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SOME REMARKS ON LEIBNIZ ALGEBRAS WHOSE SEMISIMPLE PART
RELATED WITH slis.

L.M. CAMACHO, S. GOMEZ-VIDAL, B.A. OMIROV AND I.A. KARIMJANOV

ABSTRACT. In this paper we identify the structure of complex finite-dimensional Leibniz algebras
with associated Lie algebras sl% P sl% @---®sl5® R, where R is a solvable radical. The classifications
of such Leibniz algebras in the cases dimR = 2,3 and diml # 3 are obtained. Moreover, we classify
Leibniz algebras with L/I 2 si} @ sl2 and some conditions on ideal .

Mathematics Subject Classification 2010: 17A32, 17A60, 17B10, 17B20.
Key Words and Phrases: Leibniz algebra, simple algebra sls, direct sum of algebras, right
module, irreducible module.

1. INTRODUCTION.

The notion of Leibniz algebras has been first introduced by Loday in [§], [9] as a non-antisymmetric
generalization of Lie algebras. During the last 20 years the theory of Leibniz algebras has been actively
studied and many results of the theory of Lie algebras have been extended to Leibniz algebras. A lot
of works have so far been devoted to the description of finite-dimensional nilpotent Leibniz algebras
[2], [3]. However, just a few works are related to the semisimple part of Leibniz algebras [6], [5], [I1].

We know from the classical theory of finite-dimensional Lie algebras, that an arbitrary Lie algebra
is decomposed into a semidirect sum of the solvable radical and its semisimple subalgebra (Levi’s
Theorem [7]). According to the Cartan-Killing theory, a semisimple Lie algebra can be represented as
a direct sum of simple ideals, which are completely classified [7].

Recently, Barnes has proved an analogue of Levi’s Theorem for the case of Leibniz algebras [5].
Namely, a Leibniz algebra is decomposed into a semidirect sum of its solvable radical and a semisimple
Lie algebra.

The inherent properties of non-Lie Leibniz algebras imply that the subspace spanned by squares of
elements of the algebra is a non-trivial ideal (further denoted by I'). Moreover, the ideal I is abelian
and hence, it belongs to the solvable radical. Although Barnes’s result reduces the semisimple part of
a Leibniz algebra to the Lie algebras case, we still need to study the relationship between the products
of a semisimple Lie algebra and the ideal I (see [I0] and [II]). In order to analyze the general case, we
study the case when semisimple Leibniz part is a direct sum of sly algebras since the exact description
of the irreducible modules is established only for the algebra sis.

The present work aims at describing the structure of Leibniz algebras with the associated Lie
algebras sl} @ sl2 @ --- @ sl ® R and with I a right irreducible sl5-module for some & in order to
classify the Leibniz algebras with semisimple part sli @ sl3 and some conditions on the ideal I.

Content is organized into different sections as follows. In Section 2, we give some necessary notions
and preliminary results about Leibniz algebras with associated Lie algebra slo+R. Section 3, is devoted
to the study of the structure of the Leibniz algebras whose semisimple part is a direct sum of sl
algebras and it is under some conditions to the ideal I. In Section 4, we classify Leibniz algebras whose
semisimple part is a direct sum of sl3,sl3 and I is decomposed into a direct sum of two irreducible
modules 1111, 11’2 over Sl% such that dimILl = dim[lﬁg.

Throughout the work, the vector spaces and the algebras are finite-dimensional over the field of
complex numbers. Moreover, in the table of multiplication of an algebra the omitted products are
assumed to be zero. We shall use the following symbols: +, @ and + for notations of the direct sum
of the vector spaces, the direct and semidirect sums of algebras, respectively.

2. PRELIMINARIES
In this section we give some necessary definitions and preliminary results.
This work has been funded by Mathematics Institute, Research Plan of Sevilla University and Grants (RGA) No:11-

018 RG/Math/AS_I-UNESCO FR: 3240262715 and IMU/CDC-program.
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Definition 2.1. [8] An algebra (L, [-,-]) over a field F' is called a Leibniz algebra if for any z,y,z € L
the so-called Leibniz identity

[, [y, 2]] = [[2, 9], 2] = [[=, 2], 9]
holds true.

Let L be a Leibniz algebra and let I = ideal < [z,z] | © € L > be the ideal of L generated by
all squares. The natural epimorphism ¢ : L — L/I determines the associated Lie algebra L/I of the
Leibniz algebra L. It is clear that ideal I is the minimal ideal with respect to the property that the
quotient algebra by this ideal is a Lie algebra.

In [5] we note that the ideal I coincides with the space spanned by squares of elements of an algebra.

According to [7] there exists a unique (up to isomorphism) simple 3-dimensional Lie algebra with
the following table of multiplication:

sly [evh]:_[hve]:2€v [haf]:_[fvh]:Zfa [e,f]:—[f,e]:h,

The basis {e, f, h} is called the canonical basis.

