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Introduction

The four papers of this volume deal with new notions of algebras whose
common feature is to have two generating operations. So they are called dialge-
bras. The first motivation to introduce such algebraic structures was a problem
in algebraic K-theory. It turned out later that some of them (the dendriform

dialgebras) are closely related to Hopf algebras occuring in the theory of renor-

malization of A. Connes and D. Kreimer. They are also closely related to the
notion of homotopy Gerstenhaber algebra.

Let us first describe the motivation from algebraic K-theory. The alge-
braic K-groups of a ring are not periodic like the topological K-groups, but

computation of some of them shows the existence of a periodicity phenomenon.
For instance the groups K,,(Z) 0 Q are periodic of period 4 for n > 2. The

algebraic K-groups are constructed on the general linear group GL. If we re-

place it by its additive counterpart, that is the Lie algebra gl, then the analogue
of algebraic K-theory is computable : it is cyclic homology, denoted HC. It
turns out that for this theory the periodicity phenomenon is well understood.
It takes the form of a long exact sequence :

- - - -+ HCn+1 -.+ HCn_1 -4 HH,,, -+ HC,, --+ HCn-2

where HHstands for Hochschild homology. In other words, cyclic homology
is not periodic (in general) but the obstruction to periodicity is known, it is
Hochschild homology.

It is too naive to expect the existence of a similar sequence in the algebraic
K-theory framework, however it is reasonable to conjecture that the so-called

(b, B)-bicomplex, giving rise to the above exact sequence (cf. [L11) has an

analogue in the algebraic K-theory setting.
Recall that the (b, B)-bicomplex of the algebra A is of the following form

b  b  b  

C2 (A)  _
B

CI(A) +: !- Co(A)

b  b  

C, (A)  
B

CO(A)

b .

Co(A)
where each vertical complex is a copy of the Hochschild chain complex. The

horizontal map is Connes boundary map B. The total homology of this bicom-

plex is precisely cyclic homology (cf. [M]).

J.-L. Loday et al: LNM 1763, pp. 1 - 6, 2001
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In algebraic K-theory I conjecture the existence of a bicomplex

f'(1) (A)2
C(2) (A) +_ f,(3) (A)1 -0

Cl(')(A) _ C(2) (A)0

CO(l) (A)

made of (different) vertical chain complexes C!,) (A), whose total homology
would be algebraic K-theory when A is a field.

Taking the homology of the vertical complexes gives rise to horizontal

complexes, which are expected to be related to the motivic complexes of Bloch

and Goncharov (cf. [G]). The first vertical complex d"), which is our main

concern, is expected to be related with the Milnor K-groups, and its homology
is a multiplicative analogue of Hochschild homology. .

The notion of associative dialgebra came out naturally while trying to

construct d,') and compute its homology M,1) through the following strategy.
Let us recall the relationship, in characteristic zero, between algebraic K-

theory and cyclic homology on one hand and the homology of groups and Lie

algebras of matrices on the other hand (see [L1J for details) :

H!  e(gl(A)) - -- A*HC.-l(A), H e b(gl(A))  --- T*HH.-l(A).

H,, (CL (A)) c--- A*K. (A), (??),, (GL (A)) T* HP) (A).

In this tableau A* (resp. T*) stands for the graded symmetric functor (resp.
tensor functor), and H." (resp. H eib) stands for Lie algebra homology (resp.
Leibniz algebra homology). So the problem is to find the analogue (??). of

Leibniz homology for groups. Applied to the group GL(A) it should give the

homology H11) (A) of the conjectural complex C.(') (A).
Let us recall that a Leibniz algebra is a vector space equipped with a

binaxy operation, denoted [-, -], satisfying the Leibniz relation :

[IX) Y1, ZI = [IX, Z], Y1 + [X, ly, Z11 -

So, if the bracket is skew-symmetric, then this is a Lie algebra.
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Groups, associative algebras and Lie algebras are related by well-known

functors :
ZI-1

Qp As Lie

(_)X U

Observe also that the homology of a group can be defined as the Hochschild

homology of its group algebra.
Our task is now to find analogous objects in the noncommutative frame-

work, that is when Lie algebras'are replaced by Leibniz algebras. The first step
is to find the analogue of associative algebras in this new setting. This is where

the associative dialgebras (whose category is denoted Dias) crop up

Dias Leibniz
Ud

An associative algebra gives rise to a Lie algebra by putting [x, y] = xy - yx

(functor denoted - above). The idea, to obtain a Leibniz algebra which is not

necessarily Lie, is to start with an algebra with two operations, denoted - and

I-, and to put
[X, YJ := X -i Y - Y  - X.

In order for this bracket to satisfy the Leibniz relation, we need to impose some

relations on -1 and [-. There are several possible choices. The choice which is

as close as possible to the associative relation is the following

X -1 (Y -i Z) = (X -i Y) -4 Z = X -i (Y P Z),
(X Y) Z X (Y Z),
(X Y) Z X (Y Z) = (X F- Y) I- Z.

This gives the definition of an associative dialgebra.

The aim of this volume is to achieve the first step of this program, that

is to study the associative dialgebras from the algebraic and the homological
point of view.

In particular we need to know up to which extent the properties of Hochschild

homology of associative algebras can be generalized to associative dialgebras,
including the relationship with Lie algebras (to be replaced by Leibniz algebras,
of course).

Here is a brief overview of the content of the four papers.

Dialgebras, by Jean-Louis Loday.
After introducing the notion of associative dimonoid and associative dial-

gebra, we construct a chain complex which gives rise to homology and cohomol-

ogy of a dialgebra. This chain complex is modelled on a new type of algebras,
whose associated operad is Koszul dual to the operad of associative dialgebras.
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They are called dendriform algebras (or dendriform dialgebras since they are

also generated by two operations) because the free object admits the set of

planar binary trees as a basis.
The main technical result is the vanishing of the homology of the free

associative dialgebra, which implies the Koszulness of both operads by the
Koszul duality theory for operads as devised by Ginzburg and Kapranov in

[G-K]. Similarly the (co)homology theory for dendriform algebras is explicitly
constructed.

The comparison with Leibniz algebra homology and Zinbiel algebra (the
Koszul dual notion) homology is performed. As a by-product we describe the
notion of strong homotopy associative dialgebra (analogue of A,,-algebra).

Dialgebra (co)homology with coefficients, by Alessandra aabetti.

The first paper deals only with dialgebra (co)homology with trivial co-

efficients. However both for theoretical and pratical purposes it is necessary
to know about dialgebra (co)homology with coefficients. This is the object of

study of this second paper. First, the notion of coefficients is made explicit
in this context. Second, the theory is constructed. Third, a few important
computations are performed. All these results rely on peculiar and intricate
combinatorial properties of the set of planar binary trees and operations on

them.

Un endofoncteur de la cat4gorie des op6rades, by R6d6ric Chapoton.
Among the associative algebras the commutative ones form an important

subcategory. Similarly among associative dialgebras, those which satisfy the

commutativity property
X -1 Y = Y F- X

form a subcategory whose operad, denoted Perm, has surprising properties.
Indeed, tensoring with Perm gives a general device for dichotomization, for
instance

As 0 Perm = Dias, Lie &Perm = Leibniz.

The object of this paper is the study of the functor - 0 Perm.

Un th6orbrne de Milnor-Moore pour les algbbres de Leffiniz, by Rangois
Goichot.

One of the key ingredients in the theorems relating algebraic K-theory and

cyclic homology to the homology of matrices (see above) is the Mil-nor-Moore

theorem. This result relates cocommutative Hopf algebras and Lie algebras. In

our setting an immediate question arises : what happens when Lie is replaced
by Leibniz ? And immediately after another one : what replaces the notion of

Hopf algebras when associative algebra is replaced by associative dialgebra ?

This paper gives a solution to these questions and proves an analogue of
the Poincar6-Birkhoff-Witt theorem and of the Milnor-Moore theorem in the
associative dialgebra framework.



Conclusion. One of the surprises of this work is the relevance of the den-

driform. algebras to several other topics. A priori it was just an intermediate

tool in the study of homology of associative dialgebras. But it turned out

that dendriform algebras, and more generally the algebraic and combinatorial

operations on trees attached to it, are closely related to

- Tenormalization theory, cf. [Br], [Br-R], [Ch-Li], [C-K],
- strong homotopy Gerstenhaber algebras, cf. [R],
- arithmetic, cf. [1,21,
- polytopes, cf. [Ch], [L-R].
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There is a notion of "non-commutative Lie algebra" called Leibniz algebra,
which is characterized by the following property. The bracketing [-, z] is a

derivation for the bracket operation, that is, it satisfies the Leibniz identity:

Ply], ZI = [ [X, Z], Y1 + [X, ly, ZI I -

cf. [LI]. When it happens that the bracket is skew-symmetric, we get a Lie

algebra since the Leibniz identity becomes equivalent to the Jacobi identity.
Any associative algebra gives rise to a Lie algebra by [x, y] = xy - yx.

The purpose of this article is to introduce and study a new notion of algebra
which gives, by a similar procedure, a Leibniz algebra. The idea is to staxt

with two distinct operations for the product xy and the product yx, so that

the bracket is not necessarily skew-symmetric any more. Explicitly, we define

an associative dialgebra (or simply dialgebra for short) as a vector space D

equipped with two associative operations d and  -, called respectively left and

right product, satisfying 3 more axioms:

X -i (Y -i Z) = X -i (Y F Z),
(X Y) Z X (Y Z),
(X Y) Z (X Y) Z.

It is immediate to check that [x, y] := x -1 y - y F- x defines a Leibniz bracket.

Hence any associative dialgebra gives rise to a Leibniz algebra.

J.-L. Loday et al: LNM 1763, pp. 7 - 66, 2001
© Springer-Verlag Berlin Heidelberg 2001



A typical example of dialgebra is constructed as follows. Let (A, d) be a

differential associative algebra, and put

x-ly:=xdy and xl-y:=dxy.

One easily checks that (A, -i, I-) is a dialgebra. For instance there is a natural

dialgebra structure on the de Rham complex of a manifold.

Observe that, since the relations defining a dialgebra do not involve sums,
there is a well-defined notion of dimonoid.

In this article we construct and study a (co)homology theory for dialgebras.
Since an associative algebra is a particular case of dialgebra, we get a new

(co)homology theory for associative algebras as well. The surprizing fact, in

the construction of the chain complex, is the appearance of the combinatorics

of planar binary trees. The principal result about this homology theory HY

is its vanishing on free dialgebras. In order to state some of the properties of
the theory HY, we introduce another type of algebras with two operations:
the dendriform algebras (sometimes called dendriform dialgebras). This notion

dichotomizes the notion of associative algebra in the following sense: there are

two operations -- and  -, such that the product * made of the sum of them

X * y := X --< y + X >- Y,

is associative. The axioms relating these two products are

(i) (a b) c a (b c) + a (b c),
(ii) (a b) c a (b c),

(iii) (a b) c + (a b) c = a (b c).

The free dendriform algebra can be constructed by means of the planar binary
trees, whence the terminology.

The results intertwining associative dialgebras and dendriform algebras are

best expressed in the framework of algebraic operads. The notion of associative

dialgebra defines an algebraic operad Dias, which is binary and quadratic.
By the theory of Ginzburg and Kapranov (cf. [GK]), there is a well-defined
"dual operad" Dias'. We show that this is precisely the operad Dend of the

"dendriform algebras", in other words a dual associative dialgebra is nothing
but a dendriform algebra. The vanishing of HY of a free dialgebra implies
that those two operads are of a special kind: they are "Koszul operads". As

a consequence the cohomology of a dialgebra is a graded dendriform algebra
and, a fortiori, a graded associative algebra. The explicit description of the
free dendriform algebra in terms of trees permits us to describe the notion of

strong homotopy associative dialgebra.
The categories of algebras over these operads assemble into a commutative

diagram of functors which reflects the Koszul duality.



Dend Dias

Zinb As Leib

COM Lie

In this diagram Zinb denotes the categories of Zinbiel algebras, which are

Koszul dual to the Leibniz algebras.

This paper is part of a long-standing project whose ultimate aim is to study
periodicity phenomenons in algebraic K-theory. This project is described in

[L4] (see also the introduction of this volume). The next step would consist in

computing the dialgebra homology of the augmentation ideal of K[GL(A)], for

an associative algebra A.

In the first section of this article we introduce the notion of associative

dimonoid, or dimonoid for short, and develop the calculus in a dimonoid. In

particular we describe the free dimonoid on a given set. In the second section

we introduce the notion of dialgebra and give several examples. We explic-
itly describe the free dialgebra over a vector space. In the third section we

construct the chain complex of a dialgebra D, which gives rise to homology
and cohomology groups denoted HY(D). The main tool is made of the planar
binary trees and operations on them. We prove that ftY of a free dialge-
bra vanishes (hence the operad associated to dialgebras is a Koszul operad).
We also introduce a variation of the chain complex by replacing the trees by
increasing trees, or, equivalently, by permutations. This variation appears nat-

urally in the computation of the Leibniz homology of dialgebras of matrices

(cf. [Fl]). (Co)homology of dialgebras with non-trivial coefficients is treated

by Alessandra Frabetti in [F4].
Section 4 is devoted to the relationship between Leibniz algebras and di-

algebras. The functor which assigns to any dialgebra (D,  -, -i) the Leibniz

algebra (D, [x, y] := x -i y - y [- x) has a left adjoint which is the universal

enveloping dialgebra of a Leibniz algebra. Then we compare the diverse types
of free algebras and we propose a definition for a Poisson dialgebra. The Hopf-
type properties of the universal enveloping dialgebra are studied by Fran ois
Goichot in [Go].

In the fifth section we introduce the notion of dendriform algebra, which is

closely connected to the notion of associative dialgebra. For instance the tensor

product of a dialgebra and of a dendriform algebra is naturally equipped with a

structure of Lie algebra. The main result of this section is to make explicit the
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free dendriform algebra. It turns out that it is best expressed in terms of planar
binary trees. The dendriform algebra structure on the vector space generated
by the planar binary trees is the core of this section. It uses the grafting
operation and the nesting operation on trees and it induces a graded associative

algebra structure on the same vector space. In a sense associative algebras are

closely connected with the integers (including addition and multiplication).
Similarly dendriform algebras are closely connected with planar binary trees

and a calculus on them. This arithmetic aspect of the theory will be treated

elsewhere.

In section 6 we construct (co)homology groups for dendriform. algebras.
They vanish on free dendriform algebras.

In section 7 we relate dendriform algebras with Zinbiel algebras (i.e. dual-

Leibniz algebras) and associative algebras. It is based on the relationship be-

tween binary trees and permutations as described in Appendix A.

