9(E,)
00 = €Xp (%Za)
My = exp (1Z,) = o2.

We recall that Z,, is an element of € = Lie(K), m,, is an element of M and o, is a

representative in M’ for the root reflection s,.

9.2 Sketch of the construction

As anticipated in the introduction, the main result of this chapter is an algorithm
that extends a certain class of representations of the Weyl group W (SL(n)) to petite
spherical representations of K = SO(n). This algorithm actually produces all the
petite spherical representations of K.

Because the construction is somehow complicated (although very natural), we provide

a sketch that the reader can keep in mind while reading through the details.

e Input: A representation p of W = §,, that satisfies a very natural assumption,

i.e. partition of n in at most two parts.
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e Output: A “not too large” representation p/ of K that extends p.
More precisely, a petite spherical representation ( o, F [;,) of K such that the

representation of W on (F;)" contains p.

e Value: On the K-type o/, the intertwining operator for a spherical principal

series can be computed using only the Weyl group representation p.

e Basic idea: As a Lie algebra representation, the differential of a petite spherical
representation of K is generated by the M-fixed vectors (through an iterated

application of the Z,s).
e Main Steps. They can be summarized as follows:

1. We regard (p, F,) as a representation of M’, and enlarge it by adding to

F, the linear span of all the formal strings

where a4, ..., a, € AT are mutually orthogonal positive roots and v € F,
is a simultaneous (—1)-eigenvector for the root reflections oy, ..., 04,.. We

define an action of M’ on the space

F, = F, ® Span( strings )

0 (Zay - Za,v) = (Ad(0)(Zay)) - - - (Ad(0)(Za,.)) (0 - 0).

The result of this first extension is a much larger® representation of M’,

that we denote by p'.

6Still finite-dimensional.
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Remark: p/ might contain the sign representation of M’ N SO(3), so it

cannot yet be extended to a petite representation of K.

2. We take a quotient of F,, modulo some suitable equivalence relations, so
to remove any copy of the sign representation of M’ N SO(3) from F,.

~ Fp/

The result is a representation (p’ Fy= 7) of M’, that can be extended

to a petite K-type.

3. We define a representation of Lie(K') on space F}; such that:

o as a Lie algebra representation, p’ is generated by F »- In particular,

we require that
[ Z3Z0, .. Zoy0)| =25 [Zoy - ZoyV) =+ = (Z3Zey - .. Za,) - [V]

o the representation of Lie(K') on o lifts to a petite representation of K.
In particular, we require that for each positive root 3, the eigenvalues
of p/(Zs) lie in the set {0, &i, +2i}. To be more precise, we want Z

to act by:

[ 0 | on the (+1)-eigenspace of os

on the (+1)-eigenspace of og

on the (—i)-eigenspace of og

+2i | on the (—1)-eigenspace of og.

Remark These assumptions basically determine the entire action of Zg on

the quotient space F’( p)=F,® —Span{grings}.
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4. We lift the representation p’ of Lie(K) to a representation of K, and con-

clude the construction.

9.3 Step 1: the representation F); of M’

Let (p, F,) be an irreducible representation of W (SL(n)) whose restriction to any
W (SL(3)) does not contain any copy of the sign representation of W (SL(3)).” We
can of course regard p as a representation of M’.

The first step is to extend F, to a much larger representation of M’, that we will
denote by F},. This extension is obtained by first adding to F}, the formal linear span

of all the strings of the form
(a1 20y ) (a2 Z0y) - . (A Za, )V

with £ > 1 and

ai, Gg, ..., a: complex numbers
a1, Qa, ..., g mutually orthogonal positive roots
v € F,: asimultaneous (—1)-eigenvector for the root reflections o4, , 0ay, - - -, Tay,

and then imposing on the vector space
F, ® Span{(a1Z,,)(asZy,) - . . (axZa, )V}
the following “linearity and commutativity equivalence relations”:
o (01Z4,)(a2Z0,) .. (a2, )0 = (a102 . .. Q) Zoy Loy - - - Loy U
© Lo Zny o Lo (av+ V) =a(Zoy Zay - ZoyV) + 0 (Zoy Zy - - - Zaj V')

o ZosZony .. Zayv =7

Qr(1)

4

or(2) * -

.Zaf(mv

7At this stage, our assumption on p is not critical.
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for each choice of k> 1, 7 € S;, and a, d’, ay, ao,..., a, € C,
for all ay, as,..., ap € A", mutually orthogonal,
and for every v, v’ € F,, simultaneous (—1)-eigenvectors of ou,, Oay;-- -, Oay-

We denote the quotient space by F),:

7 F, ® Span{(a1Za,)(asZy,) . . . (axZa, )V}
” " linearity relations & commutativity relations

Because the relations are only imposed on strings of length £ > 1, they do not involve
elements of the original space. Therefore, we can regard the vector space F,, as an

extension of F,. The next step is to define a representation p’ of M’ on F},, which

P

extends the original representation p (of M’ on F,).

For each o in M’, we let o act on elements of F), via p, and on strings (of orthogonal

roots) by:

P (0)  (ZarZay -+ Zayv) = (Ad(0) Zo, )(Ad(0) Zs,) - - - (Ad(0) Za, ) (0 - ) |-

To show that this action is well defined we must check that

(i) for all strings, and all o in M, p'(0) - (Zay Zas - - - Za,v) is again a well defined

string;
(73) the linearity and commutativity equivalence relations are preserved

(z32) for all strings, and all oy, 09 in M’

(P'(0102)) - (ZayZas -+ Zayv) = p'(01) - (p'(02) - (Za Zay -+ Ziay ) -

Proof. (i) Fix an element o of M'. For all j = 1...k, there exists a scalar ¢; = £1

such that Ad(c)(Z.,) = ¢;Zs,, and since
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(AA(0) Zay ) (AA(0) Zay) - (Ad(0) Za ) (0 - v) = (e125,) (2 3,) -+ (exZ, ) (0 - 0) =
= (61 Cy... Ck)251Zﬁ2 s ng(Cf : U)

we just need to check that the roots ;s are mutually orthogonal and that the vector
(0 -v) is a simultaneous (—1)-eigenvector for og,, 0g,,..., 03,. We denote by w the

projection of ¢ in the Weyl group, then
(Bi, ;) = (w(w), w(ay)) = (ai, az) = 0.

and,

og, - (0-v)=0-(0""og0) v=0-" (05 -v)=—0-v.

—

Hence both conditions are satisfied.

(17) Tt is easy to show that
o 0-((a1Z0,)(2Z0y)+ (arZa )V) = (a1 a2 ... ax) O - (Zoy Loy -+ * Loy V)
 0(Zoy Loy Lo (cv+dw)) =c (0 (Zay Zay -+ Zpy0))+d (0 - (Zoy Zay -+ Zp W)
o 0 (ZariZary*+ Zary?) = 0+ (Zas Zas -+ Za0)

for every string, for every permutation 7 and for all o in M’. We omit the details.

(7i7) Because Ad is a representation of M’, we can write:

= (Ad(0102)(Za,)) (Ad(0102)(Za,)) - - - (Ad(0102)(Za,)) (0102 - v) =
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= (Ad(0y) (Ad(02)(Za,))) (Ad(01) (Ad(02)(Zay))) - -+
-+ (Ad(01) (Ad(02)(Za,))) (0102 - v) =

p'(01) - (Ad(02)(Za,)) (Ad(02)(Zay)) - - - (Ad(02)(Zay.)) (01 - (02 - 0))) =

for all o1, o9 in M’, and all strings. The proof is now complete. n
We conclude that:

Proposition 4. For every irreducible Weyl group representation ( p, F),), the repre-

sentation (p', Fy) of M' is well defined.
Remark 5. F, is finite-dimensional.

Proof. Because F,, is a quotient of F, @ Span{(ai1Z,,)(asZy,) ... (axZq,)v}, it is
enough to prove that there are only finitely many strings. This is obvious: there
are finitely many strings of each given length and, since the roots in each string are
required to be mutually orthogonal, the length of a string cannot exceed the maximum

number of orthogonal roots in sl(n), which is equal to [%]. O

When p is a partition of n in at most two parts, it is possible to get a better

estimate of the maximum length of a string appearing in F),.

Remark 6. If p = (n), then F, = F, and there are no strings at all.
If p=(n—s,s), for some 1 < s < [%], then F, only contains strings of length less

than or equal to s.

Proof. The strings allowed in F, are of the form Z,, Z,, - - - Zo, v, With oy, s, ..., oy
mutually orthogonal positive roots, and v € F), a simultaneous (—1)-eigenvector for

the root reflections 04,, 00y, .- -, Oq,-
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Let us look at the possible (—1)-eigenvectors of a transposition (j,j + 1) in F,. Pick

a basis {e,} of F, that consists of standard polytabloids.® Then
e If jand j + 1 lie in the same column of 7', then (5,7 4+ 1) -ep = —e.

e If j and j + 1 do not lie in the same column nor in the same row of 7', then
(7,7 + 1) - ep is still a standard polytabloid. We notice that j and 7 + 1 do
not lie in the same column nor in the same row of (j,j + 1) - e, and that the

difference e, — (4,5 + 1) - e is a (—1)-eigenvector of (j,j + 1).

e If j and j + 1 lie in the same row of T, then (j,j7 + 1) - e, is not a multiple
of a standard polytabloid. The difference e, — (7,5 + 1) - e is a standard
polytabloid e and a (—1)-eigenvector of (j,j + 1). We notice that j and j+ 1

lie in the same column of S.

Therefore, if we order the basis vectors by putting first the polytabloids in which j
and 7 + 1 lie in the same column, then the ones in which j and j 4+ 1 are not in the
same row, nor in the same column, and finally the ones in which j and 7 + 1 belong

to the same row, we obtain for p(j, 7 + 1) a matrix of the form:

—1|0

p(J,j+1)~ 1 O

O 0|1

in which of course I and O are respectively the identity and the zero matrix, and B

8Please, refer to section 8.3 for terminology.
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is given by

0 1(0 0 0 0
1 0]0 O 0 0
0 0|0 1 0 0
B=100]10 0 0
0 0{0 O0]...]0 1
0 0[O0 O]...]1 0

It follows that the (—1)-eigenvectors for p(j,j + 1) are either of the form e, with j
and j + 1 in the same column of 7', or of the form e, — e, with e, = (j,j+1) -er
and j, j + 1 not in the same column nor in the same row of either 7" or 7".° This
argument shows that any (—1)-eigenvector of (j,j + 1) can be expressed as linear
combination of standard polytabloids in which 7 and j + 1 sit in different rows.

We now go back to the problem of determining the simultaneous (—1)-eigenvectors
in F), for k orthogonal root reflections o,,,0q,,. .., 0q,. Without loss of generality,
we can assume that o,, is the transposition (2t — 1,2t), for all ¢t =1... k.1
Any simultaneous (—1)-eigenvector for o4, 0q,,- .., 0q, lives in the subspace of F),
generated by the polytabloids in which, for all t =1...k, 2t—1 and 2t sit in different

rows. We notice that
o because p = (2n — s, s), every polytabloid has exactly two rows

o if a polytabloid with two rows satisfies the above condition, then each of the two

rows must contain exactly one of the two elements 2¢—1, 2t (for all t =1...k).

9This can be easily shown by computing the kernel of

(@) O A
p(i,j+ ) +Ild~ | O|B+1]|0 |.

(@) (0] 21
OTndeed, the k orthogonal root-reflections o4, ,0a,, - - -, 0a, are conjugate in the Weyl group to
the k disjoint transpositions (1,2), (3,4), ..., (2k — 1, 2k).
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Hence the polytabloid must have at least k columns (of length two)
o because p = (2n—s, s), every polytabloid has exactly s columns (of length two).

We deduce that if k& > s then there is no set of k orthogonal roots admitting a

. . !
simultaneous (—1)-eigenvector. As a consequence, F

(2n—s.5) does not contain any

string of length strictly bigger than s. O]

9.4 Step 2: A quotient of F,

So far we have constructed an extension of the Weyl group representation p to a
representation p’ of M’. The aim of the this section is to get rid of the copies of the
sign representation in p' |yrngo(s). This step is necessary, if we want to be able to
extend p’ to a petite representation of K.

For clarity, we divide the argument in several parts:
1. We study the restriction to M’ N SO(3) of an arbitrary representation of M’
2. We study the restriction to M' N .SO(3) of Fy
3. We get rid of all the copies of the sign representation in p’ |yrnso(s), by taking

the quotient of F,, with some suitable equivalence relations.

9.4.1 The restriction to M’ N SO(3) of an arbitrary represen-

tation of M’

Let «, 3, v be three positive restricted roots of SL(n) such that

{£a, £6, £7}
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is a root system of type Ay.'" By construction, the elements Z,, Z5 and Z, of so(n)
generate an s0(3). We denote the subgroup M’ N SO(3) of M’ by M, 5 ..

In this subsection we study the restriction to M’

.5, Of an arbitrary representation

of M'. In particular, for each (possibly reducible) representation (7, F;) of M’ and
every element x of I}, we describe the smallest M é 3, ~-invariant subspace V, of F)

containing x, and the action of M’

o, 3.~ ON this subspace.

Without loss of generality, we can assume that one of the following possibilities

holds:

l.og-x =052 =+x

2. 04T =03-T=—0

3. 04T =+4x, 0 -xF#+u, 0'%-11:-}-1‘
4 0q-x=—x, Og-TF—x, O0h-T=-+x

5. 0.1 = ag -x =+, xnota (£l)-eigenvector of o, og, or o,

6. 0q -z =+x, 0F-r=—=x
7. 00 0=—x, 0j-0=—2x
8. 0 -x=+4x, o0p-x=—=z xnota (£l)-eigenvector of o,

9. none of the above, i.e.  not stable under the action of M, g .

We discuss each case separately.

1 This condition basically means that «, 8 and 7 are mutually not orthogonal, and that +y is equal
to £(a+ 8) or £(a — B). In other words, if we write

a=¢g;, —¢&j B=c¢i, —€j, YV =Eiz—Ejs

then the set {i1, 42, i3, j1, j2, 43} has cardinality 3.
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The first two cases are trivial: V, = Cxz and M, 5. acts on it as the trivial

representation in case (1) and the sign representation in case (2).

In case (3), V, =<z, 05 x, 05 - >¢, and it is either two or three-dimensional.
We need to distinguish between these two possibilities.
If dim(V,) = 2, then z and o4 - 2 form a basis of V;."> Because 03 - x = +z, 0 acts
on V, with eigenvalues £1. We write o -2 = ax + bog - , and observe that w.r.t.

the basis {z, 03 - 2} of V, the root reflections o, and o, act by:

0 b b 1

Since 0,, 03 and o, are all conjugate, they must act with the same eigenvalues. We

deduce that a = b = —1, and the relation

Oq T + 0 -2+ 0y-x=0

holds. Therefore, V; is a copy of the standard representation of M, ; ..
If dim(V,) = 3, then z, 03-2 and o, - = are linearly independent. We can decompose

V. as the sum of two irreducible M/, 5 _-invariant subspaces:

Vi=Clz+os-24+0, 0) B<x—03-2,8—0, T >¢

that are respectively a copy of the trivial representation and a copy of the standard

representation of M, 5 _.

Case (4) is similar: V; is again equal to < z, 03, 0, - >¢, and it is either two

2Notice that og -z # x by assumption, and that og -z # —x or Cz would be a one-dimensional
representation of M & 8. different from both the trivial and the sign representation. Because Jg ‘xr =
+ x, it cannot be any other multiple of z.
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or three-dimensional.
If dim(V}) = 2, we choose the basis {z, og-z} of V,,, and we write 0.,-z = ax+bog- .

It is easy to see that the root reflections o4, 03 and o, act by:

-1 —a 0 1 a 0

Og ~ g~ T~ ~>
0 —b 10 b —1
Since 04, 03 and o, are all conjugate, they must act with the same eigenvalues. We

deduce that a = 1 and b = —1. Again, the relation
Oq T + 03+ 0y-v=0

holds, and V; is a copy of the standard representation of M/, By
If dim(V,) = 3, then z, 03-2 and o, - = are linearly independent. We can decompose

V. as the sum of two irreducible M/, 5 _-invariant subspaces:
Veo=Clwx—og-v—0y-2) ®<x+03 -7, x+0y T >¢

that are respectively a copy of the sign representation and a copy of the standard

representation of M, 5 _.

In case (5), V, = {x, 042, 03-2, 02, (0,03)-x, (040,)-x}. Weset y =a+0,-2

and z = x — 0, -x, and we notice that V,, decomposes as the direct sum of two Mé’ﬁﬁ—

invariant subspaces:

Vw:¥<y,05~y,aw~y>g@\<z,05~z,07~z>c.

Vit Vy

By the previous arguments, V. is either a copy of the trivial representation, or a copy
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V~ is either a copy of

of the standard representation or a sum of the two. Similarly, V

the sign representation, or a copy of the standard representation or a sum of the two.

Cases (6) and (7) are similar. In both cases V, =< z, 05z, 0, - >¢. This

space is always three-dimensional, and it is an irreducible representation of M, 5

isomorphic to v; in case (6), and to v, in case (7).13

In case (8), V, = {x, 042, 05-, 02, (0,03) -, (040,)-x}. Weset y =ax+0,-2
!

and z = r — o0, -z, and we notice that V, decomposes as the direct sum of two B

invariant subspaces:

-~

‘/;zfy,aﬁ-y,av-yhg@fz,05~z,07-2>(cj.

~—
Vit Vy

By the previous arguments, V. is always a copy of the three-dimensional represen-

tation vy, and V" is always a copy of the three-dimensional representation vs.

