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In this paper, we continue the investigation of complex finite-dimensional solvable
Leibniz algebras with nilradical NF| @ NF, & --- & NF;, where NF; are
ideals of maximal nilindex of the nilradical. The multiplication tables of such
solvable algebras with restrictions to structural constants are obtained. In the
case when the complemented space to the nilradical is one-dimensional, we
present a multiplication table without any restrictions to structural constants. The
classification of solvable Leibniz algebras, whose dimension of the complemented
vector space to the nilradical is equal to s, is also given. Moreover, the description
of solvable Leibniz algebras with the condition of each N F; is ideal of the algebra
is presented.

Keywords: Leibniz algebra; solvability; nilpotency; nilradical; derivation;
null-filiform Leibniz algebra

AMS Subject Classifications: 17A32; 17A36; 17A60; 17A65; 17B30

1. Introduction

The notion of Leibniz algebras was introduced by Loday [1] in 1993 as a generalization
of the Lie algebras. These algebras preserve a unique property of Lie algebras — the right
multiplication operators are derivations. Many (co)homological and structure properties
of Lie algebras are extended to the case of Leibniz algebras in [1-8] and many others. In
fact, Engel’s theorem on nilpotency, the structure theorems on Levi’s decomposition and
conjugacy of Cartan subalgebras of the theory of Lie algebras [9] are also true for Leibniz
algebras as well (see [5,10,11]). Moreover, the semisimple part of a Leibniz algebra is a
Lie algebra. It means that the study of finite-dimensional Leibniz algebras (similar to Lie
algebras case) is reduced to the investigation of the solvable radical. Based on the work of
[12], a new approach for the investigation of solvable Lie algebras by using their nilradicals
is developed in the works,[13-19] etc.

Due to results of Mubarakzjanov [12] for Lie algebras and their analogues for Leibniz
algebras case,[20] the importance of solvable Leibniz algebras consists of their nilradical.
Only papers [21] and [20] are devoted to the study of solvable non-Lie Leibniz algebras
with a given nilradical.
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It is known that an n-dimensional Leibniz algebra of maximal nilindex is unique (up
to isomorphism) [3] and it has index n + 1. This algebra is one-generated and, hence, it
is not a Lie algebra (which should be at least two generated). In the paper,[20] solvable
Leibniz algebras with null-filiform nilradical are described. Moreover, the description of
solvable Leibniz algebras, whose nilradical is a direct sum of null-filiform algebras and
with additional restriction, is given there. In particular, the case of the nilradical being
direct sum of two copies of null-filiform algebras is described. However, in the case when
the complemented space is one-dimensional this work has a defect, because in the case of
the nilradical being a direct sum of s (s > 3) copies it is not necessary that each null-filiform
is ideal of the algebra. In the present work, we improve this defect and we study the general
case.

The aim of the present paper is to investigate the structure of solvable Leibniz algebras
whose nilradical is a direct sum of null-filiform Leibniz algebras.

In order to achieve our goal, we organize the paper as follows: in Section 2, we give some
necessary notions and preliminary results about Leibniz algebras. Section 3 is devoted to
study the structure of complex finite-dimensional solvable Leibniz algebras whose nilradical
is adirect sum of null-filiform Leibniz algebras. Firstly, for such algebras we present a family
with restrictions to structure constants (Theorem 3.3), after that, we give descriptions for
various cases on the nilradical and the complemented space to the nilradical. Namely, for the
case when the number of null-filiform algebras is equal to the complemented space to the
nilradical we prove that up to isomorphism there is a unique such algebra (Corollary 3.4).
We give description, as well, for the case when each null-filiform is ideal of the algebra
(Theorem 3.5). Finally, solvable Leibniz algebras with one-dimensional complemented
space to the nilradical are described (Theorem 3.6).

Throughout the paper, we consider finite-dimensional vector spaces and algebras over
a field of characteristic zero. Moreover, in the multiplication table of an algebra omitted
products are assumed to be zero and if it is not noticed we shall consider non-nilpotent
solvable algebras.

2. Preliminaries

In this section, we give necessary definitions and results for understanding the main part of
the work.

Definition 2.1 ([1]) A vector space Lover a field F with a binary operation [—, —] is called
a Leibniz algebra, if for any x, y, z € L the so-called Leibniz identity holds

[x, [y, z1] = [Ix, 1. 2] = [[x, 21, y].

Every Lie algebra is a Leibniz algebra, but the bracket in a Leibniz algebra needs not
to be skew-symmetric.

The set Ann, (L) = {x € L | [L,x] = 0} is called right annihilator of the Leibniz
algebra L. It is easy to see that Ann, (L) is a two-sided ideal of the algebra L and for any
x,y € L, elements of the form [x, x], [x, y] + [y, x] belong to Ann, (L).

For a Leibniz algebra L consider the following central lower and derived series:

L'=L, L= [Lk,Ll], L=, phk+— [L[k], L[k]], k> 1.
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Definition 2.2 A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there
exists p € N (¢ € N) such that L? = 0 (respectively, L14! = 0).

It is known that in Leibniz algebras case in each dimension there exists a unique (up to
isomorphism) algebra of maximal index of nilpotency [3] and with multiplication table

NF, :[ej,e1]l=¢jy1, 1=<i=<n-—1

The next theorem presents a crucial property of the nilradical of a solvable Leibniz
algebra.

