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ABSTRACT. Skew products over a Bernoulli shift with a circle fiber are studied. We prove that in
the space of such products there exists a nonempty open set of mappings each of which possesses
an invariant ergodic measure with one of the Lyapunov exponents equal to zero. The conjecture
that the space of C?-diffeomorphisms of the 3-dimensional torus into itself has a similar property
is discussed.
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1. Introduction

To what extent is the behavior of a generic dynamical system hyperbolic?

A number of problems in modern theory of smooth dynamical systems can be viewed as some
forms of this question. It was shown in the 1960s that uniformly hyperbolic systems (Anosov
diffeomorphisms, Axiom A) are not dense in the space of dynamical systems [1]. This necessitated
weakening the notion of hyperbolicity. The notions of partial and (important here) nonuniform
hyperbolicity appeared (Pesin’s theory [2]). In Pesin’s theory, hyperbolic behavior is characterized
by nonzero Lyapunov exponents for some invariant measure. The most natural case is that of a
system with a smooth invariant measure. This case was studied in various aspects, for example,
in [3-7]. However, the question about Lyapunov exponents can also be considered for maps that
do not a priori have a natural invariant measure.

An invariant measure is said to be good if it can be obtained from Lebesgue measure by the
Krylov—Bogolyubov procedure.

Problem 1. Does a generic smooth dynamical system on a compact Riemannian manifold
have nonzero Lyapunov exponents for each good measure?

This problem (in a slightly different form) was posed by M. Shub and A. Wilkinson [6] in
connection with the question about existence of SRB-measures for a generic dynamical system and
is still open. Even if one removes any conditions on the invariant measures, the problem remains
open and meaningful.

Conjecture 1. In the space of diffeomorphisms of the three-dimensional torus, there exists
an open set of mapping having an ergodic invariant measure with one of the Lyapunov exponents
equal to zero.

This conjecture suggests that the answer in Problem 1 may be negative, although the conjecture
and the problem are very far from each other.

We intend to present the proof of the conjecture in a series of papers, where M. Nalsky is the
main author. The present paper is the first paper in the series.
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2. Main Results

The following theorem is the main result of the paper.
Consider the Bernoulli shift o: ¥? — ¥? on the space of two-way sequences of zeros and ones.
Let

fizSt =St j=01, (1)
be two diffeomorphisms of a circle. We set M = %2 x S'. Consider the step skew product
F: M — M, (w,x) = (ow, fu,(2)). (2)

We use the term “step skew product” since the map on a fiber depends only on the zeroth element
of the corresponding sequence in the base and hence resembles a step function on 2.

Theorem 1. In the space (Diff!(S"))? of pairs of diffeomorphisms of the circle equipped with
the C'-topology, there exists an open set U such that for each pair in U the corresponding step
skew product (2) has an invariant ergodic measure with zero Lyapunov exponent along the fiber.

The definition of Lyapunov exponent along the fiber for the map (2) is given at the beginning
of Sec. 4.
Theorem 1 follows from Theorems 2 and 3.

Theorem 2. Consider the set of pairs of mappings (1) such that
(i) the action of the semigroup G™(fo, f1) generated by the diffeomorphisms fo and fi is min-
imal; that is, each orbit is dense in S*;
(ii) for each point x € S', there exists a j € {0,1} such that |fi(z)] > 1
(iii) there exists a diffeomorphism f € GT(fo, f1) with a hyperbolic attracting periodic point.
Then the corresponding step skew product (2) has an ergodic invariant measure with zero Lya-
punov exponent along the fiber.

Remark 1. It follows from an analysis of the proofs and some considerations like the compact-
ness of the circle that one can weaken condition (ii) in the following way:
(ii’) for each point = € S*, there exists an element g € G (fo, f1) such that

|g'(z)] > 1.
Supplement to Theorem 2. The measure in Theorem 2 can be taken to be nonatomic.

Theorem 3. The space (Diff*(S))? contains a nonempty open subset of pairs possessing prop-
erties (1), (i), and (iii).

