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LEIBNIZ ALGEBRAS WITH ASSOCIATED LIE ALGEBRA sl,4+R
(dimR = 2).

L.M. CAMACHO, S. GOMEZ-VIDAL, B.A. OMIROV

ABSTRACT. From the theory of Lie algebras it is known that every finite di-
mensional Lie algebra is decomposed into a semidirect sum of a semisimple
subalgebra and solvable radical. Moreover, according to Mal’cev, the study of
solvable Lie algebras is reduced to the study of nilpotent algebras.

For the finite dimensional Leibniz algebras the analogues of the mentioned
results are not proved yet. In order to get some idea how to establish such
results, we examine Leibniz algebras whose associated Lie algebra is a semidi-
rect sum of a semisimple Lie algebra and the maximal solvable ideal. In this
paper the class of complex Leibniz algebras for which the quotient algebra
by the ideal I is isomorphic to the semidirect sum of the algebra sla and a
two-dimensional solvable ideal R is described.

Mathematics Subject Classification 2010: 17A32, 17B30.
Key Words and Phrases: Lie algebra, Leibniz algebra, semisimple algebra,
solvability.

1. INTRODUCTION

The notion of Leibniz algebra was introduced in 1993 by J.-L. Loday [7] as a
generalization of Lie algebras. In the last 20 years the theory of Leibniz algebras
has been actively studied and many results of the theory of Lie algebras have been
extended to Leibniz algebras.

According to Mal’cev’s work [8] the study of finite dimensional Lie algebras is
reduced to nilpotent ones. For later works on the description of finite-dimensional
nilpotent Lie algebras see [5], [6], [11].

The nilpotency of a finite-dimensional Lie algebra is characterized by Engel’s
Theorem. In [6] the local nilpotency of a Lie algebra over a field of zero characteristic
is proved satisfying the Engel’s n-condition. Further, E.I. Zelmanov [11] generalized
this result to global nilpotency of a Lie algebra with Engel’s n-condition. In [9] the
global nilpotency for the case of a Leibniz algebra with Engel’s n-condition was
extended.

An algebra L over a field F is called Leibniz algebra if for any elements z,y,z € L
the Leibniz identity holds:

[z, [y, 2]] = [[z, 9], 2] = [[=, 2], 9]

where [—, —] is multiplication of L.
Let L be a Leibniz algebra and I = ideal < [z,z] | x € L > be the ideal of L
generated by all squares. Then [ is the minimal ideal with respect to the property
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2 L.M. CAMACHO, S. GOMEZ-VIDAL, B.A. OMIROV

that L/I is a Lie algebra. The natural epimorphism ¢ : L — L/I determines the
corresponding Lie algebra L/I of the Leibniz algebra L.

According to [5], a 3-dimensional simple Lie algebra L is said to be split if L
contains an element h such that ad(h) has a non-zero characteristic root p belonging
to the base field. Such algebra has a basis {e, f, h} with the multiplication table

[6,h]=2€, [fvh]:_va [evf]:h7
[hve] = —2e, [h7f] = 2f7 [fv 6] = —h.

This simple 3-dimensional Lie algebra is denoted by slo and the basis {e, f, h} is
called canonical basis. Note that any 3-dimensional simple Lie algebra is isomorphic
to sls.

The analogue of Levi-Mal’cev’s Theorem for Leibniz algebras is not proved yet.
We only know the result of [10], where the Leibniz algebras whose quotient algebra
by an ideal I are isomorphic to the simple Lie algebra sly are classified.

In fact, Dzhumadil’daev proposed the following construction of Leibniz algebras:

Let G be a simple Lie algebra and M be an irreducible skew-symmetric G-module
(i.e. [x,m] =0 for all x € G,;m € M). Then the vector space Q = G+ M equipped
with the multiplication

[+ m,y+n]=|z,y] + [m,y],

where m,n € M,x,y € G is a Leibniz algebra. Moreover, the corresponding Lie
algebra for this Leibniz algebra is a simple algebra.

The notion of simple Leibniz algebras was introduced in [1], [2].

A Leibniz algebra L is said to be simple if the only ideals of L are {0}, I, L and
[L, L] # I. Obviously, when a Leibniz algebra is Lie, the ideal I is equal to zero.
Therefore, this definition agrees with the definition of a simple Lie algebra.

