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1. Introduction

According to the structural theory of Lie algebras a finite-dimensional Lie algebra is
written as a semidirect sum of its semisimple subalgebra and the solvable radical (Levi’s
theorem). The semisimple part is a direct sum of simple Lie algebras which were com-
pletely classified in the fifties of the last century. At the same period the essential progress
has been made in the solvable part by Mal’cev reducing the problem of classification of
solvable Lie algebras to that of nilpotent Lie algebras. Since then all the classification
results have been related to the nilpotent part.

Leibniz algebras, a “noncommutative version” of Lie algebras, were first introduced
in the mid-1960’s by Blokh [4] under the name of D-algebras. They came in again in the
1990’s after Loday’s work [13], where he introduced calling them Leibniz algebras. During
the last 20 years the theory of Leibniz algebras has been actively studied and many results
on Lie algebras have been extended to Leibniz algebras (see, e.g. [10,16-18]). Particularly,
in 2011 the analogue of Levi’s theorem has been proven by D. Barnes [3]. He showed that
any finite-dimensional complex Leibniz algebra is decomposed into a semidirect sum of
the solvable radical and a semisimple Lie algebra. As above, the semisimple part can
be composed by simple Lie algebras and the main issue in the classification problem of
finite-dimensional complex Leibniz algebras is to study the solvable part. Therefore the
classification of solvable Leibniz algebras is important to construct finite-dimensional
Leibniz algebras.

Owing to a result of [14], a new approach for studying the solvable Lie algebras by
using their nilradicals was developed [2,6,15,19,20], etc. The analogue of Mubarakzjanov’s
[14] results has been applied for Leibniz algebras case in [8] which shows the importance
of the consideration of their nilradicals in Leibniz algebras case as well. The papers [5,
8,9,11] are also devoted to the study of solvable Leibniz algebras by considering their
nilradicals.

The classification, up to isomorphism, of any class of algebras is a fundamental and
a very difficult problem. It is one of the first problems that one encounters when trying
to understand the structure of a member of this class of algebras. Due to results of [5,7]
there are complete lists of isomorphism classes of complex Leibniz algebras in dimensions
less then five.

The focus of the present paper is on classification of Leibniz algebras in dimension
five. Since the description of the whole of isomorphism classes in 5-dimensional Leib-
niz algebras seems to be hard we deal with the study of 5-dimensional solvable Leibniz
algebras with three-dimensional nilradical. It should be noted that the description of
solvable Leibniz algebras with three-dimensional Heisenberg nilradical has been given
in [12]. Moreover, it was shown that a 5-dimensional solvable Leibniz algebra with three-
dimensional Heisenberg nilradical is a Lie algebra. Therefore, in this paper we don’t
consider this case.
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Throughout the paper all the algebras (vector spaces) considered are finite-dimensional
and over the field of complex numbers. Also in tables of multiplications of algebras we
give nontrivial products only.

2. Preliminaries

This section is devoted to recalling some basic notions and concepts used throughout
the paper.

Definition 2.1. A vector space with bilinear bracket (L, [-,-]) is called a Leibniz algebra
if for any z,y, z € L the so-called Leibniz identity

[‘I,[y,ZH = [[z,y],z] - [[I,Z],y],
holds.

Here, we adopt the right Leibniz identity; since the bracket is not skew-symmetric,
there exists the version corresponding to the left Leibniz identity,

Hxvy]vz] = [.’E,[y72]] - [y» [‘T’ZH

The sets Ann,(L) = {x € L : [y,z] =0, Vy € L} and Anny(L) = {z € L : [z,y] =
0, Yy € L} are called the right and left annihilators of L, respectively. It is observed that
for any x,y € L the elements [z, z] and [z,y] + [y, x| are always in Ann,(L), and that is
Ann,. (L) is a two-sided ideal of L.

The set C(L) ={z€ L:[x,z] =[z,2] =0, Yz € L} is called the Center of L.

For a given Leibniz algebra (L, [, -]) the sequences of two-sided ideals defined recur-
sively as follows:

L'=r, L[*'=[LF1L], k>1, tW=rp, pkt=[CE L] s>1

)

are said to be the lower central and the derived series of L, respectively.

Definition 2.2. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there
exists n € N (m € N) such that L™ = 0 (respectively, L™ = 0). The minimal number n
(respectively, m) with such property is said to be the index of nilpotency (respectively,
solvability) of the algebra L.

Evidently, the index of nilpotency of an n-dimensional Leibniz algebra is not greater
than n + 1.

Definition 2.3. An ideal of a Leibniz algebra is called nilpotent if it is nilpotent as
subalgebra.
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It is easy to see that the sum of any two nilpotent ideals is nilpotent. Therefore the
maximal nilpotent ideal always exists.

Definition 2.4. The maximal nilpotent ideal of a Leibniz algebra is said to be a nilradical
of the algebra.

Definition 2.5. A linear map d: L — L of a Leibniz algebra (L,[-,-]) is said to be a
derivation if for all x,y € L, the following condition holds:

d([z,y]) = [d(z),y] + [z, d(y)].

The set of all derivations of L is denoted by Der(L). The Der(L) is a Lie algebra with
respect to the commutator.

For a given element z of a Leibniz algebra L, the right multiplication operator
R.: L — L, defined by R,(y) = [y, ], y € L is a derivation. In fact, a Leibniz algebra is
characterized by this property of the right multiplication operators (remind that the left
Leibniz algebras are characterized the same property of the left multiplication operators).
As in Lie case these kinds of derivations are said to be inner derivations. Let the set of
all inner derivations of a Leibniz algebra L denote by R(L), i.e. R(L) = {R, | x € L}.
The set R(L) inherits the Lie algebra structure from Der(L):

[Re; Ry] = Ry o Ry — Ry o Ry = Ry q-
Here is the definition of nil-independency imitated from Lie case (see [14]).

Definition 2.6. Let dy,ds,...,d, be derivations of a Leibniz algebra L. The derivations
di,ds,...,d, are said to be a linearly nil-independent if for aq,as,...,a, € C and a
natural number k

(ardy +a2d2+~-~+andn)k =0 implies a1 =as=---=a, =0.

Note that in the definition above the power is understood with respect to the compo-
sition.

Let L be a solvable Leibniz algebra. Then it can be written in the form L = N + @,
where N is the nilradical and @ is the complementary subspace. The following is a result
from [8] on the dimension of ¢ which we make use in the paper.

Theorem 2.7. Let L be a solvable Leibniz algebra and N be its nilradical. Then the
dimension of Q is not greater than the maximal number of nil-independent derivations
of N.

In this paper we classify the class of 5-dimensional solvable Leibniz algebras with
3-dimensional nilradical. To do this we need to know their nilradicals and the maximal
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number of linearly nil-independent derivations of the nilradicals. Below we present the
list of all the three dimensional nilpotent Leibniz algebras from [1].