[10] describes the Leibniz algebras for which the quotient Lie algebras are isomorphic to sls. Let us
present a Leibniz algebra L with the table of multiplication in a basis {e, f, h,zg,..., 2}, 1 < j < p}
and the quotient algebra L/ is slo:

[ev‘h] = —[h,e] = 263 (h, fl==[f,h] =2f, e, f]=—[f.e] =h,
[$i,h]=(tj—2k)$i, nggtj,

[:Ei,f]zxiﬂ, 0<k<t;—1,

[x),e] = —k(t; +1—k)z,_,, 1<k<t;.

where L =slo +I1 + Io+ -+ I, and I; = (:E{,...,:E{j), 1<j<p.

The last three types of products of the above table of multiplication are characterized asan irreducible
slo-module with the canonical basis of sly [7].

Now we introduce the notion of semisimplicity for Leibniz algebras.

Definition 2.2. A Leibniz algebra L is called semisimple if its mazimal solvable ideal is equal to I.

Since in the Lie algebras case the ideal I is equal to zero, this definition also agrees with the definition
of semisimple Lie algebra.

Although Levi’s Theorem is proved for the left Leibniz algebras [5], it is also true for right Leibniz
algebras (here we consider the right Leibniz algebras).

Theorem 2.3. [5] (Levi’s Theorem). Let L be a finite dimensional Leibniz algebra over a field of
characteristic zero and R be its solvable radical. Then there exists a semisimple subalgebra S of L,

such that L = S+R.

An algebra L is called simple if it only has only ideals {0}, {I},{L} and L? # I, see [I]. From the
proof of Theorem 23] it is not difficult to see that S is a semisimple Lie algebra. Therefore, we have
that a simple Leibniz algebra is a semidirect sum of simple Lie algebra S and the irreducible right
module I, i.e. L = S+I. Hence, we get the description of the simple Leibniz algebras in terms of
simple Lie algebras and ideals I.

Definition 2.4. [7] A non-zero module M over a Lie algebra whose only submodules are the module
itself and zero module is called irreducible module. A non-zero module M which admits decomposition
into a direct sum of irreducible modules is said to be completely reducible.

Further, we shall use the following result of the classical theory of Lie algebras.

Theorem 2.5. [7] Let G be a semisimple Lie algebra over a field of characteristic zero. Then every
finite dimensional module over G is completely reducible.

Now we present the results of the classification of Leibniz algebras with the conditions L/I =
slo @ R, dimR = 2,3 and I a right irreducible module over sly (dimI # 3).

Theorem 2.6. [] Let L be a Leibniz algebra whose quotient L/T = sl @ R, where R is a two-
dimensional solvable ideal and I is a right irreducible module over sly (dimI # 3). Then there exists a
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basis {e, h, f, o, X1, ..., Tm,y1,Y2} of the algebra L such that the table of multiplication in L has the
following form:

le;h] = —[h,€e] = 2e, [h, f]==[f.h]=2f, [e,f]=—[f.e]=h
W1, y2] = —[y2, 11 = 1, [Tk, y2] = axk, 0<k<m, acC,
[k, h] = (m — 2k)xy, 0<k<m,

[k, f] = Tp41, 0<k<m-—1,

[k, e] = —k(m+1—k)xg—1, 1<k<m.

The following theorem extends Theorem 2.6 for the case dimR = 3.

Theorem 2.7. [II] Let L be a Leibniz algebra whose quotient L/I = sly & R, where R is a three-
dimensional solvable ideal and I is a right irreducible module over sly (dimI # 3). Then there exists
a basis {e,h, f, 20,21, .., Tm,Y1,Y2,ys} of the algebra L such that the table of multiplication in L has

one of the following two forms:

e, h] = —[h, €] = 2e, [h, f] = =[f,h] = 2f, e, f] = —[f,e] =h,
1, y2] = —[y2, 1] = w1, [y, y2| = —[y2, ys] = ays,
[z, h] = (m — 2k)xy, 0<k<m,
L(ea): [k, f] = Trt1, 0<k<m-—1,
[zr, €] = —k(m+1—Fk)ag_—1, 1<k<m,
[i, y2] = ax;, 0<i<m.
e, h] = —[h, €] = 2e, [h, f1 = —[f, h] = 2f, e, f1=—[f.e] = h,
Wi, 92] = —[y2. 1]l = v1 + s, [ys,92] = —[y2, ys] = vs,
) e, B = (mo— 2k)ay, 0<k<m,
Lafa): [k, f] = Trt1, 0<k<m-—1,
[, el = —k(m+1—k)xg—1, 1<k<m,
[, y2] = ax;, 0<i<m.

