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ON SOME CLASSES OF NILPOTENT LEIBNIZ ALGEBRAS
Sh. A. Ayupov and B. A. Omirov UDC 512.554.38

This article is devoted to studying Leibniz algebras that were introduced in Loday’s articles [1, 2] as
a “noncommutative” analog of Lie algebras.

We define null-filiform algebras and study their properties. For Lie algebras, the notion of p-
filiform algebra makes sense for p > 1 [3] and looses sense for p = 0, since a Lie algebra has at least
two generators. In the case of Leibniz algebras, this notion is meaningful for p = 0; so the introduction
of null-filiform algebra is quite justified.

We study complex non-Lie filiform Leibniz algebras. In particular, we give some equivalent con-
ditions for a Leibniz algebra to be filiform and describe naturally graded complex Leibniz algebras.

§ 1. Description for the Irreducible Component of the Set of Nilpotent
Leibniz Algebras Containing an Algebra of Maximal Nilindex

DEFINITION 1. An algebra L over a field F'is a Leibniz algebra if the Leibniz identity

[z, [y, 2]] = [[z,y], 2] = [z, 2], 9]

holds for all z,y,z € L. Here | ,] is the multiplication in L.

Observe that if the identity [z, 2] = 0 holds in L then the Leibniz identity coincides with the Jacobi
identity. Thus, a Leibniz algebra is a “noncommutative” analog of a Lie algebra.

Given an arbitrary algebra L, define its lower central series

LW =pr, L0 = ).

DEFINITION 2. An algebra L is nilpotent if L™ = 0 for some n € N.
It is easy to see that the nilpotency class of an arbitrary n-dimensional nilpotent algebra is at
most n + 1.

DEFINITION 3. A Leibniz algebra L of dimension n is a null-filiform algebra if dim L' = (n+1)—1i,
1<1<n+1.

Clearly, the definition of a null-filiform algebra L amounts to requiring that L has a maximal
nilpotency class.

Lemma 1. In every null-filiform Leibniz algebra of dimension n, there is a basis with the following
multiplications:
(@i, 21) = @1 for 1 <i<mn—1, [x5,2;] =0 forj>2. (1)

PROOF. Let L be a null-filiform Leibniz algebra of dimension n and let {ej, e, ..., e,} be a basis
for L such that e € L'\ L? ex € L2\ L3,... e, € L" (such a basis can be chosen always). Since
ey € L2, for some elements asp, bop of L we have

ea = Y lagp,bay) = > afjles ej] = afyler, e1] + (%),
where (*) € L?; i.e., ea = ady[e1,e1] + (*). Notice that a?;[e1,e1] # 0 (otherwise es € L3). Similarly,

obtain
3 3
es =Y llazp, byl cas) = > adllei el ex] = oy ler, e], ea] + (%),
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where (**) € L%; i.e., e3 = a3y [[e1, e1], e1] + (**). Notice that a3, [[e1, e1], e1] # 0 (otherwise eg € L*).
Continuing likewise, we conclude that the elements

r1 = e1, T = [e1,e1], x3:=[[e1,e1],e1],...,xn = [[[e1,€1],€1],- .., €1]

differ from zero. It is easy to check that these elements are linearly independent. Hence, they constitute
a basis for L. Thus, [z;,21] = xj41 for 1 < < n— 1; moreover, [z;,z;] = 0 for j > 2. Indeed, if j = 2
then

(i, 22] = [i, [v1, 21]] = [[24, 21], 21] — [[3, 21], 1] = 0.

Assume this proven for j > 2. Validity for j + 1 follows then from the inductive hypothesis and
the equality

(i, i) = [2i, [2g, 21]] = ([, 25], 1] = [[wi, 1], 5] = 0.
The proof of the lemma is over.