Theorem 2.8. Let L be a 3-dimensional nilpotent Leibniz algebra. Then L is isomorphic
to one of the following pairwise nonisomorphic algebras:

A [er,e1] = e, [e2,e1] = es,

Xo(a): [ea,en] = es, [e1,ea] = aes, a#a™,
A3: [er,e1] = es, [ea,e1] =e3, [e1,e] = —es,
Az [er,e2] = e3, [e2,e1] = —es,

A5t [e1,e1] =es,

Xe: abelian.

Note that the list of isomorphism classes of all three-dimensional Leibniz algebras has
been given in [7]. For some conveniences we change the bases of the algebras As(a) and
A3, therefore their tables of multiplications are a slightly different those are in [1] and [7].

We declare the following subsidiary result. The proof can be given by direct compu-
tations.

Proposition 2.9. The matriz forms of the derivations of A1, Aa(a), Az, Ag, A5 and Ag are
represented as follows

Der(\) = 0 2a; ao |la;€Cp,
0 0 3a:
aq 0 as

Der(/\g(a)) = 0 by b3 a;,b; € Cp,

0 0 ai+by
ap a2 asg

Der(/\3) = 0 2a; b3 a;, bj eC s
0 0 3a;
a; az as

Der(/\4) = by by b3 a;, bj eC s
0 0 ay+b
a; a2 ag

Der(/\5) = 0 by b3 a;, bj eC s
0 0 24
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a; ag das
Der(Xg) = by by b3 ||aibj,c,eC
C1 C2 C3

It is observed that due to Proposition 2.9 the number of maximal linearly nil-
independent derivations of the algebras A1 and A3 equals one, the algebra )4 is Heisenberg
algebra and the number of maximal linearly nil-independent derivations of the algebras
Aa(@), A5, Ag is two.

3. Main result

In this section we give the list of isomorphism classes of those five-dimensional solvable
Leibniz algebras with three-dimensional nilradical which is not Heisenberg’s algebra, the
latter case, i.e., for five-dimensional solvable Leibniz algebras with three-dimensional
Heisenberg’s nilradical, the result is known from [12]. So we deal with the classification
of 5-dimensional solvable Leibniz algebras with the 3-dimensional nilradical having at
least two nil-independent derivations. These are the algebras Aa(«), A5 and Ag from the
list above. Therefore, it remains to describe 5-dimensional solvable Leibniz algebras with
these nilradicals cases one by one.

Note that in constructing the multiplication tables we simplify them applying base
changes. To simplify notations after each of this kind changes we keep writing vectors in
the tables without “prime” although the basis vectors should be written with “primes”.
To describe five-dimensional solvable Leibniz algebras with nilradical N which is one of
Aa(a), A5 and Ag first we extend the basis {e1, es,e3} of N to a basis {e1, es, €3, 21,22}
of five-dimensional space and keep track the products of basis vectors under the base
changes.

Under this circumstances one has

Lemma 3.1. The restrictions of the right multiplication operators Ry, and R, to N are
nil-independent derivations.

Proof. Let us assume that there exists k such that (oq Ry, +a2Re,)* = RE o 4000, = 0.
Consider y = ajx1 + asxa, and the subspace K spanned by {ej, ez, e3,y}. Since L is
solvable the derived subalgebra L? is nilpotent, i.e., L? C N. Therefore, K is an ideal
of L. Moreover, the operators R.,, Re,, R, also are nilpotent on K. Hence, due to
Engel’s Theorem K is nilpotent. But K contains N which contradicts to the maxi-
mality of N. This means o; = 0, g = 0 which shows that R,, and R,, are linearly

nil-independent. O
3.1. Nonabelian nilradical case

We start with N = A(0).
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Proposition 3.2. Let L be a 5-dimensional solvable Leibniz algebra, whose nilradical is
isomorphic to A3(0). Then there exists a basis {e1, ea,e3,21,22} such that the L on this
basis is represented by the table of multiplication as follows:

[e2,e1] = e3, ler,z1] =e1,  [e2, 2] = ea,
[x1,e1] = —eq, les, x1] = es, les, x2] = es.

Proof. The required basis of L is constructed as follows. First we choose a basis
{e1,ea,e3,21, 22} of L such that {e1,eq,e3} is a basis of A2(0) chosen in Theorem 2.8.
By using the fact that the nilradical of L is A2(0) we define the products of the basis
vectors. Since the nilradical of the algebra L is three-dimensional, the restriction of the
right multiplication operators R,, and R, to A2(0) are nil-independent derivations of
A2(0) (see Lemma 3.1). Then owing to Proposition 2.9 we have a part of the table of
multiplication of L on this basis as follows

[62761] = €3,
le1,z1] = a1e1 + ages, le2, x1] = asea + aqes, les, z1] = (a1 + a3)es,
le1, x2] = breq + baes, lea, T2] = bsea + baes, les, x2] = (b1 + b3)es,

where a1b3 — agby # 0, since R,, and R, are linearly nil-independent.
The base change

xh b3 x a3 x x b x1 + @ x
= 1— 2 = — 1 2
! a1b3 — a3b1 albg — a3b1 ’ 2 a1b3 — agbl a1b3 — a3b1 ’
brings the table to
le2, e1] = es,
le1,21] = e1 + ages, le2, 1] = ages, les, x1] = es,
le1, 22] = baes, le2, 2] = ez + byes, les, z2] = es.

Here we can suppose that by = a4 = by = 0 since the base change
el = e; — baes, ey = ey — ages, xh = 1wy — byey
yields the result.
Note that these changes don’t effect the other products in the table.
Let us to form the other products. First of all taking into account the fact that
e1 ¢ Ann,(L) and applying the properties

[x,2] € Ann,.(L) and [z,y] + [y, 2] € Ann,.(L)

of the right annihilator we can write:
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[z1,e1] = —e1 + azes + azes, [z1, e2] = aues + ases, [z1,e3] =0,
(72, e1] = Baea + P3es, (72, e2] = Baea + Pses, [12,e3] =0,
[z1,71] = 7162 + Y263, (T2, T2] = y3€2 + Y263,

[#2,21] = de1 + yse2 + Yse3, [11,22] = —de1 + yrea2 + Yges.

Indeed, the coefficient —1 of e; in the expansion of [x1,e1] is derived as follows:
[x1,€1] = are1 + ages + azes be the expansion of [x1,e1]. Then

[z1,e1] + [e1,z1] = (1 + a1)er + (a2 + az)es + ases € Ann,.(L),
ie., [L, (14 aq)er + (a2 + az)es + 04363] =0.

Particularly, [ez, (1 4+ aq)er + (a2 + az)es + azes] = (1 + a1)es = 0. This gives ag = —1.
The coefficient of ey in the expansion of [z3,€1], [21,e2], [T2, 2], [£1,21] and [x2, z2]

to be zero also can be easily derived by the same manner.