THeEorREM 2.3 ([20]) Let R be a solvable Leibniz algebra and N its nilradical. Then the
dimension of the complementary vector space to N is not greater than the maximal number
of nil-independent derivations of N.

Let R = N + Q be a solvable Leibniz algebra with nilradical N and complemented
vector space Q. Let N = NFI @ NF, & --- @ N F; be a direct sum of null-filiform Leibniz

algebras.

Further, we shall use the following notations: dim N = n, dim(N F;) = n;, dimQ =g¢q
and {e},eb, ..., e} } be a basis of the algebra N F; such that the table has the following
form:

[ei,e’i] =e§+1, 1<t<n;—1.

We set

ni
.
Ai = ZJalen1+--~+n,>1+j,n1+---+nl-71+j’
j=1
i .
Bi = Z ak+]7je}11+---+ni,1+j,n1+-~+nl‘,1+ka 1 <1<,
1<j<k<n;
where ey ; is the identity matrix of size n x n (see below Proposition 3.1 for notation).
For convenience of further reading, instead of i # j, i # ¢, we shall use notations
i)t

3. The main part

In this part, we describe the derivations of the algebra N = NF{ @ NF, @ --- & NF; and
then we shall apply the general theory in order to investigate solvable Leibniz algebras with
nilradical N.

ProrosiTioN 3.1 Any derivation of the algebra N has the following matrix form:

s ) )
J
D= Z Ai + Z B; + Z 8; Cnyt-Aniy 1+t -
i=1 i=1 j=1

i

Proof  Any derivation of the algebra N = NF1 @ NF> @ - -- @ N F; has the following
matrix form:
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201 5;E,,],,,2...5s;En],nS ay a5 ... a,
STE,,. Dy ...87En,n, 024 ...a" _
| ST where Dy = N A
8 Engny 85En ny .. Dy 0 0 ...mal

0d at ... a

all 0 0 00261? ainl

02ai... 0 2 i

Di=Ai+Bi, Ai=] . . s Bi=:o : ,

oLy 00...0 d

0 0 ...n;d 2

iy 00...0 0
00...01
00...00

and E; jisthei x jmatrix E; j = | . . . . .| (cf. [20]). O

00...00

ProrosiTioN 3.2  The matrix

s N
D = Z B,’ + Z 8,'Jen|+--~+n;_1+l,n|+---+nj
i=1 j=1
L)

is nilpotent.

Proof The proof follows from the equality D' = Y} B! and nilpotency of the

i=1
matrices B;. O

Thanks to Propositions 3.1 and 3.2, we conclude that the maximal number of nil-
independent derivation of the algebra N is equal to s. From Theorem 2.3, we have that
the dimension of the complemented space to the nilradical N in the algebra R is less or
equal to s.

Let R be a solvable Leibniz algebra with nilradicall N = NF1 @ NF>, ®---® NF; and
let R =N & Q, withdim Q = g < s. It is known that we can choose a basis

1 1 1 2 2 2 s s s
{xl,)Q,...,xq,el,ez,...,enl,el,ez,...,enz,...,el,ez,...,em}

of R such that the restrictions of the right multiplication operators Ry, , Ry, ... Ry, to the
nilradical N are nil-independent derivations. Moreover, due to Proposition 3.1, we have the
products

n; ) n;

i i ik /AP R | i J
ley. xj] = Zaj,kek + Z 8 ken> e xjl=ta; e + Z O k—t+1€k>
k=1 k=1 k=t+1

ki

where ] <i <s, 1 <j<gq,2=<t<n.
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1 2 s

oy Oy Oy

P

. 2,1 %21 2,1 . .
Since rank . . . = ¢, then without loss of generality we can assume

1 2 K

gy Oy g v Uy g

that

af)lzl, O{l-];1=0, 1 <ixj, j=<gq.

k=t+1
with
1 k—1
J— 1 1
A2_ i,2° Ak__k—l ZAk—p—Hai,p"'alk , 3<k<n,
p=2
we obtain
[e;9ell]=e;+1’ ISISS’ 1§t§n1_17
[e}, xi] = e} + Z 5 ek . 1<i=<gq,
k=q+
[e,,xz]—tet, 1<i<gq, 2<t=<n,

[elvxj]_zajkek+ 28 nk’ 1 <izj,j=<q,

k#
[e,,xj]—kZ o ,Hek, 1 <isj,j<gq, 2<t=<n,
t
[el,xj]—Zalkek—}—Zb‘ "A’ l<j<q, q+1<ic<s,
k#,
. . nj ‘ .
le;, xj]=ta) e + > Uy 157 =q, q+1=<i=<s 2<t=n.
k=t+1
(3.1)
Let us introduce notations:
s np
[xj.efl=Y > Bikel. 1<j<q 1<is<s,
p=1k=1
s np (3.2)
[xi»xj]zzzyi{jj‘kef’ l<i,j=gq.
p=1k=1

In the following theorem, we verify the Leibniz identity for the products, which are
given in (3.1), (3.2) and simplify them using basis transformations.
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THEOREM 3.3 Let R be a solvable Leibniz algebra with nilradical NF1 & NF> & ... ®

]\;FS andzdimQ = q < s. Then there exists a basis {xl,xz,...,xq,ei,eé,...,e}ll,e%,
;’2, e € .l e, ., eflx} of R such that the multiplication in this basis has the
orm:

[etve]_et+]s 1§iSS71§t§n1_1s

[xj, el = —el, lel, x;] = tel, l<i<gq, 1<t<n;,

le}, x;]1= Za]kek+28]kenk, g+1l<i<s 1<j<gq,

k#
nj
[et,xj]_tot]let+k2 O‘]kH—lek’ g+1<i<s, 1<j<gq,2<t<n;,
i,p p . .
[xj,el]= Z Bjin,€ny» 1 <izj,j=<gq,
p=q+1
[ L, . N
[-xjvell]z 111+Zﬁ]1,:p5p7 q+1§l§S71§]§q9
P;#i
[xi, xj] = Z ZV,]kek, 1<i,j=<gq.
p=q+1k=2
Moreover, the structural constants should satisfy the conditions
a o, =0, q+1<i<s, 1<jt=gq,
a;,la;’,k _0‘},10‘;,1( =0, g+1=<ic<s, 1 <ju,t=<gq,
3<k<n,
(Patl_l)ﬁjnpzo’ lfi;éj,ij, CI+1§P§S,
”ﬁ]np— 1 <izjnj,t<q, q+1=<p=s,
y/,t,k—l__jlak g+l1l=<ic<s, 1<j.t=gq,
3<k=<n,

: i it : ;
a‘]’lﬁf’[:(rz,—ah)ﬂj’n[, qg+1<ic<s, 1<j,t<gq,
a8, =—a 1,3/ 0y g+1=<i=<s, 1<j,tzp,p=q,

. p ; ip . .

8;,17 = (”I’O‘t,l _“;,1> ﬂj,np’ q+1=<izp,p=<s,1=<j,t=q,
},lfk—al 85, =0, g+1=<ic<s, 1< jzks ks t<q,
;’81 _8l ( 1 nt)a q+1§l§S7 lfj#t,tfﬂb
5;1(([ ) ( ”k%1>76]+1§i¢k,k58,1§j¢t,t§q,

P P _ ..
Vi j2% 1~ y,tzjl—O, g+1=<p=s, I<i, ju,t<gq,
k—1
P P P P p p p Py _
k (Vi,j,ko‘z,l - Vi,z,k“j,l) + Z (Vi,j,k+1—r°‘t,r - Vi,t,k+1—r0‘j,r) =0,
r=2

1<i,je,t<q,q+1=<p=<s,3=<k=<np.
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Proof  Starting from the products (3.1) and (3.2), we shall verify the Leibniz identity for
the basis elements.
Consider the Leibniz identity

ng—1 ni—1

0= [x). le}. eyl] = [[xj. i), )] = [[x, €1, Z Bl ke — Z Gy
with 1 <iy, r<s, 1<j<gq.
Then we have
@ﬂ:&lgkgm—L gzzo l<k<n—1

Since [e’i, X+ [x;, e’i] € Ann, (R), then it implies

pii = 1, 1<i<gq,
Bi1=0. L=izjj=q.
13;112—053',1’ gtl=i=s. l=j=gq.

Thus, for 1 < j < g, we have

N
i,i i ip p .
[xz,el]——elJrE Bivex + E ﬁ,,,penp, 1<i=<gq,
=1

k=2
D#i
S
i iL,p p .
[xj,eﬂ—Zﬁ,keﬁZﬁ,nenp, l<izj<gq,
=1
Pi
[ Lp P .
[xj,e’l]:—jlel—}—Zﬂ]kek—i—Zﬂ]nenP, g+1<ic<s.
p#t

By taking the change of basis

i,p p . i" )
E Binyen,» 1=i<gq, e =e€, gtl=iss,

p=q+l
l’lj Ky n,,
I Jod p.p P .
xj=xp = Bl = 2 Y Bl 1sisa
k=3 p=1 k=2

P4j
we get
[ [ i,i .
[xi, el = —e€} + B;. zelz—{— Z ,BIn enp, 1<i<gq,
pyﬁl
S
i i.p p . .
[xj,e1]l = Zﬂjn en,, 1=izj, j=gq.

P
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[xj, el = ]1e1+2ﬂjfjeﬁp, g+1<i<s, 1<j<gq
p#t

Since [x;, x;1, [xi, X1+ [x;, %] € Ann, (R), then ", | =0, v/, = —y/; .
Consider the equalities

[xi. [e}, xi1] = [[xi, ef], xi ] = [[xi. x1. € ]

K np
— | i i Lp P _ p P i
=|—ep +Bhe+ Z Bin,€nps Xi Yiik€k> €1
p=1k=2
[’#l
n[—l
i ii i i
=€ - Z Slkenk +2B,5e; — Z)’i,i,kek+1-

k=q+1
On the other hand,

q
[xi. lef, xi]] = | xi. ) + Z Sixen, | =—el +Bles+ Y BIY eh,.
k=q+1 =
D+i
Comparing the coefficients at the basis elements, we derive
Bih=0,1<i<gq. ﬂ,’,’,’ =0, 1=<pz=gq,
i,k=0, q+1<k<s, yl.’m_o, 2<t<n -1

Taking into account that for 1 < i #j» ] =< q, the products [x s e’i] belong to Ann, (R),
and considering the Leibniz identity for the elements {x, x;, e’l} withl <i.;, j < gq,then
we deduce