Henceforth we denote the algebra with multiplication (1) by Lyg.
Take z € L\ [L, L]. For the nilpotent operator R, of right multiplication, define the decreasing

sequence C(z) = (ny1,ne,...,ny) that consists of the dimensions of the Jordan blocks of R,. Endow
the set of these sequences with the lexicographic order; i.e. C(z) = (ni,no,...,ng) < C(y) =
(m1,ma, ..., ms) means that there is an ¢ € N such that n; = m; for all j < ¢ and n; < m;.

DEFINITION 4. The sequence C(L) = max ¢\, C(x) is defined to be the characteristic se-
quence of the algebra L.

DEFINITION 5. The set Z(L) ={x € L: [y,z] =0 Vy € L} is the right annihilator of L.
EXAMPLE 1. Let L be an arbitrary algebra and C'(L) = (1,1,...,1). Then L is abelian.

EXAMPLE 2. Let L be an n-dimensional Leibniz algebra. By Lemma 1, L is a null-filiform algebra
if and only if C'(L) = (n,0).

Consider an arbitrary algebra L in the set of n-dimensional Leibniz algebras over a field F'.
Let {e1,e2,...,e,} be a basis for L. Then L is determined, up to isomorphism, by the multiplication
rule for the basis elements; namely,

n
[67;, 6]] = Z’}/’fjek>
k=1

where ’ij are the structure constants. Therefore, fixing a basis, we can regard each algebra of dimension

n over a field F as a point in the n3-dimensional space of structure constants endowed with the Zariski
topology. A change of the basis corresponds to a natural action of the group GL,,(F') over F’; the orbit
of a point under this action is the set of all isomorphic algebras.

Let J,(F) be the set of structure constants of all n-dimensional Leibniz algebras over a field F
and let IV, be the subset of J,,(F") consisting of the structure constants of all nilpotent n-dimensional
Leibniz algebras over F'.

The Leibniz identity implies the polynomial identities

n

l l l
> (Vi = i+ o)) =0
=1

3
for structure constants. Hence, the set J,(F) in F" is an affine variety.

DEFINITION 6. Define the action of the group GL,(F) on the set J,(F') as follows: [z,yly :=
glg~tz, g7 y], where g € GL,(F) and z,y € L. Denote by Orb, (L) the orbit GL* L of an algebra L.
Clearly, Orby, (L) consists of all algebras isomorphic to L (the stabilizer of L is the group Aut(L) =

Orb,(L) = GL,(F)/ Aut(L)). In the case of an arbitrary field F' the closure Orb, (L) of the orbit
Orb,, (L) is understood to be taken with respect to the Zariski topology; for F' = C' it coincides with
closure with respect to the Euclidean topology.
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It is easy to see that the scalar matrices of GL,(F') act on J,(F') scalarly; therefore, the orbits
Orby, (L) are cones with the deleted vertex {0} that corresponds to the abelian algebra a,. Thus, ay,

belongs to Orb, (L) for all L € J,(F). In particular, among the orbits Orb, (L) only one is closed,

the orbit of a, (ay is abelian).
By [4] the set {L € J,(F) : dim Z(L) > n — 1} is closed in the Zariski topology. Therefore,

Orb,(Lo) € Ny N{L € 3,(F) : dim Z(L) > n — 1}.
For convenience, we introduce the notation
N.Z :=N,N{L € TJ,(F):dimZ(L) =n — 1}.
The case in which dim Z(L) = n is not interesting, since L is in this case abelian.

Lemma 2. Let L be an algebra in Ny, Z with a characteristic sequence C(L) = (m,n—m). Then
for m = n/2 L is isomorphic to the algebra

le1,en] =0, [ea,en] = €1, [em, en] = em—1, [em+1,en] =0, [em+2, en] = €m+1,

[em—i—Sa en] =E€m+2,- .-, [ena en] = €n—1,

and for m > g it is isomorphic to one of the two nonisomorphic algebras:

[617 6m] = 07 [627 em] =€1,..., [ema em] = €m—1,
[em—i—la 6m] =0, [em—i—?, em] = €m+1, [€m+3a em] =Em+2,- -, [ena em} = €n—-1,
le1,en] =0, [e2,en] = e€1,...; [em, en] = em—1, [em+1,en] =0,
[€m+27 en] = Em+1, [em+3; en] = Em+2,-- -+, [en; en] = €np—1-