The products [z1,e3] = 0 and [z2, e3] = 0 are obtained from the fact that [eq, ea] +

[e2,e1] = e3, i.e., e3 € Ann,.(L).
Now we simplify this table by using the Leibniz identity.
Applying the Leibniz identity to the triples e;, xs, 1 and es, xo, 1 as follows

0= [61, [1?2,351}] = [[61,502],!171] - [[61,351}7%2] = —[e1 + azes, T2 = —azes,

dez = [627 [$2,$1]] = [[62,IE2],331} - [[62,301],962] = [eg, 21] =0,

we get

The identities

[961, [617$1]] = [[1’1»@1}71'1} - [[mhifl],eﬂ = [~e1 + ages + azes, w1] — [y1€2 + 12€3, €1]

—e1 + (a3 — 71)es,

[xl, le1, 971]] = [z1,e1] = —e1 + agez + azes
give

042:’}/1:0.

Similarly applying the Leibniz identity to [z1,[z1,e2]]; [z2,[e1,z1]]; [x2,[e1,x1]];
[.’1,'27 [eanl]]; [.’1727 [62761]]; [‘rla [617372”; [$27 [617:172”; [xh [552,1'1]] and [{172, [fEQ,ml]] we get
ag =5 =0; B2 =7 =0; B4 =0; f5 = 0; azg = y7; B3 = 733 78 = 72 and 6 = 4,

respectively.
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Finally we change the basis as follows

Ty =1 — Yre2 — Yae€3, Th = Ty — Y32 — Ya€3,
to obtain the required table of multiplication. O

The 5-dimensional solvable Leibniz algebra from Proposition 3.2 we denote by Lj.
Next we prove the following

Proposition 3.3. There is no a five-dimensional solvable Leibniz algebra with three-
dimensional nilradical Ao(a) with @ # 0.

Proof. Let us assume the contrary and L be a 5-dimensional Leibniz algebra with nilrad-
ical Ag(a), @ # 0. We choose a basis {e1, es, €3, 21,22} of L such a way that {e1, ez, es}
is a basis of Ay(«) chosen in Theorem 2.8. According to Lemma 3.1 the restriction of
the right multiplication operators R,, and R,, to A2(a) are linearly nil-independent
derivations of Az(«). Then using Proposition 2.9 we get

[627 61] = €3, [617 62] = «eg,
le1, z1] = are1 + azes, le2, 1] = aszes + ases, les, z1] = (a1 + az)es,
le1, x2] = breq + baes, le2, 2] = bgea + byes, les, x2] = (b1 + b3)es,

where a1b3 — aghy # 0, since R,, and R, are linearly nil-independent.
Taking the change

/ bs ag / b1 ax
Ty = T — o, Ty = — xr1 + o,
a1bz — asby aibg — agby a1bs — agb; a1bs — asb;
we obtain
lea, e1] = es, [e1, e2] = aes,
[el,xl] = e + agea, [627331] = aq€3, [63, 331] = e3,
[61,1}2] = b2637 [627332] =e9 + b463, [63, 1‘2] = e3.

Since « # 0, then it is easy to see that the right annihilator of L consists of only {e3}.
Therefore,

[1,e1] = —e1 + azeq, [71, e2] = ayes,

[z2,€1] = Baes, [z2, €] = —ea + Baes.
Then considering the Leibniz identity
0= [xh [61,62]] = [[501761],62} - [[»’51762]761] = [—e1 + ages, 2] — [ages, eo] = —aes,

we get a contradiction. O
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Proposition 3.4. Let L be a 5-dimensional solvable Leibniz algebra, whose nilradical is
isomorphic to As. Then L is isomorphic to one of the following two mnonisomorphic

algebras:
[(:’1, 61] = €3,
[617 61] = €3,
_ [617.’15]_] - el)
[61,3}'1]—61, [.CL' e }:_6
LQZ [xl,el] = —€1, L3: L E b
_ le3, 21] = 2e3,
le3, 21] = 2e3,
. le2, 2] = e,
[627:1:2] - 627
[{L‘Q, 62} = —€a.

Proof. Let L be a 5-dimensional Leibniz algebra with nilradical A5. Similar to those of
previous propositions we take a basis {e1, ea, e3, 21,22} of L as an extension of the basis
{e1,e2,e3} of Ay chosen in Theorem 2.8. Taking into account Lemma 3.1 and applying
Proposition 2.9 for N = A5 case we get

[617 61] = €3,
le1, z1] = arer + azes + ages, le2, z1] = ases + ases, les, 1] = 2aq e,
[e1, z2] = bieq + baes + bses, [e2, z2] = byea + bses, [es, x2] = 2byes,

where a1by — agby # 0, since R,, and R,, are linearly nil-independent.
Taking the same base change as in the proof of Proposition 3.2 and due to the fact
that e; ¢ Ann,(L), we can write:

le1, e1] = es, le1, z1] = e,

[e2, 1] = ases, [es, z1] = 2es,

le1, 2] = baey, [e2, 72] = e,

[x1,e1] = —e1 + azes + azes, [£1, e2] = aues + ases,
[x2, e1] = Baea + faes, [x2, e2] = Baea + Pses,
[z1,21] = y1€2 + Y263, [

[ ] [

Ta, Ta] = y3e2 + Yae3,
]

Y1
= dey + y5e2 + Yge€3, = —de; + yres + Yses.

Applying sequentially to triples of basis vectors from {ej,es,es,z1, 22} the Leibniz
identity together with the table above we obtain the following relations for the structure
constants

a5262:5:a2=(13=a4=a520,
Pa=PB3=PFs=71=7=7=0,
Ba(1+ B4) =0, Bayz =0, v5 = Y754

Owing to S4(1 + B4) = 0 we have the following two choices: 54 = 0 and 84 = —1.
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If B4 = 0, then taking the basis transformation of the form

r_ Y2 o Y6
Ty =2x1—Yr€2 — €3, Ty = T2 = Y32 — €3

2
we obtain Ls.
But if 84 = —1, then v3 = 0 and taking the basis transformation of the form

/

6
€3, -'172 = T2 — €3,

’ Y2
Ty =1 —Yr€2 — 9

2
we get L.
Since Ann,(L2) = Span{es,es} and Ann,(L3) = Span{es} the algebras Lo and Lj
are not isomorphic. O

3.2. Abelian nilradical case

Let L be a five-dimensional solvable Leibniz algebra with a basis {1, 22, e1,€2,€3},
where {eq, e, e3} is the basis of three-dimensional abelian nilradical Ag chosen in The-
orem 2.8. Due to Lemma 3.1 the operators R, and R,, are linearly nil-independent
derivations of the nilradical N. Further we need the description of the actions of R,
and Ry, on N.

Proposition 3.5. The basis {1, x2,e1,e2,e3} of L can be chosen such a way that the
actions of the right multiplication operators R,, and R, on the basis {e1,ea,e3} of N
are expressed as follows:

A Rl’l (61) = €1, Rm (63) = H1€s, RIQ (62) = €2, Razg (63) = H2€3,
B Rxl (61) = €1, RIl (62) = €2, ng (61) = €2, sz (63) = €3,
C Rxl (61) =e1 + ey, R$1 (62) = €2, ng (61) = pe2, er (63) = €3,

where nonwritten actions are zero.

