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In this article we classify solvable Leibniz algebras whose nilradical is a
null-filiform algebra. We extend the obtained classification to the case
when the solvable Leibniz algebra is decomposed as a direct sum of its
nilradical, which is a direct sum of null-filiform ideals and a one-
dimensional complementary subspace. Moreover, in this case we establish
that these ideals are ideals of the algebra as well.
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1. Introduction

The notion of Leibniz algebra was first introduced by Loday [10] as a non-
antisymmetric generalization of Lie algebras. During the last 20 years, the theory of
Leibniz algebras has been actively studied and many results of the theory of Lie
algebras have been extended to Leibniz algebras. For instance, the classical results on
Cartan subalgebras, regular elements and others from the theory of Lie algebras are
also true for Leibniz algebras [1,14].

From the classical theory of finite-dimensional Lie algebras it is known that an
arbitrary Lie algebra is a semidirect sum of the solvable radical and a semisimple
subalgebra (Levi’s theorem). In addition, the semisimple part is a direct sum of
simple ideals, which is completely classified [9]. Thanks to Malcev’s results [11], the
study of solvable Lie algebras is reduced to the study of nilpotent ones. Thus, the
description of finite-dimensional Lie algebras is reduced to the description of
nilpotent algebras.

In the case of Leibniz algebras, the analogue of Levi’s theorem was proved in [6].
Namely, a Leibniz algebra is a semidirect sum of the solvable radical and a
semisimple Lie algebra. As the semisimple part can be described by simple Lie ideals,
the main problem is to understand the solvable radical. Thus, it is important to study
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solvable Leibniz algebras. The inherent properties of non-Lie Leibniz algebras imply
that the subspace spanned by squares of elements of the algebra is a non-trivial
Abelian ideal. In fact, this ideal is the minimal one such that the quotient algebra is a
Lie algebra. Thus, we also restrict our study of Leibniz algebras to the solvable ones.

The investigation of solvable Lie algebras with some special types of nilradical
comes from different problems in Physics and was the subject of various papers
[2,3,7,8,13,15-17,19] and many other references given therein. Also, it is natural to
add restrictions to the index of nilpotency and graduation on the nilradical. For
example, the cases where the nilradical of a solvable Lie algebra is filiform, the quasi-
filiform and abelian were considered [3,8,13,19]. We recall that the maximal index of
nilpotency of an n-dimensional Lie algebra is n (such algebras were called filiform in
[18]). However, the maximal index of nilpotency of an n-dimensional Leibniz algebra
is equal to n+ 1 (such algebras were called null-filiform in [5]).

Our goal in this article is to classify solvable Leibniz algebras with null-filiform
nilradical. Moreover, this classification is extended to the case when the nilradical is
a direct sum of null-filiform ideals and the complementary vector space of the
nilradical is one-dimensional.

This article is organized as follows. In Section 2 we recall some needed notions
and properties of Leibniz algebras. We start Section 3 by establishing that the
dimension of a solvable Leibniz algebra whose nilradical is an n-dimensional null-
filiform Leibniz algebra is exactly n+ 1; after that, we present our main results: the
classification of solvable Leibniz algebras that can be decomposed as a direct sum of
their nilradical and a complementary vector space, where the nilradical is a direct
sum of null-filiform Leibniz algebras. First, we study the case when the solvable
Leibniz algebra is a direct sum of its nilradical and a one-dimensional complemen-
tary vector space, where the nilradical is null-filiform; after that we consider the case
where the nilradical decomposes in a direct sum of two null-filiform ideals. Finally,
we consider the general situation where the nilradical decomposes as a direct sum of
null-filiform ideals.

Throughout this article we consider finite-dimensional vector spaces and algebras
over the field of the complex numbers. Moreover, in the multiplication table of an
algebra the omitted products are assumed to be zero and if it is not noted we shall
consider non-nilpotent solvable algebras.

2. Preliminaries

In this section we give necessary definitions and preliminary results.

Definition 2.1 An algebra (L, [—, —]) over the field C is said to be a Leibniz algebra
if for any x, y, z € L the so-called Leibniz identity

[X, [y’ Z]] = [[X,y], Z] - [[X, Z]!y]
holds.