We intend to derive the conjecture stated above from Theorem 1 in the following way.

Each system F' of the form (2) in Theorem 1 admits a “smooth realization” in the sense
of [10]. Namely, there exists a smooth self-map .# of the three-dimensional torus with an invariant
partially hyperbolic set A foliated by circles such that the following holds. The restriction of .#
to A is topologically conjugated to F', and the restriction of the conjugacy to each central fiber
is a smooth map. A small perturbation of .# has an invariant set homeomorphic to A (see [8]).
In a subsequent paper, which is now in preparation, we intend to prove that the conjecture holds
for all maps in a small neighborhood of .%#. Note that for the complete realization of this program
one should take an initial map .% of class C? and consider a C2-small neighborhood of .%. In the
present paper, we consider a C'-map F and a C'-neighborhood in the space of step skew products.

This plan essentially uses the approach in [9-11] and is a continuation of these studies.

3. The Structure of the Paper

To prove Theorem 2, we construct the desired measure as a limit of invariant measures that are
uniformly distributed on periodic orbits and whose Lyapunov exponents tend to zero. Moreover,
these periodic orbits will be in some sense “similar” to each other.

The idea is realized as follows. In Sec. 4, we show that if the limit of a sequence of ergodic
measures is ergodic, then the Lyapunov exponent along the fiber for the limit measure is the
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limit of Lyapunov exponents for the terms of the sequence. In Sec. 5, sufficient conditions for the
ergodicity of the limit measure are given. (One of the authors has been inspired by the idea, due
to Katok and Stepin, of approximating ergodic systems by periodic systems; the paper [17] has
influenced the content of Sec. 5 most substantially.) Section 6 describes how, given a periodic orbit,
to construct another periodic orbit sufficiently similar to the original orbit but with larger period
and smaller absolute value of the Lyapunov exponent. After that, in Sec. 7, we construct the desired
sequence of periodic orbits and verify that it satisfies the sufficient conditions for the ergodicity of
the limit measure. This proves Theorem 2.

Moreover, in Sec. 8 we prove the Supplement to Theorem 2, which claims that the measure
found in the theorem is nonatomic.

Finally, in Sec. 9 we give an example of a C'-open set of pairs of diffeomorphisms satisfying
Theorem 2. This proves Theorem 3.

4. Ergodicity and Lyapunov exponents

Definition 1. Let F' be a skew product of the form (2).
The Lyapunov exponent along the fiber at a point (w,x) is the following number (defined at
the points where the limit exists):

.1
X(w,) = 1 I (fu, o funy o o o fug) (@),

If the map F' has an ergodic probability measure v, then for v-almost all points the Lyapunov
exponent along the fiber is well defined and independent of the point. In this case, the function
Aé(w, x) is a constant on a set of v-full measure and one can speak of the Lyapunov exponent along
the fiber with respect to the measure v. (We denote it by A¢(v).)

When speaking of convergence of measures, we always mean *-weak convergence: (i, converges
to p if

/god,un—>/g0du as n — 0o
for each continuous function ¢.
Lemma 1. Let p, and p be ergodic probability measures for the skew product F', and let
fn — b as n— 00. Then X(pn) — A°(n).

Proof. By definition, the Lyapunov exponent along the fiber at a point x is the time average of
the function ¢ = In(90F/dz) at x. It follows from the ergodicity of the measures p,, (respectively, p)
that this time average is equal to the space average of ¢ with respect to the corresponding measure
for p,- (respectively, u-)almost every point. The function ¢ is continuous. Since p,, — p *-weakly,
we have

A°(kin) :/sodun — /wdu: A°(p).-

5. Sufficient Conditions for Ergodicity
Let G be an arbitrary continuous self-map of a metric compact space Q). Let X,, be periodic
orbits of G, P, their periods, and u, atomic measures uniformly distributed on the respective X, .

Definition 2. The n-measure of a point xg is the atomic measure uniformly distributed on n
successive iterations of zg under G:

n—1
1
Vn(xO) = n E 5Gi(w0)’
1=0

where §,, is the d-measure supported at a point .