Note that the above mentioned Leibniz algebra is a simple algebra. It is also easy
to see that the corresponding Lie algebra is simple for the simple Leibniz algebra.

In this paper, we study the class of complex Leibniz algebras, for which its Lie
algebra is isomorphic to the semidirect sum of the algebra sls and a two-dimensional
solvable ideal R.

The representation of sls is determined by the images E, F, H of the base ele-
ments e, f, h and we have

[E7H] =2F, [FaH] = —2F, [EaF] =H,
[H,E|=—-2E, [H,F)=2F, [F,E]=—H.
Conversely, any three linear transformations F, F, H satisfying these relations
determine a representation of sl and hence a sls-module.

We suppose that a base field is the field of the complex numbers. Then one has
the following

Theorem 1.1. [5] For each integer m = 0,1,2,... there exists one and, in the
sense of isomorphism, only one irreducible sly-module M of dimension m + 1. The
module M has a basis {xg,21,...,Tm} such that the representing transformations
E,F and H corresponding to the canonical basis {e, f,h} are given by:

H(xy) = (m — 2k)xy, 0<k<m,
F(zm) =0, F(zk) = Tg11, 0<k<m-—1,
E(’JZ()) =0, E(xk) = *k(m‘f’ 1-— k)ﬂ?k_l, 1<k<m.
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In [10], the authors described the complex finite dimensional Leibniz algebras
whose L/I is isomorphic to sly using Theorem 1.1.

In this work, we consider the Leibniz algebra L for which its corresponding
Lie algebra is a semidirect sum of sly and a two-dimensional solvable ideal R. In
addition, we assume that I is a right irreducible module over sls.

By verifying antisymmetric and Jacobi identities, we derive that a semidirect
sum of sls and a two-dimensional solvable Lie algebra is the direct sum of the
algebras.

Let {xo,21,...,2m} be a basis of I and {e, f,h} a basis of sly. Thus, if I is
a right irreducible module over sls, then according to Theorem 1.1, the products
[1, sl2] are defined as follows:

[zk, h] = (m — 2k)xy, 0<k<m,
[xk7f]:xk+1a 0<k<m-—1,
[zg, €] = —k(m+1—Fk)ag_1, 1<k<m,

where the omitted products are equal to zero.

2. ON COMPLEX LEIBNIZ ALGEBRAS WHOSE QUOTIENT LIE ALGEBRAS ARE
ISOMORPHIC TO sla+R.

Let L be a Leibniz algebra such that L/I ~ sly @ R, where R is a solvable Lie
algebra and {e, h, f}, {zo,z1,...,%m}, {U1,¥2,--.,Un} are the bases of slo, I, R
respectively.

Let {e,h, f, 0,21, Tm,Y1,Y2,---,Yn} be a basis of the algebra L such that

ple)=¢, p(h)=h, o(f)=F, o) =7, 1 <i<n.

Then we have:

[e7h}:2€+zaihxjv [haf]:2f+zaif$]a [eaf]:h+zaiij7
Jj=0 j=0 Jj=0

[h,e] = —2e + 3 a}, z; [f,hl==2f + 3 d}z;, [fe]=-h+ ) d} .z,
m J=0 m J=0 . j=0

le,yi] = > aujzy fyusl = X2 Bijx;s [hyys] = 32 i,
5=0 5=0 5=0

[k, h] = (m — 2k)xy, 0<k<m,

[Tk, [] = Tr1, 0<k<m-—1,

[k, €] = —k(m+1—k)zg—1, 1<k<m.

where 1 <7 <n.
It is easy to check that similarly as in paper [10] one can get

le;h] =2e, [h,fl=2f, [e.;f]=h,
[ha 6] = —2e [f7 h} = _2f7 [f7 6] = —ha
el =0  [f,f]=0,  [hh]=0.

Let us denote the following vector spaces:
slz_l =<eh, f> R '=<wyiys...un>.
The following result holds.