A subalgebra H of a Leibniz algebra L is said to be a two-sided ideal if [L, H|C L
and [H,L]C L. Let H and K be two-sided ideals of a Leibniz algebra L. The
commutator ideal of H and K, denoted by [H, K], is the two-sided ideal of L spanned
by the brackets [/, k], [k, /], h € H,K € K. Obviously, [H,K|C HN K.
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From the Leibniz identity we conclude that the elements of the form [x, x] and
[x, y]+ [y, x], for any x, y, lie in the right annihilator Ann,(L)={x € L: [y, x] =0 for
all y € L} of the Leibniz algebra. Moreover, we also get that Ann,(L) is a two-sided
ideal of the Leibniz algebra.

For a given Leibniz algebra L, we define the lower central and derived series to the
sequences of two-sided ideals defined recursively as follows:

L'=L, L' =[LF L], k=>1, W=, s =B s s> 1.

Definition 2.2 A Leibniz algebra L is said to be nilpotent (respectively, solvable), if
there exists an n € N (m € N) such that L" =0 (respectively, LI"! =0). The minimal
number n (respectively, m) with such property is said to be the index of nilpotency
(respectively, of solvability) of the algebra L.

Remark 1 Obviously, the index of nilpotency of an n-dimensional nilpotent Leibniz
algebra is not greater than n+ 1.

Definition 2.3 An n-dimensional Leibniz algebra is said to be null-filiform if
dimL'=n+1—i, 1<i<n+1.
Remark 2 Obviously, a null-filiform Leibniz algebra has a maximal index of
nilpotency.
TueorREM 2.4 [5] An arbitrary n-dimensional null-filiform Leibniz algebra is
isomorphic to the algebra:
NFVI: [ei:el]:ef+la 1515”1_1,

where {ey, e,,...,e,} is a basis of the algebra NF,,.

From this theorem it is easy to see that a nilpotent Leibniz algebra is null-filiform
if and only if it is a one-generated algebra, i.e. an algebra generated by a simple

element. Note that this notion has no sense in the Lie algebra case, because they are
at least two-generated.

Definition 2.5 The maximal nilpotent ideal of a Leibniz algebra is said to be
the nilradical of the algebra.

Definition 2.6 For a Leibniz algebra L, a linear map 4: L — L is said to be a
derivation if
dlx,y) =[d(x), y] + [x.d(y)]
for all x,y € L.
For a fixed x € L, the map R.: L— L, R.(y)=[y, x] is a derivation. We call this

kind of derivations as inner derivations and we denote the set of all inner derivations
of L by Inn(L). Derivations that are not inner are said to be outer derivations.

Definition 2.7 [12] Let dy,d>,...,d, be derivations of a Leibniz algebra L.
The derivations dy,d>, ..., d, are said to be nil-independent if

ardy +ards + -+ ayd,
is not nilpotent for any scalars «y,as, ...,q, € C, which are not all zero.

In other words, if for any a4, as, ..., a, € C there exists a natural number k such
that (O[l d1 +Ol2d2+' . '+Ol,7d2)k:0, then Uy =0pr="" ':Oln:O.
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3. Main results

Let R be a solvable Leibniz algebra. Then it can be decomposed into the form R=
N® Q, where N is the nilradical and Q is the complementary vector space. Since
the square of a solvable algebra is a nilpotent ideal and the finite sum of nilpotent
ideals is a nilpotent ideal too [4], then the ideal R* is nilpotent, i.e. R*C N and
consequently, Q> C N.

LemMA 3.1 Let x € Q be such that the operator Ry, is nilpotent. Then the subspace
V= (x+N) is a nilpotent ideal of the algebra R.

Proof Since R*C N, V is an ideal. We argue that it is nilpotent. If @ € N, then Ry,
is a nilpotent operator. Let us suppose that there exists a k£ € N such that (R,,|N)k= 0,
then (Raw)k“: 0. Hence Ry, is nilpotent. If V is an ideal of the solvable Leibniz
algebra R, then Inn(¥) is a solvable Lie algebra of End(}’), and so by Lie’s theorem
[9] there exists a basis such that R, and R, are upper triangular; moreover, Ry, is
nilpotent, which means that R, has zero diagonal elements. On the other hand, by
assumption, R, is nilpotent, then with a similar argument as the previous one, there
exists an s € N such that (RX|N)S: 0, then (RX‘V)HI: 0. Summarizing, Ry, and R,
are nilpotent and upper triangular, hence R, + Ry, is nilpotent. Thus, by Engel’s
theorem [4], V' is a nilpotent ideal. |

THEOREM 3.2 Let R be a solvable Leibniz algebra and N its nilradical. Then the
dimension of the complementary vector space to N is not greater than the maximal
number of nil-independent derivations of N.