Proposition 1. The ergodicity of a measure p is equivalent to the x-weak convergence of the
n-measures of p-almost all points to .



Proof. By definition of the n-measure, we have

Vo € C(Q), z0 € Q /sodvnxo) ®n(@0) Zs@oGvao

It follows that the convergence of the n-measures to p is equ1valent to the convergence of the
partial time averages %, (zo) to the space average @ := [ ¢ du. The latter convergence on a set of
full p-measure is just the ergodicity of p. O

The following lemma is a key point in the proof of the ergodicity of the limit measure.

Lemma 2. Let G be a continuous self-map of a compact metric set Q, let {X,} be a sequence
of periodic orbits with increasing periods Py, let u, be atomic probability measures uniformly dis-
tributed on the respective orbits, and let p be a limit point of the sequence {i}.

Suppose that for each continuous function ¢ on @ and each € > 0 there exists an N =
N(e,p) € N such that for each m > N there exists a subset Xy, C X, satisfying the follow-
ing conditions:

(1) pm(Xme) >1—¢;

(2) for each n such that m >n > N and for all x € Xmg, one has

‘/@dVPn(@—/sodun <e

Remark 2. In Secs. 6 and 7, for a skew product F' satisfying the assumptions of Theorem 2 we
construct periodic orbits that satisfy the assumptions of Lemma 2 and whose Lyapunov exponents
along the fiber tend to zero. Lemma 2 implies the ergodicity of a limit measure for the sequence
of measures uniformly distributed on these periodic orbits. Lemma 1 implies that the Lyapunov
exponent along the fiber for the map F with respect to the limit measure is zero. This will prove
Theorem 2.

Then the measure u is ergodic.

Proof of Lemma 2. By passing to a subsequence, we can assume without loss of generality
that p is the limit of gy, .

By Proposition 1, the ergodicity of u is equivalent to the x-weak convergence of the measures
vn(z) to . Therefore, we need to prove the existence of a set X of full y-measure such that

VoeC(Q), z€X wvp(z) —>p asn— oo.

The following auxiliary statement holds [13].

Proposition 2. Let p,, — p, and let Yy, be p, -measurable sets. Consider the upper topological
limit

Y :=limtopY,, = {y | Im; — o0, yi € Yon,: vi — y}.
m—0o0

Then p(Y) = limy,— oot (Yom) -

We take arbitrary ¢ € C(Q) and € > 0 and choose an n > N (e, ¢). Consider the set

)?E = lim top )N(mﬁ,
m—00
By Proposition 2, ,LL()N(E) >1—e.
By the definition of X, for each x € X, there exists a sequence x,,, € X,,, . that converges
to x. Hence for each n > N we have

‘ [etv @)~ [ v, (on)

provided that m; is sufficiently large, since G is continuous and )~(E is compact.
The assumptions of the lemma imply that

<e (3)




\ [odvn,ton)— [ odm| < (4)
for m; > n.

Since p, — u, we have, for sufficiently large n,

/@dun—/¢du‘<6- (5)
By combining (3)—(5), we obtain

/godl/pn(a?) _ /god,u’ < 3. (6)

We proved that for arbitrary ¢ and € and for all x € )N(E the sequence of partial time averages
P (z) has countably many elements pp (x) in the (3¢)-neighborhood of the space average @ :=
[edp.

By the Birkhoff-Khinchin theorem, there exists a set Y of full yp-measure such that the time
averages for ¢ converge for all points in Y.

Therefore, the time averages are (3e)-close to the space average on the set Y. := Y N )Z'E,
pu(Ye) > 1 — ¢, for arbitrary e. Let
oo
X = ﬂ U Y..

k=le<1/k

The set X is of full measure. By (6), the time averages on X are arbitrarily close to the space
averages and hence coincide with the latter. This proves the ergodicity of pu. O

6. Main Lemma

Let fp and f; be diffeomorphisms of a circle. We denote the semigroup generated by these
diffeomorphisms by G (fo, f1)-

The following two propositions readily follow from the compactness of a circle.