Case (9) can be reduced to the previous cases on the basis of the following obser-
vations: the elements o2, 03, 02 of M, 3, commute, each of them has order two and

their product equals the identity. Therefore, for any representation n of M’ we have

It follows that each of the vectors

13Recall that v and vy are the two irreducible summands of I nd%/(h. A root reflection acts on

v, with eigenvalues 1, +¢ and on 14 with eigenvalues —1, +4.
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To=2 +0L-x + 05+ 021
T =2+ 0L-r — 050 — 0%
xgzm—aax—i-ag-x—a?y-x
mgzm—ai-x—cr%-a:—i—ai-x

spans a one-dimensional representation of M, 5 ..'* Hence, we can study the space
V., by means of the same techniques used in (1)-(8).
This concludes our analysis of the restriction of an arbitrary representation (n, F,))

of M’ to My, 5 .. In the next subsection, we set F,, = F}, & Span{strings}.

9.4.2 The restriction of Fj; to M/, ;

With abuse of notations we identify a string with its equivalence class modulo the
commutativity and linearity relations. In particular, we think of F, as the vector

space generated by F, and by all the strings of the form

Loy o L, U

1

with «; ..., mutually orthogonal positive roots , and v an element of F), satisfying
Oy "V ="++"=0q, U= —0.

The purpose of this section is the study of the action of M/

o, 5.4 O0 Iy, Precisely, we

ask the following questions:
1. When is C(Z,, ... Z,,v) stable under the action of M, g 7

2. When is C(Zq, - .. Za,v) a copy of the trivial representation of M/, 5.7

14The representations {C z;};=¢..5 are isomorphic to &y, d1, 2, d5.
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3. When is C(Zq, ... Za,v) a copy of the sign representation of M, 5.7

The answer to this question is the same for all the split groups with one root lenght,

so we formulate it in general terms:

Proposition 5. Let G be a semi-simple split group whose root system admits only
one root-length. Fix a Weyl group representation p that does mot contain any copy
of the sign representation of W(SL(3)), and form strings of orthogonal roots S =
Zoy -+ Lo, v, gust like in the case of SL(n). Define an action of M’ on the linear span

of the strings by
0 (Zoy - Zov) = (Ad(0)Zy, ) -+ (Ad(0) Zy, ) (0 - v).
For each triple of positive roots «, 3, v forming an A, consider the subgroup M&ﬂﬁ

of M" generated by o, og and o,. Then

1. C(Zy, ... Zy,v) is always stable under the action of M, s -, hence it defines a

one-dimensional irreducible representation of My, g, ~ .
2. C(Zay - - Za,v) can never be a copy of the sign representation of M, 5
3. C(Zuy - .. Za,v) is a copy of the trivial representation of M, 5., if and only if the

roots au, 3, v are all orthogonal to a ... «,, and the following condition holds:

O'al.v:...zo'ar.'l}:—'—v.

These results follow easily from some properties of the split groups whose root

systems have one root-length. We describe such properties in the next few lemmas.

Lemma 8. Let G be a split group whose root system A admits only one root-length.
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Then for all o, B in A, we have:

+Zy fa=p0 oralp

—Z, otherwise.

Proof. For any split group, and all roots «, 5 in A, the element m,, = o2 acts on Zg

by the scalar 1. Precisely!®
Ad(02)(Z,) = (—1) P,

Let us focus on the case in which the root system has one root-length. The Cartan

integer (o, 3) takes the value:

+2 if a =47
0 if a L
+1 otherwise.

+Z, fa=pFor alp
This makes Ad(03)(Z,) = O

—Z, otherwise.

Corollary 9. For every string S = Z,, ... Za,v and for every positive root 3
Ué ) (Zoz1Zoc2 T Zakv) = (_1)#{j: 26, Za; 120} (ZOanQ T Zakv) :

Proof. 1t follows from the previous lemma and from the fact that 0’% -v = v, because

p is a Weyl group representation. O]

Remark 7. This result does not extend to the case in which p is a representation of

M', but not a Weyl group representation.

Remark 8. Corollary 9 shows part (1) of proposition 5.

15Please, refer to [30], lemma 4.3.19 for a proof. In this lemma the result is stated for G quasi-split
(i.e. with mg abelian) and (3 real, but of course both assumption are satisfied when G is split.
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Lemma 9. Let ® be a root system with one root-length.'® For all o, 8 in ®, sg(«)

cannot be orthogonal to «.

Proof. Set v = sg(a) = a —2 % [, and suppose by contradiction that ~ is orthog-

onal to a. Then

2= (v a—2880) =284 (v, 8) &

We reach a contradiction, because the quantity (2 %fg) is an integer.

In (%) we used the two equalities

18I = 1191F(=lel®) (7, B) = —(sp(), 55(8)) = —{ev, B).

]

Remark 9. This result does not extend to the case in which ® has two root-lengths.

For instance, in type Bsy

Se, (61 —e9) = —(e1+€2) L (61 —€9)

and in type Cy

82€1<€1 — 62) = —(61 + 62) 1 (81 — 62).

6 can be of type A, Dy, Es, E7, Ex.
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If @ has two root-lengths, then we can conclude that sg(a) is not orthogonal to o only

when a and (B have the same length.

Corollary 10. Let S = Z,, ... Z,,v be a well defined string, i.e. let aq, ..., o, be

mutually orthogonal positive roots and let v be an element of F, satisfying

Let v be any positive root. Then

(1) S =Zu, ... Za,v is a (+1)-eigenvector of o, if and only if the following condi-
tions are satisfied:
0O 0, V="
ovl{a,...,a.}.
(1) S =Zu, ... Zyv is a (—1)-eigenvector of o, if and only of the following condi-
tions are satisfied:
00, V=—0

o v belongs to the set {a,..., a,.}, or it is orthogonal to it.

Proof. (i). Suppose that o, - (Zy, ... Za¥) = +(Zay - - - Za,v), ie.
(Ad(0,)(Za,))(Ad(0,)(Zay)) - - (Ad(0v)(Za, ) (00 - 0) = + Za, - - Za, v.

We notice that for all j = 1...7, Ad(0,)(Za,) = £Zs,(a,)- S0 if s,(a;) # £ o, then

s,(c;) must belong to the set {ay,..., .} — {¢;} and hence must be orthogonal to

a;j. We reach a contradiction. Hence, either v belongs to the set {o,..., a,}, or it

is orthogonal to it.

We exclude the first possibility, because it would make Z,, ... Z,, v a (—1)-eigenvector
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of 0,. Then v must be orthogonal to {a, ..., a,} (and v must necessarily be a (41)-

eigenvector of ¢,). This concludes the proof of (i). The proof of (i7) is similar.

As a consequence, we immediately obtain that

Corollary 11. For any string S = Z,, ... Za,v

17

(a) C(Zay - Za,v) can never be a copy of the sign representation of My, 5 .

(b) C(Zay - - Za,v) is a copy of the trivial representation of M, 5 . if and only if the

roots o, (3, v are all orthogonal to a ... «,, and the following condition holds:

Remark 10. This corollary concludes the proof of proposition 5.

9.4.3 Eliminating the sign from F},

A combined application of the results of the past subsections shows that the sign

representation of M C’Y 5.~ appears in F,y in one of the following forms:
(a) C(S —o05-S—0,-95), for astring S satistying 0, -5 =-S5 and 03-5 =9

(b) C(S—04-5), for astring S satisfying ¢3-S =03-5S =S and 05-(S—04-S5) =
—(S —0,-95)

() C(S—0a-8)—05-(S—04-5)—0,-(S—0,-9)), for a string S satistfying
0.-S=05-5=5and 05- (S —04-5)# —(S —04-5).

(67

170r Cv would be a copy of sign in F),.
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We look for equivalence relations to be imposed on F, in order to annihilate each of

these possible copies of the sign representation. The first step is to set

S=o05-S+0,-5S| (%)

. . . _ 2 .
for all strings S satisfying o, -5 = —S5 and o3-5=25.
It is a good choice, because the (%)-relations annihilate all the sign representations of
type (a), and they span a subspace of F,, which is invariant under M’.'®

A natural question arises:

Question. What happens to the sign representations of type (b) and (c) when we

impose the (x)-relations?
Surprisingly enough, they are also annihilated.

Proof. Suppose that the string S satisfies 02 -S =03-5 =5 and 03- (S —0,-5) =
—(S — 04+ 5), so that (S — 0, - 5) is a sign representation of type (b). Let us show
that the equivalence class of (S — g, - ) modulo the (x)-relations is zero.

We start by observing that, if we write S = Z,, ... Z,,v, then o cannot be orthogonal
to aq ...q,. Indeed, if a were orthogonal to a; ... «,, then the difference S —o,-S =

Zey o+ Za, (v — 04 - v) would be a string!® on which both o, and o5 act by (—1).

8For all positive roots v, a, 3, v such that {+«, + 3, £} = Ay and for all strings S such that
0o-S =-S5 and o3-S =S, we have:

o,-S=0,-(05-5)+0,-(04-5).
This relation is equivalent to
(0,-8)=0s,8) (00 -8) +05,(v) - (0, - 5),

which is again a relation of type (x), for the roots s,(a), s,(8), s.(7) (that form an Aj) and the
string (o, - S) (that satisfies s,(«) - (o, - S) = —(0,, - S) and s,,( ) (0, 8)=+(0,-9)).
YIf « is orthogonal to aj...aq,., then o, - v is a simultaneous (—1)-eigenvector of o, ... 0, .
Therefore, it follows from the linearity conditions that
S—008S=2Zoy .. Za0—Zoy . 20 (0q V) =Zay ... Lo, (V— 04 - V).

r
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As a consequence, the element v — o, - v of F, would generate a copy of the sign
representation of M, 5. We reach a contradiction.

Therefore, we can assume that « is not orthogonal to a;. Notice that a; cannot be
equal to «, or g, would act by (—1)-on the string S = Z,, ... Z,,v. So we can find a

positive root o/ such that the set {£ «, +ay, =)} forms a root system of type A,.

2

Because 0,, - S =-S5 and ¢2-5 =9, also T S =S and we have a relation:

S:oa-S—kaa/l-S.

Let us look at T' = 0, - S. By construction, the string 7' includes the root «, so

0o T=—T,and 03-T #£T. Since 05-T = 03 (04, -S) = +T, we have a relation:

I'=o03-T+o,-T.

In the quotient space of F,, modulo the (x)-relations, we obtain:

S—o0o0-S|=T=0s-T)+0y-[T)=05-[S—04-S|+0,-[S—0,-5] =

hence [S — 0, - S] = 0.

This shows that passing to the quotient modulo the (%)-relations eliminates all the
sign representations of type (b). We must prove that also the sign representations of
type (c) are annihilated.

Suppose that the string S satisfies o7 - S =03 -5 =5 and
o5 (S —04-85)# —(S —04-9), so that

C((S—04-S)—0-(S—0a-8)—0y-(S—0,-9))
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is a sign representation of type (¢). The same argument used above shows that
S — 0, - S is again a string.?® We call such a string T. Because o, T = —T and

a% -T =T, we have a relation T' = og - T'+ 0, - T'. In the quotient space:

(S—04-S)—05-(S—0q-5)—0y-(S—0,-9)] =

=[S—04-S]—05-[S—0q-S]—0y-[S—0,-5]=

=[T)—o0s-[T)—0y-[T|=[T'—-05-T—0,-T) =[0]. The answer to our question

is now complete. Il

Corollary 12. The (*)-relations are the correct set of relations that one needs to

impose in order to remove all the copies of the sign representation from F.

Definition 15. Let R be the subspace of F,y generated by all the relations:

0o S+05-S+0,-5=0 & S=o05-S+0,-5| (¥

where S is a string satisfying the following two conditions:

1. S is a (—1)-eigenvector of the root reflections o,

2. cr% - S =45
If we write S = Z,, ... Z,,v, the first condition means that o, - v = —v and that
the root « either belongs to the set {ay, ..., .}, or it is orthogonal to it. The second

condition means that [ fails to be orthogonal to an even number of «;s. Notice
that v automatically satisfies the condition ag - S = +5, hence CS is the trivial

representation of M, 3.

20This time « is allowed to be orthogonal to i ...a,. If this is the case, then S — 0, -5 =

Zay - Lo, (V— 04 - v). Therefore S — o, - S is a string containing only roots orthogonal to a.
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F,
Definition 16. Let F; be the quotient space: | F; = ?f .

Because R is stable under M', the action of M' on F, descends to an action on

the quotient space. The result is a well defined representation of M’ on F; . that we

denote by p'.
Remark 11. p/ does not contain any copy of the sign representation of M'N SO(3).

Also notice that, for any positive root v, all the (—1)-eigenvectors of g, on F 5 are

of the form

where v € F, is a simultaneous (—1)-eigenvector of s,,, Sa;, ..., Sa,, and I = {ay, ..., a;}
is a set of mutually orthogonal positive roots such that v either belongs to I or it

orthogonal to it.

9.5 Step 3: The action of Lie(K) on F,

The purpose of this section is to define an action of Lie(K) on F; that satisfies the

following properties:?!
(1) as a Lie algebra representation, it is generated by F,

(2) for each positive root «, the eigenvalues of Z, € Lie(K) on F5 belong to the
set {0, £i, £2i}

(3) the representation of Lie(K) on F; lifts to a representation p of K such that

¢ W is petite
¢ is spherical

o the restriction of y to M’ coincides with p'.

2IThese properties are necessary for the existence of a lifting of the action of Lie(K) to a petite
spherical representation of K that extends p.
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In particular, the action of Lie(K’) must satisfy the condition:

exp ((52) - [2]) = (exp (525) ) - [2] = pl(0a) - []

for all [z] in F;, (ie. for all z in Fj), and for all positive roots 3. Adding the

“petite-ness” requirement, we obtain the the following set of necessary equivalences:

E,: |{(0)-eigenspaceof Zg} = {(+1)-eigenspaceof oz}

Ey: [{(i)-eigenspaceof Zg} = {(i)-eigenspaceof o5}

Es: |{(—i)-eigenspaceof Zz} = {(—i)-eigenspaceof oz}

Ey: | {(2i)-eigenspaceof Zg} @ {(—2i)-eigenspace of Zg} = {(—1)-eigenspaceof oz} |.

Let us analyze each of these equivalences in more details.
e E; implies that for any x € F, fixed by 05, we must define Zs - [2] = 0.22

e [ and Ej3 imply that each (&i)-eigenvector of o5 in F; is also an eigenvector
of Zs (relative the same eigenvalue).

Hence, for all vectors x in F}, satisfying 0% -x = —x, we must have:

Zg-log-x—ix]|=—ilog- v —iz]

Zg-log-x+iv])=+ilog-x+ix]

As a result, we need to set: Zg-[z] =05 [z], forallz € Fy st. 05-2=—x.

22Recall that any string fixed by o4 is of the form
Zoy Doy +*+ Lo U

with 0 is orthogonal to o ..., and og(v) = +v.
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e [, is slightly more subtle. Because we want the Lie algebra representation to
be generated by F),, we must define Zs - [v] = [ Zgv] for all v in F}, for which
the string Zzv makes sense, i.e. for all (—1)-eigenvectors of o3 in F),.
Similarly, if Z,,Za, -+ Za,v is a string such that 3 is orthogonal to oy ...,

and og(v) = —v (so that ZgZu, Za, - - Za,v is a well defined string), we expect
Zs - ZaZag - Zay0) = | 232, Zoy -+ Zay).

The two dimensional subspace
Span ([ Za, Zay -+ ZayV |, | 2520y Zaw -+ Zay V)] )

is included in the (—1)-eigenspace of og, so we want Zz to act on it with

eigenvalues +24. This can be achieved by defining?3

Zﬂ ’ [ZgZaleQ T ZCVT‘U] = _4[Za12a2 T Zoérv]'

These remarks basically determine the entire action of Zg on the space

Span{strings}

Fl;/:FpEB R

The action of Zg on F|,

The root reflection og acts semi-simply on F),, with eigenvalues 41 and —1. Therefore
we can decompose F), as the direct sum of the (+1)— and the (—1)-eigenspace of og.

We define the action of Zg separately on the two eigenspaces.

ZWith respect to the basis {[ Za, Zas =" ZanV ]y [ Z28Z01 Zay ** * Za, V] }, we will have:

0 —4
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o If v € F), is a (+1)-eigenvector of o3, we define Zg - [v] = 0.

o If v € F, is a (—1)-eigenvector of o4, we define Z3 - [v] = [Zsv].

The action of Z; on a string [S]| = [Z,,Za, -+ Za, V]

We distinguish various cases:

o If|0}-[S]=—[S]|, then we set Zz-[S]=[os-5].

o If 03 - [S] = +[S], then we distinguish three cases:

1.

3.

og-[S]=+[S]]|, then we define Zg-[S] = [0].

og-[S]=—[S]|. Then there are two possibilities:

(1) [S]=1Z a1 Zay "+ Za,v], with § orthogonal to a; ..., and og(v) =

—wv. In this case, we define

Zﬁ'[S] = Zg- [ZmZaz"'Zarv] = [ZﬁZmZaz"'Zar'U]

(i1) = [ZoyZay -+ Za,v], with 8 = a; and o3(v) = —v. We define

Z,B ) [S] = Zﬁ ’ [Zﬁzaz“'ZarU] = _4[Zazza3"'ZarU]'

If |03 - [S] = +[S] but og-x # +x|, then the vector [S+ (05-5)] is a

(+1)-eigenvector for oz. Therefore, Zg-[S| = —Z3-[0s-S], and we can
write:
1 1
Zs-[S]=5(Zs-[S]=2Zs-|og-S]) =525 [S—(05-5)].

Let us look at [S' — (05 - S)], which is a (—1)-eigenvector for o5 in F;.