ProOOF. Let {ey,...,en} be a basis for L, L € N,Z, and C(L) = (m,n —m). Then there is
x € L\ [L, L] such that
_(Im 0.

ie.,
[617x] = 07 [6271‘} = 617 MR} [enh'r] - emfla [€m+1ax] = OJ
[6m+2,$] = €m+1, [€m+3a J}] =Em+2,--+, [ena 5(7] = €n—1-

For convenience, assume x to be a basis element (which is possible due to dim Z(L) = n — 1).
Since dim Z(L) = n — 1, it follows that [L, L] C Z(L) and so x does not belong to the linear span of
the vectors {e1,...,em—1,€m+1,---,n—1} € Z(L). Hence, x = e, or x = e,. For m = n/2, changing
the basis to

€] = €m41, €2 = Em42,...,6m = €, Emitl = €1, €42 = €2,...,Ep = €y,

we may assume that the algebras

le1,em] =0, [e2,em] =e1,..., [em,em] = em—1, [€m+1,€m] =0,
[€m+2; eTR] = €m+1, [em+37 €m] = Eem4+2,-- -, [€n7 Gm] = €n-1,
{617 en] - 07 [627 en} =€1,..., [67717 en] = €m—1, [€m+17 e?’L] — 07
[6m+27 en] = €m+1, [em—l—?n en] = €em+2,-- -, [6717 en] = €n—1
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are isomorphic.

For m > n/2, suppose that these algebras are isomorphic; i.e., there is an isomorphism ¢ from
the first algebra onto the second. Then ¢(ey,) = aje; + ages + - -+ + apen, where oy, # 0. It is well
known that every isomorphism takes generators into generators. Therefore,

[So(en)v @(em)] = gp(em,l), st [90(62)7 ()O(emﬂ - 0

(in view of m > n — m); a contradiction. This completes the proof of the lemma.
For convenience, in the case of dim Z(L) = n — 1 we henceforth specify an algebra L by defining
the operator of right multiplication by an element x, where x € Z(L).

Corollary 1. Assume that L € N,Z and C(L) = (n1,...,ns). Then L is isomorphic to one of
the algebras

Jn; 0 0 0 I, 0 0 0
0 J 0 0 0 J 0 0
Re, =1 . 7:12 o o Benprena= | 7:12 S
0 0 - 0 Jy, 0 0 - 0 Jy,
where Jy,,, ..., Jp, are Jordan blocks of respective dimensions n1, . ..,ns. In particular, R€n1+~~+ni_1 =

R

eny4-etn_4n; if and only if nj—1 = n;.

PrROOF. Suppose that L satisfies the conditions of the lemma. Then the arguments similar to
those in Lemma 2 show that L may be one of the algebras in the statement of the corollary. Assume
that n;—1 = n;, where 2 < i < s. Changing the basis as follows

€nyttni_o+l = Cnytetng_otni 1+l
Enqdtni_ot2 = Cngdetni_otni 142 - - > Engttni_g t= Cngtetngs
én1+...+ni_2+ni_1+1 = Cni+Adni_o+1,
én1—|—~--—|—ni_2+ni_1+2 = Cnytdni_o+2, - - - 7én1+-~-—|—’rLi = Cnytdni_1s
e; = e; for the other indices,

we obtain an isomorphism between the algebras Ren1 ety and Ren1 et By analogy to Lemma 2,
we can demonstrate that the algebra Ren1 ety is not isomorphic to Renl S if nj_1 # n; for
some 7. This completes the proof of the corollary.

Under the assumptions of Corollary 1, we also have

Corollary 2. The number of nonisomorphic algebras in N,Z equals the cardinality of the set
{nl, cen ,ns}.

Lemma 3. Let L be an algebra in N, Z with a basis {e1,...,e,}. Then L € Orby,(Lg) if and
only if C(L) = C(ey).