For a semisimple Lie algebra S we consider a semisimple Leibniz algebra L such that L = (sly ®
S)+1.. We put I = [I, sla].
Let I; is a reducible over sly. Then by Theorem 2.5l we have the decomposition:
Li=5Lin L@ D1,
where [ ; are the irreducible modules over sl for every j, 1 < j <p.
Theorem 2.8. [6] Let dimly ;, = dimly j, = --- = dimly ;, =t+ 1 be with 1 < s < p. Then there
exist (t + 1)-pieces of s-dimensional submodules I 1,12, ...124+1 of the module Iy = [I,S] such that

i+ Lo+ -+ I =11 N1

3. THE STRUCTURE OF LEIBNIZ ALGEBRAS WITH ASSOCIATED LIE ALGEBRAS
sl @sl2@---®sl5® R AND I IS A RIGHT IRREDUCIBLE s/5-MODULE FOR SOME k.

In this section, we will consider a Leibniz algebra satisfying the following conditions:
(i) the quotient algebra L/I is isomorphic to the direct sum sl & sl3 & --- @ sl & R, where R is
n-dimensional solvable Lie algebra;
(ii) the ideal I is a right irreducible sl§-module for some k € {1,...,s}.
We put diml =m + 1.
Let us introduce the following notations:
slé =<ep,fihi> 1<i<s, [=<uxzg,....,xm >, R=<y1,...,yn>
Without loss of generality one can assume that £ = 1. Then due to [7] we have
[e1, hi] = —[h1, e1] = 2e, (b1, il = =[f1, ] =2f1, ler, fi] = ~[f1,e1] = ha,
[z, hi] = (m — 2k)x, 0<k<m,
[Tk, f1] = Tra1, 0<k<m-1,
[z, e1] = —k(m+1—Kk)ag—1, 1<k<m.
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Lemma 3.1. Let L be a Leibniz algebra satisfying the conditions (i)-(i). Then [I,sl}] = 0 for any
jed{2,...,s}.
Proof. For a fixed j (2 < j < s) we put

'r()vej ZQJ Ly IOafJ Zﬂj Ly IO; Z'YJ iLi-
Applying the Leibniz 1dent1ty we have

[0, €51, f1] = [z0, [e5, fl] + [[zo, 1], 5] = [[z0, f1], 5] = [71, ¢5].
On the other hand,

m—1
!E0,€g f1 E Qg xzafl E Qg Lj4-1 -
i=0

m—1
Consequently, we obtain [z1,€;] = > @ i®it1-
i=0
Using the equality
[[I’iej]v fl] = ['Iiv [ej7 fl]] + [[I’La fl]a eJ]

and the mathematical induction, we prove the following expression
m—1

[zi, €] = Z Ok Thtis 2 <1< m.
k=0
From the chain of the equalities

—Zz — i+ 1ajei —Zagz [, e1] = [[z0, 5], e1] = [0, [, €1]] + [[zo, €1],€;] = 0
=0

we conclude that a;; = 0 with 1 < ¢ <m, that is, [zk, e;] = aj0zk, 0 <k < m.
Similarly, we obtain
[z, fi] = Bjozk, [zk, hj] = vj0mk, 0 <k <m.
The equalities
2[z;, e5] = [wi, [ej, hyl] = [[wi, e5], byl =[[2i, hy), €] = ajolzi, byl =750z, €5] = aj,075,0zi—7j0050% = 0
imply that [z;,e;] = 0 with 0 < i < m.
Similarly, from

(i [f5, bsl] = [lis f3], hs) = (i byl £,
(i [ej, fil] = [lwi, e5], f3] = [, fi], €51,
we derive [z;, f;] =0, [x5,h;] =0, 0 <4 <m. Thus, [I,sl}] =0 with 2 < j < s. O

We need the following lemma.

Lemma 3.2. Let L be a Leibniz algebra satisfying the conditions (i)-(ii). Then [sl}, slj] = st} with
2<j<s.

Proof. We set

lej, hj] = 2e; + Za’] KTk, [ hs] = —2f; + Z bjkze, lej, fi]l =h;+ Z Cj kL
k=0

Take the basis transformatlon in the following form:

1 m 1 m m
¢f=ej+ 52%);@:1%, fi=1rfi- §Zb<7kxk, h; :hj+ch7k:Ek.
Then, thanks to Lemma 3.1l we can conclude
(3.1) lej hil = 2e5,  [fj hil = =2f;, les fil=h
Taking into account that [I,sl}] = 0 we have
2[hy, e5] = [hy, [ej, hsll = [[hy, €5), hy] = [[hys byl e5] = —2[ej, hi] = [ej, hj] = —[hy, €5].



SOME REMARKS ON LEIBNIZ ALGEBRAS WHOSE SEMISIMPLE PART RELATED WITH slis. 5

Analogously, we obtain

[£i:hs] = (5. legs £51] = [[fi €5, £ = (s £ils e5) = =Ry, £5] = [f5, bl = =Ry, £5].