There are two possibilities:
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(i) [ is orthogonal to a; ...a, and of course oz(v—o03-v) = —(v—03-0v).
Then
1S = (0 5)] = [ZasZas -+ Zap (v — 03 - V)]

and, by 2(7), we must define:

1

Zs-[S]= 52515~ (05-5)] = 5[ ZsZe Zay -+ Za, (v = 05 - ) |-

1
2

(17) There exists at least one root «;, to which 3 is not orthogonal. Because
B+ ;24 and (—1)#¢ (2820708 — 1125 there exists one (and only
one) other root «;, that is not orthogonal to 3, and different from [.
Without loss of generality we can assume that o;; = 1 and o, = 2, so

that:

B Lo, 8L a B # a1, B # s BLas aq... .

For i =1, 2, let 3; be the positive root such that {a;, 5, 3;} is a root
system of type As, and let ¢; = £1 be such that [ Zs,, Z,,] = €;Z5. We

notice that for both i = 1, 2 we have

Oq; S =—25

0’%-5:4-8

so, when we pass to the quotient, we must impose the relations

[S]=0p-[S]+0p -[5]

MOr Zg - [ Zoy Zoy -+ Zapv] = = Zoy Zoy -+ Za,v].
25Tndeed

U% ’ (Za1 Zaz T ZOku) = (_1)#“: [ 26, Zo;1#0} (Zquocz e Zakv) =+ (ZOC1ZOC2 T Zakv)

by assumption.
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[S]=0p-[S]+ g, - [S].

Therefore, we should define:

We notice that:

[0-/61 ' S] = 0-51 ' [Za1Za2 "'Zocrv] -

= [(Ad(aﬁl)Zal) (Ad(aﬁ1)ZO¢2) e (Ad(gﬁl)Zar) (0ﬂ1 ’ U)] =

= [(e1Zp) (Ad(0p,) Za,) - - - (Ad(05,) Za,) (0, - 0) ]

Therefore:
1
§Z/3 ’ [051 S] =—-2¢ 0py - [ Zal ZO&2Z043 "'Zarv]‘
omitted
Similarly, $ Z5 - (04, - S| = —2€08, * [ Za, Zay Zay*** Za,V].
itted
omitte

So the definition in () actually makes sense only if we show that

€10, * [ZOQZOéS T Zoérv] = €203, * [ZOQZOé3 T ZOérU]'

Since both §; and [, are orthogonal to as...q,, this is equivalent to

proving that

[61051 ) (ZCQU)] = [62052 ’ (ZOQU)]'
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This is not hard to check. Comparing the equations®®

[ZmZazv] =0p- [Zalzazv] + o, - [Zalzazv] ([)

[ZmZazv] =0g- [ZmZazU] + 0, [ZmZazU] (I[)

we find:

0py - [ZQIZQQU] =03y [ZmZazv] g
& [e125(0, (- Zayv))] = [€225(08, * (Zay0))]-

Now we just have to apply Zz to obtain the result:

—261[0'ﬁ1 ’ (Zazv)] = _262[052 ’ (ZOQU)]"/

This concludes the case-by-case analysis of the definition of the action of Z3) on F P2
Because the elements {Z3}sca+ generate the Lie algebra of K, the entire action of

Lie(K) is determined.

A picture for action of Zs on F},

The following diagram shows how to define the action of Zg on a string

(S]=[Za, ... Zov].

26The first equation is the equivalence relation % for the triple {1, 3, £1} (which of course gen-
erates an 50(3)), and the string S = Z,, Zo,v. It holds because:

Oq-S=-5 U%'S:U?/'S:S og-S#ES o,-S#£ES.

The second equation is the corresponding equation for the triple {aq, 8, B2}.
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og - [S]=+[5] og-[S]=-[5] . og - [S]# £[5]

= o
def. S s def.
Q ~
S

Zg-[S]=0 . SR ========= Zﬁ<[S]:%Z5»[Sfo'B-S]

def. def
Zﬁ . [Zal"‘ZDtlv] = ZB'[Zal"‘ZDq”]:
:—4[ZQ2ZQ3-~ZQT1;] [Zﬁzal‘“zarv]

Zg - [Zay  Zayv] = Zg -+ [Zay Zayv] =

%[Zﬁzal o Zap(v—og-v)] —2e103, [ Zay + Zayv]

r

B1, B, a1 ~ Az

Some remarks

The action of Lie(K) on Fj; is now understood. Of course, we still have to show
that this definition gives rise to as well defined Lie algebra representation, which is

endowed of all the desired properties.
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In particular, we must verify that:
o The action of Lie(K') preserves the (x)-relations.
o The action of Lie(K) satisfies the bracket relations.

¢ The following “eigenvalue condition” holds: for all positive roots 3, the element

Zg of Lie(K) acts on F; with eigenvalues in the set {0, &, +-2i}.
o The action of Lie(K) lifts to a representation of K.
o The lifting is petite.
o The restriction of the lifting to M’ coincides with .

We will prove these properties in the following subsections.

9.5.1 The (x)-relations are preserved

For any triple of positive roots «, 3, v forming an A, and for every string S such that

0o-S=—5 and 0} -S =45, we have a (x)-relation

[S]=los-S]+ [0y 5]

In this subsection, we show that this relation is preserved by the action of Z, on F P2

for every positive root v. Equivalently

Z,-1S1= 2, 105-S1+Z,-[0,-5]. (%)

We distinguish a few cases:
1.o2-S=-S and v L {a, 3, v}
2. 02.8 = — and v L {a, 5,7}
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3.02-S=+8 and vl {q, B, v}

4. 62.S=+S and v [t{a, 3,7}
and we discuss each such case separately.

1. Because the roots 3 and v are both orthogonal to v, we have:

oy (05 5) =05 (0, 5) = —(05-5)

N

02-(0y-S8)=0,-(62-5)=—(0,-95).

The condition () is therefore equivalent to
[0v-S]=0,-(05-9)]+[0ov-(0,-5)] & 0, [S]=0,-[os-5]+0,-[0y-5],

and it is certainly satisfied because o, preserves the (x)-relations. v/

2. We apply the same argument used in (1): we suppose that 3 is not orthogonal

to v, and show that o2 still acts by (—1) on (o4 - 9).

oy (05-8) =05 ((05'0505) - S) =05 (0375 - 5) = —(05-5)
——

-5

because 3, v, 05,3 give rise to an Ay, hence the commuting product afy( B)agaf
must act by +1 on each representation.

Similarly, o2 - (0, - S) = — (0, - 9).2T

v

3. It follows easily from the definition of the action of Lie(K) on F};, that

g (Zl/ ) S) = (Ad(a)(Zu)) ) (U ) S)

274 is not necessarily orthogonal to «, but we have shown the result in both cases.
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for all o in M’, all positive roots v and every string S. Therefore, when ( and

7 are both orthogonal to v we can re-write the condition (%) as

[Z,- 5] = [(Ad(05)(Z))) - (05 - 9) ] + [(Ad(0)(Z))) - (- 5)] &

s [Z,-S|=los-(Z,-S)]+]oy-(Z,-9)]

& [4,-S|=o05-14,-S|+0,-[2,-5].

We deduce that (%) is simply the (*)-relation for the triple a, 3, v and the
string Z, - S. This relation holds because, since «, 3, v are orthogonal to v, we

have

00 (Z,-S)=2, - (04-5)=—(Z,-95)

0%-(Z,-8)=2,-(05-5)=+(Z,-5). vV

2

)

4. We notice that the roots {v, a, 3, 7} give rise to an As. Because o aé, afy and
o2 all act by +1 on S, the string S belongs to a Weyl group representation of
S1. So it is enough to show that the action of Lie(K) on F; is well defined for

every representation p of S;. We will do it in the next chapter, in the section

dedicated to the examples.

9.5.2 Checking bracket relations-PART 1

Let o and 3 be not orthogonal positive roots, and let v be a positive root in ¢ such

that {+a, £ 5, £} is a root system of type A;. Without loss of generality we can
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assume that the following bracket relations hold:®

[Zﬁ’ Za] = Z’Y [Zaa Z’y] = Zﬂ [Zﬁa Z'y] =—Zy.

We want to verify that

Zg'(Za-l‘)—Za'(Zﬁ-l')IZ,y*l'

for all x in F 5 Itis of course enough to consider the case in which x is either an

element of the original space F}, or the equivalence class of a string:

for some mutually orthogonal positive roots aq,...,«, and a simultaneous (—1)-
eigenvector of o,,,...,0,,.

When z belongs to F,, we decompose F), in isotypic components of irreducible repre-

sentations of the §3) corresponding to «, 3, v:

p = (trivial)™ @ (standard)™ = U™ ¢ V™

and we write x = x; + x, for the corresponding decomposition of x. We only need
to check that the bracket relations hold for x; and x,, and this problem is equivalent
to showing that our construction produces a well defined Lie algebra representation

when p is either the trivial or the standard representation of &5. We will do this in

28 As a consequence, we have:
-1 _ 1 _
030005 =0, 0304 = 0y

aaowo;l = 0;10007 =03

-1 _ —1 _
O'»YO'QO',y —O'B 0y0p = Oq-
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the next chapter, in the section dedicated to the examples.
Now we discuss the case in which z = [S] = [Z,, ... Za,v] is the equivalence

class of a string. Define €,, €g, €, € {£1} by

02-S=¢,S

0%-S=¢eS

02-S=¢8
so that

€ = #{aj : [Zocja Za] 7& O}
ep = #{a; 1 [Za;, Zp] # 0}
) = #{0y 5 (Zay, 7,] £ 0.

Because €, €3¢, = 1, we can assume w.l.o.g that either 02-5 = 03-5 = 02-5 = + S
or 02-S=-03-S=-02-5=+5.
We discuss the two cases separately. The trick will be once again to perform a

reduction to small rank cases.

The case ¢, = €5 =€, = +1

Without loss of generality, we can assume that one of the following subcases holds:
l.og-S=05-S=485
2. 00-5=4S5, o5-+S#S, J%-S:—FS
3. 0-5==S, 05-S=+5, ac{ay,...,a}

4. 0,5 =-85, U%-S:—i—S, al {og,..., a0}

*Indeed the elements m,, = 02, mg = 03, m, = o3 of SO(3) satisfy the relations mamgm. = I.
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5. 0a-S#ES, 05-S#+S, 0, -S#+S, 02-5=02-5 =48

67

We analyze each of these subcases separately. In all of them we reduce computations
to a construction for SL(k) for some k < 6 which is explicitly carried out in the next
chapter.

* Kk kok

Subcase #1

Because 0, 0 and o, all act by (+1) on the string S = Z,, ... Z,,v, each root «; is
orthogonal to the triple {«, (3, 7}. So computations are reduced to the case in which

S is an element of F(3), with (3) the trivial representation of Ss.
* X Kk

Subcase #2
oS =+S
We assume that the string S satisfies og-S #+S

0[23~S:+S.

Because S = Z,,, ... Z,,v is a (+1)-eigenvector for o,, the root « is orthogonal to the
set {a,..., a,}, and since we are dealing with a root system of type A, the roots 3
and v must have the same property.*°

Therefore, computations are reduced to the case in which S is an element of a Weyl

group representation of S3 (not containing the sign).

* Kk ko

30Suppose that 3 is not orthogonal to the entire set {a1,. .., a;}. Then, since eg = 1 and A is of
type A, there are exactly two roots «;, and «;, to which g is not orthogonal. So 3 is of the form
€a; — Eay, With a; an index appearing in «;; but not in a (because « is orthogonal to ay,) for all
j =1, 2. It follows that § is orthogonal to o and we reach a contradiction.
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Subcase #3

O S =-5

a%~S:+S

We assume that the string S' = Z,, ... Z,,v satisfies:

and that |a € {aq,..., a,}|.

Without loss of generality we can assume that o = «. Because ag-S = +5, there ex-
ists also another root, say aws, which is not orthogonal to 3. We can write S = Z,2,,7,
and ignore the string 7" which only involves roots orthogonal to {«, 3, v}. We must
show that:

Zg (Lo -x)—Zo - (Zg-x)=2,-x

for x = [ Z,Z,,v]. By construction, the roots {«, 3, v, as} give rise to a root system
of type Ajs, so we basically need to do a calculation for SL(4). We notice that
the vector v is a simultaneous (—1)-eigenvector for the two orthogonal roots «, «s,
therefore it can only live in (a direct sum of copies of) Fig9).%!

It all comes down to showing that bracket relations hold when p = (2, 2) is the

two-dimensional irreducible representation of S;.

* Kk kk

Subcase #4
) ) O S =-5
We assume that the string S' = Z,, ... Z,,v satisfies:
a% - S =45
and that |a L {aq,..., o, }|.
By assumption, the root « is orthogonal to the set {a, ..., a,}. Since we are dealing

31Recall that an element of the Specth module corresponding to a partition (n — k, k) can be a
simultaneous (—1)-eigenvector of at most k disjoint transpositions.
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with a root system of type A, the roots # and v must have the same property. It
follows that we can reduce computations to the case in which S is an element of Fi3 ),

with (2, 1) the standard representation of Ss.

* Kk ok k

Subcase #b5

Oa-S#=xS, o0353-S#+S, o,-5#=+S
We assume that S satisfies 7 7 7 K 7
0l-S=05-5=+8S.

a

We notice that {a, 5, v} N {aq,..., a.} = @ (because the string S is not a (—1)-
eigenvector of o, for ( = «, [, 7), and that the number of ;s not orthogonal to «
(or (3, or =) is even, and hence equal to either zero or two. There are basically two

possibilities:

(i) {o, B, v} L{aa,..., .}

afa,afa,alag
(1) {o, 8,7} L{on,....an} and { B 1y, B L s B £ o
vy Yoy, vy Lo,y L as.
We discuss these two possibilities separately.
The first one is easy, because we reduce computations to the case in which S is
an element of a Weyl group representation of S3 (not containing the sign).
In the second case, we write S = Z,, Z,,Z,, T, and ignore the string 7" which only

involves roots orthogonal to {«, 3, v}. We must show that:

Zg-(Zy ) —Zy - (Zg-x)=2, 2
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for x = [ Zy, Zay Zayv]. By construction, the roots

{CY, ﬁv Y, O, Qg, 043}

give rise to a root system of type As, so we basically need to do a calculation for
SL(6). We notice that the vector v is a simultaneous (—1)-eigenvector for the three
(orthogonal) root reflections ,,, Gay, , Tas, therefore it can only live in (a direct sum
of copies of) Fi33). It all comes down to showing that bracket relations hold when p

is the Specth module SG3) of S.

The case ¢, = —€g = —€, = +1

We now discuss the case 0, - S = —03-5=—02-5=+8.

Without loss of generality, we can assume that one of the following subcases holds:

1. 0a-S=45, 0%-5=-5

2. 045 =-85, O'%'S:—S, a€{ag,...,a.}|

3. 005 =-85, U?,-S:—S, al{ag,..., o}l

4. 0q-S#=£S, 0-S=+5=—0;-8S.

We analyze each of these subcases separately.

* Kk Ak
Subcase #1

OnS =4S
We assume that the string S satisfies

Ug - S =-=S.

W.l.o.g. we can also assume that
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ala; forallj=1...7
BLoa [BLla; forallj#1
yLa yLla; forall j#1.

If we write S = Z,,T, we can ignore the string 7' because it only involves roots

that are orthogonal to «, 3, v. Then, we must show that

Zg-(Za-x)—Za-(Zﬁ-x):ZVn:

for x = [ Z,,v]. By construction, the roots

{Oé, ﬁ: Y al}

give rise to a root system of type As, so we basically need to do a calculation for
SL(4). We notice that the two (orthogonal) root reflections o,, 04, act on v by (+1)
and (—1) respectively. Therefore,** v can only live in (a direct sum of copies of) Fiz 1).

It all comes down to showing that bracket relations hold when p is the Specth module

S of 8.
* K koK
Subcase #2
0q-S =-S5
We assume that the string S = Z,, ... Z,,v satisfies:
ag -S=-=5

and that | o € {aq,..., o, }|.

W.lo.g. we can suppose that a = «;, so that a, 3, v are orthogonal to «; for all

g > 1. If we write S = Z, T, we can ignore the string 1" because it only involves roots

32Tn F(3,2), disjoint transpositions have the same (—1) eigenspace.
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that are orthogonal to «, 3, v, and we must show that

Zg'(Za'l‘)—Za-(Zﬁ-l'):ny'ﬂj

for © = [ Zaw]. This is a calculation for SL(3). Because v is a (—1)-eigenvector for
0a, v can only live in (a direct sum of copies of) Fs 1.

It all comes down to showing that bracket relations hold when p is the Specth module
S@1) of S;.

* Kk ko

Subcase #3

0y S =-S5
We assume that the string S = Z,, ... Z,,v satisfies:

0f-S=-S5
and that | @ L {aq,..., o, }| W.lo.g. we can also assume that

BLog P[Lloa; forallj#1
yLa yLla; forallj#1.

If we write S = Z,,T, we can ignore the string 7" because it only involves roots

that are orthogonal to «, (3, 7. Then, we must show that

Zg(Zo ) —Zy - (Zg-x)=2,-x

for x = [ Z,,v]. By construction, the roots

{Oé, 57 Y 061}

give rise to a root system of type Az, so we basically need to do a calculation for
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SL(4). We notice that v is a simultaneous (—1)-eigenvector for the two orthogonal
root reflections o, and o,,. Therefore, v can only live in (a direct sum of copies of)
Flo9y. It all comes down to showing that bracket relations hold when p is the Specth
module S22 of S,.