Proof We assert that every R, x € O, is a non-nilpotent outer derivation of N.
Indeed, if there exists some x € Q such that the operator R, is nilpotent, then the
subspace V= (x+ N) is a nilpotent ideal of the algebra R by Lemma 3.1,
contradicting the maximality condition of N.

Let {xi,...,x,} be a basis of Q. Then the operators R,,,,...,Ry,, are nil-
independent, since if for some scalars {«i,...,q,} € C\{0} we have that
oo, a[Rx,‘N)k =0, then R’}‘f‘N, where y = Y| a;x;. Hence y =0, and so o;=0 for
i=1,...,m.

Therefore, we see that the dimension of Q is bounded by the maximal number of
nil-independent derivations of the nilradical N. Moreover, similar to the case of
Lie algebras, for a solvable Leibniz algebra R we also have the inequality
dim N > 428 ]

From Theorem 3.2 we conclude the following properties of derivations of
null-filiform Leibniz algebras.

ProposiTION 3.3 Any derivation of the algebra NF, has the following matrix form:

ay ay as . ay

0 2a1 a ... a,_
0 0 3ar ... ay
0 0 0 ... naq

Proof The proof is carried out by checking the derivation property on
algebra NF,,. |
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CoROLLARY 3.4 The maximal number of nil-independent derivations of the
n-dimensional null-filiform Leibniz algebra NF, is 1.

Proof Let
a dy d ... d
0 24 d ... d_
D=0 0 3d ... oa,| =12
0 0 0 ... nd
be derivations of NF,. If p > 1, then (D; —Z—/}Dl)” =0 with non-trivial scalars.
Hence {D,, D,,...,D,} is not nil-independent. : |

CoRrOLLARY 3.5 The dimension of a solvable Leibniz algebra with nilradical NF,, is
equal to n+1.

Proof Let us assume that the solvable Leibniz algebra is decomposed as R = NF,, &
0. By Corollary 3.4 and Theorem 3.2 we have 1 <dimQ < 1. |

THEOREM 3.6 Let R be a solvable Leibniz algebra whose nilradical is NF,,. Then there
exists a basis {ey,es,...,e, x} of the algebra R such that the multiplication table of
R with respect to this basis has the following form:

leel] =er1, 1 <i<n-—1,
[x,e1] = ey,
[eia X] = _ieia 1 =< i =n.

Proof According to Theorem 2.4 and Corollary 3.5 there exists a basis {ej,
€, ...,e, x} such that all products of elements of the basis, except for the products
[e;; x] which can be derived from the equalities [e;1, x] = [[e;, e1], X] = [es, [e1, X]]+
[[ei, x],e1], 1 <i<n—1, have the following form:

lei,e1] = et l<i<n-1,
n
[x,e1] = we;,
i=1
n
[e]’ X] = Z ﬁieio
i=1
n
[x9 x] = Z Yi€i,
i=1
where {ej, e,...,¢,} 1s a basis of NF,, and {x} is a basis of Q.

Now we consider the following two possible cases.
Case I Let a1 #0. Then taking the change of basis:
1
/

1 n

/ .

eiz—g 1€, 1<i<n X =—x,
o 4 )

we can assume that [x, e;] = e¢; and other products can be assumed as not changed by
redesignation of parameters.
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From the products

0 =[x, [x, x]] = [x, > y,«e,} = vilx.e] =y,
i=1 i=1

we can deduce that y; =0.
On the other hand, from the Leibniz identity

[, [er, X1 = [x, ea], x] = [[x. x], e1]

we get Bi[x,el] = [e1, x] = Y3 vimiern i Brer = i Biei — D i3 Vi-1€i.
Comparing the coefficients at the elements of the basis, we obtain 8, =0 and
¥i=Bir1 for 2<i<n— 1. From the equality [ey,[e;, x]] = —[ey. [x, €1]], we derive that

pr=—1.