The aim of the eighth section is to interpret the preceding results in the

context of algebraic operads. The basics on algebraic operads and Koszul

duality are recalled in Appendix B. We show that the operads associated to

dialgebras and to dendriform algebras are dual in the operad sense. Then we

show that the (co)homology groups HYfor dialgebras (resp. HD'-nd for den-

driform algebras) constructed in section 3 (resp. 4) are the ones predicted by
the operad theory. Hence, by the vanishing of HYof a free dialgebra, both op-
erads Dias and Dend are Koszul. It implies, among several consequences, the

vanishing of the homology of a free dendriform algebra. Some of the theorems

in sections 2 to 6 can be proved either directly or by appealing to the operad
theory. In general we write down the most elementary one.

The last section describes the notion of strong homotopy associative dial-

gebras. For any Koszul operad the notion of algebra up to homotopy is theo-

retically well-defined from the bar construction over the dual operad. Since, in

our case, we know explicitly the structure of a free dendriform algebra, we can

make the notion of dialgebra up to homotopy completely explicit.

Part of the results of this article has been announced in a "Note aux

Comptes Rendus" [L21. I thank Ale Frabetti, Benoit Fresse, Victor Gnedbaye,
Frangois Goichot, Phil Hanlon, Muriel Livernet, Teimuraz Pirashvili and Maxia

Ronco for fruitful conversations on this subject.



1. DIMONOIDS

1.1. Definition. An associative dimonoid, or dimonoid for short, is a set X

equipped with two maps called respectively left product and right product:

(left) -i X X X-+X,

(right) [- X X X-*X,

satisfying the following axioms

X. -I (Y -i Z) (X -1 Y) -i Z I X -1 (Y  - Z),
(X [_ Y) _j Z

3
X  _ (Y _ Z),

(X -1 Y) F- Z -1 X  - (Y F- Z) -_1 (X I- Y) F- Z,

for all x, y and z E X.

In the notation x -1 y, y  - x, the element x is said to be on the pointer
side and the element y is said to be on the bar side.

The numbers I to 5 of the relations are for future reference.

Observe that relations 1 and 5 are the "associativity" of the products -1

and f- respectively. Relation 3 will be referred to as "inside associativity", since

the products point inside. Relations 2 and 4 can be replaced by the relations

12 and 45:

12 5
X -i (Y d Z) x d (yF- z) and (x -1y) I-zl- (x1-y)F-z,

which can be summarized as "on the bar side, does not matter which product".
All these relations are referred to as "diassociativity".

A morphism of dimonoids is a map f : X-+ Y between two dimonoids X

and Y such that f (x -1 x') = f (x) -i f (x') and f (x [- x) = f (x) F f (x') for

any X, X' E X.

Observe that one can define a di-object in any monoidal category. One
does not need the monoidal category to be symmetric since in each relation the

variables stay in the same order.

1.2. Bar-unit. An element e E X is said to be a bar-unit of the dimonoid X

if

x-ie=x=eF-x, foranyxeX.

So it is only assumed that e acts trivially from the bar side. There is no reason

for a bar-unit to be unique. The set of bar-units is called the halo.

A morphism of dimonoids is said to be unital if the image of a bar-unit is

a bar-unit.

1.3. Examples.
a) Let Mbe a monoid (without unit), that is a set Mwith an associative

product (m, m')  -+ mm'. Putting m -i m' = mm' = m I- m' gives a dimonoid
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structure on M. Indeed each relation 1 to 5 is the associativity property. A
unit of the monoid is a bar-unit of the associated dimonoid.

Conversely, if in a dimonoid D there is a unit, that is an element 1 E D
which satisfies either 1 -1 x = x or x = x 1- 1 for all x E D, then, by axiom 3 or

6, one has -1 = F- and D is simply the dimonoid associated to a unital monoid.

b) Let X be a set and define

x- y=x=ykx, for-any x,yEX.

Then, obviously, X is a (not so interesting) dimonoid and it coincides with its
halo.

c) Let Mbe a monoid. Put D = Mx Mand define the products by

(m, n) -1 (m', n') (m, nmn)
(m, n) F (m', n) (mnm', n).

With these definitions D = (D, -1, 1-) is a dimonoid. Let us check relation 3 for
instance:

((m, n) F- (m', n')) -d (m", n") (mnm, n') - (m", n/1) (mnmf,n IM/In11)
(m, n) [- ((m', n') -i (m", n")) (m, n) [- (ml, n'M it n/1) (mnm/, nlm/ln").

Let 1 E Mbe a unit for M. Then e = (1, 1) is a bar-unit for D, but one has
e -1 x : x and x F- e 0 x in D in general. For any invertible element Mthe
element (M, M-1) E D is a bar-unit.

d) Let G be a group and X a G-set. The following formulas define a

dimonoid structure on X x G (cf. 7.5):

(x, g) -i (y, h) = (x, gh),
(x, g) F- (y, h) :(g - y, gh).

1.4. Opposite dimonoid. Let D be a dimonoid. Define new operations -I'
and P on D by

X y:= Y X,

X y:= Y X.

It is immediate to check that (D, -I', P) is a new dimonoid which we call the

opposite dimonoid that we denote by D'P.
Observe that if we put

X d/1 y:= Y -1 X,
X [_// Y:= Y [- X,

then (D, F-", -1") is not a dimonoid.
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1.5. Monomials in a dimonoid. Let xl,..., x,, be elements in the dimonoid

D. A monomial in D is a parenthesizing together with product signs, for

instance

((XI -1 X2) I- (X3 -1 X4)) -1 (X5  - X6)i

giving rise to an element in D. Such a monomial is completely determined by
a binary tree, where each vertex is labelled by -1 or 1-:

X1 X2 X3 X4 X5 X6

1.6. The middle of a monomial. Given a monomial as above we define

the middle of the monomial as being the entry xi determined by the following
algorithm. Starting at the root of the tree one goes up by choosing the route

indicated by the pointer. The middle of the monomial is the abutment of the

path. In this example X3 is the middle.

Xi

1.7. Theorem (Dimonoid calculus). Let xi, i E Z, be elements in a

dimonoid D.

a) Any parenthesizing of

X-n [- X-n+1  -
- - -

[- X-1 F XO -1 X1 Xm-1 -1 Xm

gives the same element in D, which we denote by

X-n ... X-1&'OX1 ... XM.

b) Let m= x, ... Xk be a monomial in D. Let xi be its middle entry. Then

M= X1 .... ... Xk-



14

c) One has the following formulas in D:

(X1 ... ;ti ... Xk) -1 (Xk+l .... :tj - - - Xf) X1 - - -ti ... XkXk+l ... Xj ... Xf

(X1 - - - &i ... Xk) F- (Xk+l ... &j ... Xf) X1 ... Xi ... XkXk+l ... &j ... Xt.

For instance, in the above example, one has

((XI -1 X2) [_ (X3 -1 X4)) -1 (X5  _ X6) :--- XIX2-  3X4X5X6-

Proof. By axiom 1 (associativity of -1) any parenthesizing of x, -i
...

d xm

gives the same element. So, in such a monomial we can ignore the parentheses
(and analogously for  - thanks to axiom 5).

Consider a generic monomial with first entry x-,,, last entry x,,, and middle

entry x0 (where -n < 0 < m). By axioms 1 - 3 - 5 it is clear that the element

M (X-n F_
- - -

F X-1) F XO -1 (XI -1
-

-1 Xm)

is well-defined. We denote it by X-n ....   O ... XM.

Consider the labelled tree of our generic monomial. Let v be a vertex

which is on the route from the root to the middle entry x0. Thanks to axioms
12 and 45 all the vertices on the bar side of v can be labelled with the same

label as v. In our example

Then by axiom 3 we can modify the tree so that all labels [- come first:

This new tree corresponds to a monomial of the form (*) and therefore we

have proved that our starting monomial has value X-n &0 ... xm. So parts
a) and b) are proved.
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By a) and b) it follows that in order to compute

(Xi - - li ... Xk) -i (Xk+l ... ;tj ... x e) and (x I .... ti ... Xk) F_ (Xk+l ....   j ... Xt)

it suffices to determine which entry is the middle of these monomials. By the

algorithm described in 1.6, the middle entry is xi in the first case and xj in the

second case.

1.8. Corollary. The free dimonoid on the set X is the disjoint union

.D(X) (Xn U ... U Xn).
n>1 n copies

Denoting by x, ..... N ... xn an element in the i-th summand, the products are

given by

(Xi ... &i ... Xk) (Xk+l ... &i ... Xt) = X1 ....  N ... Xt

(X1 ....  N ... Xk) (Xk+l ....   j ... Xt) = X1 - - - -ti ... X1

2. ASSOCIATIVE DIALGEBRAS

In the sequel K denotes a field referred to as the ground field. Later on

it will be supposed to be of characteristic zero. The tensor product over K is

denoted by OK or, more often, by 0.

After introducing the notion of dialgebra, we give some examples, including
free dialgebras, which we describe explicitly, and define modules and represen-

tations over a dialgebra.

2.1. Definition. An associative dialgebra, or dialgebra for short, over K is a

K-module D equipped with two K-linear maps

-1 :DOD--4D,
F- :DOD --+D,

satisfying the di-associativitV axioms

1 (1) (X -1 Y) -i Z X -1 (y I- Z),
(2) (X -1 Y) -1 Z X -1 (y -1 Z),
(3) (X  - Y) -1 Z X I- (Y -1 Z),
(4) (X -1 Y) F- Z X F (y F- Z),
(5) (X F- Y) F- Z = X F- (y F Z).

The maps - and I- are called respectively the left product and the right product.
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Here is an equivalent formulation of these axioms: the products -i and

are associative and satisfy:

(12) X -1 (Y -1 Z) X -1 (Y I- Z),
(3) (X I- Y) -1 z X  - (Y Z),

(45) (X -1 Y)  - z (X F- Y) Z.

Observe that the analogue of formula (3), but with the product symbols point-
ing outward, is not valid in general: (x -1 y)  - z -7 x -1 (y [- z).

A morphism of dialgebras from D to D' is a K-linear map f : D -+ D' such

that

f(x -iy) =f(x) -1f(y) and f(x  -y) =f(x) I- f(y) for all X, Y E D.

We denote by Dias the category of dialgebras.

A bar-unit in D is an element e E D such that

x-]e=x=e1-x forall xED.

A bar-unit need not be unique. The subset of bar-units of D is called its halo.

A unital dialgebra is a dialgebra with a specified bar-unit e. This choice

gives rise to a preferred K-linear map K -+ D,,\  -4 Ae.

A morphism of dialgebras is said to be unital if the image of any bar-unit

is a bar-unit.

Observe that if a dialgebra has a unit e, that is an element which satisfies

e - x = x for any x, then -1 = F- by axiom 12, and D is an associative algebra
with unit.

An ideal I in a dialgebra D is a submodule of D such that x -1 y and x F- y

are in I whenever one of the variables is in 1. Clearly the quotient D11 is a

dialgebra. Conversely, the kernel of a dialgebra morphism is an ideal.

2.2. Examples.

a) Associative algebra. If A is an associative algebra over K, then the

formulas a -1 b = ab a F b define a structure of dialgebra on A. If 1 is a unit

of the associative algebra, then e = 1 is a unit of the dialgebra and the halo is

just M.
b) Differential associative algebra. Let (A, d) be a differential associative

algebra. So, by hypothesis, d(ab) = da b + a db (here we work in the non-graded
setting) and d2 = 0. Define left and right products on A by the formulas

x -i y:= x dy and x F- y:= dx y.

It is immediate to check that A equipped with these two products is a dialgebra.
A similar construction holds in the graded (or more accurately super) algebra
framework.
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c) Dimonoid algebra. Let X be a dimonoid, and denote by K[X] the free

K-module on X. Then obviously K[X] is a dialgebra.
d) Bimodule map. Let A be an associative algebra and let Mbe an A-

bimodule. Let f : M-+ A be an A-bimodule map. Then one can put a dialgebra
structure on Mas follows:

rn rn' mf (m'),
rn rn' f (m) m',

The verification is left to the reader. One can systematize this procedure by
considering the tensor category of linear maps as follows (cf. [LP2], [Ku] for

details). The category of linear maps over K is made of the K-linear maps

f : V -4 Was objects. It can be equipped with a tensor product by

f +10(V-4W) 0 (V'  W') = V 0 W' ED W0 V' fo!--- f' W0 W'.

An associative algebra in this tensor category defines a dialgebra structure on

the source object.
The particular case of the projection ME) A -+ A shows that there is a

dialgebra structure on ME) A (cf. P. Higgins [Hi]).
e) Tensor product, matrices. If D and D' are two dialgebras, then the

tensor product DOD'is also a dialgebraby (a0a')*(b0b') = (a*b)o(a'*b) for

* =-I and F. For instance the module of n xn-matrices Mn(D) = Mn(K)OD
is a dialgebra. The left and right products are given by

(a_10)ii=Eaik_1#kj and (aF,3)ij=ECeik1_0kj.
k ' k

f) Opposite dialgebra. As for dimonoids, the opposite dialgebra of D is the
dialgebra DOP with the same underlying K-module and with products given by

X-1'Y=Y1-X' XF-'y=y-lx.

g) Let A be an associative algebra over K. Put D = A 0 A and define

* 0 b -i do Y a 0 ba'b,
* 0 b F do b' aba'o Y.

Extending these formulas by linearity on A0 A gives well-defined product maps

-1 and F- on D which satisfy the diassociativity axioms. If 1 E A is a unit of the

associative algebra, then 10 1 is a bar-unit for the dialgebra. More generally,
for any invertible element x in A, the element x 0 x

-' is a bar-unit. If 1 is a

left ideal and J is a right ideal, then the same formulas define a diassociative

algebra structure on IT &KJ-
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h) Let A be an associative algebra and n be a positive integer. On the
module of n-vectors D = An

one puts:

n

(x-iy)i =xi(Eyj) for 1 <i <n and

j=1
n

(X F Y)i (E Xj)yi for 1<i<n.

j=1

One easily checks that D is a dialgebra. For n = 1, this is example (a). In fact
this construction can be extended to any dialgebra A.

2.3. Module, birnodule, extension. A left module over a dialgebra D is a

K-module Mequipped with two linear maps

(right structure) -i D 0 M-+ M,

(left structure) F D 0 M-+ M,

satisfying the axioms (1)-(5) whenever they make sense. There is, of course, a

similar definition for right modules.
A bimodule over a dialgebra D, also called a representation, is a K-module

Mequipped with four linear maps

(right structures) M0 D-+ M,

(left structures) DOM-+M,

satisfying the axioms (1) to (5), whenever one of the entries x, y or z is in M

and the two others are in D.