Proof. First of all we have some freedom of choosing the matrix of R,, depending on
multiplicity of eigenvalues of R;,. The following three cases may occur: the matrix of
R, is congruent to

M1 0 0 M1 1 0 M1 1 0
0 we O or 0 wp O or 0 pr 1
0 0 s 0 0 e 0 0

Let us now search the possibilities for the matrix of R,,. Put

Ry, (e;) = aj1€1 + o060 + a5 3e3, 1 <17 <3,



A.Kh. Khudoyberdiyev et al. / Linear Algebra and its Applications 457 (2014) 428-454 439

Since L is solvable and its nilradical N = A¢ is abelian this implies Ry, ,,)(y) = 0 for
any y € \¢. Now we make a case by case consideration according to the above matrix

view of Ry, .
Case 1. Let the matrix of R,, be congruent to

pr 0 0
0 125 0
0 0 wus

Then we have
R, (e1) = piex, Ry, (e2) = poea, R, (e3) = pses.

By the use of the identities R, ,,j(e;) = 0 for 1 < i < 3 we obtain the following

constraints:

(1 — p2)ar 2 =0, (1 — p3)on 3 =0,

(2 —p1)azn =0, (p2 — p3)azs =0,

(u3 — p1)az1 =0, (3 — p2)as 2 = 0. (3.1)
Case 1.1. Let uy # po, 1 # ps, pe # pz. Owing to the constraints (3.1) we have

a1 =0, a3 =0, a1 =0, az3 =0, a1 =0, a2 = 0.

Since R, and R,, are linearly nil-independent, without loss of generality we can
assume that gy 2 — peog 1 # 0. Then applying the transformation

a2 2 H2

!
Ty = T — x2,
H1C2 2 — 2001 H1G2 2 — U201 1
Qa1 M1
/ )
Ty = — xr1 + T2
H1Q2 2 — U201 1 H1Q2 2 — 20 1

we get [y = a2 = 1, o = aq,;1 = 0, that means the operators R;, and R,, have the

form A in the proposition.
Case 1.2. Let any two of u1, uo, us be equal. Then, without loss of generality, we can

assume that p; = po # pus. Then due to the constraints (3.1) we get
ayz =0, ag 3z =0, az1 =0, agg = 0.

Changing the basis we bring the matrix (Z;i Z;z) to one of the following Jordan’s

forms
arp 0 IR
’ d ’ .
( O 05272 > an ( 0 01171 )
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In the former case the actions of R;, and R, have the form A.
In the later case we use the base change

3.3 M3

!
Ty = xr1 — o,
H10i3.3 — (30,1 H1G3.3 — (30 1
11 H1
! 5
Ty = — xr1 + X9
H10e3.3 — U301 1 H1C3.3 — 311

to get
R, (e1) = e1 + aea, R, (e2) = ea, R.,(e1) = Pea, R,,(e3) = es.

e if =0, 8 =0, then the actions of R,, and R,, have the form A with p; = 1,
p2 = 05

e if @ =0, 8 # 0, then by the change e}, = Ses we see that R,, and R,, act like B;

e if @ # 0, then applying €5, = aes we obtain that the actions of R, and R,, have the
form C.

Case 1.3. Let 1 = po = ps3. Then the operator R, acts as the identity operator
on N. Let us consider Jordan’s form of R,,. Since the operators R, and R,, are linearly
nil-independent the following two possibilities may occur:

If
a1l 012 Q13 i 0 0
Q21 Q2 Q23 is congruent to 0 By O
Q31 Q32 033 0 0 p3

then similar to Case 1.1 we obtain R,, and R, in the form A.

But if
a1 012 Q13 i 1 0
Qa1 Qo2 Q23 is congruent to 0 B O
Q31 Q32 033 0 0 p3

then similar to Case 1.2 the R;, and R;, have the form B.
Case 2. Let the matrix of the operator R,, be congruent to

pr 10
0 M1 0
0 0 pe

Then we have

R, (e1) = pier + ea, R, (e2) = piea, R., (e3) = paes.
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Using the identities R[zl,m](ei) =0 for 1 <1 < 3 we get the following constraints:

ag1 =0, ag 3z =0,

(2 — p1)ag 3 =0,

a3 1 = 07

Qoo = a1, (p2 — p1)az 2 = 0. (3.2)

Similarly to Case 1, considering all possibilities for parameters p; and ps, we obtain
the operators R,, and R,, in one the forms A, B, C.
Case 3. Let the matrix of the operator R,, be congruent to

w1 0
0 M1 1
0 0 m

Then

R, (e1) = pier +ea, R., (e2) = piea + e, R, (e3) = pies.

Again due to the identities R, 5,)(e;) = 0 for 1 <14 < 3, it is easy to obtain

a1 =031 =032 =0, Q11 = Qg2 = 033,

which shows that R,, and R, are nil-dependent. However, it contradicts to the hypoth-
esis of the proposition. This contradiction completes Case 3. O

Theorem 3.6. Let L be a 5-dimensional solvable Leibniz algebra, whose nilradical is
3-dimensional abelian algebra. Then there exists a basis {e1, ea, €3, 1,22} of L such that

on {e1, ea,e3,x1, T2} the L is represented as one of the following pairwise nonisomorphic
algebras

My (p1, p2), pa # 0:

[617901} =€ [63,$1] = H1€3,

[627532} = €2, [63, 552] = H2€3,

[ml,el] = —€y, [551763] = —H1€3,

[xz,eﬂ = —€2, [552763] = —[H2€3,
MS(M)?M 7& 0

M5 (a1, pr2):

{ [61,$1] =e€1 [63,$ﬂ = H1€3,
[62a1’2] = €2,

[63,12} = H2€3,

Mo (a1, pr2):

[61,$1] =€

[62,$2] = €2,

[63,1’1] = Hi1€3,
[63,$2] = K2€3,

[$1,€1] = —€q, [552,62] = —éz,
My (1, po):

[el,xﬂ =€ [63, 371] = pi1€s,

[62,.132} = €2, [63, 1‘2] = K2€3,

[I2,€2} = —€,

Mﬁ()\la )\27 )‘33 )\4):

[627 xQ] = €2,

[

[ [€E2,62] = —ég,
[r1,21] = Ares, (22, 21] = Azes,
[71,22] = Azes, [z2, 22] = Age3,
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M7(>\17 )\23 )‘37 )\4):

[elaxl] = €1,
[62,$2] = €2, [302,62] = —€2
[x1,71] = \ies, [z2,71] = Aaes,
[x1, 2] = Azes, [x2, 2] = \se3,
Mg:
[elaxl] €1 [6271/‘2] - 623
les, z1] = e3
[:L'lael] = 617 [$27el] - 637
Pll
{ le1, 21] = e, [e2,21] = €2,
[61, .732] = €2, [6?”3:2} = €3,

Ps:
[61,=’E1] = €1,
[61,IE2] = €2,
[11,e1] = —eq,
[12,€1] = —ea,
Q1(n):