Thus, we have

n n—1
[e1,x] = —e1 + ) _ Bie, [x,x] = Biiei + vuen.
i=3 i=2
Now we are going to prove the following identity:
les, x] = —ie; + Z Bj-i+1€)s (3.1
Jj=i+2

for 1 <i<n. We have seen that (3.1) is true for i= 1. Assume that (3.1) holds for each
i, 1 <i<k<n. Then

le, x] = [[ex—1. e1], x] = [ex—1. [er, x]] + [[ex—1, X], e1]

= [er—1, —e1]+ |:—(k — Dex—1 + Z ,3_/—k+26’_,',€1i|

Jj=k+1
n n
=—e—(k—Dec+ Y Bwialepell = —ker + Y Birrie;.
fars )

By induction, we see that indeed (3.1) holds for all i, 1 <i<n.
Thus, the multiplication table of the algebra R has the form:

lei, e1] = eit, l<i<n-—1,
[x,e1] = e,
n
[ei, x] = —ie; + Z Bj—ir1e, 1 <i<n, (3.2)
J=i+2

n—1
[x.x]1 =) Biviei + vacn.

=2

Let us take the change of basis:

n n—1
/ . /
e;=e+ E Ajiyre, 1 <i<n, X = E Aiyrei + Buey + x,
J=i+2 i=2



Downloaded by [The UC Irvine Libraries] at 12:31 28 September 2017

764 J.M. Casas et al.

where parameters A;, B, are as follows

1 1 1 (& ,
A3=§ﬂ3, A4=§/34, Ai=l._1 (ZAf—j+1ﬁj+,3i>, (5=i=n),
Jj=3

1 n—1
= (Z Anfj+2,3j + Vn)~
"\i=

Then taking into account the multiplication table (3.2), we compute the products in
the new basis

B n n
/ / / .
lej,e1] = |ei+ E Aj_iv1ej,e1 | = e + E Ajej=e .y, 1=<i<n-—1,
J=it2 J=it3

Mn—1

n n
X, el = ZA,-He,- + Be, +x,eli| = ZAiei +[x,e1] =e + ZAiei =,
i=3 i=3

| i=2

n—1 n—1
[, xXT=| Y Airiei+ Buey + x, x] =Y Aiplei X1+ Bifes, x] + [x, 1]

| i=2 i=2

n—1 n n—1
= ZAI‘H (-ief + Z ,Bj—f+1€j> —nBye, + Zﬂmei + Vuen
i—2 j=it2 i—2

n—1 n—1 n—1

= - ZZAH—lez + ZAH-I Z ,3] i+1€j + ZﬂH—le

J=i+2
n—2
+ § Ai+1ﬂn7i+len - Bnen + Vnén
i=2

n—1 i—

1
- Z( lAH—l + ,3,+1)€, + Z A; —]+2/3]e1

i=4 j=3
n—1
+ (_an + Vn + ZAi+1ﬂni+1>€n
i=2

= (=243 + B3)es + (—3A44 + Ba)es

n—1 1
+ Z (—idip1 + Big1 + Aimjp2Bi)ei = 0,
=4 =3

i—
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e}, x] = |:€1 + ZAiei, X:| = [e1, x] + ZAi[ei,x]
= —e; + Zlglez + ZA <_lez + Z /3/ ,+]€/>

J=i+2
= —¢ +Z,B,e, ZIA e,+ZA Z Bj—ir1€
i=3 J=i+2

n -2
= —e¢| — ZAe, Z(l—1)A€,+Zﬁ,€,+Z<2Ai—j+1bj>é’z

—=\'=
=—e — ZAe,—}—Z( (i— 14, —i—,3)6,+2n:zz4—j+1ﬂ]€:

i=5 j=

=—e — ZAfef + (=245 + B3)es + (=344 + Ba)es
=3

8]

n o i—

+ (== DA+ Bi + Aij B)e: = —er — ZAe,—
i=5

T
o

By means of similar computations as in Equation (3.1), we deduce that
le}, x'] = —iel, 1 <i<n.

Finally, we obtain the multiplication table of the algebra R given in the assertion
of the theorem.

Case 2 Let a;=0. Then from the equalities [e},[e;,x]] = —[er,[x,e1]] and
0 = [x,[x, x]] we get By =0 and y; =0, respectively.
Thus, we have the following products:

[eisel]:ei+la 1 Slfn_la

[x.el] =) e,
i=2
n
[er,x]=)_ Ber,
i=
n
[x.x] =) v
=

In a similar way as for Equation (3.1), we can prove the equality:
[ei, x] = Z/ 1 Bj—ir1e;.  Consequently, we have [e;,x] e ({eirr,ei42,...,€,)),
ie. R'C({eseir1,....e,t). Thus R"™'=0, which contradicts the assumption of
non-nilpotency of the algebra R. This implies that, in the case of oy =0, there is
no non-nilpotent solvable Leibniz algebra with nilradical NF,,. |

Now we are going to clarify the situation when the nilradical is a direct sum of
two null-filiform ideals of the nilradical.