Now, we denote
m m
lej,e5] = >0 Njaxiy  [f5, [i] = D2 pgazi,
i=0 i=0
m m
(hj, hil = >0 jazi,  [fj,e5] = —hj + > njazi.
1=0 =0

From the chain of the equalities

D Ajilm = 2i)w; = Z/\a ilwi, ha] = [[ej, €5, ha] = [[ej, hal, e5] + [ej, [ej, a]] = 0
1=0

we derive Z Aji(m —2i)z; = 0.

=0

e If m is odd, then \;; = 0 with 0 < ¢ < m, that is, we have [e;,e;] =0 for 2 < j <s.

e If m is even, then [ej,e;] = \jmam.
The equalities
0= lej, [f1.e5]] = llej, fil, 5] = [lej e5], f1] = —llej e5], o] =
=-Nzlre, il =N zzr2n
imply that [e;, e;] = 0 for an even value of m and 2 < j <'s, as well.

Consider

E Wi i(m —2i)x; = Z Wi ilzi, ha] =
[[f]vf]] hl] [[f]ahl] f]] [f]v[fjahl]] =0
Then, i wii(m —2i)x; = 0.

i=0
Evidently, for an odd value of m the products [f;, f;] are equal to zero and for an even value of m
we have [f;, f;] = pjpayp.
The equalities

0=1[fy, [f1, £]] = [If5, [l £3) = [[f5, fils ol = =1f5, £i)s fu] =
= —pjplre, il = —pjpren

imply that [f;, f;] = 0 for any value of m and 2 < j <s.
In a similar way from the equations

m

i(m+1—i)mxi-1 = Y Tjilwi,e1] = Z LilTisel] =

|
.MS

— [y, byl 1] = ([, ex]s hs] F Ty [y, ea] =
— (gl ] = [Ty, Sl + [ [y, 2] = O,
we derive [hj, hj] =0for2<j<s

J
Finally, from

0 = [hy, hy] = [hy, e, fi1] = [[hys e5]s £3] = [y, fi]s e5] = —2[ej, f5] = 2[f5, €]
we deduce [eja fJ] = _[fjvej] for 2 S] <s.
Taking into account the obtained equalities:

lej, byl = =lhj €5l ey, fil = =lfisesls [ hil = =lhy, £l lesie5] = [f5, f3] = [hy, hgl = 0
and (3 complete the proof of lemma. O
The following result establishes the multiplication of sl and sl% with 7 # j.
Lemma 3.3. Let L be Leibniz algebra satisfying the conditions (i)-(ii). Then
[sly,sl3] =0, 1<i,j<s, i4#]
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Proof. Firstly we shall prove that [sl3, s13] = 0 for some j € {2,...s}.
For a fixed element b of sl3, we put

le1, 0] :ZHkiL’k, [flvb]:Zpkxk-
k=0 k=0

Consider

0= [617 [hlab]] = [[elvhl]ab] - [[elvb]vhl] = 2[617b] - I:zz:oek[xk, hl]

=2 Z eka — Z Hk(m — Zk)ftk = Z Hk(—m+ 2]€+ Q)Ik.
k=0 k=0 k=0

0, m odd,
[61, b] =

9%_1:10%_1, m  even.

Consequently,

If m is even, m # 2, the equalities
0 =le1, [e1,b]] = [[ex, e1], b] — [[e1, B], e1] = —[[e1, b], 1] =
= —9%_1[,@%_1,61] = —6‘%_1(% - 1)(% + 2).%'%_2

imply [eq,b] = 0.
Similarly as above, from

0 = [f1, [h1, 0] = [[f1, ha], b] = [[f1, 0], ha] = —2[f1, 0] — [[f1,0], 1] =
= -2 i PrTE — i prlTr, 1] = =2 i PrTE — i pr(m — 2k)zy =

k=0 k=0 k=0 k=0
= kz—:o pr(—m + 2k — 2)xy,

0= [fu, [f1,8l] = [[fr, i), Bl = [Lf1, 8], fa] = =[[f1, 8], ful,

we get [f1,b] = 0.

The equality [h1,b] = 0 follows from

0= [e1, [f1,b]] = [[ex, f1], 0] — [[ex, b], f1] = [[ex, f1], 0] = [, B].

Thus, we have proved that [si}, sl}] = 0 with j € {2,..., s} and m # 2.

If m = 2, we have
il =ajzo, [e1, fi] =bjzo, ler, hj] = ¢;mo,
il =0, [f1. 3] =0, [f1, 1] =0,
[h1,€e5] = ajx, [hi, f;] = bjz1, [h1,hj] = cjz.
Considering the Leibniz identity for the following triples of elements:
{er e, bt {er by, fi}, {eiej, fi}

we lead to a; =b; =¢; =0, 2 <j < s. Hence, [sl3,s15] = 0 with 2 < j < s and m = 2.
For an arbitrary element ¢ of sli, we apply the Leibniz identity for the following triples of elements:

{ejvhjvc}v {hjv fj,C}, {ejvfjvc}-

Then we deduce [e;, ] = [f;,¢] = [h;, ], that is, [sl, sli] = 0.
Let a € sl with 2 <i <s, i # j. From the equalities