{ le1, 1] = e1 + ea,
le1, z2] = pez,

[627531] = €3,
[637532] = €3,
[xla€2] = —€2g,

[62,@1] = €2,
[63,@2] = €3,

[627:61] = €2,
les, x2] = e3,
[xlaeQ] = —€9g,

where ()\1, /\27 )\3, /\4) 75 (0, O, 0, 0)

Moreover,
o Mi(py,p2) = Mi(pa, ) = Mi(5;, =42
o Mo(pr, p2) = Ma(pz, p1),
. (ul,uz) Ms(p2, pa),
o Meg(A1, A2, A3, Ag) = Mg(Ag, Az, A2, A1),
o Mg(A1, A2, A3, A1) = Mg(Ag, A3, A2, A1)

),
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M8(>\1a )\27 )\33 )\4):

[62,332] = €2,
[$2,$1] = A€z,

[617131} =€
(21, 21] = Aes,

(21, 22] = Azes, [z2, z2] = Ases,

Mlol
[e1, z1] = ex, [e3, z1] = e3,
[z1,e1] = —e1,  [za,e1] = e3,
2, T2] = €2 (T2, e2] = —e2,
Py
[61,$1] = €1, [62,1‘1} = €2,
[617332] = €2, [63,352} = €3,
[$2,€3] = —e€3,
P4:
[617151} = €1, [62,331] = €2,
[617132} = €2, [63, 352] = €3,
[x1,e1] = —eq, [11,e2] = —ea,
[x2,e1] = —ea, [12,e3] = —es,
Q2(p)
le1, 21] = e1 + ez, le2, 1] = e,
[e1, x2] = pez, e, z2] = e3,
[z2, €3] = —es,
Qa(p):

le1, 1] = e1 + e, le2, 1] = e,
le1, x2] = peg, [e3, 2] = e3,
[301,61} = —€1 — €y, [$1,€2] = —€2,
[z2, 1] = —pez, [z2, e3] = —es,
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Proof. Let L be a 5-dimensional solvable Leibniz algebra, whose nilradical is 3-dimen-
sional abelian algebra. The products [e;, ;] are due to Proposition 3.5. For the other

products we let

[T1,e;] = ajre1 + e + ag 3es, [2,€;] = Bi1er + Bigea + Piges, 1<1 <3,
(1, 21] = Y1161 + 71,262 + 71,363, [, 21] = Y2161 + V2,262 + V2,363,
(1, 2] = 3,161 + V3,202 + 73 3€3, [, T2]) = Ya1€1 + Ya,2€2 + Y4 3€3.

Case 1. Let {e1, €3, e3,21, 22} be the basis corresponding to part A in Proposition 3.5.

Therefore
le1, z1] = e1, les, z1] = pes, [e2, w2 = €2, es, w2] = poes.
We use the Leibniz identity for the products
(21, e, z1]], [z, [er,22]], [z1,[e2,21]], [z1,[e2, 22]], [21,[es,x1]], [71,[es, x2]],
(22, [e1,z1]], [w2, [e1,22]], [w2,[e2, 21]], [w2, [e2, @2]], [w2,[es,x1]], [w2,[e3, x2]],
to obtain the following constraints for the structure constants

a12=0, az3zu;1 =0, aiguz=0, aigs

a1 =0, azapr =0, agipe =0, a3,1

)

—-1) = ( )

—-1) = ( )
Br2=0, Pasur =0, Pigpe=0, Pzl —1)=0, Baos(pe—1)=
B2 =0, Bzour =0, Bz1p2=0, —1)= ( )

Case 1.1. Let (u1,p2) ¢ {(0,1),(1,0)}. Then by virtue of (3.3) one has

Qo =091 =013=023=0a31 =a3s =0,

Bi2 = B2,1 = B1,3 = P23 = P31 = P32 =0.
The Leibniz identities

0= [[5517551],62] = [$17 [$1,62H + [[1'1,62]7$1} = [z1, a0 0€] + [0 0€2, 71| = a%,ge%

0 = [[x2, 2], e1] = [m2, [x2, e1]] + [[w2, e1], 2] = [w2, Br1e1] + [Br,1e1, w2] = BT e,
give
a2 =0, Bi1=0.
Considering the Leibniz identity for the products

(@1, (w1, 22]],  [@2, [w2, @1]], [, [w2,24]],  [@2, [21, 22]]
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we get

Y1,2 =0, v3,1(a11+1) =0, 7Y3,3003,3 = V1,312 — V3,3/41,
Y41 =0, vY2,2(f2,2 +1) =0, Y2,303,3 = Ya3H1 — V2,342,
V3,1 = 72,1Q1,1, Y2,3C3,3 = Y3 311 — V1,312,
V2,2 = ¥3,2/32,2, v3,303,3 = V2,312 — Ya,3041- (3.4)

As well as sequentially applying the Leibniz identity to [z1,[z1,e1]], [21,[z1,e3]],
[z1, [z1, 21]], [21, [22, €3]], [1, [2, 22]], [w2, [71, €3]], [w2, [T1, 1]], [22, [22, T2]], [%2, [2, €3]]
and [z, [z, 22]] we obtain the constraints

ajq(arr+1) =0,
azs(ass + 1) =0,
1,171, = 0, a3371,3 = 0,
az3(B33 + p2) =0,
3,374,3 = 0,
B33(ass + p1) =0,
B337,3 =0,
B2,2(f2,2 +1) =0,
B3,3(B3,3 4+ p2) =0, and
B2.274,2 =0, B3,37a,3 =0, (3.5)

respectively.
Therefore the table of multiplication of L is written

[e1, 21] = ex, [z1,e1] = arqer,  [z1,21] = 1161 + 71 3es,
[63, 531] = H1€s3, [xl, 63} = (3,3€3, [532, CU1] =2,1€1 + V2,262 + 72,3€3,
[e2, 2] = ea, (22, €] = Ba,2e2, [x1, 2] = y3,1€1 + 73,262 + 73,33,
[e3, z2] = paes, [x2, €3] = B3 3e3, [2, 2] = Y4202 + V4,363,

with the conditions (3.4) and (3.5).

It is observed that if 3 = po = 0, then ags = f33 = 0 and C(L) = Span{es},
otherwise C'(L) is trivial. Thus, we distinguish following two cases (u1, pu2) # (0,0) and
(t1, 12) = (0,0), which correspond to C(L) = Span{es} # 0 and C(L) = 0, respectively.

Case 1.1.1. Let (u1,u2) # (0,0) (ie., C(L) = 0).

o Let a1 = —1, Bao = —1 (ie, e1,e2 ¢ Ann,(L)). Then one has y11 =0, 742 =0,
V3,1 = —72,1, 73,2 = —72,2-
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Taking the base change

T1 = T1 + Y2,2€2, Ty = T2 — Y2,1€1,

we can assume that y2 1 = 722 = 0.

Note that, due to the symmetricity of the basis vectors e, es and z1, x2, without
loss of generality we can assume that uq # 0.