THEOREM 3.7 Let R be a solvable Leibniz algebra such that R=NF, & NF,+ Q,
where NF;. @ NF is the nilradical of R, NF, and NF; are ideals of the nilradical and
dim Q=1. Then NF; and NF, are also ideals of the algebra R.
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Proof Let {e1, e5,...,¢,} be a basis of NF, {f1, f>,...,fs} a basis of NF; and {x} a
basis of 0. We can assume, without loss of generality, that k> s.

By Theorem 2.4 we have that {e) es,...,ex [ /3, -..,fs) CAnn(R) and the
following products:

[eibel]:e[-‘y-]v lflfk_la [ﬁ)ﬁ] :ﬁ+19 151.53_1'
Let us introduce the notations:

k s
[, e1] Za e+ Zﬂlf,, [x.fil =) 8ei+ ) vii
i=1 i=1
k s
[e1.x] = Z/\e,JrZGJ,, fi.x] =) e+ Y wifr.
i=1 i=1
x] = Zpiei + Zéz’fi'
i=1 i=1

From the products

0 = [x,[er, ill = [[x, e1], 1] — [[x. /1], e1] Z,Bz 1fi— Z& 1éi,

we obtain 8,=0, 1 <i<s—1and §;=0, 1 <i<k—1.

The equalities [e1, [er, X]] = —[e1, [x, e1]] and [/, [/1, x]l = —=[/1, [x, /1]] imply that
A =—ap, ==Y

From the equalities 0= [e,[x,x]] = piex and 0 =[f},[x,x]] = & f>, we get

In a similar way as in the proof of Theorem 3.6, the following equalities can be
proved:

k
lei,x] = —iaje;i+ Z Ai—iv1ej, 2=<i<k,
=it
[fi,x] = —infi+ Z Wi—ivifj, 2=<i<s.
J=i+1

Summarizing, we have obtained the following multiplication table for the algebra R:
[el,el]—em, l<i<k-1, [ifil=fi, 1=i<s—1,
[x, e1] Za e + Bifs, [x. /1] = rex + Z vifis

i=1
S
[e1, x] = —arer + Zkiei +_oifi [f1,x] Z tiei —yifi + Zuzﬁ,
i=2 i=1

k
[ei, x] = —iaje; + E Ai—ivrej, 2<i=<k,
j= z+1

[f;.> ]——lylel+Zu, iif 2<i<s,

Jj=i+1

k K
= peit+ Y Efr
i=2 =2

(3.3)
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Below, we analyse the different cases that can appear in terms of the possible values
of a; and y;.

Case 1 Let o=y, =0. Then the multiplication table (3.3) implies [e;, x] € {({e;41,

Ciy2s -5 it)s i X1 € (Ufip1s fivas - Ss0), [ens x] € ({ea, €3, en, f1, /2, f5}) and
[f1.x] € ({er, ess---se1 f2, f3,---»f5}). The above facts mean that the algebra R is
nilpotent, so we get a contradiction with the assumption of non-nilpotency of R.
Therefore, this case is impossible.

Case 2 Let a; #0 and y; =0. Using the following change of basis:

k
Z 1 1
/ / . ,
aiej + Bofs |, e =— E j_ip1ej, 2<i<k, x' =—x,
ai =i o

we assume that

._.

[x,e1] = er.
From the identity
[X, [X, 6‘1]] = [[X, x], 61] - [[X, el]a X]

we have that

k k K

e = Zpi[é’i, e1] —[er, x] Zpl 1€ +ep — Z/\iei - fozfi-

i=2 i=2 i=1

Consequently, A»=0,=0 for 1 <i<s and pi=hiy for2<i<k-—1.

From the identity

[f1. [x, ed]—[[fl,] 1= [f1,e1l, x]

we conclude that 0 = [[ f1, x] Zfz e =>1=0 1<i<k—1.
From the identity i=2

[X, [X,ﬁ]] = [[X, X],fl] - [[xaf]]z' X],

we obtain

0= Zéz 1fi— ZVZ i x|+ Okler, x ZE! 1fi— ZVZ(Z MHj— 1+Lf/> — kdrex
j=i+1
—Z& 1fi— Z(ZV; 1M ;+2)f kdrer = Z(%z 1—27/; 1M ;+2)f1 kdyey.