Bin =vij=al Bih =0, 1<ig,j<q 2<k=m—1, g+1=<p=s
Bearing in mind the Leibniz identity [xj,[xj,ei]] forg + 1 <i < s, then we have

[xj xjs 1] = [Lxj, 571 ei] =[x, €41, %]

l’l,‘—l
_ i i _
= DV ki ), Z“; Kk + Z 8 pehy | =~ niBin e,
k=2
[77':1
)
P pi.p p
Z npajJﬂJn n-
p=q+1
P#i
On the other hand,
N
. C L] — NP N | i,p p i ip p
[xj. lxj.el]] = | ). e ieh + D0 By e, | = e Z Bjn, enp
=1

Pri P#i



Downloaded by [The UC Irvine Libraries] at 12:33 28 September 2017

1228 A.Kh. Khudoyberdiyev et al.

Comparing the coefficients at the basis elements, we get

“;,1‘)‘}",2:0’ g+1=<ic<s, 1<j<gq,

Vijk—1= =0 1% g+1<i<s, 1<j<gq, 3<k<n,
0‘]15}j=(”j—“;1)/3;{£j, g+1<ic<s, 1<j<gq,

ajla;p ]sl'BJ”p g+l=icss, L <jzp.p =g,

,’-,l)ﬁ}’,il,, g+1<izgp,p<s,1<j=gq.

From the chain of equalities

i p
oej l(sjp ( pljy —

0= Z Bin e, | = [xi Ly, ell] =[x, 271, €] = [ el 1, )]
#11
s nNp ni—1
k
= Zme»el —[= evxf]—Z%/kek+1+zo‘1kek+Z‘Sjkenw
p=1k=1
- k#t
we obtain
8,=0.  1<izgj=<q lskss,
yil,j,k—l = _05;"]@ 1 < lyé]v] =< q, 2 Sk =n;

Applying the Leibniz identity for the triples of elements {x;, x;, e’i}, {e’i ,Xj, X} and

Xi, Xz, e}, we derive the following conditions for the structural constants:
J 1 g

ﬁ;’,ﬁ,’p =0, 1 <itjp,jtpsP =4,

("P“fl_1>ﬂ;:§p=0’ 1 <isj.j=<q, q+1<p<s,

Viik—1 =0 l<izj.j=q. 2 <k<=n;,

o =0, 1<ij=<q, 2 <k <n,

yiijk 1 =0, i #J,

,15,,,1,= thl =0, 1 <izjr. jz.t<q, g+1=<p=<s, 2=<k=mn;,
Vitk—1 =~ (& g+1=ic<s, 1 <ju,t<q, 2=<k=<n,
ai' 181, =<;—a§1)ﬁ;"’nt, g+1=<ic=<s, 1 <ju,t=<gq,

ajl(S;P: tl'BJn’ g+1=<ic=<s, 1 < jz, p,tep < q,
“115;17:(”17“:,1_ z,1)ﬂ]n,,»61+15i¢p,p§s, 1 <ju,t=<gq.

If 1 <i < g, then the Leibniz identity for the elements {eil , Xj, X}, with

i;ﬁj’[ and j;ﬁl?

does not give any additional restrictions. Therefore, we shall consider the case g+1 <i <'s.

Namely, we have the following chain of equalities:
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[ Leioxd] =[] ] = [[ 0] ]

n; nj
i i i i
Z“r ve + Z 5 kem + Z“j,k ko, e + Z & p—k+1€p
k=2

p=

k#,

k+1

s n; s

i ik ok i i ik

+ 8 ey, + Z N8 (o 1€y, — Q| Z“j,kek + Z 8 keny
k= —

k=q+1

k#’ k#i

1229

_Zatk kaj lek+ Z a]p k+le —l”l] e”/_ Z nk&tkaj lenk

k=qg+1
k#,’

k+1e

p=k+1
nj
_ i
_Z(k_l)(at,laj,k Jlalk)ek+za1k Z atp
k=2 p=k+1
Y
—Z%k Z o picr1€p + Z ( 18k = oy Lk)e
p=k+1
k#m
i i i i i i i
+(O‘j,13z,r_°‘r,15j,z"’"t‘sj,z)en,+( of 181 — o185 —

N
i s i s k i kosi )k
+ Z (aj,l z,k—O‘t,15j,k+"k0‘t,15j,k—"k“j.15z,k>€nk

k=q+1
_ i i i i z
= Z (k=1 (at,laj,k - O‘j,laz,k) Z ( @ 18 — o,
k=2 k=1
ketja

i s i g i g
+(a.,’18,,,—a,’18j,,+n,8 )e +( 115t1 @ 18j; —

s
i o i o k i k i k
+ ) (“j,15z,k =08 ka8 — nkaj,lat,k) €y
k=q+1
ki
On the other hand,
[lv[xjaxt] Zyj,np n,,+ Z Zyj[kk

p=q+1 k=1
Comparing the coefficients for g +1 < i < s and for j,, we get
i i i
Vil = 0 (Ao — &G0 o,
ii i _
al‘,laj,k_a'latk’ 3<k=<n,

ioai .
o 10k = z15j o L=kzji=q,

8’ )e,,]