* ok kok

Subcase #4

Oq-S # £S5

05 S=—05-5=+5S.

We assume that the string S satisfies

Because 02 - S = +S, but 0, - S # —S the root « is either orthogonal to the set
{a1,..., a,} or not orthogonal to exactly two roots in this set. We need to distin-
guish between these two cases.

(1) a L{aq,..., an}.
Let a; be the (only) root to which 3 and «y are not orthogonal. As usual, we write S =
Zo, T, and we ignore the string 7' because it only involves roots that are orthogonal

to a, 3, v. We must show that

Zg'(Za'ZL‘)—Za-(Zﬁ'I’):Z,Y'$

for x = [ Z,,v]. By construction, the roots

{a7 Ba e al}

give rise to a root system of type Ajz, so we basically need to do a calculation for SL(4).
The vector v is an element of a Weyl group representation of S, (not containing the
sign, nor the trivial representation).3?

It all comes down to showing that bracket relations hold when p is the Specth modules

33Because 04, - v = —v
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S22 op SGI of S,.

(17) a X {aq, s}
We can assume that (§ is orthogonal to as, but not to a;, and that v is orthogonal to
aq, but not to as. In any case, the roots «, 3, v are orthogonal to «; for all 7 > 2.
We write S = Z,,Z,,T, and we ignore the string 7' because it only involves roots

that are orthogonal to «, 3, v. We must show that

Zg-(Za-x)—Za-(Zﬁ-x):wa

for x = [ Z,, Za,v]. By construction, the roots

{057 ﬁ? v, a1, 052}

give rise to a root system of type A4, so we basically need to do a calculation for SL(5).
We notice that the v is a simultaneous (—1)-eigenvector for the two (orthogonal) root
reflections 0,, and o,,. Therefore, v can only live in (a direct sum of copies of) F(3 ).

It all comes down to showing that bracket relations hold when p is the Specth module

S(3:2) of S

9.5.3 Checking bracket relations-PART 2

Let a and  be mutually orthogonal positive roots. We want to verify that

Zg'(Za'x)—Za-(Zﬁ-.I):ny'iE

for all x in F 5. Itis of course enough to consider the case in which x is either an

element of the original space F), or the equivalence class of a string:



for some mutually orthogonal positive roots aq,...,«, and a simultaneous (—1)-
eigenvector of g,,,...,04,.

When z belongs to F,, we decompose F), in isotypic components of irreducible

representation of the §; determined by « and 3
p= (S0)™ & (59)™ & (s22)"™

and we write x = xg+x1+ 2 for the corresponding decomposition of . We just need
to check that the bracket relations hold for the x;s, and this problem is equivalent
to showing that our construction produces a well defined Lie algebra representation
when p is a Weyl group representation of S; not containing the sign. We will do this
in the next chapter, in the section dedicated to the examples.

We now discuss the case in which = [S] = [ z] is the equivalence class of a
string. The trick is again to perform a reduction to a calculation for a small Weyl
group, namely some symmetric group S, with £ < 8 depending on the number of

a; s not orthogonal to o and 3. We distinguish several subcases:

1. When « and f are both orthogonal to {ay, ..., a,}, we reduce computations to

the case in which p is a representation of S, not containing the sign.

2. When « is orthogonal to {aq,..., a,.} and 3 belongs to this set, we reduce

computations to the case in which p is a sum of copies of the representations

SG1 and S22 of S,.

3. When « is orthogonal to {a1, ..., a,.} and there is exactly one root in this set
which is not orthogonal to § (and different from (3), we reduce computations to

the case in which p is a a sum of copies of the representations S *? and S ®*1

of 85.

4. When « is orthogonal to {ay, ..., o, } and there are two roots in this set that
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10.

11.

are not orthogonal to (3, we reduce computations to the case in which p is a

sum of copies of the representations S %% and S @3 of S.

. When both «a and 3 belong to the set {ay, ..., a;}, we reduce computations to

the case in which p is the representation S 32 of S;.

. When only « belongs to the set {ay,..., a,.}, and there is one root in this

set not orthogonal to 3, we reduce computations to the case in which p is the

representation S %2 of Ss.

. When only a belongs to the set {ay,..., a,}, and there are two roots in this

set not orthogonal to 3, we reduce computations to the case in which p is the

representation S %3 of Sg.

. When neither o nor (3 belong to the set {ay,..., a;}, and they are both not

orthogonal a specific root, we reduce computations to the case in which p is a

sum of copies of the representations S* and S 2 of S,.

. When neither « nor 8 belong to the set {ay,..., a;}, and there are two roots

o, o, such that « is not orthogonal to a root «;, and 3 is not orthogonal to
a,, we reduce computations to the case in which p is a sum of copies of the

representations S 42 and S @3 of Sg.

When neither a nor 3 belong to the set {a4,..., a,} and there are two roots
o, , o, such that o is not orthogonal to «;,, and 3 is not orthogonal to «;, and
«j,, is not orthogonal to one of the roots, we reduce computations to the case

in which p is a sum of copies of the representations S (2 and S©®3) of S;.

When neither o nor 3 belong to the set {1, ..., a,}, and there are three roots
aj,, j,, oy, such that o is not orthogonal to «;,, and 3 is not orthogonal to
oy, iy, we reduce computations to the case in which p is a sum of copies of

the representation S+ of S;.
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12. When there are two roots to which neither a nor 3 are orthogonal, we reduce

computations to the case in which p is the representation S>?) of S,.

13. When there are three roots o, «;j,, o, such that « is not orthogonal to «;,,
a;,, and 3 is not orthogonal to a,, a;,, we reduce computations to the case in

which p is the representation S©?) of Sg.

14. When there are two distinct pairs of roots to which o and 3 are not orthogonal,

we reduce computations to the case in which p is the representation S** of Ss.

Most of the examples we refer to are explicitly worked out in the next chapter. The
only exceptions are S®*?) S*3) and S™4 but the computations in these cases are

very similar to the ones done for S&3),

Claim 7. Alternatively, we can check the bracket relations using the definition of the

the action of Lie(K) on F; . with a case-by-case analysis.

9.5.4 Checking the eigenvalue condition

The purpose of this subsection is to show that, for all positive roots 3, the eigenvalues

of p/(Zs) lie in the set {0, +i, +2i}.

Because the action of Zg on Fp~, strongly depends on how the corresponding element

og of M’ acts on the same space, it is convenient to decompose Fp~, in og-stable

subspaces and to study the eigenvalues of Zz separately on each of these subspaces.
We start by decomposing F,y = F, & Span( strings ) in og-stable subspaces.**For

brevity of notations, let S = Z,, ... Z,,v be an arbitrary string of orthogonal roots.

Then:

34The existence of this decomposition follows from the fact that for any string S, O’% - S = 485.
Once again we identify a string with its equivalence class modulo the commutativity and linearity
relations, so thatF, is identified with F, @ Span( strings ).
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Fy = F, ® Span( strings)

=F, ® Span{S: o3-S =+5)} @ Span{S: 05-5 =-S5} &

Up Un

@ Span{S: o5 S5 # £, JE-S:+S,5,K{041,...,04T}}@

U

@ Span{S: 02 .S =-S5}, )

Urv
Let us explain why we have imposed the extra condition “B [ {ai,...,a,}” on
the strings generating Urp. If 3 is orthogonal to ay, ..., a, and v is an element of F,

5

such that o5 - v = £v, then using the linearity conditions® we can write:

1 1
S =Zuy . Lov= §Za1...ZaT(v—|—ag-v) + §Za1...ZaT(U—O'g-U)
ianI in‘rUH

so the string S satisfies o3-S # £S5 and ag -5 =8, but it already lies in Uy @ Uyy.

We now give a detailed description of each summand of the decomposition (é):

e U is spanned by those strings on which o acts as scalar multiplication by +1.%

It is stable under the action of o4, and it is included in the (+1)-eigenspace of
0g3-

e Uy is spanned by those strings on which o acts as scalar multiplication by —1.

Recall that a string S = Z,, ... Z,,v is a (—1)-eigenvectors of o5 if and only if

351f v is a (—1)-eigenvector of ay, ..., a, in F, and 3 is orthogonal to a1, ..., a,, then the vectors

w® = J(v=+ 04 -v) are also simultaneous (—1)-eigenvector of ay,...,a,. Therefore, the following

“linearity condition” holds:

Zoy oo Za0=Zey oo Za W)+ (Zey ... Za,w™).

36A string S = Za, ... Za,v is a (+1)-eigenvector of o5 if and only if 8 L {a1,...,a,} and
o v =+v.
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one of the following two conditions occur:

1. pLA{a,...,0n} and og-v=—v

2. pe{aq,...,a,} and o5 -v=—u.

So we can write: Uy = Span{S =2,,...Z,v: 05-5S =-S5} =

= Span{S : Jg-S:—S;ﬁg{al,...,an}}l@

Vv
Uy,

@ Span{S: o3-S =-5;0€{,...,an}}.

—
Uti,

Both subspaces are included in the (—1)-eigenspace of o, hence they are stable

under og.

Umn is also stable under 0. Indeed for each string S = Z,,, ... Z,, v in U we

have

op-(0p-5) =5 #+(095-5) 05 (05 8) =05 (05(8)) =+ (05 5).

Therefore, we can decompose Uy as the direct sum of (two-dimensional) sub-
spaces of the form

< S, (0’5'3) >c

with S = Z,, ... Z,,v astring of orthogonal roots such that (og-5) # £ .S and

0 1
UB S = +5. Because o acts on each of these subspaces by , the vector

0
(S+o0s-95)is a (+1)-eigenvector of g, and (S — o5 -.5) is a ( 1) -eigenvector.

We can write:
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Uit = Span{S = Z,, ... Zo,v: 03-S #=£S, 05:S=+5, B L{ar,...,}} =

- P cS+o-9|P| P cS-0s5-9)

S ogS#LS S ogS#ES
2g_ 20_
UBS——FS cfﬁS——l-S
Bx{a1,...,ar} BA{a1,...,ar}
Uiy Ui,

Both subspaces are stable under o, and they are included in the (+1)-eigenspace

and (—1)-eigenspace of oy respectively.

e Uy admits a similar decomposition:

Uy = Span{S = Z,, ... Zo,v: 05-S # £S5, 05-5 = -S} =

=| @ cS-ieg-9|P| P CS+iosS)

29— c o028 ——
S:o058==-5 S:o58=-5

N / N /
g R

Urv, Urv,

Both subspaces are stable under og. Indeed they are the (+i)-eigenspace and

(—i)-eigenspace of o4 respectively.
The description of the decomposition of F in o-stable subspaces is now complete.

Question. What happens when we impose the (x)-relations (i.e. we pass to the

quotient F;, = Fy/ R)?

Claim 8. The subspaces Uy, and Uy, have the same image under the projection

T Fy — Fy=Fy/R.

Proof. Suppose that S = Z,, ... Z,, v is a string of orthogonal roots that lies in Uryy.
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By definition, we have:
og-S# xS O’%-S:S B LA{an,. .., }.

We notice that 3 does not belong to the set {a, ..., a,}3", and that there are exactly
two roots in this set, say «;, and «;,, to which 3 is not orthogonal. W.l.o.g. we can
assume that i, = 1 and i, = 2. Hence B £ a1, 6 L as, but 8 L as, ..., q,.

Let 3 be a positive root such that the set {£ oy, £ 3, £} is a root system of type
Asy. Because

Oy * S =—95 ag-S:—i—S

the following relation holds in the quotient space: [S]|=[og-S,]+ 05, - S].

Therefore we can write:

[S_Uﬁ's]:[0-/5’1'S]:[Uﬁl'<Za1"'Zarv)]:

= [j: \Zﬁ(Ad(Uﬁl) ) ZOQ)Z@B Lo, (Uﬂ1 ) U) ]

Vv
in U112

This proves the claim. O

As a consequence, we obtain that:

Fy = F,@ ") = oo Span{[S]: 055 = +5} @

[Ur] C (41)-eigenspace of og

@\Span{[S]: ag-S:—S;ﬁg{al,...,an}}J@

[Un1, ] € (—1)-eigenspace of o
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@\Span{[‘g]: Uﬁ'SZ:SQﬁG{Oﬁla--wO‘n}}/@

[Ut1, ] € (—1)-eigenspace of o

a5 P cs-ios-9| B B cCS+ios-9) | D

.20 .20
S : ‘765_ S S ‘765_ S

[Urv, ] [Urv, ]

S: 055£+S
2g_
O'BS—+S
BL{at,...,ar}
[Un, |

Recall that, by definition, Zz acts by 0, +i and —i on the (+1), (4+i) and (—i)-

eigenspace of o3. Therefore:
e Z3 only admits the eigenvalue (+1) on {v € F),: 0g-v =40} U[U|U [Uny, |
e Zs only admits the eigenvalue (4i) on the subspace [Ury, | of Fp~,
e Zz only admits the eigenvalue (—i) on the subspace [Upy, ]| of Fy.

We still have to compute the eigenvalues of Zg on the set
{veF,: og-v=—v}U[Uny].

Identifying the elements of F, with strings of length zero, we can decompose this set

as a direct sum of two-dimensional subspaces of the form

<N Zay - ZayV ], [ 220y - - Za, V] >c
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where oy, ..., a, are mutually orthogonal roots (all orthogonal to 3), and v € F, is

a simultaneous (—1)-eigenvector of o4, ..., 0a,, 05.

0 —4
It is easy to check that Zg acts on each of these subspace by . Hence it has
1 0

eigenvalues +2i.

We conclude that Zs on F;, with eigenvalues {0, +i, +2i}.

9.5.5 Lifting ' to K

The purpose of this subsection is to show that the representation ( o, Fl;,) of Lie(K) =
so(n, R) can be lifted to a representation of K = SO(n).

We notice that p’ might be reducible, and that a lifting exists if and only if the highest
weight of each irreducible summand of p’ is analytically integral.

Of course, the odd and the even cases should be treated separately. We cover only

the even case, the odd one being similar.

Following the notations of chapter 8, we set £ = so(2n, C) and we let h be the

Cartan subalgebra

( \
0 46,]. 0 0
—6; 0 0 0
h = Hy, g, S N : 01, 0y,...,0,cC
0O O 0o 6,
0 0 -6, 0
\ y,

For all j = 1...n, we denote by v; the linear functional b: Hy, 4, — —i0;, so

that

U = {+(¢; £ @Dnj)}i,j:l ..... n,i<j

is the root system of g w.r.t. b, and
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At = {% + %‘}i,j:l,...,n,iq

is a choice of positive roots.

We say that an element A\ = a1y + -+ + ap_1¥p_1 + apth, of h* is
o algebraically integral if a; € Z,Vj=1...n,o0r a; € (Z + %) , Vi
e analytically integral if a1,...,an_1,a, € Z
e dominant ifa; = -+ > a,_1 2| a, | .

Let v = byyoy + - -+ + by, be the highest weight of an irreducible summand g, of
¢, and let y, be a weight vector of weight v. We notice that, for all j = 1...n, the

element
27 = Zyyy y—po; = Enj12j — Bajaj
belongs to the Cartan subalgebra b, and

11(Z7) - yo = iy ktbn(Z7)) yo = (0905(Z7)) g = (—ibj) Yo

So there exists a positive root 3; = 1j_1 — 19; such that —ib; is an eigenvalue
of 1,(Zp;). Because the eigenvalues of Zg on F; lie in the set {0, &i, +2i}, we
conclude that b; belongs to {0, +1, £2}. Therefore, v has integer coefficients, and it

is analytically integral.

9.5.6 It is an extension of p

Let (0, Fo) be the representation of K whose differential is p/. Then Fg = F P4
contains the space F, on which the original Weyl group representation p is defined.*®
Let us verify that

Resy© |p,= p.

38Because all the relations are imposed at the level of strings of positive length.
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Because M’ is generated by the elements {0, }aea+, it is enough to prove that

6(0a) = exp (5 7(Za)) (v) = ploa)(v) (%)

for all positive roots o and all v in F},.
For any fixed «, we just need to check that (%) holds for v in a basis of F, and
because 0, acts semi-simply on F,, we can pick a basis consisting of (+1)- and(—1)-

eigenvectors of p(o,):

B = {u1, ug, ..., uy, v1, v2,..., v}

+1eig.s —leig.s

Then, we are reduced to show that ©(o,)(w;) = +u; and O(o,)(v;) = —vj, for all
t=1...tandallj=1...7

Let V' be the subspace of F; defined by:

V' = Span(uy, ug, ..., Uy, v1, Vg, ..., Vs, LoV, ZaU2, ..., LaUs).

The strings Z,v; ... Z,vs are well defined and they are linearly independent®®, so V/
has dimension 2s + t. Because, by definition,

[ ] Za~ui:O Vi=1...t

o y-vj=12lyv; Vj=1...5

o Zy (Zyvj)=—4v; Vj=1...s

39There is no relation among them.
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the action of Z, on V is described by the matrix:

OT’XT OSXS OSXS

p~,(ZOc) |VW Osxr Osxs —4lgxs

OSX’V‘ [SXS OSXS

with the first two blocks corresponding to F},. We obtain:

IT‘X’I‘ OSXS OSXS

T~
@(0a> = €Xp (5pl<Za)> |V ~ Osxr _[sxs Osxs

Osxr OsXs _[sxs

In particular, ©(o,) acts on F), via:

ITXT OSXS

O(0a) [,

_]sxs

OSXT‘

and this shows that ©(0,) |r,= p.

9.6 Conclusions

For every representation (p, F,) of the Weyl group of SL(n, R) whose restriction
to any W(SL(3)) does not contain the sign representation, we have constructed a

finite-dimensional representation ( o/, F %) of SO(n) with the following properties:

e for each root v of SL(n), the subgroup K ~ SO(2) only acts with characters
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zero, plus or minus one, plus or minus two (i.e. p' is petite)
e the space of M-fixed vectors in p/ is non-zero (i.e. o is spherical)

e p is a submodule of the representation of W (SL(n)) on the space of M-fixed

vectors of pf .
Some natural questions arise:
o Is p' irreducible?
o Is (F/;,)M = p?

o What is the highest weight decomposition of p'?
In particular, how does p/ fit in the classification of petite spherical K-types

described in chapter 8 (for n even)?