Obviously a bimodule over D is, a fortiori, a left module and also a right
module over D ; and D is a bimodule over itself.

Let

0 -+ M-+ D -+ D -+ 0

be an abelian extension of dialgebras, that is an exact sequence of dialgebras
such that any product of two elements in Mis trivial. Then, it is immediate

to check that Mis a representation of D in the above sense.

2.4. FYee associative dialgebra. Let V be a K-module. By definition the

free dialgebra on V is the dialgebra Dias(V) equipped with a K-linear map
i : V-+ Dias(V) such that for any K-module map f : V -+ D, where D is a

dialgebra over K, there is a unique factorization

f : V - i-+ Dias(V) - D,

where 0 is a dialgebra morphism.
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Equivalently the functor Dias : (K- Mod) -+ Dias is left adjoint to the

forgetful functor. The following proposition proves the existence of the free

dialgebra Dias(V) and gives an explicit description of it in terms of the tensor

module

T(V) K ED V E) v02 ED ... E VGn E)....

2.5. Theorem. The free dialgebra on V is the K-module

Dias(V) = T(V) o V &T(V)

equipped with the two products induced by:

(V-n"'V-1 OVOOVl'**VM) -1 (w-P-w-lOwOOwl***Wq)
 V-n ... V-1 0 VO &vi ... VmW-p* - Wq)

(V-n ... V-1 0 VO 0 V1 ... VM)  - (W-P ... W-1 0 Woo wl ... Wq)
::::: V-n ... VMw-P"w-l Owo owl ... Wqi

where vi, wj E V.

With our notation (cf. 1.7) any additive generator of Dias(V) can be

written

V-n V-1 (2) VO 0 V1 Vm :-:::: V-n .. V-lf)OVl ... V.-

Proof. It is immediate to check that Dias(V) = (T(V) 0 V 0 T(V), -i,
is a dialgebra (cf 1.7). The map i : V-+ Dias(V) is the composite V

1 - K 0 V 0 1 - K -4 T(V) 0 V 0 T(V). Starting with f : V--* D the map

0: Dias(V) -+ D is given by

O(V-n ... V-00VI ... Vm)  AV-0 ... AV-l)AVOMVl) ... AVn)-

It is obviously a dialgebra morphism. Moreover, by theorem 1.7, it is uniquely
determined since it should coincide with f on V -- I - K(2) V0 1 - K and it should

be a morphism of dialgebras. Hence the inclusion V -4 Dias(V) is universal.

0

Remark. A free dialgebra is a particular case of example'2.2.d, with M

T(V) 0 V 0 T(V) ,
A = T(V) (the associative tensor algebra) and f : M-+ A

being the concatenation.

Let V be finite dimensional over Kgenerated by xl, - - -, Xn. Let us describe

the degree n part of T(V) 0 V0 T(V) which is generated by all the monomials

containing xi once and only once, 1 < i < n. We denote it by Dias(n). These

monomials are the elements

xa-10) Xo-(n), 0' E Sn, 1 < i < n,(U, i)(Xl, Xn) := xa-1(1)...
-
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where S,, is the symmetric group. Therefore, as a left S,,-module, the multi-

linear part of this space is isomorphic to n copies of the regular representation
of S":

Dias(n)  --- nK[Sn].

The element a in the i-th copy corresponds to the operation (a, i) describ,6d

above (cf. Corollary 1.8).

Examples:

 n = 1, one generator: &I.

 n = 2, four generators: -tlX2,- 2XI,Xl-  2,X2,tl.
 n = 3, eighteen generators: XxiXjXk, Xi&iXki XiXj&'k

for all permutations i, j, k of 1,2,3.

2.6. Associative algebra associated to a dialgebra. For any dialgebra D

let DA, be the quotient of D by the ideal generated by the elements x - y - x F- y,
for all x, y E D. It is clear that -1 =  - in DAs, hence DAs is an associative alge-
bra (non-unital in general). The quotient map [z : D-#DAs is universal among
the maps from D to associative algebras. In other words the associativization

functor (-)As : Dias --+ As is left adjoint to inc: As -+ Dias.

Axioms 12 and 45 imply that the element x F- y -i z in D depends only on

the values of x and z in DAs. Hence D is a DAs-bimodule and the projection
map ft is a DAs-bimodule map. On the other hand the dialgebra structure of

D is completely determined by y and the DAs-bimodule structure on the space

D since

x-ly=xy(y) and xF-y=y(x)y,

cf. example 2.2.d. It is useful to write the element x F- y -1 z as x9z. Under this

notation the dialgebra calculus rules are

xgz -i Au = X Zstu'

X z I- siu = XYZAU.

3. (CO)HOMOLOGYOF ASSOCIATIVE DIALGEBRAS

In this section we introduce a chain complex which permits us to define

homology groups HY,.(D) and cohomology groups HY*(D) of a dialgebra D.

The main ingredient is the set of planar binary trees. The main result of this

section is the vanishing of the dialgebra homology of a free dialgebra.
An extension of this theory to a theory with coefficients is to be found in

[F4].
3.1. Planar binary trees. A planar tree is binary if any vertex is trivalent.

We denote by Y,, the set of planar binary trees with n + 1 leaves. Since we only
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use planar binary trees in this section we abbreviate it into tree (or n-tree to

specify that- it has n + 1 leaves, or, equivalently, n interior vertices).

VYO Y1 Y2 Y3 :-::: f

We will use the permutation-like notation of trees (cf. Appendix A):
[0] [1] [12], [21] [123], [213], [131), [312], [321]

The number of elements in Y,, is the Catalan number an -

(2n)! For-;T!(n+l)!'
any y E Yn we label the n + I leaves by 10, 1, - - n I from left to right.

3.2. Face and degeneracy maps. For any i, 0 < i <'n, there is a map,
called a face map, di : Yn -4 Y,,-, which assigns to the tree y the tree diy
obtained from y by deleting the i-th leaf. For instance:

do[213] = [12], dj[213] = [12], d2[213] = [12], d3[213] = [21].

For any i, 0 < i < n, there is a map, called a degeneracy map, si

Yn -4 Yn+l which assigns to the tree y the (n + I)-tree siy obtained by bifur-

cating the i-th leaf, that is replace it byV .
For instance

so [0] = [1], so [1] = [12] , s, [1] = [21].

The face and degeneracy maps satisfy all the classical simplicial relations, except
for the relation sisi si+lsi. Indeed, this relation is not fulfilled on trees,
because

soso([O]) = [12] and sjsoQO]) = [21]

So Y is not a simplicial set, but only an almost simplicial set, (cf. [F3]).
For any i, 1 < i < n - 1, there is a map

Oi : Yn --- f-li 1-1

defined as follows. The image of
- Y E Yn is Oy = -i (resp. I-) if the i-th leaf

z

points from the vertex to the left (resp. to the right). For instance:

0[131) = F and 0[131] = _1
1 2

More generally one has

-i if ji > jj+j and o1jj"-'jn1 - F if ii < ji+j, for 1 :5 i :5 n - 1.

Here is the table in low dimension:
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y di 01 d2 02

[12] [1]

[21] [1] -1

[123] [12] F- [121 F-

[213] [12] -1 [12] 1-

[131] [21] F [12]

[3121 [21) d [21] 1-

[321] [21] [21] -1

3.3. The chain complex of a dialgebra. Let D be a dialgebra over K.

Define the module of n-chains by

OnCYn(D) := K[Yn] 0 D

in particular CY1(D) -- D, CY2(D) c--- D02 ED D02
more generally CYn(D) is

isomorphic to the direct sum of cn copies of Don (indexed by Yn).
Define a linear map d: CYn(D) -+ CYn-j(D) by the following formula:

n-1

d(y; a,, an) E(-1)'(dj(y); a,, - - -, ai-1, ai oy ai+,, - - -, an),

where y E Yn and ai E D. This formula has a meaning since oy = -4 or I- and

D is a dialgebra. It is convenient to define

di(y; a,, - - -, an) := (di(y); a,, ai-1, ai oi' ai+,, - -an)

so that d En-1 (-1)'dj.i=1

3.4. Lemma. The face maps di : CYn(D) -4 CYn-j(D) satisfy the simplicial
relations

didj = dj-ldi, for any 1 < i < j < n -

Proof. We first prove this identity in the lowest dimension, that is

H d, d2 = di d, : CY3(D) -+ CY2(D)

The computation of di dj (y; a, b, c) splits into 5. cases corresponding to the five

trees with 4 leaves (cf. 3-1).
9 Case [123] :

d, d2 ([123]; a, b, c) = d, ([12]; a, b F- c) = ([1]; a  - (b F- c)),
d, d, Q123]; a, b, c) = di ([12]; (a I- b, c) = ([1]; (a I- b) I- c).
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So relation (*) follows from axiom 5.

9 Case [213] :

did2([213]; a,b,c) = dl([12];a,b F- c) = ([l];a F- (b I- c)),
djdj([213];a,b,c) = dl([12]; (a -1 b,c) QI]; (a -1 b) F- c).

So relation (*) follows from axiom 4.

Case [131) :

did2([131];a,b,c) = dl([12];a,b -1 c) ([lj;a F- (b -i c)),
did, Q131]; a, b, c) = di ([21]; (a F- b, c) ([I]; (a [- b) -1 c).

So relation (*) follows from axiom 3.

e Case [312) :

did2([312];a,b,c) = di([21]; a,b F- c) ([1]; a -1 (b I- c)),
di, di Q312]; a, b, c) = di ([2 1]; (a -i b, c) ([I]; (a d b) -i c).

So relation (*) follows from axiom 2.

Case [3211 :

did2(f321j;a,b,c) = dl([21];a,b -i c) ([Il;a -1 (b -1 c)),
didi([321j;a,b,c) = di([21]; (a d b,c) = ([11;(a -i b) d c).

So relation (*) follows from axiom 1.

The proof of the general case didj == dj_idj for i < j splits into two

different cases.

First, if j = i + 1, then the proof is exactly as in low dimension and so

follows from the axioms of a dialgebra. Second, if j > i + 1, then both operations
didj and dj_i di amount to perform the same modification: removing the leaves

number j and i of the tree y, and replace (a,, ...

, an) by

(a, ai oiv ai+,, - - -, aj ojy aj+,, - - -, an)-

The point is that the leaf number j of y is the leaf number j - I of di (y).
So we have proved that didj = dj_j di. for i < j. 0

3.5. Proposition. One has do d = 0 and so (CY;, (D), d) is a chain-coraplex.

Proof, This is an immediate consequence of the previous lemma, like for a

pre-simplicial module.

Observe that in the chain complex

CY,:(D): -- K[Yn]0D0n_+.. - -+ K[Y3] 0 D03 -+ K[Y2] 0 D02 (j V D
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the module of n-chains is the direct sum of cn copies of DO' (indexed by the

set of trees Yn), the first differential is induced by the two products -i, [-, and

the first relation d' = 0 coincides precisely with the 5 axioms of a dialgebra.

3.6. Homology and cohomology of a dialgebra. By definition the homol-

ogy of the dialgebra D is the homology of the chain-complex CY.(D):

HY.,, (D) : = H,, (CY,, (D), d), n > 1.

For n = I it is immediate that HY, (D) is the quotient of D by the submodule

generated by all the elements x - y and x F- y,

HY, (D) = D/f x -d y, x F- y I X, y E D},

which we denote, sometimes, by DID'.
By definition the cohomology of the dialgebra D is

Hyn(D) := Hn(Hom(CY.(D), K)), n > 1.

3.7. The chain bicomplex of a dialgebra. The chain complex of a dialgebra
is in fact the total chain complex associated to a bicomplex. Indeed, let Yp,q
be the subset of Yn made of the trees which are obtained by grafting a p-tree
with a q-tree (cf. Appendix A), where p + q + 1 = n. For instance

Y0,2=j[321],[312]J, Yl,,=1[131]}, Y2,0=j[213],[123]j.

OnLetCYp,q:=K[Yp,q10D .
Sincefor any y E Yp,q the element di(y) is

either in Yp-l,q or in Yp,q-1, the face map di takes value either in Cyp-l,q or

in Cyp,q-1- So the chain bicomplex CY,,,,(D) is well-defined and its associated

total complex is CY,,(D). Remark that, with our choice of notation, one has

Cyn = EDp+q+l=n Cyp,q. This bicomplex gives rise to two spectral sequences

abutting to HY,(D).

3.8. Theorem. Let V be a vector space over K and Dias(V) = TV0 V0 TV

be the free dialgebra over V (cf.2.5). Then, one has

HYj (D i a s (V)) V,

HYn(Dias (V)) 0, f or n >

Proof. Notation. Wedenote by Pn the m-dimensional part of the free dimonoid

on the generator x. So one has P, =j _irj, P2 ftx, = J, P3 = J.:ftx, x. ft, xx.- J,
etc, cf. 1. 7.

The complex CY,,(Dias(V)) is the Koszul complex associated to the op-

erad Dias. Its acyclicity is proved in several steps as follows.

1. We show that it is sufficient to treat the case V = K.
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2. The chain complex CY,,(Dias(K)) is split into the direct sum of chain

complexes C.(u), one for each element u in P,,,, m > 1.

3. The chain complex C,,(u) is shown to be the cell complex of a simplicial set

X(U).
4.  We show that it suffices to handle the case u = xx by using the join
construction of augmented simplicial sets.

5. The space X(u) is shown to be contractible for u = xx by constructing
a series of retractions by deformation.

1. First step. Recall from 1.8 and 2.5 that Dias(V) = E),,>,K[Pn] 0 Von
Therefore one has

CYj(Dias(V)) = K[Yj] & K[Pn] 0 V(Dn)&j
n2:1

= K[Yj] (D ( ( (1) K[Pn, x ... X Pni I) G) Vo'-
m>i nl+---+nj=m

Since d is homogeneous in V, the complex CY,. splits into the direct sum of

subcomplexes, one for each m > 1. This subcomplex is in fact of finite length
and, up to tensoring by VO', is of the following form:

C. (P") 0 -+ K[Y,,, x P, x ... X PJ] -+ - - -

(9 K[Yj x Pn, x ... x PnJ K[Y1 x P.].
nl+---+nj=m

Recall that P, and Y, have only one element. The case m 1 gives the

subcomplex of length 0 reduced to V. This shows that HY, (Dias(V)) contains
V as expected.