15},k> €
8’ ) en;

i
=VYj162-
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i si i
@18 =385, (at,l - ”t) ’
i i i )
#18j,; =0 (O‘j,l - ”1) :
io(o ) — ek 6 o | — ngak +1<ky <s
tk \%j1 k&1 11 k1) 4 = kzi =8.
From which we derive
S S S R S
Viad = %@ = =0.
Similarly as above, from the chain of equalities

np

0= Zynnp en, + Z D viek

p=q+1 k=2

=[x, [xj-,Xz]] = [[xi, x50 0] = [[xi0 1, x5

S np np . .
_ t t 14 P p P tY J
=+ 3 vkl + Y @l e = e,

p=q+1 k=2 r=k+1
p P p P 7\ _ t I | J
Z Z%‘,z,k("o‘j,lek + Z “j,r—k+1er) =MYijnCn — Vit n;
p=q+1 k=2 r=k+1
s np s np  np
p p p p p p p t
+ 2 Zk<yi,j,k°‘z,1 _Vi,z,k“,m)ek + 0 2 2 Wi
p=q+1k=2 p=q+1 k=2 r=k+1

S p "p . .
PP i _ t t J
Z Z Z Vit k% jr—k416r = MtYi jn,€ny — Vit 6n;

p=q+1 k=2 r=k+1

np k—1
p
+ Z Z k(yz/k t,1 7/ltk ]1)+Z(yl]k+1 —r tr Vltk+l—r Jr) s
p=q+1 k=2

comparing the coefficients at the basis elements, we deduce

t _ _ P p _.p D
Vigjoi = Yian; =00 Vija1 =Vin® 4t1=p=s,
k—1

p p p —
k(szk ll yztk jl)+Z( ljk+]7r tr_yi,t,k+17raj,r>_0’
=2
q+1=<p=<s, 3=<k=<np.

Summarizing all obtained restrictions, we have a family of algebras with the difference
with the family of the assertion of the theorem in the product [x;, x;]. However, it can be
improved by taking the following change of basis

q
Vik, .
x{:xi—zﬂeﬁk, 1<i=<gq.
k=1

Thus, we obtain the family of algebras with restrictions to structural constants as in the
assertion of the theorem. O
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From Theorem 3.3 in the case when the dimension of the complemented space is equal
to s we have the complete classification of such solvable Leibniz algebras.

CoroLLARY 3.4 LetR=N®& Q,where N=NF ®NF,®---®NF;anddim Q = 5.
Then the algebra R is isomorphic to the algebra:

lej.ef]l=e ., 1<i<s1<t<n—]I,
lel,xj]=tel, 1<i<s/1<t<n;,

[xi,ejl=—e€}, 1=<i<s,1=<t=<n,.

Corollary 3.4 implies that R = (NF| + (x1)) ® (NF2 + (x2)) & - - - ® (N Fs + (xy)).
Below, we present the description of solvable Leibniz algebras with nilradical N =
NF @& NF,®---@® NF, and with the condition that each N F; is a ideal of the algebra R.

TueOREM 3.5 Let R be a solvable Leibniz algebra with nilradical N = NF| & NF>, ®
- @ NFganddim Q = q. If NF; are ideals of R, 1 <i < s, then R is isomorphic to one
of the following algebras:

lel.efl=c¢l . l<i<s 1<t<n—1,
[xi,e{]=—¢\, [el,xj]=tel, 1<i<gq, 1<t=<n;,
Rqo. . n; . .
5,0 ° 2 1 — i i . . )
leg. xjl= 20 o e 1<j<q q+1<i<s 1=<t=n,
k=t+1
N
_ P P . .
[Xi,Xj] = Z Vi‘j,n,,e"p’ 1 <1i,] =<q,
p=q+1
[eiaei]ze;_’_lv ISiSS,lstff’ll_],
[x;, i1 = —el, [el,x;]=tel, l<i<gq, 1<t<n;,
[xj. e}l = —al ey, lepxjl =10} 165, 1<j=<q,q+1=i=<q+s0,
Il <t =<n;,
q .
Rsoso : nio .
leg. xj1= 2 i 1€ 1<j<gqg.q+so+1<ic<s,
k=t+1
1 <t =<n;,
)
p p . .
[xi,xjl=" > ¥ijn,enp 1<i,j<g;
p=q+so+1

where for any i (¢ + 1 < i < q + so) there exists ji (1 < ji < q) such that aj'i,l # 0.

Proof  Taking into account that NF;, 1 <i < s, are ideals of R, from Theorem 3.3, we
have the multiplication table
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lel,ell=e |, 1<i<s, 1<t<n —1,
€ +1
[xi,e{1=—¢!, [el,x;]=tel, 1<i<gq, 1<t <n,
. i . .
le. xj1= > o} e g+1<i<s, 1<j=<gq,
k=1
. o nio .
[e;,xj]zt(x’j,le;+ 3 O‘;',k—t+lg;<’ g+1l<i<s, 1<j<gq, 2<t<n,
k=1+1
[xj,e’l]=—0t’,~le’1, g+l1=<i<s, 1<j=<gq,
[xi,x;]= Z Zyl,kek, 1<i,j<gq.
p=q+1k=2
with the restrictions
Pal’ =0, +1<p< 1<j,t<
Q%o = q =p=s, <Jj,t=gq,
“fﬂf,k 11 k—O g+l=<p=<s, 1=<jut=q, 3<k=n,
P _ D .
Vith—1 = ~% 1% > g+1l=<p=<s, 1=<j,t=gq, 3<k<np,

P P P P .
Viin®i —Vigp®i1 =0, g+l=p=ss 1=<ijut=q,

k—1
PP PP p p p P\ _
k (Vi,j,k“z,l - Vi,z,ko‘j,l) + E : (Vi,j,k+1—r0‘t,r - Vi,t,k+1—r°‘j,r) =0,

r=2
1<i,ju,t<q, q+1=<p=<s, 3=<k=<np.
Denote by so the number of non-zero vectors

qg+1 g+l q+1 q+2 g+2 q+2
(0‘1,1 SO ey ) QY0 ey ) af’],(xi,l,...,(x;)l .