0= [CL, [bv 61]] = [[a7 b]? 61] - [[av 61], b] = [[av b]v 61]

0= [av [bv fl]] - [[aab]a fl] - [[avfl]ab] = [[avb]vfl]a
we conclude that [a,b] =0 O

gy
[y
@

=
=
o)

Below we show that the solvable ideal R annihilate to both sides of each slé, 2<3<s.
Lemma 3.4. Let L be a Leibniz algebra satisfying the conditions (i)-(ii). Then
[R,sls] = [sl5,R] =0, 2<i<s.
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Proof. Applying the Leibniz identity for the following triples
{y87 €1, a/}u {y87 flu (I}, {(I, Ys, 61}7 {a/u Ys, fl}

we lead to
[ys,a]zO, [Gays]ZO, 1<s<n
for an arbitrary element a € slg, 2<1<s.
Summarizing the results of Lemmas BIH34], we obtain the following theorem.
Theorem 3.5. Let L be a finite-dimensional Lebniz algebra satisfying the conditions:

(i) L/T=sly®sl3® - @ sly @ R, where R is an n-dimensional solvable Lie algebra;

(ii) the ideal I is a right irreducible sl§-module for some k € {1,...,s}.
Then, L= ((sli® R)+I)®sl3® - sls.
As a result of the Theorems and [3.5], we have the following corollaries.

Corollary 3.6. Let L/ = sli@sl3®---@sl5® R with dimR = 2 and dimI # 3. Then L is isomorphic

to the following algebra:

lej, hj] = —[hj, €] = 2e;, [hj, £i] = =i, hil = 25,
lej, fil = =[fs e5] = hy, 1<j<s,

(Y1, y2] = —[y2, y1] = v,

[k, h1] = (m — 2k)wy, 0<k<m,

[Tk, f1] = Trya, 0<k<m-—1,

[k, e1] = —k(m+1—K)ap_1, 1<k<m,

[2k, y2] = axy, 0<k<m, acC.

Corollary 3.7. Let L/I = sli®sl3@- - -@sls® R, with dimR = 3 and diml # 3. Then L is isomorphic

to the following non-isomorphic algebras:

lej, hjl = —[hj, ;] = 2¢;, [hj, i1 = =[fj hil = 2f;,

lej, fi] = =[fj e5] = hy, 1<j<s,

[y1,92] = —[y2, 1] = y1, [Y3, y2] = —[y2, y3] = ays,
Li(o,a): [Tk, ha] = (m — 2k) g, 0<k<m,

[Tk, [1] = k41, 0<k<m-—1,

[k, e1] = —k(m+1—K)ap_1, 1<k<m,

[, y2] = axy, 0<i<m,

lej, hjl = —[hj, €] = 2¢;, [hj, 5] = =[fj hil = 2f;,

lej, fi] = =[fj e5] = hy, 1<j<s,

W1, y2] = —[y2, y1] = v1 + ys3, [Y3, y2] = —[y2,y3] = y3,
Lo(a) : [k, h1] = (m — 2k)xg, 0<k<m,

[Tk, [1] = k41, 0<k<m-—1,

[k, e1] = —k(m+1—Kk)axp_1, 1<k<m,

[, y2] = ax;, 0<i<m.

4. THE DESCRIPTION OF LEIBNIZ ALGEBRAS WITH SEMISIMPLE PART
sly @ sl3 AND SOME CONDITIONS ON IDEAL /.

Let L be a Leibniz algebra and the quotient Lie algebra L/I isomorphic to a direct sum of two
copies of the sly ideals. In this section, we shall investigate the case when the ideal I is reducible over
only one copy of slz. Thus, we have L/I =2 sl3 @ sl3. One can assume that I is reducible over sl3. Due

to Theorem we have the following decomposition:
I = 1171 ) ILQ b...PH Il)SJrl,
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where [; j, 1 < j < s+ 1 are the irreducible sl%-modules.

We shall focus our study on the case when diml; 1 = diml 2 =--- =diml; 41 =m+ 1.
Let us introduce the notations as follows:
I =<xf‘),x{,...,xfn > 1<5<s+1
and
s+1 m s+1 m s+1 m
_ k k j _ k k
- Z Z i gpTpr 1T f2 Z Z ,3,p p’ IR @y, ha] = Z Z Ci,5,pTp
k=1 p=0 k=1 p=0 k=1 p=0

where 0 < <m, 1 <j<s+1.
Without loss of generality, one can assume that the products [I1 ;, s3], 1 < j < s+ 1 are expressed
as follows:

[, e1] = —i(m+1—i)a]_,, 1<i<m,
{E'?,lz.’l,']- s nggm—l,
4 i+1 .

(@], h1] = (m — 20)x], 0<i<m.