For m > 2, the differential is simply the differential of C, (Pn) tensored

by the identity of VO', hence it is sufficient to prove the acyclicity of C,,(Pn)
in order to prove the theorem.

2. Second step. The chain complex C,,(Pm) can still be split into the direct

sum of smaller complexes indexed by the elements u of Pm. Indeed, let a :=

(t; Ui, - - -, uj) E Yj X Pn, X ... x Pnj be a basis element. Under applying j - 1

face operators to a, we get an element (V; U) E Y, x P,,, which does not

depend on the choice of the face operators because of the simplicial relations

(cf. 3.4). Fixing u, let C,,(u) be the subchain complex linearly generated by
the elements a whose image is (V; u) E Y, x Pn. It is clear that C,, (Pn,) is
the direct sum of the chain complexes C,(u), u C P,,,.

Observe that C,,(u) is of simplicial type, that is, its boundary is of the

form d = - 1: i:nj-'(-1)'di.
3. Third step. We fix u = x ... X& X ... X E Pp+l+q = PlI.I. At this point it
is helpful to modify slightly our indexing of the faces and have them to run

from 0 to n - 2 rather than from I to n - 1. For any generator a of C,,(u) the
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faces di (a), 0 < i < n - 2, are still generators of C,, (u). Hence C, (u) is the

normalized augmented complex of an augmented simplicial set that we denote

by X(u). The nondegenerate simplices of X(u) are the linear generators a

of C. (u). The top dimensional ones are of the form (t; x, - - -

, x) E X(U)m -2

where t = t' V t', t' E Yp, t' E Yq. We denote by Yf u} this subset of Ym. At

the other end the augmentation set is X(u)-i = Y, x ful (one element). The

geometric realization of X(u) is the amalgamation of simplices A` (one for

each t E Yf u}) under the following rule:

if di,, - - - di, (t) = di, ... di, (t') for some rn - 2 >- iki 1 > 0, then we

identify the corresponding (oriented) faces of the simplices t and t'. Observe

that under this rule a vertex of type i is identified only with a vertex of type i.

4. Fourth step. Let u = x ... X tx ... x E Pm, m= p + 1 + q. By direct inspection
we see that X(u) is the simplicialjoin (cf. [EPI) of X(x - - - xt) and of X(.t ... X).
Hence it is sufficient to show the contractibility of X(u) in the case u = x ... : .

5. Fifth step: the case u = x ... xt E Pm. We will show that there exists a

retraction by deformation of X(u) onto a subspace X(u) and that X'(u) =

X(v) * A' (simplicial join), where v = x ... x-t E Pm-2. Hence by induction

the contractibility of X(u) follows from the contractibility of X(x.:C ) and of

X(xx&).
For each simplex A' the last degeneracy operator is a retraction by de-

formation on its m-th face. Recall that X(u) is an amalgamated sum of such

SiMpliCeS Am-2. In order to show that these retractions assemble to a retrac-

tion of X(u) it is sufficient to prove that, in X(u), there is at most one 1-cell

from a vertex of type rn - 3 to a vertex of type m- 2 (these intervals are being
squeezed by the retraction). Indeed the vertices of type m- 2 are of the form

(V;,&, &), where v& = u and those of type m- 3 are of the form (V; tb, &, &)
where wx& u. There is a I-simplex relating these two vertices if and only if

,6 = w  or = tbx. In each case there is only one possibility: (V; tb,&, &).
Wenow claim that we can take the following space X'(u) as the image of

the retraction. It is the subspace of X(u) which contains all the faces of the

form ((t' V 1) V 1; - - -, &, x.&) E Yn-t-i X P1 - - - X Pi X P2. Indeed for any tree

t E Yf,,} one can find a finite sequence ot trees t = tO 7 tl tk in Yf u} such

that tk is as above and

d,,,-2tO = d,,,-2tl, dm-3tl = dm-3t2, dn-2t2 = dm-2t3)

So the Am-2 simplex t is mapped onto the Am-' simplex dm-2(tk). The space

X'(u) is the join of X(v), v = x ... x& E Pm-2 with A' (same argument as in

step 4): X(u) = X(v) * A'. So, by induction, it remains to show that X(x&)
and X(xx&) are contractible.

The space X(x&) is simply a point since the only cell is Mx, x).
The space X(xx&) has two 1-cells: (Y/; x, x, x) and (W; x, x, x) whose

faces are:

do (V; x
, x, x) x, x), d, x, x, x) x, x,&)

do(V;x,x,x)=(V;x&J,x), d1(` 1;x,x,x)=(V;x,x&)
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Since they have the same d, the space X(xx; ) is the amalgamation of two

intervals onto their endpoint:

This space is obviously contractible. El

For the convenience of the reader we illustrate the proof in the next case,

that is u xxx.:t (m = 3).

do d, d2

a = (   ; x, x, x, x) X MXJ X), ;X'Xt'X)I X) X, X.,07( 
b = (V; x, x, x, x) "VX( Y ;  X' X, X),

, 'X(  ; X, X. ) X),
_"' X(  ; X, X, X'-707

C = (V; X, X, X, X) W; X&, XIX), (  ; X1 - 'X' X), (  ; X7 X, X.:01
d = (  // ; X, X, X, X)   X' X(,Y/; " I X), "V( ;XIX.' 'X)7 X&-)I( ; X, X,

e x, x, x, x) (,Y/; &X, X'X'), X) &X7 X), X, X) X4

Hence the amalgamation of the simplices a, b, c, d, e of type A2
are under

the following rules:

do (d) = do (e), d, (a) = di (b), d2 (a) = d2 (c), d2 (b) = d2 (d) = d2

We let the reader draw the 2-dimensiOnal space X(xxx&).
The retraction by deformation smashes it onto the 1-simplex d2(b), which

is precisely X(x&:) * A' since X(x&) is a point. For instance the sequence of

trees for c is: c, a, b.

3.9. Theorem. For any dialgebra D the graded module HY*(D) is a graded
dual- codialge bra and the graded module HY*(D) is a graded dendriform algebra
(see section 5). As a consequence HY*(D) is a graded associative algebra.

Proof. Though one could prove these statements directly, they are consequences
of general facts about Koszul operads (see Appendix B). Wewill show in section

6 that the operad of dendriform algebras is dual to the operad of associative

dialgebras. Moreover, by theorem 3.8 these operads are Koszul, hence the

statement follows from general properties of Koszul operads (cf. Appendix
B5d). The last statement is a consequence of the preceding one and of Lemma

7.3. 0

3.10. Simplicial properties of the chain-modules. We have seen in

Lemma 3.4 that the face maps di : CYn(D) -+ CYn_j(D) satisfy the standard

simplicial relations. Suppose that D is equipped with a bar-unit e and let us

define sj : CYn(D) --+ CYn+I(D) by

sj(y; a,, - - -, an) := (sj(y); a,, aj, e, aj+j, - - -, an), 0 < n,
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where sj(y) is described in 3.2. From the properties of the bar-unit, it is

immediate to check that

sj-ldi for i < j,
disj = id fori=j, i=j+l,

sjdi-I for i > j +

sisj = sj+lsi for i < j.

So the family (CYn(D);di,sj)n>0 is an almost simplicial module, that is the

face and degeneracy operators satisfy all the standard relations of a simplicial
module, except for the relation sisi = si+lsi (cf. 3.2).

A variation of the Eilenberg-Zilber theorem is still valid for pseudo-simplicial
modules (cf. Inassaridze [I]) and a fortiori for almost simplicial modules. It is

used in the proof of the following result which is due to Alessandra Frabetti.

3.11. Theorem [F4]. If D is a dialgebra equipped with a bar-unit, then

HY,,,(D) = 0, for any n > 0.

El

Comment. This result is similar to the vanishing of the bar-homology for a

unital associative algebra.

3.12. Generalization of the homology of a dialgebra to the symmetric
group. There is a generalization of the complex CY, consisting in replacing
the set of planar binary trees Yn by the symmetric group Sn, or, equivalently,
by the set kn of binary increasing trees (cf. Appendix A).

The formulas for the maps di are the same as in 3.2 and 3.3 once Sn has

been identified with kn (observe that deleting a leaf in an increasing tree still

gives an increasing tree). Hence we get a new complex

On 03 02CS,,(D) K[Sn] 0 D -4. K[S3] 0 D -* K[S2] 0 D D

for any dialgebra D, and new homology groups HS,,(D).
The boundary map is still the alternate sum of face maps. When the

dialgebra is bar-unital, then there also exist degeneracy maps. All these maps

satisfy the simplicial relations except the relations involving only the degeneracy
maps. Such an object is called a pseudo-simplicialjnodule (cf. [I]).

Forgetting the levels gives a map IF : Sn =: Yn --+ Yn (cf. Appendix A)
which induces a chain map CS,,(D) -+ CY,(D) and hence a morphism

HS,,(D) -+ HY.(D).

This new theory HS, or, more accurately, its variant with non trivial coeffi-

cients, crops up naturally when one wants to compute the Leibniz homology of

the Leibniz algebra of matrices gl(D) over a dialgebra D (cf. Frabetti [F2]).
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3.13. Remark. We will show in section 6 that CY.(D) is the chain complex
of the dialgebra D predicted by the operad theory. One could wonder if there

is another notion of algebra for which CS,,(D) would be the predicted chain

complex. If this would be the case, then the Poincar6 series of the dual operad
would be the inverse of the series

E(-l)n#S,nxn = E(-l)n n!Xn.

n>1 n>1

However this inverse is not of the form T. an with an E N, hence,n>,(-I)n Xn

this operad, even if it existed, could not be a Koszul operad.

4. LEIBNIZ ALGEBRAS, ASSOCIATIVE DIALGEBRAS AND

HOMOLOGY

A Leibniz algebra is a non-commutative version of a Lie algebra. In this

section we show that, when we replace Lie algebras by Leibniz algebras, then

the role of associative algebras is played by the associative dialgebras. In par-

ticular we show that any Leibniz algebra has a universal enveloping associative

dialgebra.

4.1. Leibniz algebras [L1], [LP]. Recall that a Leibniz algebra over K is a

K-module g equipped with a binary operation (called a bracket):

[-, -1 : go g -+ g,

which satisfies the Leibniz identity:

IX, [y, Z11 = P, Y1, ZI - P, Z1, Y1,

for all x, y, z in g. This is in fact a right Leibniz algebra. For the opposite
structure, that is [x , y]' = [y, x], the left Leibniz identity is

11X5Y1 1 ,ZY = [x, ly, Z]']' - ly, [x, zl']'.

If the bracket happens to be anticommutative, then g is a Lie algebra. Quoti-
enting the Leibniz algebra g by the ideal generated by the elements [x, x] for

all x E g gives a Lie algebra that we denote by gLie-
To any Leibniz algebra g is associated a chain-complex

CL.(g): gOn -d+9 On-1 -_d d 902 -d4 g

where

d(xi .... I
Xn) (-I)j(Xl7 ... i Xi-1) [Xi, Xil, Xi+1 ......  j, - -Xn)-

I<i<j<n
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The homology groups of this complex are denoted by HL,, (g), for n > 1.

4.2. Proposition. Let D be a dialgebra. Then the bracket

1X1yj := X -1 y - y F X

makes D into a Leibniz algebra, denoted by DLeib-

Proof. It is a straightforward checking in which axioms (1), (2), (4), (5)
are used once and axiom (3) twice since

IX, [Y' Zj] = X -d(y -i Z) - X -I(z F- Y) - (y - Z) F X + (z I- Y)  - X,

-11X' Y1, Z11 = -(X -i Y) -i z + (y I- X) -1 z + z F(X -1 Y) - z F(y F- X),
11X'z]'yj] = (x-lz)-Iy-(Z[-x)-Iy-yl-(x-lz)+yl-(z -x).

This construction defines a functor

Dias __+ Leib

0

from the category Dias of dialgebras to the category Leib of Leibniz algebras.

4.3. Example. For any dialgebra D over K the n x n-matrices with entries

in D form a new dialgebra M,,(D). Its associated Leibniz algebra is denoted

gl.,,(D). It is not a Lie algebra in general. The homology of gl(D), when D

has a bar-unit, has been computed by Frabetti [F2].

4.4. Proposition. The following diagram of categories and junctors is com-

mutative
Dias Leib

t T
As Lie.

4.5. Remark. In the definition of a dialgebra, axiom (3) could be relaxed

slightly, though proposition 4.2 remains valid. It could be replaced by the

weaker axiom:

((y I- X) -i Z) + (z F- (X -i Y)) = (y I- (X -i Z)) + ((Z I- X) -1 Y).

Observe that in this formula the variables do not stay in the same order in

the monomials. Hence the associated operad would not be a non-E-operad
anymore.

4.6. Universal enveloping associative dialgebra of a Leibniz algebra.
The functor - : As -4 Lie has a left adjoint which is the universal enveloping
algebra of a Lie algebra:

U(g) = T(g)lf[x, yj - x 0 y + y 0 x I x, y E gj.
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(U(g) is the augmentation ideal of the classical enveloping unital algebra U(g)).
Similarly, define the universal enveloping dialgebra of a Leibniz algebra g as

the following quotient of the free dialgebra on g:

Ud(g) := T(g) 0 g &T(g)lf[x, y] - x -i y + y  - x I x, y E gj.

Under our previous notation, the elements generating the ideal are denoted

by [x, y -.ty + y&-.

4.7. Proposition. The Junctor Ud : Leib -+ Dias is left adjoint to the functor
- : Dias -+ Leib.

Proof. Let f : g -+ DLeib be a morphism of Leibniz algebras. There is a unique
extension of f as a morphism of dialgebras from T(g) (D g (2) T(g) to D. Since the

image of [x, y] - x -1 y + y F x under this morphism is 0, it defines a morphism
from Ud(g) to D.