Lemma 2.1. Let L be a Leibniz algebra whose quotient LI = sly ® R, where R is
a solvable ideal and I is a right irreducible module over sly with dim(R) # 3. Then
[sl; ', R™'] = 0.
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Proof. 1t is known that it is sufficient to prove the equality for the basic elements
of sl;* and R™'. Consider the Leibniz identity:

le;[e,will = lles el yil = [le,wil €] = —lles yil €] =

== > ayjlrje] = Y (=mj+j(j — 1))ujzi1, 1<i<n.
=0

1

m
j=
m
On the other hand, we have that [e, [e,y;]] = [e, > ay;z;] =0for 1 <i < n.
§j=0
Comparing the coefficients at the basic elements we obtain a;; = 0for 1 < j < m,

thus [e,y;] = i oxo with 1 <7 < n.
Consider the chain of equalities

0 =le. 3 Biyzy) = fe. foul) = [l 1) = [e.0:). 1) =
= [hvjy_i] = aiolzo, ] = [h,yi] — oz
Then we have that [k, y;] = ;021 with 1 < i <n.
From the equalities
0 =T[e [huill = [le, hl, il = [le; vl h) = 2le, yi] — violwo, h] =
= 20, 0o — My 0To = &; 0(2 — M)To,
it follows that a; ¢ = 0 for 1 < ¢ < n. Taking into account that m # 2 we get

le,yi] = [h, yi] = 0 with 1 <i < n.
From the equalities

0 = [fa [evyi]] = Hf7 e]?yi] - [[fayi]’e] = [h7 yi] - vayi]ve] = _[[f7 yi]?d =

:*éﬁm%d:*Z@mTWU*UWﬂﬁh

=0

we derive f; ; = 0 for 1 < j < m. Consequence, [f,y;] = B; 020, for all 1 <i <n.
Similarly, from

0 = [f’ [f)yz]] = [[faf]vyz] - [[fal/z]?f] = Hf’yl]’f] =
:ﬁi,o[on,f] = 51‘,09617
we obtain [f,y;] =0 forall 1 <i <mn.

Thus, we obtain [e,y;] = [f, 5] = [h,yi] = 0 with 1 < i < n, ie [sl;},R7Y] =
0. ]

3. ON COMPLEX LEIBNIZ ALGEBRAS WHOSE QUOTIENT LIE ALGEBRA IS
ISOMORPHIC TO sla+R, dimR = 2.

Let R be a two-dimensional solvable Lie algebra, then from the classification
of two-dimensional Lie algebras (see [5]) we know that in R there exists a basis
{71, 72} with the following table of multiplication

U1, 72) = 1, [72,71) = —71-
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In the case when dimR # 3 and I a right irreducible module over sls, summa-
rizing the results of Lemma 2.1 we get the following table of multiplication:

e, h] = 2e, [h, f] = 2f, e, f] = h,
[h7e] =—2e [fa h] = _va [fa 6] = _ha
[xg, h] = (m — 2k)xy 0<k<m,
@k, f] = Trt1, 0<k<m-—1,
[k, €] :—k(m—i—l—k)xk,l, 1<k<m,
[yzve] Z azemJ’ 1 S i S 27
[ymf}_z J?, 1<Z<27
' J;LO s (1)

[yi, h] = Zoafhxj7 1<:1<2,

j:
[xk,yz]zjgoaszj, 0<k<m, 1<i<2,
[9172/2} = + ZO a31.2mja [?DJJI} = —VY1,

J:

[yl’yl} = Z a{xjv [y2>y2} = Z (Z%IL']',

§=0 §=0

where {e, h, f,z0,21,...,Tm,Y1,y2} is a basis of L.

Let us present the following theorem which describes the Leibniz algebras with
condition L/I 2 sly & R, where dimR # 3, n =2 and I a right irreducible module
over sls.

Theorem 3.1. Let L be a Leibniz algebra whose quotient L)1 = slo® R, where R is
a two-dimensional solvable ideal and I a right irreducible module over sly (dimR #
3). Then there exists a basis {e, h, f,x0,%1,...,Tm,y1,Y2} of the algebra L such
that the table of multiplication in L has the following form:

[eah}:2€a [h7f]:2fa [eaf]:ha
[h,@]:—26 [f?h]:_zfv [ ’e}:_ha
[k, h] = (m — 2k)axy, 0<k<m,

[k, ] = Tkt1, 0<k<m-1,

[k, €] = —k(m+1—k)zg_1, 1<k<m,

[Y1,92] = 01 [y2, y1] = —u1,

[k, yo| = axy, 0<k<m, a€F

where the omitted products are equal to zero.