We will answer these questions in the next chapter.
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Chapter 10

Further results and examples

In the first section, we descibe the petite representation (p, F' /;,) of SO(2n,R) that

arises from an irreducible representation (p, F),) of the Weyl group through the con-
struction described in the previous chapter.

As usual, we identify the Weyl group of SL(2n) with the symmetric group in 2n let-
ters, and the irreducible representations of W with partitions of 2n. The main results

are the following:

1. For every representation p of Sy, we compute the highest weight decomposition
of the petite K-type F:
o if p=(2n), then F; = L(0¢1 + 0thg + - + 0ty,)

o if p=(2n—k, k), then F; = L(2¢1 + 2¢hg + - - - + 24y,

forall0 <k <n
o if p=(n,n), then Iy = L(2¢1+- - +2¢,1—2¢,) S L(2¢1 +- -+ 24051 +
21,).

2. For every representation p of S,,, we compute the Weyl group representation

on the the space of M-invariants of F' P
. M
o if p=(2n), then (Fp~,) = (2n)
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o if p=(n—kk), then (Fy)" = (2n —k,k)

foral0<k<n

o if p= (n,n), then (Fp~,)M = (n,n) ® (n,n).

The result for SO(2n + 1) is even simpler, because the representation F s always

irreducible:
o if p=(2n+1), then Fj; = L(0¢1 + 092 + - - - + 0¢)y,)

o if p=(2n+1—k,k), then Fy = L(2y; + 20 + - - - + 2¢)

forall 0 <k <n
and
o if p=(2n+ 1), then (Fﬁ;,)M =(2n+1)

oif p=(2n+1—kk), then (Fy)" =(@2n+1—k.k)

forall 0 < k <n.

In the second section we provide a number of examples. The construction is explicitly
carried out for partitions (in at most two parts) of n =3, n =4, n =5 and n = 6.
These examples give a useful insight on the general case. In the last section we

construct the extension for the non-spherical representations of M’ C SL(3).

10.1 The highest weight decomposition of F[;,

Throughout the section W = Ss,, is the Weyl group of SL(2n, R), p is an irreducible
representation of W (i.e. a partition of 2n) and F’ - 1s its extension to a petite K-type.

We want to determine the highest weight decomposition of F Pz
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The case p = (2n)

When p is the trivial representation of W, i.e. p = (2n), a root-reflection does not
have any (—1)-eigenvector. So the extension Fj, ~ Fy is trivial: F;, = F,. It is
easy to see that p is the trivial representation of SO(2n), and it has highest weight

091 + 0tfo + -+ + Oty

‘p:(Zn) = Fp~,:L(O¢1+O@/}2+-~-+O¢n>‘~

The case p = (2n — k,k), for 1 <k <n

We will show that F > 18 irreducible, and equal to the irreducible representation of

SO(2n) of highest weight 2y + 290 + -+ - + 24y

p=02n—kk) = Fy=L2¢1 +2¢+ -+ 2¢y) |.

For clarity, we split the argument it in several steps:

Lemma 10. For p = (2n — k, k), with k = 1,..., n — 1, the representation of the

Weyl group on the space of M-invariants in F; is irreducible and equal to (2n—k, k):

P = (2n - ]{I) = (FU)M = F(Qn_k’k).

p

Lemma 11. If p= (2n—k, k), withk =1,..., n—1, then Fy = L(2t1 + 2y + - -+
20).
Corollary 13. If p = (2n — k, k), with k =1,..., n— 1, then F5 contains a weight

vector of weight 211 + 21py + - - - + 29.

* Kk ok

Proof of lemma 10. We set p = (2n — k, k) and we look at the the space of M-

invariants in F,, which is the vector space generated by F), and all the strings of or-
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thogonal roots.! The first step is to observe that every string defines a one-dimensional
representation of M. Because M is generated by the the elements mgs, with 3 vary-
ing in the set of positive roots, it is sufficient to prove that each mg acts on a string
by a scalar. This is easy to do.

For all roots o and 3 (of SL(2n)), we have:
Ad(mﬁ)<Za) = Ea,,ﬁ’Za

with 6,3 = +1if @« =B or a L 3, and €, 3 = —1 otherwise.? Hence

mg - (ZorZay - - - Za,v) = (€a17ﬁZa1)(€aQ,ﬁZaz) S (Eav-,ﬁzar)(mﬁ ) =

= €0y B€a2.8" " €orf(Zor Lay - - ZoyV) = E(Zoy Loy - - . L, ).

The second step is to understand whether the one-dimensional representation of M
spanned by a root is the trivial M-type.

We write oy = €;, — ¢j,, for all [ = 1...7 and notice that being r < k < n, the set
I'={i,..., %, ji,-.., jr} is properly contained in {1, 2,..., 2n}. Hence we can pick
an index s in [1, 2n| — I. By construction, 5 = +(g;;, — &) is orthogonal to as, .. ., a,;

it is different from «; and not orthogonal to it. Therefore

This shows that for all r = 1...k, C(Z4,Za, ... Za,v) is not the trivial M-type.
Therefore

p=02n—-k) = (Fp’)M = F(Qn—k,k)~

ITo simplify notations, we are identifying a string with its equivalence class modulo the linearity
and orthogonality relations. At the stage, there are no (x)-relations.

2mg = J% is the square a representative in M " for the root reflection 3.
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Passing to the quotient modulo the (x)-relations does not introduce additional trivial
M-types, so (F [;,)M also coincides with F,. We conclude that the representation of
the Weyl group on (F)" is irreducible, and equal to (2n —k, k). O

* Kk k

Proof of lemma 11. We set p = (2n — k, k) and we look at the decomposition of
I’ in irreducible summands. Because [ is a petite representation of S O(2n), this

decomposition can only include the K-types with highest weight?

o 0y + -+ 0%,

o 11 +---+1Ys 0<s<n

o 1Yy + -+ 11 = 10y,

e 21+ +2¢; 0<s<n

o 21+ + 20, + 1y +---+ 1Yy, O0<a, b<n

o 2+ 4+ 2+ W 4+ F+ 1 1, 0<k<n

® 2+ -+ 21 £ 29,
Therefore, we can write
n—1

Fy=L(0)*™ & (@ L2y + -+ 2¢s)®ms> ® L(2%1 + -+ + 2y + 20,) P B

s=0

O L2Y1 + -+ 20—y — 200,)®™ & some non spherical K-types.

We decompose (F l;,)M accordingly:
n—1 N )
(Fﬁl)M = (Qn)@mo @ (@(2” — S, S>@ms> @ (n’ n)@(mn +mn)‘
s=1

3Please, refer to chapter 8 for a classification of the petite spherical representations of SO(2n),
and an analysis of the corresponding representation of the Weyl group on the space of M-fixed
vectors.
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By the previous lemma (F;)" = (2n — k, k), so
mt=m, =m;=0 Vje{0,1,...n—1} — {k}
and my; = 1. We obtain:
Py = L(211 + -+ - + 2¢) @ some non spherical K-types.

The next step is to show that F;, does not contain any non-spherical K-type, and to
do this we need a better understanding of the structure of F.

F; is spanned by F, and all the strings of the form
(Zoy Zoy -+ - Za V)

where «q,..., a, are mutually orthogonal positive roots and v is a simultaneous

(—1)-eigenvector of o4, ..., 04, in F),. Because

we conclude that, as a representation of Lie(K), F 5 18 generated by the elements
of F,. We write F b= VieVad--- @V, for the decomposition of F . in isotypic
components of K-types (with Vi = L(2¢; +-- -+ 21;)), and we identify each V; with
the image of the projection

F;
@z’e{L...,t}—{j} Vi

T Fﬁ’ —
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By construction, V; is generated by

I

T (Fp) =

-----

77777

Therefore 7;(F,) = F, if j =1, and m;(F,) = {0} if j # 1.
It follows that V; = {0} for all j =2,...,¢, hence Fj = L(2¢y + - + 2¢y). O

* k%

Proof of corollary 13. Set p = (2n — k, k). By the previous lemma, F; contains a
weight vector z of weight 211 + 219 + - - - + 2¢);.. The following argument is meant to
provide an explicit construction for z.

Let v = e be the standard polytabloid associated to the standard tableau

T=[1]37]5 | [2k3]2k1[2kt1[2k+22k+3|---[2n-1] 2n ].
4 | 6 ][22 2k

We notice that v is a simultaneous (—1)-eigenvector in F), for the transpositions

(1,2) (3,4) (5,6) ... (2k—3,2k—2) (2k —1,2k)

and a simultaneous (+1)-eigenvector for the transpositions

(2k+1,2k+2) (2k+3,2k+4) ... (2n—1,2n).
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The string Z(c, —cp)Z(cs—ey) = L(eay_1—e0p)¥ 15 therefore well defined. So is any string

of the form

Z(52j1—1—52j1)Z(52j2—1_52]'2) T Z(€2j5—1_€2js)v

for 1 < j1 < jo <+ < js < k. For brevity of notations, we set Z,,, \—c,,.) = Zm,

for all integers m = 1...n. We also set*
k
z = Z(-QZ)IC_S ( Z Zj Zj ce stl)> .
1< <jo<+<js<k

With abuse of notations, we denote the equivalence class of z in the quotient space

F; with the same symbol. We claim that z € F}; is a weight vector for the Cartan

subalgebra
( )
0 611]. 0 O
-6, O0|...| 0 O
[j: :917927"'79n€(c
0 0 0 6,
0 0 -0, 0
\ /

of = s0(2n, C), of weight 2¢; + 2ty + -+ + 2¢. Indeed, the element H,, =
Eom-12m — Eamom—1 of b acts on z by =27 if m <k, and by 0 if £ <m <n.
Because H,, = Z.,,, ,—c,,, to compute the action of H,, on a string Z; Z;, --- Z;v

we must first understand how the reflection o(.,, ,_e,,) acts on it. This is easy®:

Ocom—1—€2m ° (Zj Zj "'stv) = Zj1Zj "'st (0-(527n—1*52m) : U) =

4A string Z;, Z,, --- Z; v is intended to be equal to v when s = 0.
g Zj, 4j, Js

Because Ad(UEQm,—l_EQm,)(Zj) = Ad(UEQm,—l_52m,)(Z(52j71_52j)) = Z(Ezj = Zj for all j.

—1—¢2;)
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+Z;Z;, -+ Zjv if k<m <n.

It follows that:

Iy -+ L. -+ Zjv iftm<kandm¢ {ji1...Js}

ZE2m71_52m‘(Zj e er T st”) - —47

jl-HZ}T"‘ZjSU 1fm§kandm:]r

0 iftm>k.

As a result, we obtain that Z, -z =0 for all m > k, and that the vectors

2m—1—€2m
Um0 = (—20)v + Zpv

Js—1

js—1 U

are (—2i)-eigenvectors of Z., ., . for all m <k, for all 1 < s < k and for every
multi-index j of length s — 1 with entries in {1,..., k} —m.

Because

k—1
2= (=20 Mo + > (=20 7 Dty
s=1 l

also z is a (—2i)-eigenvector of Z. for all m < k. This ends the proof. [

2m—1—"€2m)

The case p = (n,n)

When p = (n,n), the representation F’  fails to be irreducible:

p=(n,n) = F;=L2¢%1+ -+ 21— 2¢0) & L(2¢1 + -+ + 21 + 2¢) |.
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As a representation of the Weyl group, (F' /;,)M consists of two copies of (n,n).

As usual, it is convenient to split the proof in several parts.

Lemma 12. F; contains a weight vector of weight 2y + - - + 241 + 24y, and also

a weight vector of weight 2ty + - - - + 21,1 — 21y,

Lemma 13. F; D L(2¢1 + -+ + 2¢n-1 — 240,) ® L(2¢1 + - -+ + 201 + 2¢).
Lemma 14. As a representation of the Weyl group, (Fﬁ;,)M = (n,n) @ (n,n).
Corollary 14. F; = L(2t1 + -+ + 2¢p—1 — 2¢0,) © L(2¢1 + -+ - + 20051 + 2¢0y,).

Proof of lemma 12. The existence of a weight vector z of weight 2 + 219 + --- +
20,1 + 21, is proven just like in the case p = (2n — k, k) for k < n. The vector z is

explicitly given by:

z = i(—%)”s ( > 7 Z; ~-~stv>

1<j1<ja<+<js<n

with v = e, the standard polytabloid associated to the standard tableau

T=|1 3 5 |---2n-3|2n-1
2 4 6 |---|2n-2| 2n

6

and with Z,,, = Z, ), for all integers m = 1...n.

m—1—€2m
We now construct a weight vector of weight 2y, + 215 + - -+ 4+ 29,1 — 2¢,,. By

the same argument used before, the vector

n

-1
Tr = (_27:)71—1—5 ( Z Zj Zj ce st’l}>

s=0 1<j1<go<<js<n—1

6As usual, a string Z;, Zj, - -- Z;,v is intended to be equal to v when s = 0.
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is a simultaneous (—2i)-eigenvector of
Hy = Eop—12m — Eomom—1 = Zegyy 1 —eom,
forall m=1,..., n— 1. We also introduce the element
Y="Tey e, T+ (20)x
which is an eigenvector of H, = Z., _, ., of eigenvalue (+2):"

ZE2n71*52n Y= —dx + (22.)25%71*6% Cr = (22) (Z€2n—1*€2n "X+ (22)%) :

We notice that y is also a (—2i)-eigenvector of Hy, Ha, ..., H, 1:

Eom—1—€2m Y = Z€2n71_52n : (Z52m71_€2m : J]) + (22) (Z€2mfl_€2m I) =

= (—20)[Z.y, |-y, - +2ix] = (—2i)y Vm=1,...,n—1.

Therefore, y is a weight vector for the Cartan subalgebra b of so(2n, C), of weight
2¢1+252+"'+2¢n—1 _2¢n O

* k%

Proof of lemma 13. Let p = (n,n). As seen in the previous lemma, p/ contains both

"Notice that z only involves strings in the roots oy = 1 —€2, g = €3—€4 ... p_1 = €2,—3—E2n_2.
Being all these roots orthogonal to €9,,_1 — €2, We have

n—1
Zey 1—e3y " T = Z(_2i>n_l_s ( Z ZmZj Ly - st’l)>

s=0 1<51<g2<<js<n—1
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weights

U;:2w1+252++2wn—1_2¢n
U::2¢1+252++2¢n—1+2wn

The purpose of this lemma is to show that F  actually contains the irreducible rep-
resentation with highest weight v, and v;7. More precisely, we will prove that if an
irreducible submodule ¢ of F; contains the weight v,;, then ¢ = L(vy).

We start with v;F. We assume that ¢ C F 7 is irreducible and contains the weight

v, and we write

n

)\:blwl—f—bgé‘z—i“"—i‘bnwn
for the highest weight of ¢.2 Then

e b; = 2, because the coefficient of 1 in

A=) = (b — 2)¢ + (by — 2)a + -+ + (b — 2)¢y,

must be non negative.’

e by < 2, because ¢ C F; is petite, hence the coeflicients of any weight of ¢

cannot exceed 2.1°

We deduce that b; = 2, and that
A —vy = (by = 2)th2 + (b3 — 2)ths + -+ + (b — 2)1hn

is a sum of positive roots. Iterate this argument to show that b; = 2 for all j =

1,...,n—1. Finally, we obtain that (b, — 2)v, is a sum of positive roots, and of

80f course by > by -+ > by_1 >| by |-

9Since vy = A, the difference A — v;F is a sum of positive roots. As usual, we choose the positive
system: {1; £} (i < j}, so the first non-zero coefficient in a sum of positive roots must be positive.

9By construction, —ib; is an eigenvalue of Hy = Zy, _y,,.

226



course this can only happen if b, = 2, s0o A = v,

The argument for v, is similar. Indeed,

A— U'r: = (bl - 2)¢1 + (bQ - 2)¢2 + -+ (bn—l - 2)7»/}71—1 + (bn + 2)77/}71

can only be a sum of positive roots if b; =2 forall j=1,..., n—1and b, = -2. [
* %

Proof of lemma 14. We fix p = (n,n) and show that the representation of the Weyl
group on (F/;,)M is equal to the direct sum of two copies of (n,n).

We apply the same argument used in the proof of lemma 10, and show that the
equivalence class of a string of orthogonal roots of length 1 < r < n — 1 spans
a one-dimensional irreducible representation of M which is not equal to the trivial
representation. Hence, we just need to consider strings of length n.

If 3 is an arbitrary root and Z,, Za, . .. Z, v is a string of orthogonal roots (of length

n), two possibilities can occur:
1. B=q; forsome j=1,...,n,and § L o; forall i #j

2. there are exactly two roots, say a; and as, to which 3 is not orthogonal (so

6 L a; for all i > 2.

In the first case, mg acts trivially on all the Z,,s, hence
Mg (Zoy Zay - - - Zan¥) = +Zoy Loy - - - Loy V.

In the second case we have
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and Ad(mg) (Za,) =+ (Z,,) foralli =3,..., n.
Once again

Mg (Zoy Zay - - - Zan¥) = +Zoy Zay - - - Loy V.

This proves that M acts trivially on every string of length n. Therefore

p=(nn) = (Fp/)M = F, & Span{n-strings}.

Passing to the quotient does not introduce additional trivial M-types, so

(F;,)M = F, ® Span{[n-strings|}.