On the other hand the restriction of the morphism of dialgebras g

Ud(g) -+ D to g = K0 g 0 Kyields a morphism of Leibniz algebras g -+ DLeib
It is now immediate to check that these two constructions give rise to

isomorphisms

HOMDias(Ud(g), D) '--- HOMLeib(g, DLeib)-

It is well-known that the universal enveloping algebra of a Lie algebra is

not only an associative algebra but a Hopf algebra. Similarly the universal

enveloping dialgebra of a Leibniz algebra possesses co-operations. They are

studied by Goichot in [Go].
4.8. Lemma. For any Leibniz algebra g, one has Ud(g)As -::-- U(gLie)-
Proof. Since the functor (-)As Dias -+ As is left adjoint to inc As

Dias and since (-)Lie : Leib Lie is left adjoint to inc : Lie Leib

both composites U 0 (-)Lie and (-)As o Ud are left adjoint to the composite
Leib -* Lie -+ As, and so are equal. 0

4.9. Proposition. The universal enveloping dialgebra Ud(g) is isomorphic
to U(gLie) 0 g, equipped with the dialgebra structure issued from a U(gLie)-
bimodule structure and the bimodule Map U(gLie) &9 -+ U(gLie) (Cf- example
2.2.d).
Proof. Let us define a U(gLie)-bimodule structure on U(gLie) 0 g. The left

module structure is given by multiplication in the left factor. The right module

structure is induced by

Pox) -9:=W0 Ix,y] +Wg0x'

where w E U(gLie) i
X E 9, 9 E gLi, and y E g is a lifting of y E gLie -

It

is a well-defined element because the bracket [x, y] in the Leibniz algebra g
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depends only on the class of y in gLie. Let us check that this formula provides
a representation Of gLie-

Let Y and i be elements in gLi, and y, z be liftings in g. On one hand one

gets

((W ox - Y) -   = we [[X,Y],Z] +W' o [X,Y] +WYO[X,Z] +Wy' Ox'

and

((W ox - i) - g =W0[[X,Z],Y] +WY&[X,Z] +W  o [X'Yj +wig ox.

Hence one has

((W 0 x ((W &x W ([X, Y], Z] - [X, Z], Y]) - x

W Ix, ly, Z11 - Wly, Z] 0 x

(W ox) - ly,Z].

The right and left module structures are immediately seen to be compatible,
hence U(gLie) 0 9 is a U(gLie)-bimodule.

The linear map U(gLie) 0 9 -+ U(gLie) 5
W X  -+ wJ is a U(gLie)-bimodule

because w.  y =: w[x, y] +

So, it follows that U(gLie) 0 9 is equipped with a dialgebra structure (cf.
22.d). The (nonunital) associative algebra associated to this dialgebra is the

augmentation ideal Of U(gLie)i cf. 2.6.

There is a well-defined dialgebra map

Ud(g) - U(gLie) 0 9

which sends woxo 1 to Coox (for w C T(g) and Co its image in U(gLie))- Indeed,
any element in Ud(g) can be written as a linear combination of elements of the

form w 0 x 0 1 since

W& x 0 Y = W& [X, Y] 0 1 + Wy&x 0 1.

Since by lemma 4.8 one has Ud(g)As = U(gLie)i it follows that the element

w&w' in Ud(g) depends only on the class of w E T(g) (resp. w' E T(g)) in

U(gLie)- So, on can define a dialgebra map

U(gLie) 0 9 -- Ud(g)

by sending Co 0 x to where w is a lifting of Co.

It is immediate to check that both composites are the identity, whence the

isomorphism. 0

4.10. Free algebras and free dialgebras. Let V be a K-module and let

T(V) = V ED V(D2 e ... ED VOn ED ... be the tensor module. We denote by
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the endomorphism of T(V) defined inductively by -y(v) = v for v E V and

-1(w 0 v) = w 0 v - v 0 w for w C- VO' and v E V. It is well-known that

Im -/ is isomorphic to the free Lie algebra Lie(V) over V. Recall that the free

associative algebra over V is T(V) equipped with the concatenation product,
and the free Leibniz algebra over V is T(V) equipped with the unique Leibniz

bracket which satisfies [w, v] = w 0 v for w E VO' and v E V (cf. [LP]). In the

sequence

T(V) -4 Lie(V) -4 T(V),
the first map is a map of Leibniz algebras, the second one is a map of Lie

algebras (for the Lie structure of T(V) coming from its associative algebra
structure). From Proposition 4.4 it follows that there is a commutative diagram

Leib(V) = T(V) - 4 T(V) 0 V 0 T(V) = Dias(V)

fusion

Lie(V) T(V) As(V)

where the maps fusion and are described as follows.
The fusion map consists in forgetting the symbol-, that is w bw'  -+ wvw'.
The image of v, ... vn by -/j is ^/(fllV2 * - Vn), which means writing 7(vi ... Vn)

and putting the symbol -

on the variable v, of each monomial. For instance

71 (VI f)1)
'

(VI (D V2) = f)l V2 - V2  bl V2f)IV371 ^/1 (V1 0 V2 0 V3) = f l V2 V3

V3f)IV2 + V3V2f)l-

One observes that this map is very similar to the map a used by Lodder in

[Lo] to describe the loop suspension of a wedge product of topological spaces.

4.11. Proposition. Let V be a K-module and Leib(V) = T(V) be the free
Leibniz algebra on V. Then one has an isomorphism

Ud(Leib(V))  --- Dias(V) = T(V) 0 V 0 T(V).

Proof. The functor Leib is left adjoint to the forgetful functor from Leibniz

algebras to modules. Similarly the functor Ud is left adjoint to the functor

from dialgebras to Leibniz algebras, therefore the composite is left adjoint to

the forgetful functor from dialgebras to modules, so it is the free diassociative

algebra functor. El

4.12. Theorem. For any dialgebra D there is a natural transformation

HL,,(DLeib) -+ HS,(D)

induced by the chain complex map

'En : CL,(DLeib) = D(9n ---+ K[Sn] 0 DOn
= CSn(D),

En (X I I
* * '

)
Xn) = 1: sgn(u) u &u

-' (x 1 ,
- - -

,
x n) -

O-ESn
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Proof. The boundary map dL of the Leibniz complex CL, is described in

4. 1. For any element (1, y) (X 1, x n, Y) E Don+ I the map dL is defined

inductively by the formula:

(4.12-1) dL (  , y) = (dL (IL) 7 Y) + (_ 1) n ad (y) (x),

where ad (y) ( K) = ad (y) (x I ....  Xn) :=Ein=,(Xl,...,Xi-iY-YI-Xi,...,Xn)-
The boundary map ds of the symmetric complex CS. is described in 3.12

and 3.2.

One extends the operator ad (y) to K[Sn] &Don by putting ad (y)(o-01L)
a 0 ad (y)(x) E K[Sn] 0 Don, so that it obviously commutes with 6n:

(4.12.2) 'En ad (y) = ad (Y) 'En -

It turns out that this new operator is homotopic to 0. The homotopy h(y)
K[Sn] 0 Don -4 K[S,,+,] 0 Don+' is given by

n

h(y)(or 0 1L) := 0 (XI, Xi, Y, Xi+1' Xn),
i=O

where si(a) is the i-th degeneracy of a (bifurcate the i-th leaf of the corre-

sponding increasing tree, cf. 3.2). The checking of

(4.12.3) dsh(y) + h(y)ds = ad (y)

is tedious but straightforward.
The comparison of the homotopy operator h(y) with the symmetrization

operator en gives:

(4.12.4) 'En+ 1 4, Y) = (-l)n h(y),En(x).

The proof of the commutation relation

Hn ds o 6n :--: Cn-i o dL

is done by induction on n as follows.

For n = 1, one has el Id.

For n = 2, the map 62 Do2 -+ K[S2] 0 D02 is given by

62 (X, Y) = [12] 0 (x, y) - [2 1] 0 (y, x).

Since dL(X) Y) = [x, y] and ds([12] 0 (x, y)) = x - y, ds([21] 0 (x, y)) = x  - y, it

follows from [x, y] = x -i y - y F- x that ds 0 62 = el o dL -

By induction we suppose that Hn holds and we will prove (*)n+l.
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One gets:

dsen+j(x,y) (_j)ndsh(Y)6n00 by (4.12.4)
(_ 1) n (ad (y) - h (y) ds) 'En GO by (4.12.3)
(_l)n ad (Y)6n( L) + (-1)'-'h(y)6n_jdL(X) by induction

(_ 1) n ad (Y) 6n (IL) + f n (dL (IL)  Y) by (4.12.4)
= (-l)n 6n (g ) ad (y) + 'En (dL (X) i Y) by (4.12.2)

15n dL ( Li Y) by (4.12. 1).
F1

Remark. This proof is mimicked on the proof for the Lie case as done in

[LO], Proposition 1.3.5. This Proposition has been extended to homology of

dialgebras with coefficients by Alessandra Frabetti in her thesis (unpublished).
4.13. Proposition. The composite

HL ,(DLeib) -+ HS,(D) -0-4 HY, (D),

where On : Sn-*'Yn is the surjective map described in Appendix A, is the map

induced, through the operad theory, by the morphism of operads Dias! -+ LeW.

Proof. Weshow in section 8 that the complexes CL,, and CY, are the complexes
predicted by the operad theory. So, by Appendix B5e, it suffices to check that

the natural map K[Yn] &K[Sn] = Dias! (n) -4 Leib! (n) = K[Sn] on the dual

operads (see section 8) is given by y &w O W
,

and this is

precisely Theorem 7.5. 0

4.14. Comparison of HL.(g) and HY,,(Ud(g)) for a Leibniz algebra g.

For a Lie algebra h the composite map

L' Lie -

As(-H
. "(h) -+ H,, (U(h)Lk) -+ H* U(h)),

is known to be an isomorphism (cf. for instance [LO]).
However, for a Leibniz algebra g, the composite map

HL*(g) -+ HL*(Ud(g)Leib) -- HY*(Ud(g))

is no longer an isomorphism, contrarily to what was mistakenly announced in

[L2]. The main point in the proof of the Lie case, is that the graded space

associated to the filtration of U(g) depends only on the vector space g, and

not on the Lie structure. In the Leibniz case, the graded space associated to

Ud(g) = U(gLie) 0 9 (Cf- Proposition 4.9) depends on gLie, that is, on the

Leibniz structure of g. Hence the map HL*(g) -+ HY*(Ud(g)) is part of a

spectral sequence involving the derived functors of "Lie-zation".

4.15. Poisson dialgebra. By definition a Poisson dialgebra P is a vector

space P equipped with a dialgebra structure -1 and I-, and a Leibniz struc-

ture [-, -] which are compatible in the sense that they satisfy the following 4

relations:

Ix'y -d Z] = y I- [X,Z] + [X,Y] -1 z = [X,Y I- Z],
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Ix -1 Y, ZI = X -1 [Y, Z] + [X, ZI -1 Y,

[X F Y, ZI = X I- [Y, ZI + [X, ZI F Y.

This definition generalizes the "non- commutative Poisson algebra" as defined
in [Kub], [KS] and [Ak].

5. DENDRIFORMALGEBRAS

In this chapter we construct a new type of algebra with two binary op-
erations, which dichotomizes the notion of associative algebra. It is closely
related to associative dialgebras. In fact, we show in section 8 that its operad
is Koszul dual to the operad of associative dialgebras. The terminology is due
to the structure of the free dendriform algebra, which is best described in terms
of planar binary trees.

5.1. Definition. A dendriform algebra E over K is a K-vector space E

equipped with two binary operations

E 0 E E,
E (D E E,

which satisfy the following axioms:

(i) (a b) c a (b --< c) + a (b c),
(ii) (a b) c a (b c),

(iii) (a b) c + (a b) c = a (b c),

for any elements a, b and c in E.

It is sometimes preferable to call this object dendriform dialgebra to in-
sist on the fact that it is defined by two operations, but we do not use this

terminology here. It is important to observe that, like for associative alge-
bras and associative dialgebras, the monomials involved in the relations keep
the variables in the same order. As a consequence the associated operad is a

non-E-operad.
Observe that there is no "monoid" version of dendriform algebras, since

relations (i) and (iii) involve sums. In other words, the associated operad does
not come from a set-operad.

By introducing the operation

X * Y := X -- Y + X  - Y,

these relations take the following more concise form:

(i) (a b) c a (b c),
(ii) (a b) c a (b c),

(iii) (a * b) >- c = a >- (b c).
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5.2. Lemma. For any dendriform algebra E the product defined by

X * y:= X -< Y + X  - Y.

is associative.

Proof. Adding up the three equalities (i), (ii) and (iii) we get (x * y) * z on the

left hand side and x * (y * z) on the right hand side, whence the statement. [I

It follows from this lemma that a dendriform algebra is in fact an asso-

ciative algebra, whose product has some special property. The category of

dendriform algebras is denoted by Dend.

5.3. Proposition. Let D be a dialgebra and E a dendriform algebra. Then,
on the tensor product D &E, the bracket

[x 0 a, y 0 b] :=(x -1 y) & (a -.< b) - (y I- x) 0 (b >- a)
- (y - x) 0 (b --< a) + (x F- y) 0 (a >- b),

where x, y G D, a, b E E, defines a structure of Lie algebra.

Proof. The bracket is antisymmetric by definition. Hence, it suffices to show

that the Jacobi identity is fulfilled.

The Jacobi identity for x 0 a, y 0 b, z 0 c gives a total of 48 terms, in fact

8 x 3! terms. There are 8 terms for which x, y, z (and also a, b, c) stay in the

same order. The other sets of 8 terms are permutations of this set which reads:

x-1(y- z)0a--<(b-- c) - (x- y)- zo(a < b) c,

x (y -i z) 0 a (b c) (x F- y) -1 z 0 (a b) c,

x (y I- z) 0 a (b c) (x -1 y) F- z 0 (a b) c,

x (y F- z) 0 a (b c) (x I- y) F- z 0 (a b) c.

The terms 1 and 3 in column 1 together with the term 1 in column 2 cancel

due to axioms (1), (2) and (i). Similarly the terms 41, 32 and 42 cancel due to

axioms (4), (5) and (iii). Finally the terms 21 and 22 cancel due to axioms (3)
and (ii). El

This result may also be seen as a consequence of Koszul duality (d. Ap-
pendix B).
5.4. Examples of dendriform algebras.
(a) Shuffle algebra. Let V be a vector space and let T(V) be the reduced tensor

module over V equipped with the shuffle product (which is associative and

commutative). The shuffle of two generating elements vi ... vp and vp+l * '' Vp+q
can be split into two parts depending on the fact that the first element is v, or

vp+j. The first part gives the left product and the second part gives the right
product. One can show that the shuffle algebra is then a dendriform algebra
(this fact had been previously remarked by Gian-Carlo Rota).



38

(b) Matrices over dendriform algebras. Since in the axioms of a dendriforin
algebra the variables a, b, c stay in this order in all the monomials, the tensor

product of two dendriform algebras is naturally a dendriform algebra. Similarly,
let M,,(E) be the module of n x n-matrices with entries in the dendriform
algebra E. Then the formulas

(a -< 13)ij  1: aik -<)3kj and (a >- P)ij aik >- Pkj
k k

make M.,,(E) into a dendriform algebra.
(c) Free dendriform algebra. Let V be a K-module and denote by Dend(V)
the free dendriform algebra over V. It is a dendriform algebra which satisfies
the classical universal property. Wewill prove its existence and give an explicit
description in 5.7. As a first step we describe the free dendriforin algebra on

one generator by using the sets of planar binary trees Y, and some operations
on them.