Proposition 3. If the semigroup G (fo, f1) acts minimally (that is, each orbit is dense in S'),
then for each interval J on the circle there exist K = K(J) and 69 = do(J) > 0 such that every
interval I of length less than &g can be taken into J by some composition of at most K maps fy
and fi.

Proposition 4. Suppose that for each x € S* there exists an i such that fl(z) > 1. Then there
exist v > 1 and 01 > 0 such that for each interval I of length less than 61 on the circle we have

Veel: fi(z)>v

for one of the maps f;.
We set
L = maxmax | fi(z
ax ma | (o)

Definition 3. Let X be a P-periodic orbit of a map F', and let £ > 0. A point y is said to be
(e, P)-good for X if there exists an x € X such that

Vk=0,1,...,P—1 dist(FF(z), F*(y)) < e.

Lemma 3. Suppose that a skew product F of the form (2) satisfies the assumptions of Theo-
rem 2. Let X be an arbitrary P-periodic orbit of F with multiplier o along the fiber, 0 < a < 1.
Suppose that A == (Ina)/P < 0.

Then for each € > 0 there exists a periodic orbit Y of F of period P' > 2P and with Lyapunov
exponent X' < 0 along the fiber such that the following conditions hold:

(1) [N <A1 = (Inv)/(2In L));

(2) there exist Y CY and a projection 7: Y — X such that



(a) all points of Y are (¢, P)-good for X, and one can take x = m(y) in Definition 3;
(b) the fraction s := #Y/#Y of points where 7 is defined can be estimated as
2|\l
21—
g L
(c) the cardinality of m—'(z) is the same for all x € X .

Proof. A periodic orbit of a skew product is determined by its initial point (w, ), where z € S!
and w € ¥? is a periodic sequence: w = ...www... = (w), where w = (wp...w,_1) is a finite
Zero-one sequence.

Given an orbit X with initial point (w,z) = ((w),z), we seek Y as an orbit with initial point
(W', 2") = ((w'),2’), where

w = kale =w...wR1Rs.
k times

Here k is a large positive integer to be chosen later, w, w’, Ry and Ry are finite words, and
z,z' e St

We set

Ty = fwn71 °© fwn72 ©...0 fwov

where w is a word of length n.

Let € > 0. We take constants a_ and a sufficiently close to o such that 0 < a_ < a < ay < 1.
The choice will be specified below (see inequality (8)). There exists an interval J that contains x,
does not contain any other fixed points of T},, and satisfies the condition

VeeJ a_<T,(z)<a; and LF|J|<e. (7)

w

Then
VE Ty (J)| < o] J].
We take K(J) and dg(J) as in Proposition 3 and v and §; as in Proposition 4. Note that v
and §; are independent of X.
Set ¢ = min(do(.J), &y, |J| LK),
Let » = r(k) be a positive integer such that

% <ot M) < 5.

(Such a number necessarily exists provided that k is sufficiently large.)

By Proposition 4, there exists a composition of r(k) maps f; (we consider the first map on
the interval T, x(J) and each successive map on the range of its predecessor) such that each map
expands at least by a factor of v at each point of the respective interval. We denote the word
corresponding to this composition by R;. Let I = Tg, o T,x(J). Then

|I’ << 50(J)

By the definition of d¢(J), there exists a word Ra, |R2| < K(J), such that Tg,(I) C J.
The derivative T, satisfies the estimate

T, <ok Lr W LK < &LK <1
on the interval J.
The map T, is a contraction on J and takes J into itself; hence it has a unique fixed point
2’ € J. The orbit Y = Y (k) with initial point (&', 2") = ((w'),2’) is completely determined for
each sufficiently large k. Let us estimate the Lyapunov exponent along the fiber of F' at 2’ from
below.
There exists a constant C; = C1(w, J) such that

1T, > Cy(w, J)a* 7 *)



on J. By the definition of r(k), there exists a constant Cy = Ca(w, J) such that

! —(=kInas + Ca(w, J));

v > 0T

therefore,

InT,,(z') > klna_ +r(k)Inv + Cs(w, J) > k(lna_ - llLlnajL) + Cy(w, J).