Proof. Let L be an algebra satisfying the conditions of the theorem, then we get
the table of multiplication (1). Further we shall study the product [I, R7].
We consider the chain of equalities

0 = [ai, [l onl] = [[wi, Al 1] = ([, 9], ] = (m = 20)[wi, 1] = Z 1klTr, h] =

1] =

=0

=(m—2i) Y at,zp — Z Le(m —2k)x, = Y aly(m —2i — (m — 2k))zy =
k=0 k=0 k=0

= Z 2a§k(k‘ —8)xp,
k=0

from which we have a%, = 0, with 0 < i < m and i # k. Thus, [z;,11] = a};x; =

m
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Similarly,
0 = [ o] = [l ] 9] = [l el B) = (m = 200 ] = 32 iyl ] =
= (m — 2i) Tznj abyr; — i aby (m — 2k)z), = i ab(m —2i — (m — 2k))xy, =
k=0 k=0 k=0

= > 2ab, (k — i)z,
k=0

we get [z, ye] = ab,x; = agiz; with 0 < i < m.
From the identity [z, [y1,v2]] = [[xi, v1], y2) — [[24, y2], y1], we deduce

m

(i 91+ a}fzxk] = ay;[Ti, y2] — agi[zi, ] =
k=0

= [z, y1] = @150, — a2;01;%; = 0,

from which we have [z;,y1] = 0 with 0 < i < m, i.e. [I,y1] =0.
We consider the identity [z, [y2, €]] = [[x:, y2), €] — [[x4, €], y2] for 0 < i < m.
Then

0 = asiloi €] — (—mi +i(i — 1))[wi-1,92] =
= agi(—mi +i(i — 1))xi—1 — agi—1(—mi+i(i — 1))z;_1 =
= —(—=mi+i(i — 1))(az; — az,;—1)x;—1 =0,

which leads to ag; = as,;—1 = q, i.e. [2;,y2] = az; with 0 <7 <m.

Now we shall study the products [R~*, R~'] and [R™1, sl '].

Verifying the following
0 =y, Zoalfxﬂ s [yes S = [y, ol ST = [lyes flon] = [y, il f1 =

m Jf m—1
= > ajlz;, fl= X ajwj4a,
7=0 7=0

we obtain a{ =0for0<j<m-—1,ie [y1,91] = a1"Tm.
Consider the equalities
0= [yla [y17 h]] = Hyla y1]7 h] - [[yla h]7y1] = Hyh yl]a h] = a/;n[xmv h] = _mag_nxm;

which deduce af* = 0, hence [y1,y1] = 0.
From the following identities

0= [y27 [ylvhﬂ = [[y%yl]?h] - Hy27h]7y1] = _[y17h]7
0= [y2, [y1, 1] = [y, 1], F1 = [[v2, fl, 91] = —[w1, £1,

0= [y27 [ylae]] = HyZayl]ae] - HyZae],yl] = 7[y1,e]7

we obtain [y1, k] = [y1, f] = [y1,€] = 0.
Using the above obtained equalities and the following

0 = [y, [y2, f1] = [[w1, v2l, f1 = [lyr, f1, vl = [[y1, 2], 1 =
— i+ 35 by ] = 32 ablon, 1= ahyonin

we get aly =0 with 0 <i <m — 1.



LEIBNIZ ALGEBRAS WITH ASSOCIATED LIE ALGEBRA sly+R

Now from
0 = [yla [y27h]] = [[ylay2]7 h] - [[ylah]7y2] = HylayQ]ah] =
= [y1 + afbzm, h] = —malbz,,,

we get aly = 0, consequently a4 = 0 for all 0 < i < m, i.e. [y1,Yy2] = y1.
Thus, we obtain the following table of multiplication:

[e, h] = 2e,
e] = 2
[:z:k, h] = (m — 2k)xy,
[Tk, f1 = Tt1,
[Zg, €] = —k(m+ 1 —k)ag_1,
[y276] = Z a’gexja
=0
[y1,y2] = 1,

[xkv 92] = a4y,

In order to complete the proof of the theorem we need to prove that [y, ya] =

and [R™1,sl;'] = 0.
Consider two cases:

Case 1.