Jj=

By comparison of coefficients at the elements of the basis, we deduce that
i+1
E= Viitijps. 2=<i<s—1land8 =0.
=3
Now we consider the following change of basis:

T
fi=h +fek, fl=f.2<i<s.
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Then we obtain

[f1,x] = [fl Lep,x ] D udi+ e —ten =Y uifi =Y wif
i=2 i=2 i=2

and
=[x+ ] = bl = Yowhi= Y w
i=2 i=2

Thus, we have the following multiplication table of the algebra R:

leei]l =eip1, 1<i<k-—1, Ufifil =fip, 1<i<s—1,
[x,e1] = e, [x./i1=) v
=2
k N
[elax] = —€ + Z)"ieiy [ﬁ’x] = ZIJ’J;»
=2 i=2

k
[ei, X] = —ie; + Z A_iviej, 2<i<k, [fi,x]= Z Wi—ip1fjy 2=<1<s,
Jj=i+2 J=i+1

[x, x] = ZP!&"’Z%J

From the above multiplication table the following inclusions can be immediately
derived:

[X)NF/\’]gNFka [NFko ]CNFka [X,NR]ENFS, [NF.Sox]gNFJ

This completes the proof of the assertion established in the theorem for this case.

Case 3 Let oy =0 and y; #0. Due to the symmetry of Cases 2 and 3, the proof of
the assertion of the theorem follows similar arguments as in Case 2.

Case 4 Let a;#0 and y; #0. Consider the following change of basis:

a 1
1 . .
e =g (X; @iei + ﬁJ&)» e = o E o€, 2<i<k,
=

J=i
4 1 S : ! 1 . : : / 1
S =5\ 2 vfi+ dkek ) f,-ZEZV_i—inja 2<iss, X =X
i=1 J=i

Then we derive

1 1 (& 1 1
/ 1 — — .0 . — — s = — = !
[X ,@1] - [a] X, o (?l o;e; + ﬂ\f‘&)] az al[)”a 31] o [X, el] €,

1

, 1 1 (S, 1 . ,
[x’, 1]: |:—X,—<E V[fi+8k£’k)j| :—Vl[xafl]:ﬂfl.
ar o \io ary o
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From the identity [x, [x, e;]] = [[x, x], e1] — [[x, e1], x] we deduce

k
e :Zp[[ei,el ler, x Z,Ol 16 +aje; — Z)»ez—zo’d(,
i=2

Therefore, o1 =1, Ay=—1, A =0,=0, | <i<sand p;=X;y, 2<i<k—1.
Expanding the identity [x, [x, f1]] = [[x, x], /1] — [[x, f1], x], we derive the equalities

.
( ) Zaﬁ,m——ﬁ, Za Lf——Z l-fl»—ng,-e,-
i=1

from which we have pu;= —(’)’l—‘l, w=1=0,1<i<k and &= ZTIIWH’
2<i<s—1.
Finally, we obtain the following products of basis elements in the algebra R:

leell=e, 1 <i<k—-1, [fufil=fin1, 1<i<s—1,
[x,e1] = e, [x./i] = ﬁfl,

k
ler ] = —e1 + ) _hie == 1+Zum,
i=3

k K
Y] =Y piei+ Y &
i=2 =2

These products are sufficient in order to check the inclusions

[x, NFi] € NFy, [NF;,x] € NF;, [x,NF]C NF;, [NF;,x]< NF;.
Thus, the ideals NF) and NF, of the nilradical are also ideals of the algebra. [ |

Now we are going to study solvable Leibniz algebras with nilradical NF, & NF,
and with the one-dimensional complementary vector space. Due to Theorem 3.7,
we can assume that NF, and NF; are ideals of the algebra.

Tueorem 3.8  Let R be a solvable Leibniz algebra such that R= NF, ® NF,+ Q,
where NF;, @ NF; is the nilradical of R and dimQ=1. Let us assume that
{er, ez, ..., ex} is a basis of NFy, {f1, f2,..-,fs} is a basis of NF, and {x} is a basis
of Q. Then the algebra R is isomorphic to one of the following pairwise non-isomorphic
algebras:

leel]=ei, 1<i<k—1, [fifil=fix1, 1=<i<s—1,
R(@): { [x,e1] = ey, [x, /1] = afi, a#0,

lei, x] = —ie;, 1<i<k, Lfi,x] = —iaf;, 1<i<s,
[eiyel]:ei-‘rls lflfk_l) Ul’fl]:fl+1a lflfs_la
R(By, B3,.... B, y): { [X,ei]l =ey, [fiox]= Y Bi—irifj, 1 <i<s,

=
[6[,x]=_i€j, 1 Slik’ [x,x]:'}/f;
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In the second family of algebras the first non-zero element of the vector
(B2, B3s - - - » Bs, ) can be assumed to be equal to 1.