PROOF. Putting €; := ep41-; for 1 < i < n, we obtain C(Lg) = C(ey); ie., Lo = Re, = Jp.
Suppose that L satisfies the conditions of the lemma; i.e.,

Joy 0 - 0 0
0 Ju - 0 0
L= Re, = : : . : :
0 0 - 0 Jy,

Consider the family of the matrices (gx, ), er\{oy defined as follows:

g (i) = Al_lei for 1 <i<mni, gy(e)=¢eforn+1<7i<n.
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Passing to the limit of this family as A\ — 0, i.e., limy, o 9;11 (97, (€:), gx, (e5)], we obtain

Lo — Re, = (ng Jn0n1> .

Now, take the family of the matrices (gx,)x,er\ {0y defined by

g,\Q(ei) = A;lei forny +1 <i<nj+ng,
gr(ei) =e for 1 <i<njandn;+na+1<i<n.
Taking the limit of this family as Ay — 0, i.e., limy, o 9;21 (92, (€i), g, (e5)], we obtain
Jo, 0 0
LO — Ren - O Jn2 0 .
A2—0 0 0 Jon,m

Continuing the procedure s times, we conclude that the algebra defined by the operator

Jpy 0 -~ 0 0

0 Ju, -+ 0 0

e = : Do
0 0 - 0 Jp,

belongs to Orb,(Lg). Assume that L € Orb,(Lg). The multiplication in L is determined by that in
Lo as follows: [e;, e;] = limy_,o g;l[gAei,gAej]. For every A # 0 we have

ga(lin(ey, ..., en—1)) Clin(ey, ..., en—1).

Therefore, [e;, ;] = 0 for 1 < j < n—1. Thus, L is determined by the operator R, . Let Q"' R,,Q = J
(J is the Jordan form of the operator R, ). Taking the family (91Q)xer)\ {0}, We may assume that
the operator R, is in Jordan form; i.e., C(L) = C(e,), which completes the proof of the lemma.

Since the orbit of a null-filiform algebra is an open set in the affine variety N,,, from [5] we conclude
that its closure is an irreducible component of NV,, and the following theorem holds.

Theorem 1. An irreducible component of the variety Ny, containing a null-filiform algebra, up
to isomorphism consists of the following algebras:

Joy 0 - 0 0
R 0 JT'LQ 0 0 |
0 0 0 Jp,

where ny + -+ 4+ ng = n.

PROOF ensues from Lemma 3 and Corollary 1.

REMARK 1. Theorem 1 implies that the number of nonisomorphic algebras in the irreducible
component of N, containing the algebra Ly equals p(n), where p(n) is the number of integer solutions
of the equation 1 + x2 + -+ =n, x1 > x93 > -+ > x, > 0. The asymptotic value of p(n), given

in [6] by the expression p(n) ~ mez‘l\/ﬁ with A = W\/g (p(n) ~ g(n) means that lim, % =1),

shows how small is the set of nonisomorphic Leibniz algebras in the irreducible component of N,
containing the algebra Lyg; i.e., the number of orbits in this component is finite for every value of n.
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§ 2. Classification of Naturally Graded Complex Filiform Leibniz Algebras
DEFINITION 6. A Leibniz algebra is a filiform algebra if dim L' = n — i, where 2 < i < n.

Lemma 4. Let L be an n-dimensional Leibniz algebra. Then the following are equivalent:

(a) C(L) = (n—1,1);

(b) L is a filiform Leibniz algebra;

(c) L1 #£0 and L™ = 0.

PROOF. The implications (a) = (b) = (c) are obvious.

(b) = (a): Let {e1,...,e,} be a basis for a filiform algebra L such that {es,...,e,} C L2
{eq,...,eny CL3, ... {e,} C L™ L

Consider the products

[z, e1 + avea] = y1e3 + afres, ez, er + aea] = yaeq + afaey,
leq, €1 + aea] = y3e5 + afzes, . . ., [en, €1 + aea] = 0,

where z is an arbitrary element of L and |y;| + |5;| # 0 for any i. Choose « so that 7; + af; # 0 for
any i. Then z =e; +aeg € L\ [L,L] and C(z) = (n — 1,1).