[h, f] =2f, le, f] = h,
[fah]:_2fa
0<k<m,
0<k<m-1,
1 <k<m,

[y2, [1= f:oagfffj, [y2,h] =
i=

[Y2, y1] = —v1, [Y2, y2] =

0<k<m.

Let a # 0, then taking the change of the basic element as follows

m.oj

a
!/ __ 2
Y2 fyzfg — Ly,
a

we get

=0

[yzl,yzl] = [Z& - f:

= [yQayQ] - [E ?xjva] = Z CL;.TJ - Z G%.ﬁj - 07
§j=0 =0 =0
which leads to [ys, y2] = 0.
Consider
0 = [yQa [yQa h]] = Hy%y?]v h] - [[y27 h]vyZ} = —[[?J% h]ayZ] =
== E azh[»’”w?!?] == Z a%ha@"jv
j=0 7=0
which gives aéh =0for0<j<m.
Similarly from the equalities
0 = [y27[y27f]] = Hy27y2]7f] - Hy%f]ny] = Zoa% [CUJ7Z/2] = - Zoagfaxj7
J= J=
0 = [yQa [yQae]] = Hy27y2]7e} - [[ZJQ,GLZJQ] = Z() % [:Cj7y2] - Zoaéeaxjv
j= j=
we get aéf = aée =0 for 0 < j < m. Hence, [R™',sl;'] = 0.

=0

aj m aj
2 . . 22 . —
=T Y2 > a Uil =

j=0

Thus, we proved the theorem for a # 0.
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Case 2.
Let a = 0, then we consider the identity

Y2, [y2, 1] = [[y2, val, f1 = [[y2, 1, y2]

and we derive
m . m—1 .
0= > ablz;, fl = asriyy = ab=0,0<i<m-—1, ie.
J=0 Jj=0
From the chain of the equalities

0 = [ya, [y2, hl] = [[y2, yal, h] — [[y2, k], y2] = a3'[wm, h] = —may T,

(Y2, y2] = aB'@p,.

we obtain af* = 0, that is [ya,y2] = 0.
Let us take the change of the basic element in the form:

m 1

j_
/ a2
Y2 = Y2 — E — I
o -mi+iG-1)"
Then
/ S al?
[y2' €] = [y2.€] - ]; —mits G i =

m j—1

= [y2,€] — 21 #m(—mj +i( —1))zj-1 =
= iaj T; — Tzn:aj_lx' =
= s 2etj = 2¢ Yj—1 =
jm . m—1
= Z:Oa;exj - ‘Zo ) Tj = A5 Tm.
Jj= J=
Thus, we can assume that

m m
[y2.€] = afem, [y2, Bl = ahyxs, [y2,f] =Y a),;.
j=0 j=0

‘We have

sl bl =l el )l ) = il ) 3 ] =
= —mal Tm — ‘72;0 aéh(*m]‘ +3( —1))zj-1.

On the other hand [ys, [e, h]] = 2[y2, €] = 245 @,. A
Comparing the coefficients at the basic elements, we get a5l = 0 and al, = 0

m .
where 1 < j < m. Hence, [y2,€] =0, [y2, f] = > ay,2j, [y2,h] = a3, zo-
=0

Consider

o les £ = o el ] — [l £, ] = —g ol [y, ¢] =

m .
== ay(mj+j(j — D)aj1 =
e
= mal,z — _Zzaéf(mj +iG = D)z
f

On the other hand
[yQa [6, f]] = [y27 h} = aghw(%
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Comparing the coefficients, we obtain ay, = may, and aéf =0for2<j<m.
Then we have the product [y, f] = agfxo + aéfxl.
Now we consider the equalities

_2[y2afi = [y27 [f7 hii = HyQafivhi -

and we have

[y, ], f] = [agfxo + a%fxlvhi - ma%f[ffo,fi’

—2a§ ;w0 — 2a3,w1 = may ;o + ayp(m — 2)z1 — majry = ay,; = 0.