- If ag3 = —pu, B33 = —p2 (ie. Ann,.(L) = 0), then we obtain 71 3 = 0, v4,3 = 0,

Y33 = —72,3 and taking the base change z2 = 22 — 75—’1361 we get the algebra
My (pa, p2)-

~If azz = 0, B33 = 0, (i.e. Ann,.(L) = Span{es}), then one has 335 = A“%“,
V4,3 = % and considering the base change 2} = x; — %637 xh = a9 — 7:—’1363,

we derive Mo (1, p12).
o Letag1 =0, 820=—1,0r a1 = —1, 822 =0. Due to the symmetricity of the basis
elements ey, ez and x;, x2, without loss of generality we can assume that o, = 0,
B2,2 = —1. This gives

v3,1 =0, V4,2 = 0, V3,2 = —72,2 = 0.

- If ag3 = —p1, B33 = —p2, then y13 = 0, 743 = 0, v33 = —72,3. The change
x) = x1—y11€1+72,2€2, Th = To—Y2 1€1, gives the following table of multiplication:

[617551] =€ [63,11] = Ki1€s,
[62,I2] = €2, [63,12] = K2€3,
[z1,e3] = —p1es,
[12, e2] = —ea, [z2, €3] = —paes,
[352,331] = 72,3€3, [$1,332] = —72,3€3-
« If g # 0, then taking the base change e} = es, e} = e1, 2} = ixl, xh =
Ty — %xl — ’Y:f es we obtain the algebra My (pu1, o).
x If 3 = 0, then o # 0 and after the base change 2| = z1+ %63 we get Ms(ua).
-~ If as3 =0, B33 = 0, then we get y33 = ﬂ“ﬁ%’”, Va3 = % and by the base

change =] = z1 — y11€1 + Y2262 — Eles, oh = 19 — 2161 — %63, we derive

H1
My (e, p2)-
o Let oy 1 =0, B2 =0, then one has 31 =0, 722 = 0.
—If az3 = —u1, B33 = —p2, then y13 = 0, 743 = 0, 733 = —72,3. Applying the
base change =} = z1 — 1,161 — V3,262, TH = Tg — V2,161 — V4,262 — 7l;"—‘lseg, we obtain
the following table of multiplications

[61,361] =€ [es,xl] = K1€3,
[6271'2] = €2, [63,1’2] = H2€3,
[z1,e3] = —pres, [z2, €3] = —paes.
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It is easy to see that the base change €] = eq, €5 = e3, e = e, 2} = ﬁxl,
xTh =19 — %xl in the table gives My(u1, p12).

~Ifags =0, B33 =0, we get 33 = 71}’5’1“2, Va3 = 72;'1”2 and taking the change
m’l = x1 — 71,161 — 73,262 — E—’fes, ZC/Q = T2 — Y2,1€1 — V4,262 — %637 we obtain
M (p1, p2)-

Case 1.1.2. Let p3 = po = 0 (i.e., C(L) = Span{es}). Then we get azsz = B33 =0
and obtain the following table of multiplication
|=e1, [1,e1] = aq 101, [z1,21] = 71,11 + 71,363,
T, 1) = V2,161 + V2,262 + Y2,3€3,
| =e2, (72, e2] = Ba,2€2, (%2, 22] = va,2e2 + V4363,

x1,T2] = 7y3,1€1 + V3,262 + V3,363
with restrictions
a11(a11+1)=0, B2,2(B2,2+1) =0, a1,171,1 = 0, B2,27a,2 = 0,
v31(a11+1) =0, Y2,2(B2,2 +1) =0, V3,1 = V2,101,1, V2,2 = 7V3,202,2-

Considering the basis change ) = x1 — 3262, Th = T2 — 72,11, We can assume that
V2,1 = 72,2 = 7V3,1 = V32 = 0.

o If oy = —1, 822 = —1, then we have v11 = 0, 742 = 0, and the algebra
Mg (A1, A2, A3, A4) appears.

o If (@11,022) = (0,—1) or (—1,0) then without loss of generality we can suppose
that ;1 = 0, 822 = —1. Then we have 742 = 0, and applying the base change
x) = x1 — 71,161, we obtain M7(A1, Ao, Az, Ag).

e But if a3 =0, 822 =0, then the base change

! /
Ty = T1 —7,1€1, Lo = T2 — Y4,2€2

giVGS MS()\h )\2, )\37 )\4)
It is easy to see that
M6(0,070,0) = MQ(OaO)v M7(0703070) = M4(070)7 Ms(0,0,0,0) = M5(050)7

moreover, choosing appropriate base change one of the \; which is not zero can be
reduced to 1.

Case 1.2. Let (u1, pu2) € {(0,1),(1,0)}. Without loss of generality we can suppose that
1 =1, us = 0. Then because of (3.3) we have
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Qo= =033 =032 =0,
Bi,2 = P2,1 = Po,3 = P32 =0.
From the Leibniz identity
_ _ _ _ 2
0= [[z1, 1], e2] = [21, [x1, €2]] + [[21, €2], 1] = [21, 2 2€0] + [0z 22, 21] = O yeo,

we get a0 = 0.
Thus the table of multiplication in this case looks like

le1, 1] = [z1,e1] = aq,1€1 + a1 3€3, [1,21] = 71,161 + 71,262 + 71,363,
les, z1] = [z1,e3] = ag1e1 + asz ses, [, 1] = 72,161 + V2,262 + 72 3€3,
[e2, 2] = [z2,€1] = Bi1e1 + Pi,3es, [z1,22] = Y3,1€1 + V3,262 1+ V3,3€3,
[x2,e2] = 52 2€2, [2, e3] = B3,1€1 + B3.3€3, [2, 2] = ya1€1 + V4,262 + Ya,3€3.

Now we distinguish the two cases depending on the views of the Jordan forms of the
Q1,1 01,3 1,1 a1 O

Q3,1 3.3 0 a1 0 ass )
The former case is impossible due to the following observation. Let us consider the

Leibniz identity

matrix ( ), i.e. a multiple root case ( ) and simple roots case (

0= [[xlaxl];el] = [$1, [551,61]] + [[l'hel]vxﬂ = [z1, 01101 +e3] + [ 161, 21]

= (Oéil =+ 04171)61 =+ (1 + 20&1,1)63.
From that we get the system of equations

a11(a11+1)=0
1+ 20[171 =0

which is obviously not consistent.
1,1 1,3

Therefore we consider the case when (45" a4

. « 0
) is congruent to ("' . ). There are
a few subcases here.

o Let e1,e3 € Ann,.(L). Then we have
a1 =az3=fB11= P13 =031 =0F33=0.
Let us consider the Leibniz identity for [x1, [z1, 22]], [x2, [£1,22]]. This yields

V1,2 = 73,1 =733 = V4,1 = V43 =0, V2,2 = 73,2032,2.

Then as a result of the basis change

! !
Tp =1 —Y1,1€1 — 73,262 — V1,3€3, Tog = T2 — 72,161 — 72,3€3,
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we conclude that v 1 =7v1,3 =721 =723 =732 =0.
Therefore we derive the following products

le1, z1] = ex, les, z1] = es, [e2, x2] = e,

(X2, e2] = B2 262, (22, 22] = V4,262

— Now if ey € Ann,.(L), then we have 82 2 = 0 and taking the change x5 = xo—"4 262,
we get M5(1,0).