Now let us specify the choice of o and a,. They are taken to be so close to a that the
following inequality holds:

| Inv <1 1 Inv (8)
RO T Y T 15w )
By substituting (8) into the preceding estimate, we obtain
Inv
InT', >kl 1—— .
nT,, >k na( 1.5lnL> + Cy(w, J)
The Lyapunov exponent of the orbit Y (k) can be estimated as follows:
InT!,(z") klna(l — B2 ) + Cy(w, J) Inv 1
MY (k) = w > L5lnL L= MX) (1= —— ) +0O[ ).
V) = o+ & kP O - 3wz) 7O

Set A := A(X) and X := A\(Y(k)). Then

Inv
/> o
A /)\<1 21nL>

for sufficiently large k. This proves the first assertion of Lemma 3. Let us prove the second assertion.
Let us define the set Y and the projection 7. Let M = M(e,w) be the minimum positive
integer such that 2=M* < e, For k > M, we set

Y = {F/(,2') | MP <j < (k— M —1)P}.
Note that Y is contained in the set of first kP iterations of (o', z’).
We define the projection 7 : Y — X as follows:
m(FI (W, 1)) = FP(w,z),

where p is the residue of division of j by P. Obviously, the number of points in 7—%(@,%) is
independent of (@, ) and is equal to (k — 2M — 1). Thus assertion 2(c) of the lemma holds.

Proposition 5. All the points in Y are (2¢, P)-good for X.

Proof. Let us estimate the distance in the base first. By the choice of M, the distance between
»2-coordinates of the points § € Y and 7(fj) € X is not greater than e.

Now let us estimate the distance along the fiber. The image of x’ after Pl iterations, 0 <1 < k,
is contained in J. We denote this image by z]. The interval J was chosen in such a way (see (7))
that after ¢ iterations, 0 <t < P, the points « and ] cannot diverge by a distance greater that e.

Therefore, the orbits of z and 2’ for the first kP iterations diverge along the fiber by a distance
less than e. _

Hence the first P iterations of j € Y and m(§) diverge in X2 x S! by a distance less than 2¢.
This proves assertion 2(a) of Lemma 3. O

Let us estimate the fraction of points of Y that are not good for X.

1_#}7_(2M—1)P+T+K<CG(w,J,e)+r<C’7(w,J,e) —klna A (1
#Y kP+r+ K h kP S kP kPlnL  InL k)
This implies assertion (2b) of Lemma 3 for sufficiently large k. The other assertions of the
lemma have already been proved. O
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7. Construction of the Sequence of Periodic Orbits

Lemma 4. Suppose that the diffeomorphisms fo and f1 satisfy the assumptions of Theorem 2.
Then the skew product F' has a set of periodic orbits X,, such that

(1) the periods P, increase and tend to infinity;

(2) the Lyapunov exponents X, along the fiber are negative and tend to zero;

(3) the assumptions of Lemma 2 hold.

Proof. We take an arbitrary sequence ¢, such that » e, < oo. In Sec. 8, the choice of this
sequence will be subjected to an additional restriction that does not affect the argument in the
present section. As an attracting orbit X, along the fiber, we take the periodic orbit corresponding
to the hyperbolic attracting periodic point of the diffeomorphism f in condition (iii).

Using Lemma 3, we inductively construct a sequence of periodic orbits X, taking ¢ = ¢, at
each step. For this sequence, the periods tend to infinity and the Lyapunov exponents along the
fiber tend to zero exponentially.