If so = 0, i.e. aj.l =0foralll <j <gq, g+ 1 <i <s,then we do not have any
restriction and hence, we get the algebra RZO.
If 5o > 1, then without loss of generality, we can assume

(@] 1 ad s %1)7&(00 L0, g+1=<p=<q+so,
(otf’l,a;l,... D =100,0,...,0), g+sp+1=<p<=<s.

From the above restrictions, we conclude
af, =0, g+l=p=<qg+s. 1=j=q.

Let us fix some p (g +1 < p < g + so). Then there exists j, (1 < j, < q) such that

)4
aj * O.‘
By taking the change
1 np np—1
P o
ef =ef +— Z A t+lek’ I<t=np, xj =x Z Ak+lek’

Jplkt+2 Jplkz
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with
1 1
p_ _1.p p_ _1.p
Ay = 2%jp3 A4 = T3%, 4
| k—2
P _ p p p
AL =73 YoAL e jraly ] S<k=ny,
j=3
we deduce
[x]'p, ef] = —afp’le{’, [e,p,xjp] = tafpyletp, 1 <t=<n,
Therefore, we can suppose
afp,k=0, g+1=<p=<qg+so, 2=<k=np (3.3)
Then the equality
afp,laﬁk —af‘lafp’k =0, 1< j;,gjp <gq, 3=<k=<n,,
implies
af =0, 1=<jzj,<q. 2<k=np. (3.4

Summarizing (3.3) and (3.4), we obtain O‘f,k =0forl <j<gq, 2<k=<n,
Using above argumentation for any p (¢ + 1 < p < g + s0), we get

af =0, g+1<p<q+s, 1<j<q, 2<k<n,

Since aﬁl =0forg+so+1<p<sandl < j < g, from the restriction

Tl qtlspss, 1<jit<q, 3<k=<n,

p — _
Vitk—1= ~9%;1¢%

weobtainy?,, | =0, g+1<p=<s, 1=<j t<q,3<k=<np.
Applying the obtained equalities, for ¢ + 1 < p < s, we conclude that the following

restrictions
yi{)j,Zafl - yi{)t,za;?,] =0, l=iju.t=q,

k—1

PP P P p p p P _
k (Vi,j,kaz,l - Vi,t,kaj,l) + Z (yi,j,k+lfratyr - Vi,t,k+17raj,r) =0,
r=2

1 <i,jg.t <q,3=<k=<np,

are reduced to the following one

Vi @ = Vi @l =0, q+1=p=q+so, 1=ijut=q.
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Thus, we obtain the following multiplication table:

[e,, ]—eH_l, 1<i<s, 1<t<n —1,

[xi,ellz—e,, [ef,xl']zte"l, l<i<gq, 1<t<n;,

[xj,ei]:— ]1‘31’ [ei,xj]zta;’lef, 1<j<q,qg+1<i<qg+sy, 1 <t=<n;,
le!, x;] = Z (X;’k_[_Hef(, 1<j<q,q+so+1<i<s, 1=<t<n;,
[xi, xj] = Z yz]n erll]pv 1 <i,j=<gq,

P=q+

with the restriction

PP PP _
Vijon, %1~ Vien,%1 =0, g+ 1=p=q+so,

Again using the fact about the existence of j, such that a

p(q+1<p<gq-+so),wehave

p
Vi jpny®ji1
sIpstp s PR
Vijm,= —p > L1=ij=q.
sJoltp ot
]p’l
By taking the change
P
Vi
/ sJpsltp  p .
X =Xi— = enps l<i=gq,
Pa]pl

1 <i,jut<gq.

1 # 0 for any fixed

we can suppose yl.pjn] =0, g+1=<p=<qg+s, 1 =<1ij=<gqgand][x,x;] =
s LA P

3 yif’j’npe,’,’p, 1 <i, j < q. Thus, we obtain the algebra RY .

p=q-+so+1

O

The next theorem is an adaptation of Theorem 3.3 for the case ¢ = 1.

THEOREM 3.6 Let R be asolvable Leibniz algebrawith nilradical N F1®N Fr,®- - -®N F
and dim Q = 1. Then it is isomorphic to one of the following algebras

[6[5 ]_et+1’ 1§i§s715t5n1_15
1
[x1,e]]= —e],
le}, x1] = te}, 1<t <n,
[x1.e}] = —a e, 2 <i < s,
[ei,x1]=tai el 2<i<so 1<t=n,
1 [el,xl]—2a1k6k+ Z 81kenk, so+1<i<s,
RSSO: k=so+1
ki
lel, x1] = Zalkmek, so+1<i<s 2=<t=<n—1,
k= t+
i lp [7 .
[x1,e]] = Z Bin,enys so+1<i<s,
p=so+1
P#i
> pp
[xi,x11=" > Va,en,

p=so+1
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where 1 <59 <'s andot’l"1 #0.