Proof  First, we note that the algebras NF, 4+ Q and NF,;+ Q are not simultaneously
nilpotent. Indeed, if they are both nilpotent, then we have

[eiael]€<{ei+la“'nek}>a 1 Slfk_ln [ﬁvﬁ]€<{ﬁ+l:"'aﬁ'})a 1 SlSS—l,
[)C, 61] € <{62’ €3,..., ek}): [xxfl] € ({fZ’.f33 s af&}>a
[ei,x]e({ei+1,...,8k}), 1 Slfk—l, [.f}ax]e({f_}+la"".fi}>’ 2SZSS_1

From the equalities 0 = [ey, [x, x]], 0 = [fi, [x, x]] we conclude that

[X, X] € <{623 €3,..., eka.f2’.f3’ s sfs}>

Therefore, R C {es, €3, ..., fo fo....[s}. Moreover, we have R'C {e,, Citls-vn»Chs
fis fiets- ... fi), which implies that R™**+1={0}. Thus, we have a contradiction to
the assumption that R is not nilpotent. Hence, the algebras NF,+ Q and NF;+ QO
cannot be both nilpotent.
Without loss of generality, we can assume that algebra NF; + Q is non-nilpotent.
We take the quotient algebra by an ideal NF,, then R/NF, = NF; + O. Thanks to
Theorem 3.6, the structure of the algebra NFy + O is known. Namely,

[e.el=eq, 1<i<k-1,
[X,e1] =ey, (3.4)
[e;, X] = —ie;, l<i<k

Using the fact that NF, and NF, are ideals of R and having in mind the
multiplication table (3.4), we have

[efael]=€f+15 1 Slik—l: [ﬁsf]] =<f}+15 1 SiSS—l,
[x,ei] =ei, v Al=) afi
i—1
e, x] = —ie;, 1 <i<k, [f1,x] = Zﬂi is (3-5)
i=1
[x.x] =) v
i=1

If @1 #0, then in a similar way as the Case 1 of Theorem 3.6 we obtain the family of
algebras R(«), where o #0.

The fact that two algebras in the family R(«) with different values of parameter «
are not isomorphic can be easily determined by a general change of basis and
considering the expansion of the product [x’, f]] in both bases.

Now consider @y =0. Then by the change of basis

X' =x—(fi +azfr + - +afi1)

we can suppose [x, f1]=0.
From the identity [f1,[/1, x| = [[f1./1]. x] = [[f1, x]. /1] we get f; =0.
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Similarly to the proof of Equation (3.1), we can prove that

[ ,,X] Z:n i+1 :Bm I+]J;a 1 S lf S.
The identity [x,[f1, x]] = [[x,/1], x] — [[x, x],f1] implies the following chain of
equalities:

0= Y Y f] Zym lfm

Consequently, y,=0, 2<i<s—1.
Thus, we obtain the products of the family R(B, B3, ..., By V)

Lfi. /1] = fis1, l<i<s—1,

fla Z ,Bm l+lf;173 I <i<s,
m=i+1

[X,X] = sts~

Now we are going to study the isomorphism inside the family R(B5, B3, ..., Bs ¥).

Taking into account that, under general basis transformation, the products (3.5)
should not be changed, we conclude that it is sufficient to take the following change
of basis:

N
fl=47" ZA/—HLI_(/", (41 #0), l<i<s, x'=x
=i
Then we have

K s—1 K i—1
1 x1= ) Alfix]=)_ A (Z Bi- w’,) (Z A_,~Bi_j+1).f;-.
i=1 i=2 \ j=I

i=1 j=i+1
On the other hand,

K i—1 )
L. Zﬁf ZA m(Z Azfﬂ) = Z(ZA'GAf.f j’+1>ff'
i=2 \j=I

Comparing coefficients at the elements of the basis, we deduce that
k=1 k=1
DA =) AiAciBly, k=23 s
i=1 i=1

From these systems of equations it follows that

Bi

/
IBi - Aliil ) S

If we consider
PAYs = lf = 1 x ) =[x = s
then we obtain
y =2
s ASI

It is easy to see that by choosing an adequate value for the parameter 4,, the first
non-zero element of the vector (B, Bs, ..., Bs, ¥) can be assumed to be equal to 1.
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Therefore, two algebras R(B,, B3, . .., Bs, ¥) and R(B3, B3, ..., B;, y’) with different
set of parameters are not isomorphic.
For given parameters o and B, Bs,...,0, Y, the algebras R(e) and