— But if e2 ¢ Ann,.(L), then we get B22 = —1, 74,2 = 0. Hence, L is isomorphic to
M,(1,0).

Let us now consider the case when one of the basis vectors eq, e3 is not in Ann,.(L),

then without loss of generality we can suppose that e; ¢ Ann,.(L), e3 € Ann,.(L).

Therefore

o1 =—1, a1 =P11=01=033="m,1="v1=0, V3,1 = —Y2,1-

Analogously to that of the previous case considering the Leibniz identities
[21, [z1, 22]], [2, [X1, 22]] We derive

V1,2 = 73,3 = 0, V2,2 = 73,252,27 V4,3 = 72,151,3~

Then applying the base change
Ty =T — 3,262 — V1,363, Th = Ty — Y2161 — V2,363,

we get 71,3 = Y2,1 = 72,3 = 73,2 = 0. Hence the table of multiplications in this case
is given as follows:

[elvxl} = €1, [63,{171] = €3, [627‘T2] = €2,
[951,61} = —é€q, [552761] = 51,363, [552762] = 52,262, [952,%2] = 74,2€2.

— If eo € Ann,(L), then B22 = 0 and the base change z}, = x2 — Y4262, yields
V4,2 = 0.
« If B1.3 =0, then we obtain M,(0,1).
* But if §1 3 # 0, then the base change ej = 51 3e3, gives My.

— And if e5 ¢ Ann, (L), then
B2,2 = —1, a2 = 0. Here if 81 3 = 0, we obtain the algebra Ms(1,0), otherwise
considering the base change e5 = 1 ses, we get M.

Let now none of ey, e3 is in Ann,.(L). Then

o1 =a31 = —1, Bia = P13 =P31=PB33=0,

Y11 = 71,3 = Y41 = Va3 =0, Y3,1 = —72,1, 73,3 = —72,3-
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Applying the Leibniz identities [z1, [x1, z2]], [z2, [21, z2]] We obtain
Y12 =0, V2,2 = ¥3,202,2.
After the base change
IE/1 = T1 — 73,262, 33/2 = T2 — 72,1€1 — 72,3€3,

we get v2.1 = 72,3 = 73,2 = 0 and as a result the table of multiplications is written

as follows
le1, 21] = e, les, z1] = e3, [e2, T2] = e,
[1,€1] = —eq, [x1, €3] = —es, (@2, e2] = Ba,2€2, (22, 22] = va,2€2.

— If e € Ann,(L), then B2 2 = 0 and the base change zf, = x3 — v 2€2, gives M3(1).
— But if ex ¢ Ann,(L), then B2 0 = —1, 74,2 = 0 and one obtains M;(1,0).

Case 2. Let the basis {e1, ea, 3,21, 22} be such that R,, and R,, have the form B in
Proposition 3.5.
Similar to Case 1, applying the Leibniz identity we get the table multiplications:

[617$1] = €1, [$1, 61] = (q,1€1, [xl,xl] =71,1€1 + 71,2€2,
[e2, 21] = ea, [71,e2] = a1 162, [T2,21] = Y2101 + V2,262 + Y2,3€3,
le1, z2] = ea, [x2,e1] = B 262, [z1, 2] = 73,161 + 73,262 + 73 3€3,
[e3, T2] = e3, [x2, €3] = B3 3€3, [T2, T2] = Ya,2€2 + V4,363

with constraints

arp(an+1) =0, 31 =92100,1, Y32 =711 T V22011,
V2,3 = 73,303,3, V2,1 = Ya,2 + 73,1012

Case 2.1. Let e; € Ann, (L), then
a1 =0, B2 =0, v3,1 =0, 73,2 = V1,1, V2,1 = V4,2
Then the base change
l‘/l =1 —71,1€1 — 71,262 — 73,3€3, 37/2 = T2 — 72,1€1 — 72,2€2,
yields v11 = 71,2 = 72,1 = V2,2 = 73,3 = 0.

o If e3 € Ann, (L), then f33 = 0, and taking the change zo = 2 — y4.3e3 and we
obtain P;.
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o Ifes ¢ Ann, (L) then B33 = —1, 74,3 = 0 and we get Ps.
Case 2.2. Let e; ¢ Ann, (L), then

o1 = —1, Bi2=—1, V1,1 =12 = Va2 = 0,

73,1 = —72,1, 3,2 = —72,2-
Applying the base change
Ty =1 + V2,201 — V3,363, TH =Ty — Y161,
we can assume that vp1 = 722 = 733 = 0.

o If eg ¢ Ann, (L), then S35 = 0, and the base change xo = xa — 74 3e3 gives Ps.
o If e € Ann, (L) then B33 = —1, 74,3 = 0 and we get Py.

Case 3. Let now the basis {e1, es, €3, 21, 22} be such that R,, and R, have the form C
in Proposition 3.5.
By using the Leibniz identity, we obtain the table of multiplications as follows

[e1,z1] = e1 + e, [z1,e1] = aq 161 + a1 262, (1, 1] = 71,161 + 71,262,
[e2, z1] = ea, [1, e2] = a1 1629, [, 1] = 72,161 + V2,262 + 72,3€3,
le1, x2] = pes, [x2,€e1] = Bi,2€2, [1, 2] = 73,161 + 73,262 + 73 3€3,
[637962] = €3, [582, 63] = 53,3637 [3327332] = 7Y4,2€2 + V4,363

with constraints

aji(on +1) =0, V3,1 = VY2,1001,1,
¥3,2 = —73,1 T V1,104 + Y2,100.2 + V2,200 1,
11212+ 1) = —aq 2, V2,3 = 73,303,3, Va2 = V2,110 — 73,1581,2-

Case 3.1. Let e; € Ann,(L). Then

arq =0, ar =0, B12=0, 3,1 =0,
V3,2 = V1,1H, V4,2 = V2,1 M, V2,3 = 73,3333

Taking the base change
ZC'1 =1 — 71,161 — (’71,2 - 71,1)62 — 73,3€3, 3?/2 = T2 — 72,161 — (72,2 - 71,2)62,

we can assume that Y11= 71,2 = V2,1 = V2,2 = 73,3 = 0.
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o If e35 € Ann, (L), then B33 = 0, and taking the base change xo = z3 — Y4 3€3 We
obtain the algebra Q1 (u).
o If ez ¢ Ann, (L) then 33 = —1, 743 = 0 and we obtain Q2(u).

Case 3.2. Let e; ¢ Ann,.(L), then

a1 =g = —1, Bi2 = —L, T,1 = V1,2 = V4,2 = 0,

V3,1 = —V2,1, V3,2 = —72,2, V2,3 = 73,303,3.