Proof For g = 1 by Theorem 3.3, we have for 2 < i < s the multiplication table

[x1,e]1= —e],

[e},m]:te}, 1<t<ny,

e}, x1] = Z o e + Z 5 ke

k#,‘
] n; :
[eﬁ,xl]:totllet—i— > a]k 1€ 2=t =<mn,
k_t
in_ ip p
[x1, €] = 051 131+ Z By n,€nps
p#t
5L pop
[-xlaxl]: Z Zykekv

p=2k=2

with the following restrictions for 2 <i <s:

T
ap &y, =0,
A R )
Vel = T 1% o 3<k=ni
iosi
0‘1111—(”1_0‘11):31n1

i
aj 18y, = (nl’al,l 0‘1 1):31 ny 2= DP# =S

Let the number of non-zero constants among {a% 1> otf Lo ot‘f 1} be equal to so — 1.
Then, without loss of generality, we can assume a’i’l #0,2<i <y, 0‘11,1 =0, s0+1<
i <s,wherel <s9 <s.

Then from the above conditions we have ai ,=0,2=<i=<s0.

By taking the change
it - ip p .
e =e) — Zﬂlnpn,,, 2 <i = s0,
0‘11 =1
P#i
we can suppose that [xl,e’i] = —(x’i le’i, 2 <i <ysp,le. ,Bi’i =0,2<izy, <s0 1=
) Sp
p =s.

From the above conditions, we have

[ S . )
Vie1 = =% 2 =1 =50, 3<k=mn;,
yg_1=0, so+1=<i<s, 3=<k=n,

:0 2517&;755'0 1SPSS7

ﬁl,,p— so+1=<i<s, 1=p=so.



Downloaded by [The UC Irvine Libraries] at 12:33 28 September 2017

1236 A.Kh. Khudoyberdiyev et al.

By taking the change of basis

n;

. )
el =el+ - Y A z+1ekv 2<i<sy, 1<r1r<n,
o1 k=t+2
ni—1
xxl—i—z Z AkHek,
=2
where
Al :_lai Al — gl
3 7%1.3 4 3%14
Al = ZAk e jtai ] 2<i<s, 5<k<m,
we obtain
[x1,e)] = —a) €}, lep,xil=ta) e, 2<i<so, 1=<t=<m.

That is, we can suppose a’i’k =0,2<i<s0, 3<k=<n;.
Now taking the change of basis in the following form:

511] S0 Sli S0 yl’
./ . . n
eﬁ:e’l——e}l— . e,l;], so+1<i<s, xi=x1—g P_eb |
n ™ ool noal
R LR 2 P

we can suppose 31,1( =0, 1<k < sgand ynpp =0, 2 < p < sp and so we obtain the
algebra R] . O

Since the multiplication tables of the family R;’XO are different to the multiplication
tables of the family of algebras in the work [20, Theorem 3.9], we can conclude that the
condition for the case s > 3 (which was omitted in [20]) each N F; is a ideal, is crucial.
Thus, the list of algebras presented in the work [20, Theorem 3.9] can be obtained from the
description of Theorem 3.6 under the condition that all N F; are ideals of the algebra R.

Below, we present the description of solvable Leibniz algebras with nilradical N F| &
NF, ®---® NF; and dim Q = 1 for the cases s = 3, 4.

CoroLLARY 3.7 Let R be a solvable Leibniz algebra with nilradical N = NFy ® N F> &
N F3 and dim Q = 1. Then it is isomorphic to one of the following algebras

e} e]1=¢],,, 1<j<3, 1<i<nj—1,
[.x], l]z_eia [eila-xl]:ieilv lilfnlv
32 2 2 o
1 lef, x1] = Zal e T T sen lef o xil= 3 af, e, 2<i<n—1,
R31: k= z+1
2 .
le3, x1] = Zal e+ 81,60, [e,,m]—kZ o i€ 2<i<n3—1,
i+1
27 23 3 37 _ p3.2 2
[x1,e ] 181 n3 zn [x1.e ] '81 12 €ny»
[x1, ¥1] = Vi, em, + Vs s
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Joiy ;
le;.er]=e; . 1<j<3,
[x1,e]] = —e], le], x1] = ie],
2 2 2 2 -2 2
[x1, ef] = —o jeq, lej, x1] = iaf €7,
n
[e3)c]—23:013 e l1<i<ny—1
i M= Lk—i+1€%> + =1 =13 ’
k=i+1
Joiv— i :
lef,efl=¢],,, 1<j=<3,
&l [x1,e]] = —e], le}, x1] = ie], 1
3,3 .
[xl,e%]z—a%’le%, [eiz,xl]zlozile?, 1
[x1, 6] = —af je], [, x1] =ic] j€],

—_
A
A

IA
IA

nl’

IA
IA

na,

1237

<n;—1,

i x1l =v,.6.

IA
IA

A
IA

ny,

IA
IA

n2’

A
IA

n3.