Therefore, [y2, f] = agz1 and [ya, ]
Taking the change yo' = yo — aéfxo, we obtain

[v2', f]
iyZ/a hi
Thus, we have [R™}

— mal
= May ;To.

= [y2, f] — a%f[»To, fl= a%fxl - a%fxl =0,
= [y2, h] — ayg[zo, 1]
,sly 1] = 0 which completes the proof of the theorem. ([l

_ 1 _ 1 _
= M0y To — My Lo = 0.

In the case when the dimension of the ideal I is equal to three, we have the
family of Leibniz algebras with the following table of multiplication:

[ehi—Qe [h, f] = 2f, le, f] =

[h.e] = [f,h] = =2f,  [fie]=

[z1,€] = —2960 (22, €] = =21, [Cﬁoyf] x1,

[x1, f] = [zo, h] = 220,  [x2,h] = —2z4,
le,y1] = [fon] = 1>\$27 [h,y1] = Az,
le,y2] = po  [fry2] = spxa, [, y2] = pan,
vl = o] =y, [y2,92] = Yo,
[T0,Yy2] = awo  [71,y2] = az1, [72,y2] = axa,
[y2,e] =bx1  [y2,h] = bxo,

Verifying the Leibniz identity of the above family of algebras, using the software
Mathematica [3], we get the condition A\(1 —a) = 0.
Taking the change in the form yo’ = yo + %1‘2 we obtain

[y2,7 6] [yQ + x27 i =
[yQ/a h’i [y2 + 7'772’ hi =
ly2' 92"l =[y2 + $2 Y2 +

Thus, we can assume that [yg e] =

of algebras L(\, p, a).

Zo, yzi = axo

y173/2] =l

[e, h] = 2e,
[h,e] =

[x1,€] = —2x0
[21, f] = 22
[e,y1] = Axg
e, ya] = paxo

[

[

xlayQi = axry,

[y2, €] + g[xg,e] =bxy — bxy =0,
[y27h} + %[1327}1] =bxry — by =0,

2] = [y2,y2] + §[22,y2] = — Qbxz + GFbas = 0.
[y2", h] = [y2’,y2'] = 0 and we have the family

[h, f1=2f, le, /1 =1,

(fih]==2f,  [f.el=—h,

[z2,€] = =221, [x0, f] = 71,

[0, h] =2z,  [v2,h] = =224,

[fm] = %)\3327 [h, 1] = Axq,

[ ye] = guaz,  [h,yo] = pa,

[ [

[

Y2, yl] —Y1,
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with the condition A(1 —a) = 0.

Theorem 3.2. Let L be a Leibniz algebra such that L/I = sly & R, where R is a
two-dimensional solvable ideal and I is a three-dimensional right irreducible module

over sla. Then L is isomorphic to one of the following pairwise non isomorphic
algebras :

L(1,0,1); L(0,1,a); L(0,0,a), with a € F.
Proof. Similarly we derive A(1 —a) = 0.
Let A # 0, then a = 1. By change y1' = $y1, y2' = —4y1 + y» we deduce

le,11'] = [e, x1] = 30 = o,

[f,31'] = le; 3y1] = 55 Az = Fa2,

(i) = [hy s3] = A2 = a1,

le,yo'] = [e, —Ky1 + yo] = —Ke, 1] + [e, 2] = =K Axo + pwg = 0,

(92"l = [, =K1+ y2] = =K, n] + [f,02] = — g5 A@2 + uaz = 0,

[hyy2'] = [h, —5y1 + 2] = —K[h i) + [h,y2] = =K Azt + pay = 0.
Thus, we can assume that A = 1 and p = 0. Hence, we get the algebra

L(1,0,1)

If A =0, then when p # 0 by scale of basis of I, we can suppose that =1, i.e.
we obtain the algebra L(0,1,a).

If A =0, then when p = 0, we get the algebra L(0,0,a).

By using the software Mathematica [4], we obtain that these algebras are non
isomorphic. The theorem is proved. (]

Analyzing the above obtained results we can formulate
Conjecture: Any Leibniz algebra is decomposed into a semidirect sum of its
corresponding Lie algebra and the ideal I.
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