(c) = (b): Assume that L™ = 0. Then we obtain a decreasing chain of subalgebras L > L? D
L3> ... > L1 5 L™ = 0 of length n. Obviously, dim L? = n — 1 or dim L? = n — 2 (otherwise
L™ ' = 0). Suppose that dim L? = n — 1. Choose a basis {e1,...,e,} for L that corresponds
to the filtration L > L? D L3 > .- D L" ! 5 L™ = 0. Suppose that dim L*/L*T! = 2 (s #
1), ie., {es,esi1y € L8\ L*t!. Arguing as in the proof of Lemma 1 and appropriately changing
variables, we may assume that e; = [[[e1,e1],e1],...,e1] + (¥) (the product is taken s times and
(*) € L**Y) and esqq = [[ler, e1],e1], -, e1] + (**) (the product is taken s times and (**) € L5t1).
Then es — es41 € L5t1 We arrive at a contradiction with the assumption that dim LS/LSle = 2.
Therefore, dim L'/L**! =1 (1 < i < n — 1). Then the basis of the n-dimensional algebra L consists
of n — 1 elements; a contradiction to the assumption dim L? = n — 1. Thus, dim L’ = n — i, where
n=dim L and 2 < ¢ < mn;i.e., L is a filiform algebra. The proof of the lemma is over.

Henceforth we represent an algebra L as a pair (V, ), with V' a vector space and p the multipli-
cation on V' defining L.

Let (V,u) be an (n + 1)-dimensional complex filiform Leibniz algebra. Define a natural grading
of (V,u) by putting Vi(u) = V, Vigr(p) = p(Vi(p),V), and Wi = Vi(u)/Vig1 (). Then V =
Wy + Wa + -+« + Wy, where dimW; = 2, dimW; = 1, 2 < i < n. By [7, Lemma 1] we have
the embedding p(W;, W;) € Wiy ;. We thus obtain a grading which is said to be natural.

By arguments similar to those in [8], over a field with infinitely many elements we can find
a basis eg,e; € Wy, e; € W; (i > 2) for V and a bilinear mapping p such that u(e;,eq) = e;41 and
plen,e0) =0,1<i<n.

For convenience, we henceforth denote u(x,y) by [z, y].

CASE 1. Assume that [eg, eg] = aea (a # 0). Then eg € Z(u) (where Z(u) is the right annihilator
of L). Hence, e3,...,e, € Z(u). Changing the basis to

€] = aeq, €p = (e, €3 = ey, ..., Eh = ey,

we may assume that « equals to one. Thus, [eg, eg] = e2, [e, e0] = €i41, and [ey, e9] = 0. Suppose
that [eg, e1] = Pea and [e1, e1] = yea. Then

[eo, [e1, eo]] = [[eo, e1], o] — [[eo, €o], 1] = Bes = [ea, e1]
and

le1, [eo, e1]] = [[e1, eo], e1] — [[e1, e1], eo] = ves = [e2, e1].
It follows that 3 = 7. Inducting on the number of basis elements and using the equality [e;, [eg, €1]] =
[[ei, eo], e1] — [[ei, €1], eo], we can easily prove that [e;, e1] = (ej41; i.e., in Case 1 we obtain the algebra

leo, e0] = €2, lei,e0]l = eir1, le1,e1] = Pea, [ei,e1] = Peir1, [eo,e1] = PBea.
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CASE 2. [eg,eg] = 0& [e1,e1] = aea (a # 0). In this case ex € Z(u). Hence, e3,... e, € Z(u).
Putting

— — — 2 — n—1
€p = aegy, €g = ey, €3 =a‘e3,...,ep = en,

we may assume that a = 1; i.e., [e1, e1] = e2, [ej, e0] = eij+1. Put [eg, 1] = Bea. Then