To conclude the proof we must show that the representation of the Weyl group on the
set of linear combinations of equivalence classes of n-strings is isomorphic to (n,n).

We will make use of the following theorem:!!

Theorem 18. Let S* be the Specht module associated to a partition X. Then S is
the vector space with generators the polytabloids e, asT' varies over all the tableaux
of shape A, and relations of the form e —Y s e, where the sum is over all S obtained
from T by exchanging the top k elements of one column with any k elements of the
preceding column, maintaining the vertical order of each set exchanged.

There 1s one such relation for each tableau T, each choice of adjacent columns, and

each k at least equal to the length of the shorter column.

We intend to apply these remarks to the Specht module S™™ which is equal to
F,. A set of generators for S™™ consists of the polytabloids e associated to all the

tableaux of the form

T= j1 j3 ---j2n-3 j2n-1 With{jl...jgn}:{l...2n}.
j2 j4 j2n—2 j2n

HSee [13], §7.4.
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Let us explore the relations among these polytabloids. When £ = 1 and the adja-

cent columns under consideration are the first and second one, we can only take

oS = j3 | J1 ‘ ’J2n3 J2n1‘ U€j1—5j3'T7 or
’ jz I J4 ‘ “j2n2|J2n
.S:’ j1 I jz ""’an—B an—l‘ :Ugh,sjs'T.
L gs | e | [ieme] gon
We obtain the relation:
cr=¢ [U(ajl—ej3>'T] te [U(an—ej yT]

which we can rewrite as:'?

(O_(Ejl 75]‘2) ’ QT) + (U(Ejl 75]'3) ' §T) + (0-(51275]'3) ’ ET) = 0

Please notice the analogy with the (x)-relation

(e, —es) = S) + (0(cs, ;) = S) + (0(cjy—s) - S) =0

where S is the string Z.

e 13
J1 %2 Z ZEJ ~€jgn Ut

€i3 ~Cia 2n—1 2n

Similarly, when k& = 1 and we pick the i and (i41)" column, we find the relation:

<0(8j2i7178j2z‘)> 'QT) + <0(512i717512i+1) '§T> + (U(Ejzi*5j2i+1) 'QT> = 0.

When k£ = 2 and the adjacent columns under considerations are the first and second

12 - _ .
Because e = —0(c;, —c,,) " €1

13This relation holds because the string S satisfies: o S = —S and o?

(51‘1 *513)

-8 =45.

(51‘1 *51'2)
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one, we can only take

©S=|js | ji |--+[jons|jon1| (switch 1% and 2"¢ columns of T)).
j4 j2 "‘j2n—2 j2n

Therefore, we obtain the relation e, = e ¢, which is analogous to the commutativity

relation:
\Zgh —€jg Z5j3 ey ZEjs —€jg ZEjZn—l “Eion v=
'
switch
= ZEJS €44 Z€j1 —€ja Zsjs —€jg " “Ciry_1"Clan v.

Finally, when k& = 2 and we pick the i and (i + 1) column, we find the relation
er = eg, where S is the tableau obtained from 7" by switching the i"* and the (i+1)™
columns.

Consider that the mapping

< { polytabloids } >¢ — < { n-strings } >¢

that carries the polytabloid e, associated to a tableau

T: jl j3 j2n—3 j2n—1
j2 j4 j2n—2 j2n

into the n-string of orthogonal roots

Z,

€i1 %2 Z€j3 —giy D1 €5, ET
It follows from the previous remarks that this mapping descends to an isomorphism
between Fj, = S and the set of linear combinations of equivalence classes of n-

strings. Hence
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10.2 The construction of p/: some examples

10.2.1 Construction for the trivial representation of S;3

When (p, F,) is the trivial representation of Ss, each root reflection o, acts trivially
on F, ~ C. In particular, there are no (—1)-eigenvectors, so Fp~, = F/; = F,.
By definition, Z, - v = 0, for all v € F,, and all @ € A. Hence, p~’ is the trivial repre-

sentation of s0(3), and it lifts to the trivial representation of SO(3).

In general, if (p, F,) is the trivial representation of W (SL(n)), then (o, F5) is the

trivial representations of SO(n).

10.2.2 Construction for the standard representation of S

Let (p, F,) be the two-dimensional irreducible representations of S3.'* We fix a basis
{v, u} of F, = C? that consists of a (+1) and a (—1) eigenvector of o15. With respect

to this basis {v,u} we can write:

1 0
19 ~ u: (—1) eigenvector of oo
0 -1
~1/2 —1/2
013 ~ u+v: (—1) eigenvector of o3
—3/2 1/2
~1/2 1/2
T93 ~~ v—u: (—1) eigenvector of oa3
3/2 1/2

147t can be realized as the action of S3 on the hyperplane {x; + x5 + 23 = 0} of C3. Then
v= (1,1, —=2) and u = (1, —1, 0).
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Since there is no pair of distinct orthogonal roots, we only have strings of length at

most one. Therefore Fy = Cv @ Cu @ CZi5(u) & CZi3(u+v) & CZys(v — u).

012(Z12U) = —Zou
We notice that 0%3( Ziou) = —Zjou SO there are no relations. We get:
033(212u) = —Zlgu

Fy=Fy=Cv®Cu® CZiz(u) ® CZi3(u+v) ®CZx3(v—u).

Let us compute the action of the element Z;» of s0(3) on F;:

o Z19-v =0, because o150 = v

< Z12 U = leu, because 012U = —U

< Zlg . (Zlgu) = —4u

o Lo (Z1s(u+v)) = 012+ (Z13(u 4+ v)) = —Zoz(v — u)

because o3y (Z13(u+v)) = —Zi3(u + v)

O Zig - (Zag(v —u)) = 012+ (Zaz(v — w)) = Z13(u + v)

because 0%y (Zayg(v —u)) = —Zoz(v — u).
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Hence,

00 0 0 0
00 —4 0 0
Ziz~ 101 0 0 0
00 0 0 1
00 0 —-120

with respect to the basis {v, u, Zi2(u), Z13(u +v), Zoz(v — u)} of F;.

The action of Z;3 is given by:

& Zlg V= %213(1) — 0'13’0) = %Zlg,(v + U)

2
because o013v # v and o3 =v

< Z13 U = %Zlg(u — Ulgu) = %Zlg(u + U)

2.,
because oi3u # *u and ojsu =u

o Zlg . (Zlgu) = 013" (212U> = —%223(1) — U)

because 0%5(Z19u) = —Z1ou

< Z13 : (Zlg(u + ’U)) = —4(U + ’U)

o Zh3 - (Zoz(v —w)) = 013 - (Zag(v — u)) = 2Z19u

because 035(Zaz(v —u)) = —Zaz(v — u).
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Hence,

0 0 0
0 0 0
Ziz~| 0 0 0
3/4 1/4 0
0 0 —1/2

w.r.t. {v, u, Zia(u), Zis(u+v), Zog(v — u)}.
Finally, we compute the action of Zys:

O Zyz - v =175+ (v — 0230) = 2 Za3(v — )

O Loz - U = %Zgg (u — og3u) = —iZQ:g(’U —u)
O Zyg - (Z1ou) = 093(Z1ou) = _%Zl?)(u +v)

O Lz - (Zhg(u +v)) = 093(Zis(u +v)) = 2Z10u

O Zag - (Ziz(v —u)) = —4(v — u).
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And hence we have

0 0 0O 0 —4
0 0 0 0 4
Zog = 0 0 0 2 0
0 0 -1/2 0 0
3/4 —=1/4 0 0 O

We notice that CZ;5 is a Cartan subalgebra of so(3). Therefore, to identify the
representation, we just have to look at the eigenvalues of Z15. An easy computation
shows that they are given by 0, £, +2.

We conclude that p/ is an irreducible representation of SO(3), isomorphic to Hs.

10.2.3 Construction for the standard representation of S,

The standard representation of S; can be realized as the action of the symmetric

group in four letters on the hyperplane

FpZ{ZZ(ZhZz, Z3, 24)€C4ZZ1+22+Z3+Z4=0}

of C*. The action is explicitly given by:

o (21, 22, 23, 21) = (Z5-1(1), 20-1(2)s Zo-1(3)> Zo-1(4))

for all o € 84 and all z € F,,. We choose the basis:

v =(1,-1,0,00 wv=(0,1,-1,0) wv3=(0,0,1, —1)
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of F,, and write down the matrix of each root reflection w.r.t.

012 ~

013 ~

023 ~

014 ~

024 ~

034 ~

e e N e N e Y N

-1 10
0 10
0 01
0 -1 1
-1 0 1
0 0 1
1 0 0
1 -1 1
0 0 1
0 0 -1
-1 1 -1
-1 0 O
1 0 O
1 0 -1
1 -1 0
1 0 0
01 O
01 -1

with eigenvalues

with eigenvalues

with eigenvalues

with eigenvalues

with eigenvalues

with eigenvalues
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this basis.

U1 + 209

4

U1 +U3
Vg + U3

V1 + U9

201 + vy

V3 — U1

Y

V2
U1 — U3

V1 + U2 + U3

\

U1 +U2
U1 +U3

Vg + U3

4

2vy + 3



We notice that there is no pair of mutually orthogonal roots with a simultaneous

(—1)-eigenvector, so there are no strings of length bigger than one. We can write:

Fp/ :Cvl @C’Ug @(Cl)g @Cle(Ul) @CZlg(U1+U2) @CZQg(UQ)@

D (C Z14(1}1 —+ (%) -+ Ug) () (C 224(’02 -+ Ug) () C Z34(U3).

012(2121)1) = —Z120;

Because 013(Z19v1) # £ Z19v; , 1O relations are imposed on the strings

0%3(2121’1) = —Z1o

Z12v1. The situation for the other strings is similar, so we conclude that there are no

relations and F 5= Fy.

We now compute the action of so(4) on F; w.r.t. to the basis

{v1, ,v9, ,v3, , Z12(v1), , Z13(v1 +v2), Zaz(ve), Z1a(vi+v2+v3), Zoa(va+v3), Zsa(vs)},

starting with the element Zs.

O g - V1 = L1201

1 1
O Zg vy = 5212 (v2 — 01202) = —5Z1201

<>Z12'U3:O

O Zhg - (Zhgvr) = —4uy
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O Zyg - (Zi3(v1 +v2)) = 012 - (Z13(v1 + v2)) = —Za309

VATE (Z23U2) =012 (2237)2) = Z13(U1 + U2)

O Zu . (214(1]1 + V2 + Ug)) = 012 (214(7)1 + (%) + 1}3)) = —224(1)2 + Ug)

O Za - (Zoa(va +v3)) = 012 - (Zoa(va + v3)) = Z14(v1 + v2 + v3)

o Zlg . (Z34U3) = 0.

Hence we have

o o O
(@]
]
]
]
(]
@]

Lyg ~

—_
|
—_
=} Z
[N}
e} ]
=} ]
e} ]
— ]
o (e}
@) @) e} =) ) (e

o
(@)
o
|
—_
o
@} S

o o o o o o o o o

o o o o O
=}
=}
o
=}
o

In particular, we notice that Z;5 acts on F 7 with eigenvalues

0, 0, 0, —i, —i, +i, +i, —2i, +2i.

The action of Z34 is given by:
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<>Zg4'U1:O

_ 1 _ 1
O Z34 v = 5234 (v2 — O3413) = — 574343

O A3y -3 = L343

lod 234 . (Z12’U1) =0

o Z34 . (Zlg(vl + UQ)) = —Zl4(7)1 -+ Vo + ’03)

O sy - (Zazva) = 034 - (Lagva) = —Zay(va + v3)

o Zg4 . (214(1]1 —+ (%) -+ Ug)) = 034 * (214(U1 -+ (%) -+ U3)) = Zlg(vl -+ UQ)

O Zsa - (Zoa(va + v3)) = Zag(v2)

O Ly - (Zsav3) = —4ug
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Hence

0
0
0
0
Zga~10 0 00 0
0
0
0
0

and again the eigenvalues are
0, 0, 0, =%, —1, +¢, +i, —2i, +21.
If we denote by &1, & the linear functionals on b
&1:aZ19+bZ3y— —ia
§a:aZyg+ by — —1b,
then we can write

0 + 2& =+ 2& + (& + &) + (& — &)

for the list of weights of .

We notice that o has highest weight 2£;, so we compare it with the irreducible

representation pog, of SO(4) of highest weight 2¢;. Because also pye, has dimension
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equal to 9, there is no doubt that p = py, .

10.2.4 Construction for the representation S?? of S,

We can choose a basis {v, u} of F, = C? that consists of a (+1) and a (—1) eigenvector

of g15. With respect to this basis, we have:

1 0

Ol9, O34 ~ u: (—1) eigenvector of oy9, 034
0 —1
—1/2 —1/2

013, Toq ~> u+v: (—1) eigenvector of o3, 09y
—3/2 1/2
—-1/2 1/2

093, 014 ~ v —u: (—1) eigenvector of o93, 014.
3/2 12

Therefore, we can write:

Fp/ = Cu ) Cov ©® (CZlQU ©® CZg4U ©® CZlg(u+U> ) CZQ4(U +'U) ©®

D (CZ23<'U — U) D (C214('U — U) D 621223471, D CZl3Z24(’U + u) D (CZ23Z14(’U — 'U,)
Claim 9. There are no relations among strings of length one.

Proof. We prove that there are no relations involving the string Z15u. The other cases
are similar.
The string Zjou is a (—1)-eigenvector for the root reflections o5 and o34. We notice

that there are two so(3)s containing Z1,, and they are generated by Zia, Z13, Zo3 and
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Zo, L4, Loy respectively. Because
013(Z1ou) = 014(Z1gu) = —Zigu

none of them gives rise to a relation. Similarly, the two so(3)s containing Z34 are

generated by Zsy, Z13, Z14 and Zz4, Zoz, Zoy, and because
0t3(Zrou) = 033(Z1au) = —Z1pu

none of them gives rise to a relation. O

Claim 10. There is only one relation among strings of length two, namely:
1 1
leZ34u = —§Z23214(U — U) — §Z13Z24<U + 'U) (*) .

Proof. We look for possible relations involving the string Z19Z34u. Since Z15Z34u is
a (—1) eigenvector for 015 and o34, we must consider the so0(3)s containing either Zi,

or Z34. There are 4 of them, and they are generated by

1. Zia, Z13, Za3
2. Zha, Zia, ZLou
3’ Z347 Zl37 Zl4

4. 2347 2237 224

We start with (1). Because
013(Z12Z34U) 7’é j2(21229,4”) 023(212234U) 7é jI(Z12Z34U)

but

015(Z12Z34u) = 053(Z19Z34u) = +Zr12 Zsau
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the following relation holds:
Z19Zzqu = 013(Z12Z34u) + 093(Z12Z34u).
Being
013 - (Z12734u) = —%ZngM(U —u), and
093 - (Z12Z34u) = —5213224@ +v)

our relation becomes:
1 1
Z12Z34u = —§Z23214(’U — U) — 5213Z24(U + U). (*)
Let us now look at (2), which is the s0(3) generated by Zi2, Z14, Za4 . Because
014(Z12Z340) # £Z19Z34u 024(Z19Z340) # £ 219340

but

0%4(Z12Z34U) = 034(212234?0 = Z19Z34u

we have the relation:
ACYANTES 014(212234U) + 024(212Z34U)-

Because 014 acts like 093, and 094 acts like 013, this relation is the same as (*).
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Similarly, (3) gives rise to the relation
Z12Z34u = 014 - (Z12Z34u) + 013 - (Z12Z3410)
which is equivalent to
Z19Z3qu = 014(Z12Z34u) + 024(Z12Z34)
because 013 acts as 094, and (4) gives
ZhaZizgu = 023(212234U) + 024(212Z34U)
which is equivalent to
Zh9Zizgu = 014 (212234U) + 013 - (212Z34U).

In both cases we obtain the relation (*). O

This proves that there is a unique relation among the 11 generators of Fj. In

other words, the quotient space Fj; is the vector space with generators
v, u, Zlgu, Zg4u, Zgg(v — U), 214(1} — u), Z13<1} + u) Ce

. 224(1) + U), 2122341,6, Z23214(U — u), Z13Z24(U + U)

and one relation:
1 1
Z12Z34u = —§Z23214(U —u) — 5213Z24(U +v) (%) .

It is clear that F 7 has dimension 10. We pick the first ten elements in the above list as
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a basis, and we use (*) to express Z;3Z24(v+u) as a linear combination of basis vectors.

We now compute the action of s0(4) on F,, starting with Zi5.

0212'7):0

< Zlg U = Zlgu

< Zlg . (Zlgu) = —4u

VATE (Z34U) = L9234

o Z1a - (Z1z(u+v)) =012 (Z13(u+v)) = —Zoz(v — u)

o Za - (Zog(u40)) = 012 - (Zaa(u+v)) = Z14(v — u)

<& Zlg . (ZQg(U — U,)) =012 (Zgg(v — U)) = Zlg(’U + U)

o Zha+ (Z14(v —w)) = 012 - (Z14(v — 1)) = —Zoy(v + u)

O Ty (ZhoZsau) = —4Z34u

< Zlg . (Z23214(’U — U)) = 4Zg4u.

Only the last equation requires a comment. Using the relation (*) we obtain:

ACE (Z23214(U - U)) = 1Z12 : (Z23214(U - U) — 012 (Z23214(U - U))) =

— 2
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= %Zm Loz Zra(v — u) + Z13Zo4(v + ) =

= %Zlg . (—2 Z12Z34u) = 4Z34u v

Hence:

Zig ~

o o o o o o o O

—_

0

We notice, in particular that Z;5 acts with eigenvalues

07 07 Z.7 i?

Let us compute the action of Zz4.