Proposition 4.1. Let L/] = sl% ® sl% and I =L 1 ®©Lio® ... 0 I sy1, with dimly ; =m+1 and I ;
are the irreducible sl%—modules for1<j<s+1. Then,

J H k ..k J H k k J H k k
[Ime?]:kz:lajxiv ['riva]:kZlb] 70 [ ] Z ] Z;,

where 0 <i<m, 1 <j<s+1.

Proof. Applying the Leibniz identity for the following triples of elements:

{Ié,el,eg}, {x{,el,eg}, {x{,hl,ez}, 1<j<s+1
we derive the restrictions:
ag)jﬁp =0,1<p<m, alfﬁj)l = ag)jﬁo, a’fﬁj)p =0,2<p<m, a’fﬁj)o =0, 1<k<s+1.
Consequently, we obtain
s+1 ‘ s+1
‘IEO’e2 ZGO,J,Oxov ‘T17€2] = Za&j)ol'lf, 1< <s+1.
k=1

By induction, we shall prove the equality
s+1
(4.1) [:Ef, es] = Z algﬁj)oxf, 0<i<m.
k=1
Using this assumption in the following chain of the equalities:

0= [‘Tnglv [61762]] = [[$g+1,61],62] - [["Englve?]vel] = _[(7’ + 1)(m - i)xgve2]_
s+1 m ) s+1 k s+1 m
_ElzahLlJp[Ip?el] _(7’+1)( _Z)EG‘OJO i T leaﬂrljpp(m_'_l_ ) Tp—_1>
p=0 =1p=1

we conclude that
k k k .
A1 4i+1 = Q05,00 Gip1jp =0, pFi+1l, 1<p<m, 1<k<s+1

Hence,
s+1 s+1

1+1=€2 E az-l—l ],O‘TO + E a’O]OxH-l

The following equalities

0= [xqulv [hlv 62]] = [[xqulv hl]v 62] - [[wnglv 62]7 hl] = (m —2i— 2)["E5+17 62]_
s+1 s+1
[E az+1;0330 + E aOJOI1+17h |=(m —22—2)(2 az+1;05130 + E ao;oxzﬂ)
s+l
—m ;_:1 a‘i+1,j,0‘r§ —(m—2i-2) 1;—:1 aO,j,OIiJrl =-2(i+1) ;_21 @i+1,j,0$]57
complete the proof of Equality El
. s+1
Putting a? = al&jyo, we have [x], 5] = a?a:f, 1<j<s+1,0<i<m.
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Applying the Leibniz identity for the triples of elements:

{xéaelqu}a {‘T{aelqu}a {${7h17f2} 1§.7§ S+1

we get

blg,j,p:07 1 Spgm, blf,j,l :bé:’ij’ bljp—o, 2§p§m, bl]iij:O, 1 S kS S+1.
Therefore, we obtain

s+1 s+1
[, fa] = Zbojoxo, (27, fo] = Zbojox 1<j<s+1.

Applying the induction and the following chain of equalities

0= [t]y1.[er, fol]l = [[ehirs el fo] = [[ehirs fol ed] = =[G + 1) (m — )], fo] =
s+1 m s+1 s+1 m

_Zlg:bz+ljp[ 1] (Z+1)(m_z)k21b ]O‘T +Zzbz+ljpp(m+l_ )ZD 1
0= [$§+17 [hy, f2]] = [[ Tit1 hi], fao] — [[$g+1=f2]=hl] =(m—2i— 2)[$§+1=f2]_

s+1 “+1 s+1
[Z bY g, 0Z6 + Z: bg,g,oxﬁla hi] = (m — 2i — 2)(2 bY, J, 0Zh + Z bo,g 0T 1)~

s+1 k ) s+1 & K ) s+1 &
-m kzl bz‘+1,j,0$0 —(m—2i—-2) kzl bO,j,Oxi—i-l =-2(i+1) k¥1 bi-i—l,j,OxO'

we derive the equality
s+1
Z7f2 ZbOJO‘T 0<i1<m, 1<j3j<s+1.

IN

. s+1
Setting bf = b’g)jﬁo, we obtain [z, fo] = Z_: f zF 0<i<m, 1<j<s+1.

s+1
Analogously, one can prove the equality [a:i yho]l =7 c?:z:f with 1 <j <s+1. O
k=1

Now we shall describe the Leibniz algebras such that L/I = sli & si3 and I = I; 1 @ I1 2, where
I 1,111 are the irreducible sl3-modules. Without loss of generality we can suppose

[xiahl] = (m—?k)xi, 0<k<m,
[Iiﬂfl]:x?@.ﬂrla ) OSkSm—l,
(], e1) = —k(m+1—Fk)z,_;, 1<k<m.

for j=1,2.
Thanks to the Proposition 1] one can assume
[z}, e2] = a1z} + agz?, [22,e3] = azz} + asa?,
[I},fg]:b1$}+b2$%, [ffgaf]—b&’ﬂ +b4fE