5.5. Grafting operation on trees. By definition the grafting of the trees

Y E Yp and z E Yq is the tree y V z E Yp+q+l obtained from y and z by
joining their roots together and adding a new root. Observe that the number
of internal vertices of y V z is the sum of the numbers of internal vertices of y
and of z plus 1.

Given a tree y (different from there is a unique decomposition y = Y1 VY2
For instance one has:

\-)/ = I V V 1, \Y' VV.

which, with our notation, reads

[1] = [0] V [0], [12] = [1] V [0], [21] = [0] V [1].

The grafting operation is easy to write down in terms of the permutation-
like notation. Indeed, for Y E Yp and z E Yq, one has

[y] V [z] = [y p + q + I z].

For instance one has:

[1] V [1] = [1 3 11, [13 1] V [2 11 = [13 16 2 1].

We put K[Y,,] := E),,,>oK[Y,,] and K[Y,,] := ED,,,>IK[Y,,]. We introduce

recursively the following operations on K[Y,,.]:

(5.5.1) Y -< Z := Y1 V (Y2 * Z)i
(5.5.2) Y  - Z := (Y * ZI) V Z27

(5.5.3) Y * z:== Y --< z + Y  - Z'

(5.5.4) x x x and x >- 0 x, for x
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for y E Yp and z E Yq -
Observe that I is a unit for

Since the decomposition y :-- YI VY2 is unique, it is clear that these formulas

are well-defined by recursion. For instance
.

V VV

V V

or, equivalently, [1] -- [1] = [21], [1] >- [1] [12].
These operations are extended to K[Y,,] by linearity. Observe that [0]

[0] = [0], but [0] -.< [0] and [0] >- [0] are not defined.

5.6. Lemma. The vector space E),,>,K[Y,,,] equipped with the two operations
and >- described above is a dendriform algebra, which is generated by [1] =\\Y/.

Proof. We prove this assertion by induction on the (total) degree of the trees.

Let Y Y1 V Y2 7 y' = yj' V y2' and y" = yj" V y2" be planar binary trees. The

following equalities follow by induction from the definitions of the operations
and the associativity of *:

(i) (Y -< YI) -< Y11 (Y1 V (Y2 * Yl)) -< Z/11
= Y1 V (Y2 * YI Yff) = Y -< (Yf -< Y11) + Y -< (YI >- Yfl)-

(ii) y >- W--< Y'f) y  _ / f ff ff)(y1V(Y *Y ))=(Y*Y,)V(yf *Y2 1 2

=((Y*YI)VY2 --<Y =(y -yf)--<Y

if) if)(iii) Y >- (Y' >- Y") = y  - ((Yf YI V Y2
* y11) V yff =(y y f) >_ y/I + (Y >_y yif(Y * Y, 1 2

Let us show that K[Y,,,,] is generated by t1] under the operations --< and >-. Let

Y = YI V Y2 be a tree. From the definitions of the operations we have

YI V Y2 := [11 if Y1 = [01 = Y2 7

:= [11 -< Y2 if YI = [01 : Y2)

Y, [11 if YI 7 [01 = Y2 7

Y, [11 - Y2 if Y1 7-L [010 Y2

Therefore, by induction, it is clear that K[Y,,] is generated by [11.

5.7. Proposition. The unique dendriform algebra map Dend(K) -4 E)n>,K[Yn]
which sends the generator x of Dend(K) to [1] is an isomorphism.

Proof. Let us show that the dendriform algebra (K[Y,,.], --<, >-) defined in 5.5

satisfies the universal condition to be the free dendriform algebra on one gen-
erator.

Let D be a dendriform algebra and a an element in D. Define a linear

map a: K[Y,,.] -+ D by its value on the trees y = yj V Y2 as follows :
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O(YI V Y2) a if YJ = [01 = Y2,

a - Cf(Y2) if Y1 = [01 -7 Y2,

a(yi) >- a if Y1 7 [01 = Y2;

ce(yj) >- a -< O(Y2) if Y1 0 [01 7 Y2

We claim that a is a morphism of dendriform. algebras. The proof is by induc-
tion on the degree of the tree. Indeed, on one hand

Ce(Y O(YI V (Y2 Z))
oi(yi) >- a O(Y2 * Z)

= a(yi)  - a --< (O(Y2) * a(Z))-

On the other hand,

a(y) --< a(z) = (a(yj) >- a -< Ce(Y2)) -< a(Z)
= ((a(yi) >- a) a(Y2)) -< a(z)
= (a(yi) >- a) (a(Y2) * a(z))
= a(yi)  - a --< (a(Y2) * a(z)).

Here we supposed that yj 0 [010 Y2, but the proof is similar for the other

cases.

Since by lemma 5.6 K[Y,, ] is generated by [1], the morphism a such that

a([1]) = a is unique.
It follows that (K[Y,,], is the free dendriform algebra on one gener-

ator. El

5.8. Theorem (Free dendriform algebra). The unique dendriform algebra
map

Dend(V) -4 6n>,K[Y,,] (D VOn

which sends the generator v E V to [1] &v is an isomorphism.
Proof. Define the dendriform algebra structure on E)n>,K[Yn] 0 VOn by

Y 0 Y, (Y Y') 0 Ww"
Y 0 Y, (Y YI) OWWI.

Since in the relations defining a dendriform algebra the variables stay in the
same order, the free dendriform algebra over V is completely determined by
the free dendriform algebra on one generator:

Dend(V) = (9 Dend(K)n (D Von'
n>1

where Dend(K)n is the subspace of Dend(K) generated by all the possible
products of n copies of the generator. Hence, by proposition 5.7, one gets
Dend(V) - (D VOn.'-- E)nK[Yn] 0
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5.9. Remark. The inverse isomorphism is obtained as follows. From y E Yn
we construct a monomial in the variables xi, - -

, xn by first putting the variable

xi in between the leaves i - 1 and i. Then, for each vertex of depth one, we

replace the local patterns with two vertices by local patterns with one vertex:

XY X I- Y X Y X -1 Y

Y' \7 \'Y F_+V

Continue the process until one reaches Y. The element z E Dend(V) is the

image of (y; xi 0 ... 0 xn) E K[Yn] ( Von. Observe that sometimes one needs

to choose an order to perform the process. But, thanks to the second axiom of

dendriform algebras, the result does not depend on this choice:

X Y z

7 1-4 (X >- y) -4 z = X >- (y -- Z) -

Observe that the right Sn-module Dend(n) which is such that Dend(V)
EDnDend(n) OSn Von' is the regular representation K[Yn] 0 K[Snl-

5.10. Nested sub-trees and quotients. Given a planar binary tree with

n + 1 leaves and a consecutive sequence of k + 1 leaves ji, . . . ,
i + kj, the sub-tree

of y which contains these leaves is isomorphic to a unique planar binary tree

with k + 1 leaves, which we denote by y'. We say that the sub-tree y' is ne8ted

in y at i. By definition the quotient y" = y/y' is the planar binary tree with

n - k + 3 leaves obtained from y by removing the leaves ji + 1, i + k - 1

Example with n = 6, i 1, k = 4 and y = [131612]

Y Y Y

Observe that y is a sub-tree of itself with quotient [1] and that

there are n nested sub-trees of y of the form [11 (with quotient y).
In terms of the permutation-like notation the names of y' and of y" are

obtained as follows. Let y = [a, ... an]- Start with the sequence of integers
[aj+j ... ai+k] and make it into a name of tree by first replacing the largest
integer by k. Then proceed the same way with the two remaining intervals,
and so forth (like in A3). Ultimately one gets the name of y'. In our example we

get [2141]. The quotient- tree y" of y by y' is obtained by making the sequence

of numbers [a, ... ai aj ai+k+l ... an] into a name of tree as before (aj is the

largest integer in [ai+,-... ai+kl). In our example we get [131].
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5.11. Proposition. Under the isomorphism of Proposition 5.7 the compo-
sition operation in Dend(K) induces the following composition operation in

(Dn>,K[Yn]:
Y

//
0i Y Y)

where the sum is extended over all the trees y which contain y' as a nested

sub-tree at i and for which y/y' = y".
Proof. Since the operad is quadratic it suffices to check this assertion in low

dimension. The isomorphism gives [21] = x --< x and [12] = x >- x. The eight
distinct cases of composition are:

[21] ol [21] = (x --< x) x = x - (x --< x) + x -< (x  - x) [213] + [312]
[21] ol [12] = (x >- x) x = [1311
[21] 02 [21] = x (x x) = [321]
[21] 02 [12] = x (x >- x) = [312]
[12] ol [21] = (x x) >- x = [213]
[12] ol [12] = (x >- x) >- x = [123]
[12] 02 [21] = x  - (x --< x) = [131]
[12] 02 [12] = x >- (x >- x) = x -< (x >- x) + x >- (x >- x) [213] + [312]

In each case we verify that the trees of the right hand side are precisely such

that y' is nested at i with quotient y". For instance both [213] and [312] have

[21] nested at 1. D.

5.12. Associative algebra structure on K[Y,,.] and K[S.]. By lemma

5.2 the vector space K[Y,,] is an associative algebra for the product

x * Y = x --< Y + x >- Y,

hence K[Y,,] is a graded associative and unital algebra whose structure is

completely determined by the following two conditions: I is a unit, the recursive

formula

Y * Z = Yl V (Y2 * Z) + (Y * ZI) V Z21

holds.

Observe that this algebra has an obvious involution: [il,. 'in]  --+ [in, ill
on trees. In theorem 3.8 of [LRj we prove that it is isomorphic to the tensor

algebra over K[Yo,,,], where Y0,n-1 : I Y = I V Y1 E Yn7 for y' E Yn-11. It is

also isomorphic to T(K[Y, ,o]), where Yn-,,o := I y = y'V 11.
The map On : Sn -+ Yn (cf. Appendix A) induces a linear map

K[S,, ] -+ K[Y,,]. There is an associative and unital algebra structure on

K[S ... ] given by
x * y := shnon - (x X y) E K[Sn+ml,

where x E Sn, Y E Sn, and shn,n, E K[Sn+,,,] is the sum of all the (n,m)-
shuffles. It is proved in [LR] that 0 is an associative algebra homomorphism.
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5.13. Hopf structure on Dend(V). It is well-known that the free associative

algebra T(V) is in fact a cocommutative Hopf algebra, where the coproduct is

given by the shuffle. Similarly there exists a structure of Hopf algebra on the

associative unital algebra K ED Dend(V) == E)n>oK[Yn] (D Von. The coproduct
is completely determined by the shuffles and the coproduct on EDn>oK[Yn] was

constructed in [LR]. Observe that this coproduct is not cocomml tative. It is

related to the "brace algebras" and has been studied in details in [R].

6. (CO)HOMOLOGYOF DENDRIFORMALGEBRAS

In this section we show that there exists a chain complex (of Hochschild

type), for any dendriform algebra. It enables us to construct a homology and

a cohomology theory for dendriform algebras. It will be proved in section 8

that these theories are the ones predicted by the operad theory in characteristic

zero.

6.1. The chain complex of a dendriform algebra. Let E be a dendriform

algebra and let C,, be the set 11, nj. We define the module of n-chains of

E as

CD,,d
n (E) -= K[C,,] &EO',

Tn-1 : CDend -4 Cgend(E) 1 (E) as follows.and the differential d 1)'di n

First, we define the face operators di, 1 < i < n - 1, on r E Cn by

di (r) =r-l ifi<r-1, r if i > r.

These maps are extended linearly to maps

di : K[Cn] -+ K[Cn-1], 1 < i < n

Second, we define the symbol or as follows:

ifi<r-1,

or
if i

ifi>r.

Recall that x * y = x -- y + x >- y.

Finally the map di : CDend (E) CDend(E) is given by
n n-1

di(r; x, & ... Xn) :== (di(r); xi 0... &xi-1 0 xi 02 xi+1 0... 0 Xn)

for 1 <i<n-1.

6.2. Lemma. The maps di : C end (E) __ Ceend (E) satisfy the simplicial_1

relations didj = dj_idj, for i < j, and so (CDend(E) , d) is a chain complex.
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Proof. Let us first prove the lowest dimensional case, that is d, d, di d2 on

C3D,,d (E) = 3 E03
.

On the first component (r = 1) one gets:

d, d, (1; a 0 b & c) = di (1; (a --< b) 0 c) (1; (a -- b) --< c),
dld2(1; a 0 b 0 c) = dj(1; a 0 (b * c)) (1;,a --< (b * c)),

hence d, d, = d, d2 by axiom (i).
On the second component (r = 2) one gets:

dldl(2; a 0 b 0 c) = dj(1; (a >- b) 0 c) (1; (a  - b) c),
dld2(2; a 0 b 0 c) = dj(2; a & (b --< c)) (1; a >- (b c)),

hence d, d, = d, d2 by axiom (ii).
On the third component (r = 3) one gets:

dldl(3; a 0 b 0 c) = dl(2; (a * b) & c) (1; (a b) >- c),
dld2(3; a o b o c) = dl(2; a 0 (b >- c)) (1; a (b >- c)),

hence d1d, = djd2 by axiom (iii).
Higher up, the verification of didj = dj_jdj splits up into two different

cases. First, if j = i + 1, then it is the same kind of computation as above, so it

is a consequence of the axioms of a dendriform algebra. Second, if j > i+ 1, then

both operations agree on C,, (direct checking) and the image of (a, 0 a,,)
is, in both cases,

(a, ai oi' aj+j aj oj' aj+l a,,).3

6.3. The chain bicomplex of a dendriform algebra. Observe that

C ,,d (E) is in fact the total complex of a bicomplex. Indeed, let

cD"d (E) Op+q
p,q pjE for p>l,q  O.

The map

P-1

d h
: CDend (E) CDend (E) by d h 1)'di,

p,q p-l,q

is well-defined because di(p) p - 1, when i < p - 1, and

p+q

d' : CDend (E) CDend (E) by d' 1)'di.
p,q p,q-1

i=p
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is well-defined because di(p) = p, when i > p. In other words, the p-th compo-

CDendnent of
n (E) is put in bidegree (p, n - P).

6.4. (Co)homology of dendriform algebras. By definition the homology
(with trivial coefficients) of a dendriform algebra E is

HDend (E) := H,: (CDend (E), d)

and the cohomology of a dendriform algebra E (with trivial coefficients) is

HD*end(E):= H*(Hom(CDend (E), K)).