0234'1):0

< 234 U = Zg4u

© L3y - (leu) = L9234

< 234 : (Z34U> = —4u

—i, —i, 26, 2i, —2i, —2i.
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o Zsy - (Z13(u+0)) =034 - (Z13(u+v)) = —Z14(v — u)

O Ly (Zog(u+0)) = 034 - (Zoy(u+v)) = Zog(v — u)

O sy (Zaz(v— ) = 034 - (Zaz(v — 1)) = —Zoy(v + )

O sy (Z1a(v —u)) = 034 - (Z1a(v — ) = Z13(v + u)

O Zg4 . (Z12234U) = _4ZIQU

<& Zg4 . (Z23214(U — U)) = 4Zlgu.

A comment on the last equation:

Z3y - (ZosZia(v — u)) = %Z34 (Z93Z14(v — u) — 034 - (Zo3Z14(v — 1)) =

= %Z34 . (ZQng4(U - U) + 224213(1] + u)) =

= Zsa - (—Z19Zs3au) = +4Z10u. v
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Therefore:

oo0oo0 0 0 0 0 0 0 O
000 -4 0 0 0 0 0 O
o000 0 0 0 0 0 —4 4
610 0 0 0 0 0 0 O
Zut oo0o0o 0 0 0 0 1 0 0
oo0oo0 0 0 0-10 00
ooo0 o0 o0 1 0 0 0 0
o000 0 -10 0 0 0 O
coo1 0 0 0 0 0 0 0
oo0o0o 0 0 0 0 0 0 O

and it acts with eigenvalues

0,0,4,4, —i, —i, 2, 2, —2i, —2i.

To identify the representation, we compute the list of eigenvalues of

p~/(b Zlg +a Z34)1

0 0 +2i(a+b) +2i(a—b) i(a+b) =Fila—Db).

We conclude that p’ has weights:

0 0 =+ (26428) (26 -28) +(E+E) (6 -8),

therefore

S
P = P2e42e5 D P2e1—2e5-
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10.2.5 Construction for the standard representation of S;

The standard representation of S5 can be realized as the action of the symmetric

group in four letters on the hyperplane

F,={z= (21, 22, 23, 24, 25) €C°: 21 + 2o+ 23+ 24 + 25 = 0}

of C°. The action is explicitly given by:

0 - (21, 22, 23, 24, 25) = (Zo-1(1), Zo-1(2)s Zo-1(3)> Zo—1(4)s Zo—1(5))

for all o € S5 and all z € F,,. We choose the basis:

v =(1,-1,0,0,00 v =(0,1,-1,0,0)

vy =(0,0,1, -1, 0) vy =(0,0,0,1, —1)

of F,, and notice that each transpositions acts on F, with eigenvalues +1, +1, +1, —1.

For each transposition, we list the (—1)-eigenvector, and the corresponding string:

012

013

014

015

0923

U1 ~ ZlQ(Ul)

v+ vy~ Zi3(vg + vg)

U1 + V2 + V3 ~> Zl4<U1 + V2 + ’03)

Ul+U2+U3+U4 ~ Zl5(U1+U2+03+U4)

Vg ~= Z23(U2)
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094 ~ Vg + V3~ Zyy(va + v3)

O95 ~> U + U3 + Uy ~> 225(1)2 + v3 + 'U4)

O34 ~ U3 ~ Z34(v3)

g35 ~ Us +U4 ~ 235(’03 -+ U4)

O45 ~ Ug Z45(U4)-

We notice that there is no pair of mutually orthogonal roots with a simultaneous
(—1)-eigenvector, so there are no strings of length bigger than one and the extension
F, has dimension equal to 14. Since there are no relations among strings, F, = Fy.

If we choose in so0(4) the Cartan subalgebra h = C Z15 & C Z34, we can obtain
the the weights of p/ simply by computing the eigenvalues of the generic element
(CL212 + ng4> of f) on FpN’

We start by computing the action of Zi5 on Fj;

© Zyg =01 = Z1ay

1 1
O Zig vy = §Zl2 (v2 — 01202) = —5212?11
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< Z12

<>Z12'

0212'

<>Zlg'

<>Z12'

< Z12

0212'

0212'

<>Zlg'

0212'

0212'

'U4:O

(ZIQUI) = —4U1

(Z13(v1 + v2)) = 012 - (Z13(v1 + va)) = —Za3v9

(Z14(v1 + v +v3)) = 012 - (Z14(v1 + vo + v3)) = —Zos(vo + v3)

(Z15(U1 + (%) + V3 + U4)) =012 " (Zl5("01 + (%) + ’Ug)) = —225("02 + U3 + ’04)

(Zagva) = 012 - (Zagva) = Z13(v1 + v2)

(ZQ4(U2 —+ Ug)) = 012 (ZQ4(U2 + Ug)) = 214(1]1 + V2 —+ Ug)

(Zas(va + v3 + v4)) = 019 - (Zas(ve + v3 + v4)) = Z15(v1 + v + v3 + v4)

(Z34U3) = 0

(235(’()3 + 1)4)) =0

(Z45U4) =0.

251



Hence we have

o 0 00 -4 0 0 0O O0OO0O0OOGOO
o o o0 0 O o0 0 0O0O0O0O0O
o o o0 0 O o0 0 0O0O0O0O0OO0
o o o0 0 O o0 0 0O0O0O0O0OO
1 -1/200 0 0 0O 0O 0O0O0OO0OGO0OO
o 0 o0 o0 O 0 0 10O0O0O0O
Zuy o o o o0 0 O o0 0 010000
o o o0 0 O o0 0 0O01O0O00O0
o o o0 0 -1 0 0 0O0O0O0OO0OO
o o o0 0 O -1 0 0O0O0O0O0O0
o 0 o0 o0 O 0 -1000O0O0O0O
o o o0 0 O o0 0 0O0O0O0OO0OO
o o o0 0 O o0 0 0O0O0O0O0OO0
o 0 o0 o o o0 0 O0O0O0OO0OGO0OTO

In particular, we notice that Z;5 acts on F 7 with eigenvalues

0,0,0,0,0,0, —i, —i, —i, +i, +i, +i, —2i, +2i.

The action of the other Z,s is computed similarly.
We find that p' has highest weight 2¢;, so we compare it with the irreducible repre-
sentation pog, of SO(5) of highest weight 2£;. Because pg, has also dimension 14,

there is no doubt that p = py,.
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10.2.6 Construction for the representation S©®? of S;

We start by giving an explicit description of the representation of Sy associated to
the partition (3, 3).

Let F be the Specht module S®3) . It follows from the Hook formula that F has
dimension five: filling up each box of the Young diagram 73 3 with the corresponding

hook length we obtain:

2 i 6!
W hence dim(F) = 55%-— =5.

We pick a basis of F consisting of standard polytabloids:'®

w—p( L35 wmor( 2[5

2 [4[6 3 [ 4]6

wmep( L2114 m—p| L3114

5 [ 6 5 | 6
wep(LL2]3
5 | 6

To describe the representation of Sg on F it is sufficient to explain how the transposi-

al a2 a3

ad ad ab
polytabloid P(T') is a linear combination of tabloids. More precisely:

15Recall that for any tableau T =

of shape (3,3), the corresponding

al a2 a3 _a4 a2 a3 _al ad a3 _al a2 ab
ad ab ab al a5 ab a4 a2 ab ad ab a3

P(T) =

ad ab a3 +a1 ab __ab +a4 a2 ab _a4 ad _ab
al a2 ab ad a2 a3 al ab a3 al a2 a3d.

We draw a tabloid using bars instead of boxes because the element of each row can be per-
muted without changing the tabloid. A polytabloid P(T) is called standard if the tableau T is
standard, i.e. if the rows and the columns of T" are both increasing. The standard polytabloids of
shape (3,3) form a basis of the Specht module S©3).

Also recall that the for any o in S©3) and all tableaux T, we define ¢ - P(T) = P(o - T), and the
tableau o - T is obtained from T by applying the permutation o to its entries.
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tions (12), (13), (14), (15), (16) act on F'. However, for the purpose of constructing
the extension F 7, it is convenient to have an explicit expression for the action of each

transposition o of Sg.

For all o, we give the matrix (w.r.t. the basis {vy, va, v3, vy, v5}) of the action of

o on F', and we list the corresponding (—1)-eigenvectors:

-1 -1 0 0 1

o 1 0 0 0
(—1)-eigenvectors:

V1, U4

(e
o
|
—_
|
—_
|
—_

(—1)-eigenvectors:
(13) = 0o 0 -1 -1 -1
U2, U3

(—1)-eigenvectors:

U5, V1 — Vg

-1 -1 -1
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o o O
o o o O

(—1)-eigenvectors:
U1 — VU3 + Us

V3 — Uy

(—1)-eigenvectors:
V1 — Vg + VU3 — Uy

V3 — Vs

(—1)-eigenvectors:

U3 — Vg, V1 — V2

(—1)-eigenvectors:

Vg, U1 — V4 + U5
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(34) =

(35) =

o o o O

(—1)-eigenvectors:

U3, Vs

(—1)-eigenvectors:

V1 — Vg + Us, Vg — U3

(—1)-eigenvectors:

U3 — U5, U1

(—1)-eigenvectors:

U1 — Vg + Vs, Uy



0 -1 0 1 0
0 1 0 0 0

B36)=10 0 1 0 0 (—1)-eigenvectors:
1 1 0O 0 0 U1 — V4, Us
0 -1 -1 0 -1
0001 1
0010 O

45 =10100 0 (—1)-eigenvectors:
10 0 0 —1 U1 — VU4, U2 — U3
0000 1

(—1)-eigenvectors:
46)=| 0 -1 -1 0 -1
U3, V4

(—1)-eigenvectors:
G6)=] 0o 0o 1 0 o0
U1, U2

Now that the structure of F = S3) is understood, we proceed to the construction

of the extension F7;. The first step is to add all the strings of length one. Since we
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have 15 transpositions and each of them has two (—1)-eigenvectors, there is a total

of 30 strings of length one. They are:

21901 21302 21405

21904 21303 Zl4(U1 - Uz)

Za3(vy — vg) Zy6(vg — v3) Zy5(v1 — v3 + vg)

Z15(vs — vg) Zy3(v3 — vy) Z16(v1 — va + vg — vg)
Za503 Zye(v2 — v3) Zy4(v1 — vy + v5)

Zi2 402 Z2 505 Zy6(v1 — vz + vs)
Z3401 Z36(v1 — v4) Zy5(v1 — v + vs)
Z3504 Z34(v3 — vs) Z36Us

Z46V3 Z46V4 Zys(v1 — vy)

Z5602 Zs5601 Zy5(v1 — va).

Claim 11. The 30 strings of length one are linearly independent..

Proof. This is very easy, because a string S = Z,v (of length one) is included in a
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relation only if there exists a triple of roots {«, (3, v}, forming an A, such that
Oa-Zyv=—2Zw 04 Zw=+Zyw 0 Zw=+Z0

and og- Z,v # £(Z,w), oy Z,w # £(Z,v). Suppose that all these assumption are
satisfied by a triple o, 3, . Then, because Z,v is a (—1)-eigenvector of o,, the root
« is either equal to p or orthogonal to it. If & = u, then # does not commute with p,

and we reach a contradiction:
Ué ) (Zuv) = (—Z#)(—G—’U) = T 4.

If « is orthogonal to p and (3 is not orthogonal to u, then again we reach a contradic-
tion. Finally we discuss the case in which «, § (and of course also 7) are orthogonal

to p. Because
op - (Zuv) = Zyu(op - v) 0y - (Zuv) = Zu(oy - v)

the relation “Z,v 4+ 05 - (Z,v) + 0 - (Z,v) = 07 is just linearity. Again, we do not

obtain a linear dependence condition on the string Z,v. O]

The first step of the construction of F}; is now complete. So far we have obtained
an extension of dimension 35. The second step consists of adding strings of pairs of
orthogonal roots “Z,Zzv” (with o L § and o, -v = 05-v = —v). Writing o = ¢; —¢;
and [ = €, — ¢, the problem is reduced to finding simultaneous (—1)-eigenvectors for
the disjoint transpositions (i j), (k1).

6

These are all the possible simultaneous (—1)-eigenvectors for disjoint transpositions:!

—1 eigenvector

PR T S (12), (34), (56)

6The arrow joins a vector v to a group of disjoint transpositions that acts by (—1) on v.
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o Uy oo > (13), (24), (56)

o vy oo > (13), (25), (46)
o v - > (12), (46), (35)

o us oo > (14), (25), (36)

o (v —wy) - 2T (23), (14), (56)

o (U3— 1) ~- - > (23), (15), (46)

o (U5—5) ~- - > (16), (34), (25)

o (U —wg) ~ - - > (12), (36), (45)

o (Uy—3) ~- - > (26), (13), (45)

o« (i —uvg+us) 20T (15), (34), (26)

o (U1 —vs+v5) - > (24), (36), (15)

o (U — vyt vs) - > (14), (26), (35)

o (U1 —vstus—vy) 2T (16), (23), (45)

o (Vg —Vg—UgFU5) ------- > (16), (24), (35)

We obtain a total of 45 strings of length two:

21973401 21975601 L34 75601
21322402 213256U2 Z24256U2
21345503 Z13246V3 Zo5246U3
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21924604

21449505

Z 4223(U1 - U2)

Zy 5223(113 - 1)4)

Z 6234(U3 - U5)

Zy ZZBG(Ul - U4)

Zy 3Z26(U2 - Us)

Zy5Z56(v1 — v3 + v5)

Zy5Z94(v1 — Vg + U5)

Zy4Za6(v1 — Vg + v5)

Z1973504

21443605

Zy 4Z56(U1 - Uz)

Zy 5Z46(U3 - U4)

Z 6225(U3 - U5)

Zy 2Z45(’Ul - U4)

Zy 3Z45(U2 - U3)

Zh5Z34(v1 — U3 + U5)

Zy5Z36(v1 — Vg + U5)

Zy4Z35(v1 — Vg + Us)

23524604

Zy5 23605

Z23Z56(U1 - U2)

Ly 3Z46(U3 - U4)

Z34225(U3 - U5)

Z3 6Z45(U1 - 714)

Zy 6245(U2 - U3)

Zy6Z34(v1 — U3 + v5)

ZyaZs6(v1 — vy + v5)

Zy6Zs5(v1 — Vg + Us)

Zv6Z23(v1 — Vg + U3 — vg) Z16Z45(01 — Vo + U3 — vy)

Zy3Z45(v1 — Vg + U3 — vg) Z16Z24(01 — Vo — vy + v5)

Z16235(v1 — Vg — Vg + U5) LogZys(v1 — v2 — vy + U3).
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Hence, there are 30 linearly independent strings of length two.

Proof. A string S = Z,,,Z,,v (of length two) is included in a relation
S=o03-S4+0,-5 (%)
only if there exists a triple of roots {«, (3, v}, forming an A,, such that
On S =-S5 UZ-S:—FS ai-Sz—i—S

and og- S # £S5, 0,-5 # £5. Suppose that all these assumption are satisfied by
a triple o, 3, 7. Then, because S = Z,,Z,, v is a (—1)-eigenvector of o,, the root o
either belongs to the set {1, po} or it is orthogonal to it. We discuss the two cases
separately.

If &« = pq, then [ cannot be orthogonal to s (or we would have
058 =05 (ZaZuyv) = (= Za)(+Z,,0)(+v) = =8,

which is a contradiction). Therefore there exists a subset I = {iy, g, i3, i4} of
{1,..., 6} such that the roots o = s, 3, 7y, 2 can all be written in the form e, — ¢,

with k, [ in 1. It follows that the relation (x) is of the type

Z

€ig—Eig*

aZ

€iq —€iqg

Z5i3 —¢€;

Z

n +bZe €ig—€iy +CZE

i1 —€ig ip —€iyg

We have one such relation for each subset I = {iy, io, i3, i4} of {1,...,6}. It is
clear that different I's give rise to linearly independent relations, so we get a total of
15 = (i) relations of this type.

We now discuss the case in which « is orthogonal to both p; and ps, and show that

there are no other relations. Because ag - S =+5, the root 3 is either orthogonal to
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both iy and 9, or is not orthogonal to any of them. The latter case gives rise to a
contradiction, because it requires 3 to be of the form 4 (e — ¢;) with k an index of ji
and [ an index of uy, making ( orthogonal to a. Therefore we must assume that «,
(3 and ~y are all orthogonal to the set {y;, us}. In this case, the relation (x) becomes

Z

p1

Zyg (v) = Zyy Ly (Uﬁ ) + Zyy Ly (07 “v)

and it is just linearity. This concludes the proof. Il

The second step of the construction is now complete, and we have introduce 30
additional generators, increasing the dimension of the extension to 65. The next step
is to look at strings of length three (this will be of course the last step, because three
is the maximum number of disjoint transpositions in Sg).

We have already listed the possible simultaneous eigenvectors of disjoint transposi-

tions, so writing down the strings of length three is easy:

Z19234 205601 L1324 205602
213225 246V3 21923524604
ARVAYY AT 24793 756(v1 — Va)

ARYZ: 3Z46(U3 - U4)

Zy 3226Z45(’U2 - 713)

Zy5294256(v1 — v4 + Us5)

Z16234Z25(U3 - Us)

Zy5226234(v1 — v3 + Us)

Zy4Z96235(v1 — vy + vs5)
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Zy6Z232y5(v1 — Vo + U3 — V1)  Zi6Z24Z35(01 — V2 — Uy + U5)

Zy 2ZS6Z45(U1 - U4)-

Claim 13. There are 15 relations among the strings of length three, but only 10 of
them are linearly independent. Hence there is a total of 5 linearly independent strings

of length three.