I’lj—l,

CoroLLARY 3.8 Let R be a solvable Leibniz algebra with nilradical N = NFy ® N F> &
NF3 @& NF4and dim Q = 1. Then it is isomorphic to one of the following algebras:

}’lj—l,
ni,
_n2_1,
ny — 1,
n3y — 1,
_n3_17
_n4_17
ng — 1,
3,4 4
/31 D n2+13] n4 114’

ynz n3+7/4 n4’

Joiy— i . .
[ei’el]_ei+l’ 15]54, 1515
[x1,e]1=—ej, [e},x1]1=1ie], 1<i<

n
[ezx]—f:oz2 ez+8 e +8% et 2<i<
A= 1,k 1,3%n3 1,46n4° =
_ 2 .
lef, x1] = Z alk i+16k> 2<i=
k l-‘r

3 .
le}. x1] = Zalkek+8126n2+8l4en4, 2<i<

3 — 3 3 .
le;, x1] = Z O k—it1€k> 2=<i<

k i+1

4 .

le}. x1] = Z Oll kek +6 26n2 +8l 36’”, 2<i<
l’l
4 : 2<i<
lej, xil= > o, ipi€: =t=
k—i+1 24
o4
[x1, e ,31 N3 n3+13] N4 €y [x1, e
4 _ p42 2 4,3 g
[xl,el]—ﬂl P A [xlvxl]
[ ]_el_;,_l» 15]547
1 1 1
[X1,eI]=—el, [e;, x1] =ie;,
2 2 2 2 202
[xl’el]z_alylel’ [el-,)q]:lotl’lel.,
n n
[e3x]—i(x3 e+ 83 et [e3x]— ioﬁ e, 2<i
1A= 1,k6k 1,46ny> 1€ AT = Lk—i4+1%% < =
k= i+1
[el,xl] = Z oc] kek +51 3em, [el ,x1] = kz 0‘1 k—t+1ek’ 2<i
i+1
37 34 4 47 _ 4.3 3
[x1,e7] = ﬁl e €y [x1. ef] = By, enss

[-xla-xl] = )/ng n3 +y4 n4;

IAIA

IA

IA

nj— 1,
ni,
n2’
n3y — 1,
ng — 1,



Downloaded by [The UC Irvine Libraries] at 12:33 28 September 2017

1238

A.Kh. Khudoyberdiyev et al.
Joiy ;
le;.ef]=e; . 1<j<4,
[x1,e]] = —el, e}, x1] =ie},
2 2 2 2 )
[xl,el]z—otl’]el, [e,-,xl]zla],lei,
3y .3 3 3 _ 3 3
[x1, e7] = —aj jey, e, x1] = iaj je;,
4 " 4
lef, xil= 2. of; e l<i<na—1,
k=i+1
oy ;
[ei’el]_ei+lﬂ 1 <j<4,
[x1,e{]=—e}, [6,-1,X1]=i€,'17
) 2 2 02 2 )
44" [.X1,€1]=—O£1’161, [eiy-xl]:lal’]eis
3 .
[x1, 6] = —af je], e}, xi]=ia] &),
4 4 4 4 .44
[x1, ef] = —ay yey, lej . x1] =iaf jej,

I<i=<nj—1,
1 <i=<mn,
1 <i<mny,
1 <i <ns,

[x1.x1] =y, el

I<i<n;—1,

1<i

IA

ni,
1 <i
1
1

IA

naz,

IA

i

IA

ns,

i

IA
IA

nyg.

The next corollary is proved by applying the same methods as we used above.

CoroLLARY 3.9 Let R be a solvable Leibniz algebra with nilradical N = NF| & N F> &
N F3 and dim Q = 2. Then it is isomorphic to one of the following algebras:

i j : ,
le;. eyl =¢; ., 1<j<3, I<i<n;—1,
[x1,e]]1 = —e], le}. x1] = ie;, 1<i<n,
[x2, €7] = —e?, le?, x2] = ie;, 1<i<ny,
3 & 3 3 3 & 3 3 .
g2 llenal=2of e, L xil= X o ;€ 2<i<ns,
3,1 i=2 j=itl1
n3 n3
3 _ 3 3 3 _ 3 3 .
lej. xal = > o5,¢], lef.xal= 3 o5, ;€ 2 <i<ns,
i=2 j=i+1
_ 33 _3 3
X, X1l =y pyenyr X220 =915, 6050
(X2, X11 = V3 1y €nyr 2o X2 =935, 600
le].e]l =¢] ;. 1<j<3, 1<i<n;—1,
[x1,e]] = —el, le!, x1]1=ie], 1<i<n,
2 . .
R3] [x2.ef] = —ef, [e?, xo] = ie?, 1<i<ny,
[x1,e]1=—niel, [e}.xi]=inme), 1<i<n;3,
3 31,
[x2, e1]1 = B3, €,
le.ell=¢l . 1<j<3, l<i<n;—1,
[xi.ejl =—el,  le}, xi] =ie], 1<i<n,
2 . 3 3
Ri3:{ [x2.efl=—ef,  [ef, xa] =ie7, 1 <i<ny, (a] 1.5 1) # (0,0),
3 3 3 3 3 .3 :
[x1, e7] = —af yey, [ef, x1] = iaj yef, 1 <i<n3,
[x2, €] = —a3 (€], e}, ;o] = i3 je;, 1 <i<ns.

Corollary 3.9 and our further investigations show that in the case whens = 4andg = 2,
10 families of algebras appear with many parameters and without any restrictions on them.
It means that the situation for ¢ > 2 is very complicated.
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