[eo, [e1, eo]] = [[eo; e1], eo] — [[eo, €o], e1] = [[eo, €1], e0] = O;

i.e., Blea, e0] = fes = 0 = [ = 0. Inducting on the number of basis elements and using the equality
lei, [eo, e1]] = [[ei+1, €0, e1] — [[ei, e1], €0, we can easily show that [e;,e1] = e;y1; i.e., in Case 2 we
obtain the algebra [e;,eq] = e;+1, [€i,e1] = eiy1 (i > 1). Changing the variables by ey := eg — ey,
€1 := e1, we obtain the algebra [€;,é1] = €;41. It is easy to see that this algebra is isomorphic to
the algebra of Case 1 for =1 (ej :=eg — €1, €] :=eq).

CASE 3. [eg,e0] = 0& [e1,e1] = 0. Put [eg, e1] = aes.

SUBCASE 1. Assume that [eg,e1] = aep (o # —1). Then ex € Z(u). Hence, e3,...,e, € Z(u).
Since a # —1, on putting €, = e; + ep we obtain 3 = (a + 1)eg and [ey, eg] = eg; i.e., we arrive at
Case 2.

SUBCASE 2. [eg, e1] = —ea. Before settling this subcase, we prove the following

Lemma 5. Let (V,pu) be an (n + 1)-dimensional naturally graded filiform Leibniz algebra with
a basis {eq, €1, ..., ey} satisfying the following equalities: [e1,e1] = [eo,eo] = 0, [eo, e1] = —ea, and
lei, e0] = ei+1. Then (V,u) is a Lie algebra.

PRrROOF. Inducting on the number of basis elements and using the equality [eg, [ei, eo]] = [[eo, €i], eo]l}

— [[eo, €], €i], we can easily show that [eq, e;] = —[e;j, e0] (1 < i < mn). From the equality [e1, [e1, eg]] =
[[e1, e1], eo] — [[e1, €0], e1] we have [e1, ea] = —[e2, e1]. From the chain of the equalities
[e1, eit1] = [en, [ei, eo]] = [[e1, €il, eo] — [[e1, eo], e:] = —[[es, ea], eq] — [e2; €i]
= [eo, [ei, e1]] — [e2, e;] = [[eo, €il, e1] — [[eo, e1], €i] — [e2, €]
= [[eo, 3], e1] + [e2, €3] — [e2, €] = —[[ei, eo], e1] = —[eit1, €1]
and the induction base we obtain [e1,e;] = —[e;,e1] (1 < @ < n). Thus, [e1,e;] = —le;, e1] and

leo, €] = —[ei,e0] (0 < i <n). Let us prove the equality [e;, ej] = —[ej, ;] for all 4, 7. We proceed by
induction on ¢ for a fixed 7. Observe that 7 may be assumed to be greater than 1. Using the chain of
the equalities

[ei+1. 5] = [leis ol lej-1, eol) = [[les, col. ej-1], o] — [[les, col. eol, ej1]
= —leo, [[ei, €0, ej—1]] + [[eo, [eis eol], ej—1] = [eo, [[eo, €il, ej—1] — [[eo, [€0, €i]], €j—1]
= [[eo, [eo, €i]l. ej—1] = [[eo, ej—1. [eo, &]] — [[[eo. eo]; €], ej—1] + [[eo, €], eo, €j-1]
= [[[eo, eq], €], ej—1] — [[[eo, €3], eo], ej—1] — [[[eo, eo], €3], ej-1] — [lej—1, eal; [€:, eo]]
+[[eo, €i], eo], €j-1] = —lej, eiv1],

we obtain anticommutativity of the basis elements of the algebra (V) u). The proof of the lemma is
over.
Thus, the naturally graded filiform Leibniz algebras that are not Lie algebras are as follows:

[eo, e0] = €2, [ei,e0] = eir1, [eise1] = Beitr, [eo, e1] = Bea.
Assume that 3 # 1. Performing the change
ey = (1 — ﬁ)eo, e1 = —feyg+ep, é2 = (1 — 5)262, N T (1 - ﬁ)nen,
we may assume that 3 = 0.
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Now, consider the case in which 8 = 1, i.e., [eg, eg] = €2, [e;, e1] = eit1, [€o,e1] = e2 (1 < i < n).
Making the change €; = e; — eg, we have [eg, eg] = e, [ei, e0] = €i+1 (1 <i < n).