The base change

A /
T) = T1 — Y3363, Ty = T2 — V2,061 — (2,2 — V2,1)€1,
gives

Y2,1 = V2,2 = 73,3 = 0.

o If e ¢ Ann,(L), then 33 = 0, and taking the base change s = z2 — Y4 3e3 we
obtain Q3(u).
o But if e5 € Ann,.(L) then B33 = —1, v4,3 = 0 and we obtain Q4(u).

Remark 3.7. Impossibility of an isomorphism between elements of the classes
o Mi(p1, p2) except for My (p, po) = Mi(p2, p1) = Ml(i, —£2),
My (1, pi2) except for Mo(p, po) = Mo (pa, p1),
o Ms(p1, p2) except for Ms(p1, p2) = Ms(pz2, 1),
Mg()\l, )\2, )\3, )\4) except for M(;()\l, )\2, )\3, )\4) = MG()\4, )\3, )\2, )\1),
. MS()\h )\2, )\3, )\4) except for Mg(/\l, )\2, )\3, )\4) = Mg()\4, )\37 )\2, )\1)

111 1R

can be proven by taking general base change in each case. This is a long and rather
technical work. We decided not to include these routine examinations in the paper.
They are available from the authors. O

Remark 3.8. Due to Proposition 3.5 we conclude that any two algebras from different
classes M;, P; and @; are not isomorphic. Pairwise nonisomorphness of any two algebras
from the same classes can be easily seen by comparing the isomorphism invariants which
are presented below.
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L dim Ann,.(L) dim L? dim L dim Ann; (L) dim Lie(L)
M (p1, p2)
M>(0,0) 1 2
Mg (A1, A2, Az, Ag) 1 3 2
Ms(p) 1 3 3 1
Mo 1 3 3 0 3
Mz (p1, p2), (1, p2) # (0,0) 1 3 3 0 4
M4(0,0) 2 2
M7 (A1, A2, Az, M) 2 3 2
My 2 3 3 0
My(p1, p2), (g1, p2) # (0,0) 2 3 3 1
M5(0,0) 3 2
Mg(A1, A2, Az, Ag) 3 3 2
Ms(p1, p2), (p1, p2) # (0,0) 3 3 3
L P1 P2 P3 P4
dim Ann,.(L) 3 2 1 0
L Qi(p)  Q20p)  Qs(p)  Qap)
dim Ann,. (L) 3 2 1 0

The list of isomorphism classes of 5-dimensional solvable complex Leibniz algebras
with 3-dimensional nilradical.

Representative Table of multiplication
H [61162] = €3, [62761] = —e€s, [617‘/1:1] =e1, [63711] = egs, [1,‘1761] = —eq,
[z1,e3] = —es, [e2,z2] = €2, [es,z2] = e3, [2,€2] = —e2, [T2, €3] = —e3.
L, lea,e1] =es, [e1,z1] = e1, [e2, 2] = e,
[z1,e1] = —e1, [e3,z1] = e3, [e3,w2] = e3.
Lo le1, e1] = es, le1,z1] = e1, [z1,e1] = —e1, [es,z1] = 2e3, [e2,z2] = ea.
L3 lei,e1] =es, [e1,z1] =e1, [z1,e1] = —eq,
les, z1] = 2es3, [e2,x2] = e2, [z2,e2] = —ea.
My (p1, p2) ler,z1] = e1, [es,z1] = pies, [ea, 2] =e2, [e3,z2] = poes,
p1 #0 [z1,e1] = —e1, [z1,e3] = —pies, [v2,e2] = —ea, [v2,e3] = —pa2es.
Mz (p1, p2) ler,z1] =e1, [es,z1] = pies, [e2, 2] = e2,
les, z2] = p2es, [z1,e1] = —e1, [z2,e2] = —ea.
Mz () le1,z1] = e1, [e2, x2] = ea, [es, x2] = pes, [x2,e2] = —ea, [z2,e3] = —pes.
n#0
M4(H1,lt2) [611171] = €1, [es,zl] = H1€3, [62,I2] = €2, [637I2} = M2€3, [1’2,62] = —eé2.
M5(M17H2) [91,1’1] = €1, [63,381] = Mp1€3, [627962] = ez, [837902} = M2€3.
MG(>\17)\27)\3,>\4) [61,361] = €1, [62,12] = ez, [1‘1,61] = —é1, [12,62] = —é€2,
(A1, A2, A3, Aq) [z1,21] = A1es, [z2,21] = Azes, [®1,x2] = Azes, [v2,x2] = Ases.
#(0,0,0,0)
M7 (A1, Az, Az, Ag) ler,z1] =e1, [ez, 2] = ez, [x2,e2] = —ea,
(A1, A2, Az, Ad) [z1,21] = A1es, [z2,21] = A2es, [z1,x2] = Azes, [v2,x2] = Ases.
#(0,0,0,0)
Mg(A1, A2, Az, Ag) ler,z1] =e1, [e2, 2] =e2, [®1,21] = Mies,
(A1, A2, A3, Aq) [x2, z1] = A2es, [x1,z2] = Azes, [xa, x2] = Ages.
# (0,0,0,0)
My ler,z1] =e1, [e2,z2] =e2, [es,z1] = es,
[xl,el] = —€1, [1‘2,61] = —es3.
Mo ler,z1] = e1, [e3, ®1] = e3, [z1,e1] = —e,

[902,61] = €3, [62,382] = ez, [932762] = —eé2.
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(continued)

Representative Table of multiplication

Py ler, 1] = e1, [ea, x1] = ea, [e1,x2] = e2, [e3,z2] = e3.

Py ler, z1] = e1, [e2,z1] = e, [e1,z2] = e2,
[63,1’2] = es3, [x2,63] = —es3.

P ler, z1] =e1, [e2,m1] =e3, [e1,x2] =e€2, [e3,z2] =3,
[xl,el] = —€1, [xl,eg] = —€g2, [1‘2,61] = —e2.

Py e, z1] = e1, [ea,x1] =e2, [e1,x2] =ea, [e3, 2] =es3,
[z1,e1] = —e1, [z1,e2] = —ea, [72,e1] = —e2, [v2,e3] = —es3.

Q1(p) le1,z1] = e1 + ez, [e2,z1] = ez, [e1,z2] = pea, [es,z2] = es.

Q2(p) ler, z1] = e1 + ez, [e2,z1] = €2, [e1, 2] = pea,
[63,1‘2] = €3, [.7)2,63] = —e3.

Q3(u) ler,z1] = e1 +e2, [e2,z1] =e2, [e1,22] = pea, [e3,x2] = e3,
[z1,e1] = —e1 — ez, [21,e2] = —e2, [22,e1] = —pea.

Qa(p) e, z1] =e1 +ea, [ez,@1] =e2, [e1,22] = pes, [es,x2] = es,
[z1,e1] = —e1 — ea, [®1,e2] = —ea, [r2,e1] = —pez, [T2,e3] = —es.

4. Conclusion

Combining the results of [12] and the present paper we conclude that there are 12
parametric families and 10 concrete nonisomorphic solvable Leibniz algebra structures
with three-dimensional nilradicals on 5-dimensional complex vector space.
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