R(B>, B3, . . ., Bs, ) are not isomorphic because
k+s=dimR(«)’ #dim R(B» B3, ..., Bs.y)> =k +s— 1. m
Remark 1 In the case when all coefficients (8, Bs, ..., B, ¥) are equal to zero we

have the split algebra (NF;+ Q) & NF,. Therefore, in the non-split case, we can
always assume that (85, B3, ..., Bs ¥)#(0,0,0,...,0).

Now, by an induction process, we are going to generalize Theorem 3.8 to the case
when the nilradical is a direct sum (greater than 2) of several copies of null-filiform ideals.

THEOREM 3.9 Let R be a  solvable  Leibniz  algebra  such  that
R = NF, ® NF,,®---® NF, + Q, where NF,, ® NF,, ® --- ® NF,_is the nilradical
of R and dimQ=1. There exist p,q € N with p;éO and p+q=s, a basis
{ef.e5,....el} of NF,, for 1 <i<p, a basis fF. 15, .. ,u } of NF, .., for 1 <k <gq,
and a basis {x} of Q such that the multiplication table of the algebra is given by

[, ]=¢

l<i<nm—1, [[/Sff]= 4¢ I <i<mnm—1,

i+1°
[x.1=35¢, §#0 [/, x] = Z Beistfs 1 <1< i
RP»q: m i+1
[6’{:, x] = _1816113 1 E l S n/’ x ‘C] Z meﬂ,,,a
m=
(3.6)
where 1 <j<p, 1 <k<gq and 8" =1. Moreover, the first non-zero component of the
vectors (B5, B5, . . ,Bm yk) can be assumed to be equal to 1. Moreover, the algebras are

pairwise non-isomorphlc.

Proof By induction on s:

If s=1, then p=1, ¢g=0, so R;_ is the algebra given in Theorem 3.6.

If s=2, then we have two cases: either p=2, ¢g=0 or p=1, ¢=1, which were
considered in Theorem 3.7. Namely, we have two families of algebras: R(«), which
corresponds to R; o, and R(Ba, B3, . . ., Bs, ¥), which corresponds to Ry ;.

Let us assume that the theorem is true for s and we shall prove it for s+ 1.

Let R= NF, & NF,,®---® NF, & NF,,, + 0. We consider the quotient
algebra by NF, _,, ie. R/NF,?H, = NF,“ ® NF,, ®---® N,r, + 0. Then we get the
multiplication table given in (3.6).

Note that the multiplication table for the algebra R can be obtained from (3.6) by
adding the products

s+l s+1 s+1 :
e; ]—qH, I <i<ng—1,

Mgyl

s+1 s+1 s+1

[x,e]"' ] = E o) e,
m=1
Nyt ]

\+1 s+ 1 v+l

,X E ﬂ m 5

’7x+l
s+1 s+1
[X, X] 2 :y;n Cm -

m=
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If a‘i*l #+ 0, then in an analogous way as in the proof of Theorem 3.6, we deduce that

s+1 s+1 s+1 .
le;™ e I =es I=si=snq -1
s+1 s+1 _s+1
[x,e1" ] =agpiel™,
[ s+1 X] H—l v+l 1 <i< il

Therefore we get the algebra R, ,.
If i = 0, then by similar arguments as in Theorem 3.8, we obtain

s+1 s+1 s+1 :
e ei7 ] = €itl> 1 <i<ng—1,
Nyt
\‘+1 s+1 y+l .
x Z IBm H—l m 1 =1 = Mgy,

m=i+1

k
XX =)V o + VT
m=1

Setting f?fll = eit], we get the family of algebras R, ..

The proof that two algebras of the family R, , w1th different values of parameters
are not isomorphic can be carried out in a similar way as in the proof of
Theorem 3.8. |

In fact, due to Theorem 3.2, the complementary vector space, in the case when
the nilradical of a solvable Leibniz algebra is a direct sum of s copies of null-filiform
ideals, has dimension not grater than s. By taking direct sum of ideals NF;+ Q; and
NF,.®---@® NF,, where 1<i<k—1, k<s, we can construct a solvable Leibniz
algebra whose nilradical is NF|& - - - & NF; and whose complementary vector space is
k-dimensional for each k (k <s).
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