1 _ 1 2
[{Ei s hz] = C1x; + Coy,

2

[22, ho] = caz} + 04:1012

where 0 < i < m.
From the following chains of the equalities obtained applying the Leibniz identity
2(a12$ + agxd) = 2[x}, e2] = [x}, [ea, ha]] = (azes — caa3)xh + (arca + ageq — crag — coaq)zd,
2(azrd + aszd) = 2[x3, e2] = [22, [e2, ha]] = (azc1 + ascs — cza1 — caaz)xd + (agea — ascs)wd,
—2(brx§ + bawd) = —2[xf, fo] = [, [f2, ha]] = (bacs — cabs)xd + (bica + bacy — c1by — caby)xd,
[f2, ha]] = (b1 + bacg — c3by — cabs)xd + (bsca — bacs)xd,

—61171 — CQI% —[.I}, hg] = [I%, [fg, 62]] = (a3b2 — CLng)I% —|— 2(&21)1 — ale)I%,
—C3T] — C4T7] = —[JJ%, h2 = [,T%, [fg, 62]] = 2(&1()3 — a3b1)x} + (a2b3 — a3b2)x%.
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we derive:
2a1 = ascs — asca,
2a9 = a1Co 4 ascy — C1A2 — C20y4,
2a3 = azcy + aqgcs — c3al — c4a3,
2a4 = ascy — ascs,
—2by = bacg — cobs,

(4.2) —2bg = bycg + bacy — c1by — coby,
—2b3 = bgcy + bycs — c3by — cqbs,
—2by = bzca — bacs,
c1 = azbz — agba,
co = 2(a1by — asby),
cs = 2(azby — apbs),
¢4 = agby — asbs.

It is easy to see that a4 = —a1,by = —b1 and ¢4 = —cy. By substituting the above relations in the

restrictions ([@2), we will have:

a1 = 2asa3b; — ajasbs — ajasgbs,
as = 2a2by — 2a1a2b; — a3bs + asazba,
a3z = asazbz — a%bg — 2a1a3by + 2a%b3,
b1 = 2a1b2bs — asb1bs — agbybs,
by = 2ab? — 2a1b1by + azbabz — asb3,
bz = azbabs — azb3 + 2b3az — 2a1b1bs.

Thus, we obtain the following products:

[z}, e2] = a1} + ag2?, [#}, f2] = bz} + boa?,
[22, es] = agz} — a12?, [22, fa] = bz} — bia?,
[}, ho] = (a2bs — azba)x} + 2(a1bg — agby)z?

[2, ha] = 2(azby — a1bs)z; — (agbs — azbe)z?

(4.4)

where the structure constants aq,as,az and by, bo, b3 satlsfy the relations ([@3]).
We present the classification of Leibniz algebras satisfying the following conditions below:
(1) L)1 = sl @ sl3;
(ii) I =T 1 @ I 5 such that Iy 1, I 2 are the irreducible sl3-modules and dimlI; ; = diml; o;
(i1i) I = I ® 32 ...® I3 mi1 such that I are the irreducible si3-modules with 1 < k < m + 1.

Theorem 4.2. An arbitrary Leibniz algebra satisfying the conditions (i)-(iii) is isomorphic to the
following algebra:

[61, hZ] = _[hiaei] = 2e;,

[ z,fz] = _[fivei] = hy,

[ zufz] = _[fzuhl] = 2fi7

[}, ha] = (m — 2k)z, 0<k<m,
[xZafl]::E,]L.g.plv OSkSm—l,
[1‘2,61] = _k(m+ 1- k)x};—l? 1<k<m,
[z}, 2] = [23, ho] = ;vf,

[}, ho] = [z J,fz]

with1 <i<2and0<j<m.

Proof. We set dimlIy 1 = dimlI; 3 = m+ 1. Then, according to Theorem [Z8 we obtain dimlIs j, = 2 for
1<k<m+1.
Let {z§,x1,...,aL }, {23,22,...,22,} and {y¥,y¥} be the bases of I11, [12 and Iy, 1 <k<m+1,

respectively. We set
2 m 2 m
k k i kK
=2 e =2 ) Blal,

k=1 s=0 k=1 s=0
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with 1 <i<m+ 1.
Taking into account the products {4 for 1 <i < m + 1 we consider the equalities

0=1[yl, fo] = [X0 Blazs + 2 6722, fo] = 30 Bio(brad + boa?)+
s=0 s=0 s=0

+ 3 BRo(bsxl —bax2) = 30 (Bl b1 + B7 ba)xt + 3 (B b2 — B7 br)a?.
s=0 s=0

s=0
Therefore,
(4.5) Blb1+ 87 b3 =0,
' 1 b2 — B7 b1 =0,

with 1 <i<m+1and 0 < s <m.

If b3 + babs # 0, then the system of equations (£I]) has only the trivial solution, which is a contra-
diction. Hence, b% + babs = 0.