Let us use freely the interpretation of the preceding results in terms of operads
as devised in the next section. From Koszul duality and Appendix 135d, the

graded module H* end(E) is naturally equipped with a structure of gradedD

dialgebra (and hence a structure of graded Leibniz algebra).

6.5. Theorem. The dendriform algebra homology of a free dendriform algebra
is trivial. More precisely

HDend (Dend(V)) = 0 for n > 0,
n

HDend (Dend(V)) = V.
1

Proof. Since we know already that the analogous theorem for associative di-

algebras is true (Theorem 3.8), it is a consequence (by the operad theory, cf.

Appendix B), of the operad duality between Dias and Dend proved in Propo-
sition 8.3. F

7. ZINBIEL ALGEBRAS, DENDRIFORMALGEBRASANDHO-

MOLOGY

In this section we introduce Zinbiel (i.e. dual-Leibniz) algebras and we

compare them with dendriform algebras. In particular we compute the natural

map from a free dendriform algebra to the free Zinbiel algebra, considered as

a dendriform algebra. Finally we compare the homology theories.

7.1. Zinbiel algebras [U]. A Zinbiel algebra R (*) (also called dual-Leibniz

algebra) is a module over K equipped with a binary operation (x, y) F-+ x - y,

which satisfies the identity

(7.1.1) (x y).z =x.(y.z)+x.(z-y) , for all x,y,z E R.

The category of Zinbiel algebras is denoted Zinb. The free Zinbiel algebra over

the vector space V is T(V) = EDn ;.IVOn equipped with the following product

(X0 ... XP) * (Xp+l ... Xp+q) = xoshp,q(Xl ... Xp+q)

Terminology proposed by J.-M. Lemaire
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where shp,q is the sum over all (p, q)-shuffies. Wedenote it by Zinb(V). Observe
that Zinb(V) =_ EDnZinb(n)OSn VOn for Zinb(n) = K[Snl- It is immediate
to check that the symmetrized product

(7.1.2) XY := X - Y + Y - X

is associative (cf. [R], [L3]), so, under the symmetrized product, R becomes an

associative and commutative algebra. This construction gives a functor

Zinb +
 Com.

Let us construct functors to and from the category of dendriform algebras
Dend.

7.2. Lemma. Let R be a Zinbiel algebra and put

x --< y := x - y ,
x  - y := y - x

,
V x, y E R.

Then (R, -- ,  -) is a dendriform algebra denoted RDend- Conversely, a commu-

tative dendriform algebra (i.e. a dendriform algebra for which x >- y = y -< x)
is a Zinbiel algebra.
Proof. Indeed, relation (i) is exactly relation (3.3.1) and so is relation (iii).
Relation (ii) also follows from (3.3.1) since

X >- (y -< Z) = (yZ)X' (X >- Y) --< Z = (yX)Z'

and the relation (y - z) - x = (y - x) - z follows from (3.3. 1) for y, z, x and y, x
,

z.

0

So we have constructed a functor

Zinb --+ Dend.

From Lemma 5.2 we get a functor

Dend - ++ As.

Summarizing we get the following

7.4. Proposition. The following diagram of functors between categories of
algebras is commutative

Zinb Dend

Com As
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Proof. The comInUtativity of the diagram is immediate since for a Zinbiel

algebra the associated associative products are equal :

X*Y=X-.<Y+X>-Y=X.Y+Y-X=XY

7.5. Theorem. For any vector space V, the natural map of dendriform
algebras Dend(V) -+ Zinb(V)Dend is induced, in degree n, by the map

K[Y,,] (2) K[Sn] -+ K[Sn], y &w  -+ E aw ,

JOIESn I 0'(a)=Y}

where 0' : Sn-*Yn is the surJective map described in Appendix A6.

Proof. First, observe that the map V -+ Zinb(V) gives a map (the same on

the underlying vector spaces) V -+ Zinb(V)Dend- Since this latter object is a

dendriform algebra, the map factors through the free dendriform algebra on V,
whence a natural dialgebra map 0: Dend(V) --+ Zinb(V)Dend-

The proof will be done by induction on n.

Restricting 0 to the degree n part gives a commutative square (cf. 5.8 and

5.9):
K[Y,,] 0 VOn vOn

n n

Dend(V) Zinb(V)Dend
For n = 1, 01 is clearly the identity of V.

For n = 2, 02: K[Y2] (D V(D2 _+ V02 is given by

(x, y) x y F-+ x y [121.(x, y),
(x, y) x y  -+ y x [211.(x, y),

soV  -+ [121 andV 1-+ [21], which is the map 0' of Appendix A6.

For n=3, one has

0 (x, y, z) = x (y -.< z) x (y z) = 123] - (x, y, z),

0 (x, y, z) = x (y >- z) x (z y) = 132]. (x, y, z),
V& (X,Y,Z) = (X >- Y) -- z F-+ (Y X) - z = y - (X - z +z - X)

= ([213] + [312]). (x, y, z),

0 (x, y, z) = (z --< x) >- y F-+ x (y z) = [23 1]. (x, y, z),
V0 (x, y, z) = (z >- y) >- x F-+ x (y z) = [321]. (x, y, z),
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so the map is precisely 0.
Let us now prove it for any n. We suppose that the theorem has been

proved for any p < n. We are going to prove it for n. We use the grafting
operation on trees (cf. Appendix A).

The element (Y1 V Y2; X1 ... xp+,+,) can be written as

(YI; X1 ... Xp) >- Xp+1 -<'(Y2; Xp+2 ... Xp+q+l)

in Dend(V) when p  : 1, q > 1. Here xp+l stands for ([I]; xp+,). We do

not need to put any parenthesis because of the second relation of dendriform

algebras. The image of this element under 0 is

(Xp+l ' Oq (Y2; Xp+2 ... Xp+q+l)) ' Op(YI; X1 ... Xp+q+l)
Xp+1 - (Oq(Y2; Xp+2 ... Xp+q+l) 'Op(YI; X1 ... Xp+q+l)

+0P(Y1; X1 ... Xp+q+l) ' Oq(Y2; Xp+2 ... Xp+q+l))-

By induction we know that Op (yj; x I ... XP) : - F-o-1 EO'-'(Yi) 071 (X1 ... xp) and

that Oq(Y2; Xp+2 ... Xp+q+l) = F-U2 EO'- 1 (Y2) 072 (Xp+2 ... Xp+q+l). For zi E V
one has, in the free Zinbiel algebra, the equality

ZO * (Z1 ... ZP ' ZP+1 ... Zp+q + Zp+1 ... Zp+q * ZI ... zP) T(ZO ... Zp+q)l

where the sum is extended over all the (p, q)-shuffies r (acting on the set

11,...,p + qj. Hence we get

On(YI V Y2; X1 ... Xn) = E 7r(Xl ... Xn)7
7r

where the permutation ir is of the following form

7r(i) =-ral(i) for I <i <p,
7r(p + 1) = 1,
7r(i) = T(P + U2 (i)) for p + 2 < i < p + q +

where ui E 01-1 (yi), U2 E 01-1 (Y2) and -r is a (p, q)-shuffie.
On the other hand one easily checks that all the permutations u which

belong to 0'-'(y, V Y2) are precisely obtained by choosing such a ul and such

a U2, and then shuffle the associated levels. So we have proved the formula for

n.

In the preceding proof we assumed that p > 1, q > 1. We let to the reader

the task of modifying the proof when either p = 0 or q = 0. 0

7.6. Comparison of homology theories. As mentioned in Appendix B, for

any algebra over a Koszul operad, there is a small chain complex, modelled on
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the dual operad, whose homology is the homology of the algebra. For Zinbiel

algebras it takes the following form (cf. [Li2]):

CZinb (R) Ron - d+ ROn-1 _d, d4 Ro2 -*4 R

where

n-1

d(xj, . . . 7 Xn) :-- (XI - X2 i X3 i ... )Xn ) +y- (- ')i-1 (xl, - - -, xi * Xi+l) ... i Xn)-
i=2

The homology groups of this complex are denoted H inb (R), for n > 1. By
Appendix 135e, there is a natural map of complexes

CDend Zinb(RDend) C* (R)

inducing
HDend (RDend) HZinb (R).

Let us describe explicitly the chain complex map.

7.7. Proposition. Let 0' C- K[Sn] be the elements defined recursively by the
n

formulas :

01, (1) = (1), 0"' n) = (r,  n' (1,... 1
i 

... I n),n

or r n) + (r, n).n
n (r

In particular, 0' (1, n) = (1, n) and on (1,n n n) = (n,..., 1). The map

19n : K[Cn] 0 Ron -4 Ron defined by

r (X1,OnQr] 0 (xi, Xn)) := On Xn)

is the chain complex map 6* : CDend(RDend) CZinb(R) induced by the

operad morphism Dend -+ ZZnb.

Proof. This is a consequence of the explicit description of the morphism of
Leibniz algebras Leib(V) -+ Dias(V)Leib, cf. Appendix 135e.

Observe that 0' is the sum of the signed action of (n) permutations. Since
n r

E(n) = 2n, we recover (up to permutation) the 2' monomials of [xi , [X2) Xn111
r

(cf. 4. 10). 0

8. KOSZULDUALITYFOR THE DIALGEBRAOPERAD

In this section we show that the operad associated to dendriform algebras
is dual, in the operadic sense, to the operad associated to dialgebras. Moreover

we use the results of section 4 to show that the operad of associative dialgebras
is a Koszul operad (and so is the operad of dendriform algebras). The reader
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not familiar with the notions of operad and Koszul duality may have a look at

Appendix B, from which we take the notation.

8.1. The associative dialgebra operad. A dialgebra is determined by two

operations (left and right product) on two variables and by relations which
make use of the composition of two such operations. Hence the operad Dias
associated to the notion of dialgebra is a binary (operations on two variables)
quadratic (relations involving two operations) operad. Moreover, there is no

symmetry property for these operations, and, in the relations, the variables

stay in the same order. Hence the operad is a non-E-operad, that is, as a

representation Of Sn, the space Dias(n) is a sum of copies of the regular
representation. It was proved in 2.5 that the free dialgebra over the vec-

tor space V is Dias(V) = T(V) 0 V 0 T(V). The degree n part of it is

EDi+l+j=n Voi 0 V 0 V0j. Hence the operad Dias is such that

Dias(n) = nK[Sn] (n copies of the regular representation).

In particular Dias(l) = K (the only unary operation on a dialgebra is the

identity), E := Dias(2) = E' 0 K[S2], where E' is 2-dimensional generated
by d and F-. The space Ind S3 (E 0 E) is the sum of 8 copies of the regularS2
representation of S3. Each copy corresponds to a choice of parenthesizing:
(- 01 (- 02 -)) or ((- 01 -) 02 -), and a choice for the two operations ol

and 02. The space of relations R C Ind S(E 0 E) is of the form R' 0 K[S3],S2
where R' is the subspace of E102 ED E'(D2 determined by the relations 1 to 5 of

a dialgebra (cf. 2.1).

8.2. The dendriform algebra operad. Analogously the operad Dend

associated to the notion of dendriform algebra is binary and quadratic, and
is a non-E-operad since there is no symmetry for the operations and, in the

relations, the variables stay in the same order. It was proved in 5.7 that the free

dendriform algebra over the vector space V is Dend(V) K[Yn] 0 VO'.
Hence the operad Dend is such that

Dend(n) = K[Yn] 0 K[Snl-

In particular Dend(l) = K, Dend(2) = Fo K[S2], where F' is 2-dimensional

generated by - and  -. The space

Ind S(Dend(2) &Dend(2))  --- (F /02 ED F/02) 0 K[S3]S2

is the sum of 8 copies of the regular representation of S3. The space of relations

is of the form S'0 K[S3 ], where S' c (F /02 ED F/02) is the subspace determined

by the 3 relations of a dendriform algebra (cf. 5.1).

8.3. Proposition. The operad Dend of dendriform algebras is dual, in the

operad sense, to the operad Dias of dialgebras : Dias' = Dend.
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Proof. Let us identify F' = E" with E' by identifying the basis (-.<, >-) with the

basis (-I,  -). Since R R' 0 K[S3], the space of relations for the dual operad
is of the form Man' K[S3], where, according to Proposition B3, R"" is

the annihilator of R'. Recall from Proposition B3 that the scalar product on

E'O' (D E'O' is given by the matrix
Id 0[ 0 -Idj*

With obvious notation, the subspace R' is determined by the relations

(-I  -1)2 (-1' -1), 0,
07

(1-, -1)2 0,
I (j-' [-) 2 0,

(F-, F)2 - (F-, F-), = 0.

It is immediate to verify that its annihilator R" with respect to the given
scalar product is the subspace determined by the relations

f (-1i -i)l - (-17 -1)2 - (-],  -)2 = 0)
( -, -1)1 - ( -i -1)2 = 011 ([-,[-)2 - 0' 1-) 1 - ([-, I-), = 0.

This is precisely the relations of dendriform algebras (once we have changed -i

into --< and  - into >-). F

8.4. Proposition. The chain complex CY,,(D) associated to a dialgebra D is

the chain complex of D in the OPerad sense (cf. Appendix B4). Hence HY is

the (co)homology theory for dialgebras predicted by the operad theory.

Proof. From the theory of operads recalled in Appendix B we have

CDias On.
n (D) = Dend(n)' os,,, D

By Proposition 5.7 we get

cDi "(D) = K[Y 0sn DOn
n n] 0 K[Sn = K[Yn] 0 DOn

= CYn(D).

So, it suffices to prove that the boundary operator d of CY.(D) agrees with

the dialgebra structure of D on CY2(D) and that it is a coalgebra derivation.

The boundary map on CY2(D) = D02 E D02 is given by x 0 y  -+ x -1 y

on the first component and by x 0 y  -+ x  - y on the second one. So the first

condition is fulfilled. Checking the coderivation property is analogous to th e

associative case (cf. 134).
8.5. Theorem. The operad Dias of dialgebras is a Koszul operad, and so is

the operad Dend of dendriform algebras.

Proof. From the definition of a Koszul operad given in B4, this theorem follows

from the vanishing of HDias
= HY. of a free dialgebra, as proved in Theorem
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3.8. SinceP being Koszul implies 'PI is Koszul (cf. Appendix B5b), the operad
Dend is Koszul. F1

Observe that this theorem, together with the general property of Koszul

operads recalled in B4a, implies proposition 5.2.