Proof. We list the 15 relations, to prove that only 10 of them are linearly independent

is just a linear algebra exercise.

o 1943405601 = +Z23Z14Z56(Ul - Uz) — Z132494 75602

o /1903405601 = +212Z45Z3,6(U1 - U4) — 1923544604

o 190345601 = +Z25Z34216(US - U5) - Zl5Z34Z26(U1 —v3 + Us)

U9 055 04604 = +L15093246(V3 — V4) — Z13725 24603

o 719 Z352,6v4 = + 216455 224(01 — Vo — Vg + U5) — Zy14Z26Z35(v1 — v2 + U5)

o /130940560y = +Zl3ZQGZ45(U2 - Us) — 13249544603

o 713794 056v2 = + 21622423501 — Vg — U4 + U5) — Z15294236(v1 — U3 + Us)

o Z130y5 2063 = +Z16225234(V3 — U5) — Z14 22523605
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o 714 Z53756(v1 — v2) = +Z23245716(01 — Vo +v3 — Vg) — Z15Z95246(V3 — vy)

o U4 053756(v1 — Vo) = + 214035 %96(01 — Vo + V5) — Z14025 05605

o 715753746(vs —v4) = + 215254 726(v1 — U3 + v5) — Z15Z94736(v1 — Vg + U5)

o 714750565 = + 215294 736(01 — g+ U5) + Z19Z45736(v1 — y)

o Zy5Z34056(v1 — 3+ V5) = —Zy1 4235 226(01 — V2 + U5) + Z13245726(va — V3)

o [16295034(v3 — v5) = + 21642423501 — Vg — vy + U5)+

— 71622374501 — vy + V3 — vy4)

L4 ZI(SZ23Z46(UI — Uy + U3 — U4) = +ZISZ2(SZ45<U2 - U3) - Z12Z3GZ45(U1 - U4).

Notice that each relation is characterized by the presence of one repeated root. [

We conclude that the extension [ of F' has dimension equal to 70.

This is exactly what we expected. Indeed we should obtain

F[;/ = L(2€1 + ng + 283) D L(2€1 + 2202 — 263)

and the irreducible representations of SO(6) of highest weight 2e; 4+ 2¢, 4 25 have

both dimension equal to 35.
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10.2.7 Construction for the representation S©®? of S;

The Specht module S®?) of S5 is simply the restriction of the Specht module S©3)
of Sg to Ss. So the construction of the extension of S®2) follows directly from the

computations done for SG?% . We find that
o S32) has dimension 5.
o There are 20 strings of length one, and no relations among them.
o There are 15 strings of length two, and 5 relations among them.
o There are no strings of length three or more.
o The extension F; has dimension 35, and highest weight 2§ + 26s.

For dimensional reasons, p/ coincides with the irreducible representation of SO(5) of
highest weight 2&; + 2&s.

* Sk ok
We conclude our list of examples of construction of F . with a remark.

Remark. The algorithm described in chapter 9 extends every Weyl group represen-
tations p that does not include the sign of Sz, to a well defined representation of
Lie(K).

If we carry out the same construction for the sign representation of Ss, we obtain
a 4-dimensional extension that fails to be a Lie algebra representation, because the

bracket relations do not hold.

10.3 Extension of non-spherical representations

It is remarkable that our algorithm to construct petite K-types also works when

the representation p of M’ is not spherical (but still satisfies the requirement of not
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including the sign).
We will discuss this generalization in the next chapter. As an example, we construct

the extension for the two three dimensional irreducible representations 4 and vy of

M’ C SO(3).17

10.3.1 Construction for 1»

We can find a basis of F), ~ C? such that the action of M’ is given by:

0 0 -1

o~ | 0 -1 0 = (—1)-eigenvector: ey
1 0 0
0 -1 0

oz~ 1 0 0 = (—1)-eigenvector: e
0 0 -1
-1 0 0

093 ~ 0o 0 1 = (—1)-eigenvector: e;.
0 -1 0

Hence we obtain three strings of length one: Zjses, Zizes and Zsze;. There is

17Recall that 1 and v are the two irreducible summands of I nd%lél, where §; the character of M
that maps a diagonal matrix in SO(3) into its first diagonal entry. Alternatively, we can construct
v1 and vy by inducing to M’ respectively the trivial and the sign representation of the subgroup H;
of M’ defined as follows:
let a1 = 19 —e3 be the only good root for §; (the attribute “good” refers to the fact that d;(mq,) =
Identity), and let W be the subgroup of the Weyl group generated by the root reflection s,,. Let
m: M’ — W = M'/M be the projection. We define H; to be the inverse image of W via 7.
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one relation among the one-strings, given by:

Zygey = 013 - (Z12€2) + 023 - (Z12€2) & Zises = —Zager + Zyzes.

We also notice that there are no strings of length two, because there is no pair of
orthogonal roots in As. The extension F' v 1s therefore five-dimensional. With respect

to the basis {61, €9, €3, 21262, 22361}, we can write
o Zip-ep=012-€ =e€3
o Zip-e3 = Zi2e
o Zip-e3 =013 €3 =—€;
o 7y (Z1262) = —4ey

o /- (22361) = %Zm : (Z23€1 — 012" (Z23€1)) =

_1 _1 _
= 5212 (Zaser — Zizes) = 5212 - (—Zi2e2) = +2e2
® Z13-€1=013"€ = €

o Z13-€3 =013 €= —€]

o /13- e3 = Zize3 = Ligey + Lazey

o /13- (21262) = %le ’ (Z12€2 — 013 (21262)) =

- %le ’ (Z1262 + Z2361) - %Zl3 . (21363) = _263

o /13- (Z23€1) = %Z13 ) (22361 — 013" (Z23€1)) =

= 1213 . (22361 + ZlQ@Q) = %Zl?) . (21363) e _263

)
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o Zy3-e1 = Zyey
® Zy3- €9 =093 €y = —€3
[ ) 223‘632023‘63:+€2

o Zy3- (21262) = %ZQ?) ’ (Z12€2 — 023 ° (21262)) =

= 1703 - (Z1a€y — Zhzes) = 5713 - (—Zaser) = +2e;
o Uz (Zazer) = —dey.

We obtain the matrices:

Zig ~ 1 0 O 0 O

Zig ~ O 0 0 —2 =2
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0 0 0 2 —4

0 0 10 O
Zogg~> | 0 -1 00 0
0 0 00 O
10 00 0

It is easy to check that:
o the bracket relations hold
o each Z, acts with eigenvalues 0, 47, £2i

o F has highest weight 2¢;, and for dimensional reasons, it coincides with the

irreducible representation of SO(3) with highest weight 2¢;, which is H,.'®

10.3.2 Construction for 14

The construction for v is trivial. We can find a basis of F,, ~ C3 such that the

action of M’ is given by:

(e
(e
|
—_

012 ~ 01 0

—_
o
S

@)
|

—_

(@)

013 ~> 1 0 O

(@]
(e
—_

18We have denoted by Hs the representation of SO(3) on the space of homogeneous harmonic
polynomials of degree two in three variables.
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1 0 O
023 ~ 0 0 -1

01 O

For each positive root «, o, acts with eigenvalues 1, +i, —i. So there are no strings
at all, and F 5 = I, By definition, each Z, acts by 0, +i, —i on the eigenspace of o,

of eigenvalue 1, +7, —1, so we find:

e}

0 —1
Lig ~ 00 0

—_

0 O

o

-1 0
Lz ~ 1 0 O

e}

0 0

]
]
(]

Zaz~ 1 0 0 —1

(e
—_
o

It is easy to check that F}; has highest weight &, and for dimensional reasons, it
coincides with the irreducible representation of SO(3) of highest weight &;, which is
H;.
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Chapter 11

A generalization to the

non-spherical case

Let G be the group SL(n, R), and let (p, F,) be any representation of M’ that does
not contain the sign of W(SL(3)).! Tt is possible to extended p to a petite K-type

using “almost” the same construction outlined in chapter 9.

Delicate Point. If p is reducible, or p is not a Weyl group representation, M does

not necessarily act by 1 on strings.

Let S = Z,,...Zyv be a string, i.e. let aj,..., o be mutually orthogonal
positive roots and let v € F), be a simultaneous (—1)-eigenvector of o,,, ..., 0,,. For

r

every positive root 3, we have

05 (Zay -+ Zay¥) = Zoy - - - Za, (05 - V).
N———

N——
=tZa; Loy —2

Because (07 - v) might not be a multiple of v, 03 - S might be different from +5.

How do we overcome this difficulty?

'We do not require p to be irreducible, nor to be a Weyl group representation.
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Consider the elements v* = (v + 03 -v) and v~ = (v — 03 - v). They belong to
F,, and they clearly satisfy the condition o3 - (v*=) = £(v*). We claim that v* and
v~ are again simultaneous (—1)-eigenvectors of o4, ..., 0a,.
If 3 is orthogonal to the ays, this claim is obvious, because 04, - (03-v) = 05 (04, -v) =

—a% -v. Let us show that the same results holds when 3 is not orthogonal to one of

the roots, say to ;. Let 3; be a positive root such that the set

{:l:ﬁ, :i:Odj, :i:ﬁ]}

is a root system of type Ajz. The elements o3, aij,

oj, of M are all of order two, they

commute and their product equals the identity. Therefore, we can write:

oy (05 0) = (00,050,}) - (00, - v) = 05" v =

= —05 v =—(030;, V) = —05 0.
It follows that o, - (vF) = —(v*), for all j = 1...7. Hence, the strings Z,, ... Za,v"

and Zg, ... Z, v~ are well defined. By linearity:

Loy oo Lo, U =

1

This shows that any string S that does not satisfy the condition ag -S =485, can be
decomposed as a linear combination of strings on which ag acts by +1. Therefore, a
generalization of the construction of p/ is possible, and it is fairly easy.

We follows exactly the same steps. The only elements of difference are the following:

1. When looking for copies of the sign representation of Sz inside F,, we also
need to check the case in which a string S does not generate a one-dimensional

irreducible representation of M, g .
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2. When defining the action of Z, on F),, we also need to consider the (£1i)-

eigenspace of o,.

3. When defining the action of Z, on a string S, we also need to contemplate the

option 02 - S # +8S.

4. When checking the bracket relations, there are more cases to be considered.

We discuss each of these points separately.

(1) If S=Z,,...Z,,v does not generate a one-dimensional irreducible represen-

tation of M, s (i.e. if the subspace Cv of F} is not stable under M, 3), then we

consider the vectors:
vo =0+ 0% v+ 03

2

vlzv—i-oi-v—aﬂ-

2

vgzx—oa-v—kag-

2 2

U3 =T — 0, V=0

U+ 0

v+ 05

=N

which do have this property.?

.U’

Because v; is a (—1)-eigenvectors of o, for all

j=1...,randalle=1,..., 4, we obtain a decomposition of S = Z,, ... Z,,v as a

linear combination of strings that generate one-dimensional representations of M, s, :

Za1 Ce Zar’U = %(Zal c. ZaTU0> —+ %L(ZCH Ce ZaTU1)+

+%<Za1 . ZQTUQ) + zl;(ZOél e Zarl):g).

2For instance, we have:

Oo- (V1) =00 ((v—0F-v)+ 0% (v—05-v))=+v

ag-(vl):aa~((v+oi-v)—a%'(v—l—ai'v)):—vl

00 (01) =0a- (v +02-0) 0

(v + 02 v)) = —v1.
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For each of these strings, the same arguments used in chapter 10 apply, and show

that the extension p’ only contains sign representations of type (a), (b) or (c¢).3

Hence we can remove every copy of the sign representation from p’ by imposing
relations of the form

S=o05-S+0,-5 (%)

for all the strings S such that o, - S = —S and ag - S =45.

(2) We let Z, act on the (£ 1i)-eigenspace of o, by Z,-v =0, - v.

(3) If 02 does not act by +1 on a string S = Z,, ... Z,,v, we write

Zao

1o

the action of Z, on these two strings is well defined. Then we set

T (Zay oo Zay0) = Zo - (Zay o Za 0 + Za (Zay . Ty 07 ).

(4) Basically, we need to check that the bracket relations hold for the extensions
of the two irreducible non-spherical representations of M’ C SL(3). Please, refer to

chapter 10 for an explicit construction of these extensions.

3Please, refer to 9.4.3 for this terminology.
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11.1 An inductive argument for the construction

The generalization of the algorithm to non-spherical representations of M’ leads to
an inductive argument for the construction of petite K-types.

Let p be any representation of M’ that does not contain the sign of S3. We can
construct the extension p' by induction. The first step consists of adding to F » the
linear span of all the strings of the form Z,v, where v is a positive root and v is a
(—1)-eigenvector of o,.

We define an action of M’ on strings by
0 - (Zw) = (Ad(0)(Z,))(0 - v)

and we impose two kinds of relations:

o 7, (a1vy + agvy) = a1 Z,v1 + a9 2,09 “linearity relations”

for all a1, az in C, and all (—1)-eigenvectors vy, v2 of 0, in F,

o Z,v=o0p-(Z,v)+ 0, (Z,0) “(%)-relations”
for all triples of positive roots «, (3, v forming an A,, such that o, - (Z,v) =

—(Zyw) and o3 - (Z,v) = +(Z,v).

When «, 3 and 7 are all orthogonal to v, a (%)-relation is just a linearity relation.?

So we can as well assume that v / {a, 3, 7v}. Then the condition
0o (Z0) = =(Zv) = =05 - (Zv)

can only occur if
oa=voralv; (L (soautomatically v [ v)
and
0 04 v =—v; 05-v=—v (so automatically o2 - v = —v).

The representation of M’ on F, & Span(strings) descends to a representation g; on

“Because v, 03 - v and o, - v are all (—1)-eigenvectors of .
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the quotient space

F, ® Span(strings)
Fﬁ1 = .

~

We notice that, for any positive root v, the (—1)-eigenvectors of o, in Fj;, are either
(—1)-eigenvectors of g, in F, or equivalence classes of strings of the form Z,v with
vel, 0, -v=0,-v=—vand « either equal to v or orthogonal to it.

By construction, p; does not contain any sign representation of S3, so we can iterate
this construction. It is at this stage that the real induction begins, because all the

next steps resemble the second one.

We add to Fj;, the linear span of all the strings of the form Z,v, with v a (—1)-
eigenvector of o, in Fj;,”> and we extend the action of M’ in the obvious way.

At this stage (and in all the following ones), we impose four kinds of relations:

o 7, (a1vy + agvy) = a1 Z,v1 + a9 2,09 “linearity relations”

for all a;, as in C, and all (—1)-eigenvectors vy, v of o, in F;

o 7, Ly = Ly v “commutativity relations”
for all mutually orthogonal positive roots vy, 5 and all simultaneous (—1)-

eigenvectors of 0,,, 0, in F);

o 7,7, v=—4v “no-repetitions relations”

for all positive roots v and all (—1)-eigenvectors of o, in F);

o Z,v=o0p-(Zv)+ 0, (Z0) “(%)-relations”
for all positive roots v, all (—1)-eigenvectors v of o, in Fj;,, and all triples of

positive roots «, 3, v forming an A,, such that

oa=voralv;f)Lv(soautomatically v [ v)

and

*Equivalently, we add to Fj, strings of the form (Z,, Z,,u), with v in F,, 0,, -u=0,, -u=—u
and either v1 =15 or v L vs.
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0 04V = —v; 05-v=—v (s0 automatically o2 - v = —v).

The representation of M’ on Fj; @ Span(strings) descends to a representation g on

the quotient space
Fj; @ Span(strings)

Ff72:

~Y

We notice that Fj;, the (—1)-eigenvectors of o, in F};, are either (—1)-eigenvectors of o,
in F};, or equivalence classes of strings of the form Z,v withv € Fj,, 0,-v = 04-v = —v
and « either equal to v or orthogonal to it.

By construction, ps does not contain any sign representation of Ss, so we can iterate

this construction.

At the rth step, we obtain equivalence classes of strings of the form Z,, ... Z,,v
with v € F), 04, -0 = -+ = 0o, -0 = —v and [Z,,, Zo,] = 0 forall i, j =1...7.°
Using the “no-repetition” relations, we get rid of all the repetitions, so we are left
with strings that only involve mutually orthogonal roots. Hence, the construction

can be completed in finitely many steps.

This inductive construction of p/ has many advantages, for instance we only need

to define the action of Lie(K') on strings of length one

Zo - (Z0) =0 if 04 - (Z,v) =+(Z,v)
Zo - (Z0) = ZoZyv if 0, (Z,0) =—(Z,0)
Zo (Z) =04 (Zw) if 62 (Z0) = —(Z,v).

[0

Notice that the definition of the action of Z, on the (—1)-eigenspace of o, is simplified

by the fact that strings of repeated roots are allowed.”

6This condition means that either o = ag or ag L as.
"This definition is consistent with the one given for Weyl group representations, because by the
“no-repetitions” relations Z, - (Zy) = 0424 = —4v.
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11.2 Suggestions for further generalizations

Our method for constructing petite K-types appears to be generalizable to other split
semi-simple Lie groups, other than SL(n), whose root system admits one root length.
As seen in chapter 9, this assumption guarantees that we can annihilate every copy
of the sign representation of F}, by imposing the (x)-equivalence relations. Extending
this construction to other groups accounts to verifying that the bracket relations hold,
and this problem can be solved by working out some small rank examples.

As p varies in the set of Weyl group representations that do not contain the sign of
S3, the output will be a list of petite K-types on which the intertwining operator for
a spherical principal series can be tested by means of Weyl group computations. In
other words, it is a list of K-types on which we should be able to explicitly calculate
the signature.

The final result will be a non-unitarity test for a spherical principal series for split

groups of type A, D, Eg, E7 and Eg.
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