We demonstrate that the algebras [eq, eg] = e2, [e;,e0] = €ix1 (1 < i < n—1), and [eg, eg] = e2,
lei, e0] = eit1 (2 < i < m — 1) are nonisomorphic to one another.

Assume the contrary and let ¢ be an isomorphism from the first algebra into the second, i.e.,
@ L1 — L2 and go(ei) = Z?:O aijej.

We have

n

[p(e0), p(eo)] = [Z Q;€5, aooGo] = apo(apoe2 + ap2e3 + -+ + Qo p—16n).
j=0

On the other hand,

#([eo, e]) = plea) = Y anje;.
=0

Comparing the two equalities, we conclude that
agy = a1 =0, am=0ad, as,=amag1for3<k<n. (2)

Consider the product

[o(es), pleo)] = [Z aij€j, 040060] = ago Z aijlej, eo
=0 =0

= ago(0€2 + aiges + -+ -+ ajp_1€p).
Also,

n
p(lei, eol) = pleir1) = > i1 a;
=0

for 1 <7 <n —1. Comparing the two equalities, we deduce that

@it1,0 = ajr1,1 =0, Q12 = @00,

(3)

It follows from (3) that ae = agoaip. Since agg # 0 (otherwise ¢ is degenerate), (2) implies that
apo = @10-
We have ¢([eo, e1]) = ¢(0) = 0. On the other hand,

Qi1 = oo p—1 for 3<k<n, 1 <i<n-—1

[p(en), p(e1)] = [Z ;€5 10€0
=0

n
=10 Y agjle;, e
=0

= aqo(aooeo + cp2e3 + -+ - + agp—1en) = 0.

Hence, ajgagg = 0 and so ajg = 0; i.e., the first column of the matrix of the isomorphism [¢] is zero.
Therefore, ¢ is degenerate.
We have thus proved the following

Theorem 2. There are exactly two nonisomorhic naturally graded complex non-Lie filiform Leib-
niz algebras pyy and p} of dimension n + 1, where

o o (eoseo) = e, pglei,eq) = ejp1 for 1 <i <n—1,
pt o pf(eo,e0) = e2, pr(ei,eq) = ejp1 for2 <i<n—1,
the other products vanish.

REMARK 1. The naturally graded complex filiform Lie algebras were described in [8]. Thus, there
is a classification for naturally graded complex Leibniz algebras.
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Corollary 3. Every (n + 1)-dimensional complex non-Lie filiform Leibniz algebra is isomorphic
to one of the algebras

(eo, e0) = ez, ples,eq) = eiy1, pleg,e1) = agez +ageq + -+ ap_16n1 + Open,
pes, e1) = ageipo + aueips + -+ apqi—ien for 1 <i <mn,

p(ei, e1) = Baeira + Baeips + -+ + Bpg1—ien for 2 <i <n—1.
p(eo, e0) = e2, e, e0) = eir1, pleo,e1) = F3es + Baes + -+ + Buen, pler, e1) = ven,

the other products vanish.

PrOOF. By immediate verification we can convince ourselves that the above-written algebras
are Leibniz algebras. By Theorem 2, every (n + 1)-dimensional complex non-Lie filiform Leibniz
algebra p is isomorphic to the algebra pg + 3, where B(eg,eq) = 0, 3(ei,e0) = 0 for 1 <i <n —1,
B(es, ej) € lin(ejrj1,...,en) for i # 0, and F(eg,e;) € lin(ejyo,...,e,) for 1 < j < n—2, or to
the algebra uf + 3, where ((eg,e0) = 0, B(ej, eq) =0 for 2 <i <n—1, B(e;, ej) € lin(ejrj41,...,€n)
for i,j # 0, and B(ep, ;) € lin(ejta,...,e,) for 1 <j <mn —2.