Let us verify that the assumptions of Lemma 2 are satisfied. We take arbitrary € > 0 and

¢ € C(M). By Lemma 3, a sequence of projections 7, : X,,11 — X, is defined for our orbits such

that _
o o0
#Xn+1
H ny, = H > 0.
n=1 n=1 #Xn
(Indeed, the product is convergent, since 1 — 3, is not greater than 2|\,|/In L and hence is domi-

nated by a decreasing geometric progression.)
We take a 6 = (g, p) such that

ws(p) == sup |p(z) —@(y)| <e.
dist(z,y) <0

We take an N = N (e, ¢) such that

Zek < d(e,p) and H%k >1—e.
N N

Since the cardinality of the preimage of a point under the projections 7, is independent of the
point, it follows that the set X,,. C X,, where the total projection m,, v = Tp—10 -+ o7y is
defined contains most of the orbit X,,:

oy -1 00
B ]
== My, = H%k >1—e.
#Xm k=N N

We take arbitrary m and n, m > n > N(e,¢). On the set )?mvg, the total projection 7, , =
Tm—10 ... oy, is defined. All the points of the set X,,. C X,, are ((e, ), Py)-good for the
orbit X,. Hence for x € X,,, . we have

[ v @~ [ o,

All assumptions of Lemma 2 are satisfied. O

<ws(p) <e.

According to the remark in Sec. 5, this completely proves Theorem 2.

8. The Limit Measure is Nonatomic

In Sec. 7, we finished the proof of Theorem 2 by constructing an ergodic invariant measure
with zero central Lyapunov exponent. The Supplement to Theorem 2 claims that there exists a
nontrivial limit measure, that is, a measure not supported on a periodic orbit. Let us prove this.

Proof of the Supplement to Theorem 2. We retain the notation of the preceding section.

We take any point = € X,,. Note that in the &,1-neighborhood of x there are 3,11 Pl’ézl points of
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the orbit X, 4+1. The pypy1-measure of these points is s, 11 times less than the p,-measure of the
initial point; that is, after one step of the induction procedure the point “splits” into €,41 points
and the measure is multiplied by 2z,41. We obtain the following sequence of estimates:

tin41(Uz, 0 (%)) 2 stng1pn({2}),
Nn+2(U€n+2+€n+1($)) > %n+2ﬂn+1(Usn+1($)) > st 25t fin({2}),

and so on. By passing to the limit, we obtain

1T @) 2 [[ - tialz) > 0,
n+1

where by r, we denote the sum r, = > 72 416k~ Therefore, the p-measure of a closed ball of
radius r, centered at an arbitrary point of X,, is positive.

Note that we can define the sequence e, in Sec. 7 simultaneously with rather than before the
construction of the sequence of orbits X,, by choosing X,, depending on ¢, and €,41 depending
on X,,. Namely, let d,, be the minimum distance between two distinct points of X,,, and set €,11 =
(minj<, d;)/(3 - 2"). Then the series ) ey is convergent, and moreover, 1, = Y 27 e < dp/3.
Therefore, any two r,-balls with centers at distinct points of X, are disjoint. But the p-measure
of each of these balls is positive, and hence p cannot be supported at less than P,, points. On the
other hand, n is arbitrary, and the periods P, tend to infinity. Therefore, y cannot be supported
on a finite set. O

9. Proof of Theorem 3

The following result was established in [9, 10].

Theorem 4. Let fo be a map with exactly two fized points a and b such that fi(a) € (1,2) and
fo(b) € (1/2,1), and let fi be an irrational rotation of a circle. Then there exists a neighborhood

U c (Diff(S1))? of the pair (fo, f1) such that the semigroup G+(%,ﬁ) acts minimally for each

pair (fo, f1) € U.

We take arbitrary fo and f; satisfying the assumptions of Theorem 4. Let U be a neighborhood
of (fo, f1) in (Diff(S!))? where the action of every pair is minimal.

Let fo be a map close to f; such that fi(z) > 1 on the set I = {z € S' | fi(z) < 1}. By taking
f2 sufficiently close to f1, we can guarantee that (fo, f2) € U.

For the pair (fo, f2), properties (ii) and (iii) in Theorem 2 hold. But properties (ii) and (iii) are
C'-open, and therefore, there exists a neighborhood V' of the pair (fo, f2) such that every pair of
maps in V satisfies these conditions.

For each pair (gg, g1) in the set UNV, conditions (i), (ii) and (iii) hold. The proof of Theorem 3
is complete.
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