Similarly, from

m m

0= [yh, 2] = D (afjar +af yaz)ay + Y (af jaz — of a1 )]
s=0 s=0

we derive a? + azaz = 0.
Thus, we have ay = i\/azaz and by = i/babs.
Substituting the relations a; = i\/azaz, b1 = i/babs by the restrictions [3) we get
Vaz2a3(1 + agbs + asbs — 2v/azazbabs) = 0,
az(1 + agbs + azbs — 2v/azasbsbs) = 0,
as(1 + agbs + azbs — 2v/azasbsbs) = 0,
Vbabs (1 + asbs + azbs — 2v/azasbabs) = 0,
b2(1 + asbg + azbs — 2v/azasbabs) = 0,
b3(1 + agby + azbs — 2v/azazbabs) = 0.
Consequently, 1 + asbs + asbs — 2v/azazbabs = 0 (otherwise [I1 1, sl3] = [[1,2,sl3] = 0 which is a

contradiction with the assumption of the theorem).
Let us summarize the obtained products:

[z}, e2] = a1} + aza?, [z}, fa] = biz} + boz7,
(46) [»Tfa 62] = (13.'1;27 - G/l,fCZZ, [xgu f?] = b3.’II7]: - bl,fCZZ,

[LL'%, hg] = (a2b3 — agbg)x% + 2(@11)2 — agbl)xf,

[LL'%, hg] = 2(@31)1 — (11()3),@11 — (a2b3 — agbg)x%,

with 0 <7 < m and the relations a% + asas = b% + bobs = 1 4+ azbs + asbz — 2v/asazbsbs = 0.
Taking the following basis transformation:

al' = Azl + Ba?, 2% = (Aay + Bas)z! + (Aay — Bay)a?, 0<i<m

K2

we can assume that the products ([@6) have the following form:

[z}, es] = a2, [27, e2] = 0,
[Izla f2] = blle + b%.ff, [‘va f2] = _Ill - blx?’
[1711, ho] = —:1711 - 2b1:1712, [3:?, hs] = a:zz

Applying the change of basis as follows

1/
€Ty

=22, 0<i<m,

_ .1 2 2/

we complete the proof of theorem. O

The following theorem establishes that condition (iii) can be omitted because of if conditions (i)-(ii)
are true, then condition (iii) is always executable.

Theorem 4.3. There is no Leibniz algebra satisfying the conditions (i)-(ii), which does not satisfy
condition ().
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Proof. Let a Leibniz algebra satisfying conditions (i) — (i7) — (¢i¢). There exists r with 1 <r <m+1
such that I5; for 1 < ¢ < r are the reducible sl%-modules. Then from Theorem 2.5 we conclude that
I ; are the fully reducible modules over sl3 with 1 <4 < r. Therefore, I ; =< y} > @& < yi > where
<yl >, <yi > are the one-dimensional trivial sl3-modules, that is,

(Y5, €2 = [yl e2] = W fo] = [y, fo] = [y, ha] = [y], ha] = 0.
Similar to the proof of Theorem [£.2] we obtain

(47) a; = ’L'\/O,Qag, b1 = i\/ bgbg, 1+ (Zgbz + a2b3 - 2\/ a2a3b2b3 =0.

Consider the chain of the equalities

0=1[yi, ha] = 3 Bilas, ha]l + 3 B7,[a2, ha] = 3 ((a2bs — asb2) B -+
s=0 0

= s=0

—|—2(a3b1 - a,lbg) ZS).Ii + Z (2((1,11)2 - agbl)ﬂ;s + (a3b2 - G,ng)ﬂiz)s).fg.
s=0

Then we have
(agbs — a3b2)6i1)s +2(agby — albs)ﬁﬁs =0,
2(a1by — agb1) B, + (asba — azb3) 57, = 0,
with 1 <7<7rand 0<s<m.
Taking into account the relations (1), we conclude that the determinant of the above system of
the equations is equal to 1. Indeed,
(a2b3 — agbg)(agbz — a2b3) — 4(@3[)1 — albg)(albg — agbl) =
= (CLng - CLng)(CLng - CLng) - 4(i&3\/ b2b3 - Zbgm)(lbgm - iagv beg) =
= (agbs — asba)(asby — asbs) + 4(ag\/babs — bs\/azasz)(bay/azas — az\/babs) =
= asagbobs — a%bg — a§b§ + agasgbobs + 4asbar/asazbobs — dasaszbabs — dasagbobs + 4asbs/asasbobs =
= —(a%b% + a%b% + 6a2a3b2b3 - 4a3b2\/ a2a3b2b3 - 4(12()3\/ a2a3b2b3) =
= —(a3b2 + asbs — 2\/0,20,31)21)3)2 =—1.

Consequently, z‘l,s = 51'2,5 =0for1 <i<rand0<s<mand we obtain yi = 0. Thus, we get a
contradiction. We complete the proof of the theorem. 0
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