Case 1. Assume that p = puf + 3. Then p(eo, eq) = p(eo, e0) = e2 and (e, eo) = (e, e0) =
ei1 for 1 <i <mn —1; whence ez, e3,...,e, € Z (), so that p(e;,ej) =0for2<j<n,0<i<n.

Put u(ey,e1) = azes + ageq + - - - + apey. Consider

p(eq, pleos e1)) = plplei, eo), e1) — p(u(es, er), eo).-

Since fi(eq, 1) € Z(u), we have pu(ei, p(eo, e1)) = 0 and so p(u(es €o),e1) = p(p(es e1),eq) for all
i > 1. Thus, p(ej, e1) = aseira + ageirs + -+ + aptpi1—ien for 1 <i < n.
Let p(eg,e1) = Oze3 + seq + - - - + Opep,. Consider
f1(eo, plers eo)) = plu(eo, e1), eo) — p(pleo, €o), e1).
We have
p(p(eo, €1), €0) = plp(eo, €), e1).
However, u(eg, e0) = ez and p(e;, e9) = e;4+1. Therefore,

O3e4 + Ose5 + -+ - + 016 = 3e4 + €5 + - - - + Qp_16p;

whence
pleg,e1) = ages +ageq + -+ + ap—16p—1 + Open.

Thus, in Case 1 we obtain the following class:
p(eo; €0) = €2, plei, o) = €iy1, pleo, €1) = ages + ages + -+ + ap—_16n—1 + Onéy,

plei, e1) = asejra + aqeivg + -+ aptpi—ien for 1 <i < n.

CASE 2. p = pf + 5. In this case p(eq, e0) = i (eo, €0) = ez and p(e;, e0) = plf(ei, e0) = eiq1 for
2 <i<n—1; whence eg, e3,...,e, € Z(p) and so p(e;,e;) =0for 2 <j<n,0<i<n.

Let ((e1,e0) = ages+ageq+ - - -+ ape,. Making the change €1 := e; —azea —ayes — -+ —apep—1,
we obtain
(e, e0) = pi (1, e0) + B(e1, e0) = pf (—azea — ez — -+ - — anen—1,€0) + B(er, e9) = 0.

We may thus assume that p(eq, ep) = 0.
Let p(eg,e1) = Pses + Baea + - - - + Bnen. Consider the product

p(eo, pler, e0)) = plp(eo, e1), eo) — p(pleo, €o), €1).
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Since ju(e1, o) € Z(), we have u(u(co,e1),c0) = plu(eo, o), er). Therefore, p(ju(eo, 1), o) =
ez, e1); ie., plez,er) = Bzea + Paes + - + Br16n.
Consider the product

p(er, pleos e1)) = p(pler, eo), e1) — p(p(er, er), eo).

In view of u(eg,e1) € Z(u) and p(er, eq) = 0, we have p(p(er, e1),ep) = 0. However, eq left annihilates
only e,. Therefore, pu(eq,e1) = ven.
Look at the product

pilei, pleo, e1)) = p(plei, eo), e1) — plulei, e1), eo)

for 2 < i < mn—1. Since p(eg,e1) € Z(u), we have pu(u(e;,ep),er = u(p(ei, e1),ep). Thereby

peirt, e1) = pu(ples, e1), eo); ie., pules, e1) = Bseipa + Baeipsz + -+ + Buy1—ien for 2 <i <n — 1.
Thus, in Case 2 we obtain the following class:

p(eo, e0) = ez, pu(ei, e0) = €it1, pi(eo, e1) = Bzes3 + Baea + - - - + Bnen = ven.

plei, e1) = Bseire + Baeirg + -+ PBur1_ien for 2 <i < n.
This completes the proof of the corollary.

REMARK 2. The classes of algebras in Corollary 3 are disjoint, but the question of isomorphisms
between these classes is open.
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