8.6. Poincar4 series. From the description of the operad Dias it follows
that its Poincar6 series is

Xn
Xn -

-X

gDias(X) = E(-1)'nn!- = E(-1)'n
+ X)2'n>1

n!
n>1

On the other hand, the Poincar6 series of Dend is

E(_l)n Xn
= 1:(_l)n Xn -

-1 - 2x + V1 + 4x
gDend(X) Cnn!- Cn

n>1
nt

n>1
2x

As expected (cf. Appendix B5c) we verify that 9Dend(9Dias(X)) = X-

8.7. Operad morphisms. Any morphism of operads induces a functor be-
tween the associated categories of algebras. Taking the dual gives also a mor-

phism, but in the other direction. For instance the dual of the inclusion of
the category of commutative algebras into the category of associative algebras
is the "-" functor which transforms an associative algebra into a Lie algebra.
All the functors between categories of algebras that we met in the previous
sections come from morphisms of operads. They assemble into the following
commutative diagram of functors (cf. Proposition 4.4 and Proposition 7.4):

Dend Dias

inc + ine

Zinb As Leib

+ inc ine

COM Lie

The symmetry (around a vertical axis passing through As' = As) reflects
the Koszul duality of quadratic operads : Lie' = Com, Dias! = Dend, Leib'
Zinb.

9. STRONGHOMOTOPYASSOCIATIVE DIALGEBRAS

Strong homotopy 'p-algebras are governed by the Koszul dual operad 'Pi
(cf. Appendix B6). Since for Dias we know of an explicit description of its
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dual Dias we are able to describe explicitly the notion of strong homotopy
dialgebra. In order to do it we use the notion of nested sub-tree of a planar
binary tree.

9.1. Nested sub-trees. Recall that in section 5 we defined the notion of
nested sub-tree y' of a tree y with quotient y" = y/y' and we described com-

position in the free dendriform algebra in terms of nested sub-trees, cf. 5.10
and Proposition 5.11.

9.2. Theorem. A strong homotopy, dialgebra is a graded vector space A

TiEzAi equipped with operations

my : Aon -+ A,, for any y E Yn, n > 1,

which are homogeneous of degree n - 2 and which satisfy the following relations

for any y:

Hy myi/ (a,.... , aj, my, (ai+,,. ai+k), an) = 0,
y1cy, Y11=y/y,

where the sign is + or - according to the parity of (k + 1)(i + 1) + k(n +
k7,,=, jajj).

In this relation the tree y is fixed and the sum runs over all the nested
sub-trees y' ofy with y" = y/y' (as described in 5.10).

Compare with the definition of a A,,,-algebra [St, p. 294].
Proof. Since the operad Dias is Koszul (cf. Theorem 8.5), we may apply The-

orem B.7. By Proposition 5.8 the dual operad Dend is generated in dimension

n (as a free Sn-module) by the set of n-trees Yn. Hence the operations on a

B(,P')*-algebra A are generated by operations my, for y E Yn,

my : A01YI -4 A of degree I y I - 2.

The relations satisfied by these operations are obtained as follows. First one

extends them in order to get a coderivation

m: (DnK[Yn] 0 AO' ---+ E)nK[Yn] 0 AO,

and then one writes mo m= 0. The component in K[Yi ] 0 A = A of the image
under m of an element Kfy} 0 Aon C K[Yn] 0 Aon is given by my (up to

sign). More precisely we put

my(a,, - - -

, an) := (- 1)(k-1) I a i 1+(k-2) I a2j+-ah_j m(y; a,, - - -, an)1-

In order to obtain the component in Kjy'J 0 AOk
we need to look at the com-

position in the cofree co-dendriform algebra, or dually, in the free dendriform

algebra:

Dias' (k) 0 Dias' (ii) (2) ... 0 Dias' (ik) --+ Dias' (ij ++ ik)
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or equivalently,

K[Yk] (2) K[Yjj (2) ... 0 K[Yi,] -- K[Yi,+...+i, J.

It is sufficient to write the relation mo m= 0 for the component in K[Yj ] 0 A
A of the image, since the vanishing of the other components is a consequence of
that one. Hence it is sufficient co compute the composition product for i.,, = 1

for all i,, except one of them, let us say ij = m. In this case it is precisely the
result of Proposition 5.11. 0

9.3. Strong homotopy associative dialgebra in low dimensions. Let

us write my = mij ... k in place of m[ij ... k] ,
when y = [ij ... k].

For n = 1 the operation J := mi : A --+ A is of degree -1. Since the only
nested sub-tree of [1] is [1] itself, the relation (*)I is

S 0 S = 0.

Hence (A, S) is a chain complex.

For n = 2, there are two maps M12 and M21 : A02 -* A, which are of

degree 0. The tree [121 (resp. [211) has three nested sub-trees, itself with

quotient [1], and two (different) copies of [1], both with quotient [12] (resp.
[21]). Hence the relation (*)12 takes the form (where I stands for Id):

S 0 M12 - M12 0 (S 0 1) - M12 0 (10 S) = 0,

and similarly for [21]. In other words S is a derivation for M12 and for M21.

For n = 3, there axe five maps A03 --+ A, denoted M123 5 M213 - 7771317 M312) M3217

corresponding to the five trees of Y3. The five relations (*)y for y a tree of degree
3 are:

SO M123 +M123 0 (SO 10 1+ 1 OSOI+ 10 1 OS)
M12 0 (M12 0 M12 0 (10 M12)7

JOM213+M2130(J(91(91+1(DS(91+1(91(gS) =

M12 0 (M21 0 M12 0 0 M12),
S 0 M131 + M131 0 (J + 10 J 0 1 + 10 10 S) =

M21 0 (M12 0 M12 0 0 M21))
J 0 M312 + M312 0 (S 0 1 1 + 10 S 0 1 + 10 10 S) =

M21 0 (M21 0 M21 0 0 M12)i
J 0 M321 + M321 0 (5 0 1 1 + 10 J 0 1 + 10 10 6) ==

M21 0 (M21 0 M21 0 0 M21)-

One observes that, as expected, if all the maps Mijk are trivial (and also

higher up), then M12 =  _
i M21 = -1, and the algebra is a graded dialgebra.
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Appendix A. PLANARBINARYTREES ANDPERMUTATIONS.

A.I. Planar binary trees. A planar tree is binary if any vertex is trivalent.

We denote by Y.,, the set of planar binary trees with n vertices, that is with

n + 1 leaves (and one root). Since we only use planar binary trees in this section

we abbreviate it into tree (or n-tree). The integer n is called the degree of the

tree. For any y E Y,, we label the n + 1 leaves by 10, 1,-, nj from left to

right. We label the vertices by f 1, . . . , nj so that the i-th vertex is in between

the leaves i - I and i. In low dimension these sets are:

YO YI Y2 Y3

(20The number of elements in Yn is Cn ==

n!(n+l)! ,
so c = (1,2,5,14,42,132,...

is the sequence of the Catalan numbers..

We first introduce a notation for these trees as follows. The only element

of Yo is denoted by [0]. The only element of Y, is denoted by [1].
The grafting of a p-tree y, and a q-tree Y2 is a (p + q + 1)-tree denoted by

Y1 V Y2 obtained by joining the roots of yj and Y2 and creating a new root from

that vertex. Y1 Y2

YIVY2= Y
Its name is written [ y, p + q + 1 Y2 ] W'ith the convention that all O's are deleted

(except for the element in YO). For instance one has: [0] V [0] = [1], [1] V [0] =

[12], [0] V [1] = [21], [11 V [1] = [131], and so on. So the names of the trees

pictured above are, from left to right:

[0] [1] [121 [21] [123] [213] [131] [3121 [321] .

This labelling has several advantages. For instance if we draw the tree metri-

cally, with the leaves regulary spaced, and the lines at 45 degree angle, then

the integers in the sequence are precisely the depth of the successive vertices.

Example

[131]

The orientation of the leaves can be read from the name as follows. Let

y = [a, ... a,,]. The i-th leaf is oriented SW-NE (resp. SE-NW) when ai < ai+1

(resp. ai > ai+1).
The following is an inductive criterion to check whether a sequence of

integers is the name of a tree.
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A.2. Proposition. A sequence of positive integers [a, ... an] is the name of
a tree if and only if it satisfies the following conditions:

- there is a unique integer p such that ap = n,
- the two sequences a, ... ap-1 and ap+l ... an are either empty or name of

trees.

Proof. It suffices to remark that any tree y is of the form yj V Y2 for two

uniquely determined trees yj and Y2, whose degree is strictly smaller than the

degree of y. El

A.3. From permutations to trees. There is defined a surjective map

0: Sn-*Yn

as follows. The image of nj under the permutation a is a sequence
of positive integers [al ... Unl- We convert it into the name of a tree by the

following inductive rule. Replace the largest integer in the interval al ... O'n, say

up, by the length of the interval (which is n here). Then repeat the modification

for the intervals a, ... up-, and crp+l ... un, and so on, until each integer has

been modified. This gives the name of a tree (hence a tree), since it obviously
satisfies the above criterion. Let us perform this construction on an example,
where the successive modifications are underlined:

a = [341652]  -+ [341652]  -+ [331622] F-+ [L31621]

A.4. Planar binary increasing trees. Let us introduce a variation of trees:

the planar binary trees with levels also called increasing trees in the literature.
A tree with levels is an n-tree together with a given level for each vertex. This

level takes value in 11, ...' nj, and we suppose that each vertex has a different

level, and that the levels are increasing, that is they respect the partial order

structure of the tree (the level is the depth of the vertex).
Example: the following are two distinct increasing trees

Y...I Y...
1

2
...

2
3

...
3

We denote by f7n the set of increasing n-trees.

The following is a well-known result which was brought to my attention

by Phil Hanlon [Haj.

A.5. Proposition. The map which assigns a level to each vertex determines

a permutation. This gives a bijection kn  _-- Sn between increas%ng trees and

permutations.
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Proof. Label the vertices by their right leaf (i.e. vertex i is in between the

leaf i - 1 and the leaf i). Since each vertex has a different level it is clear that

we get a bijection. So any increasing tree gives rise to a permutation.
On the other hand a permutation gives rise to a tree under 0, cf. A3.

Labelling the level of the i-th vertex by u(i) gives an increasing tree.

It is immediately seen that the two constructions are inverse to each other.

0

Hence the map S,, -+ Y,, is the composite of the bijection from the set

of permutations to the set of increasing trees with the forgetful map (forgetting
about the levels).

In low dimension 0 is given by:

a [12] [21] [123] [213] [132] [2311 [312] [321]
(a) [12] [21] [123] [213] [131] [131] [3121 [321]

tree V V V '\V XYY V \1Y \\?/

A.6. The other choice 0' to code trees. It is sometimes useful to code the

vertices of a planar binary trees by height rather than by depth. The resulting
map S,, -+ Y,, is related by the formula

0'(a) = 0(waw-'), for w = [n ... 2 1].

Forinstance

0'Q12]) =\'Yy and 0f([21])

A.7. Geometric interpretation of 0. The map 0 can be considered as the

restriction to the vertices of a cellular map between polytopes. Indeed, starting
from the set < n > == 11, ..' nj let us define a poset as follows. An element

of the poset is an ordered partition of < n >. The element X is less than

the element Y if Y can be obtained from X by reuniting successive subsets.

For instance f(35)(2)(14)(7)(6)j < 1(235)(14)(67)1. Note that the minimal

elements are precisely the permutations. It can be shown that if we exclude

the trivial partition f (12 ... n)} from the poset, then the geometric realization is

homeomorphic to the sphere Sn-2 (it is called the perrautohedron).
Similarly, starting with planar trees with n interior vertices one defines a

poset as follows: a tree x is less than a tree y if y can be obtained from x by
scratching some interior edges. Note that the minimal elements are precisely
the planar binary trees. It can be shown that if we exclude the trivial tree with

only one vertex from the poset, then the geometric realization is a polytope
homeomorphic to the sphere Sn-1 (it is called the Stasheff polytope, or the

associahedron). The map 0 described above can be obviously extended to
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a map of posets, and its geometric realization is a homotopy equivalence of

spaces, both homeomorphic to the sphere S". One can even compare the
associahedron with the hypercubes by looking at the orientation of the leaves,
cf. [LR].

Appendix B. ALGEBRAICOPERADS

In this short appendix we briefly survey Koszul duality for algebraic oper-
ads as studied by Ginzburg and Kapranov [GK] and Getzler-Jones [GJ].

The ground field K is supposed to be of characteristic zero. The category
of finite dimensional vector spaces over K is denoted by Vect. When V is

graded its suspension sV is such that (sV). = V.-I.

B.1, Algebraic operads. For a given "type of algebra" P (for instance
associative algebras, or Lie algebras, etc

... ), let P(V) be the free algebra over

the vector space V. One can view P as a functor from the category Vect

to itself, which preserves filtered limits. The map V -+ P(V) gives a natural

transformation Id -+ P. The functor P is analytical. In characteristic zero it
is equivalent (by Schur's lemma) to: P is of the form

(B.1.1) 'P(V) = ( P(n) Os,., V(9n,
n>O

for some right Sn-module P(n).
From the universal property of the free algebra applied to Id : P(V)

'P(V) one gets a natural map P(P(V)) -+ P(V), that is a transformation of
functors 7 : P o P -+ P. By universality property of the free algebra functor,
one sees that the operation -y is associative and has a unit.

In order to make precise the notion of "type of algebras", one axiomatizes
the above properties and puts up the following definition.

By definition an algebraic operad over a characteristic zero field is an an-

alytical functor P : Vect --+ Vect, such that P(O) = 0, equipped with a

natural transformation of functor 7 : P o P -+ P which is associative and has

a unit 1 : Id -+ T. In other words 1) is a monad in the tensor category
(Funct, o), where Funct is the category of analytical functors from Vect to

itself, and o stands for composition of functors.

By definition a P-algebra (that is an algebra over the operadP) is a vector

space
 A equipped with a map 7A : P (A) -+ A compatible with the composition

,y in the following sense: the diagram

'P(-tA)P(P(A))   4 P(A)

 -/(A) ItA

P(A) A
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is commutative.

By writing P(V) and P o P(V) in terms of the vector spaves P(n)'s we see

that the operation -y is determined by linear maps

-P(n) 0 -P(ii) (9 ... 0 P(in) --4 -P(ii + + in)

which satisfy some axioms deduced from the Sn-module structure of P(n) and

from the associativity of ^/ (cf. for instance [M]).
From this point of view, a P-algebra is determined by linear maps

P(n) 0s,, Aon -+ A

satisfying compatibility properties (cf. [M]). Observe that the space 'P(n) is

the space of all operations that can be performed on n variables.

The family Of Sn-modules JP(n)Jn>1 is called an S-module. There is an

obvious forgetful functor from operads to S-modules. The left adjoint functor

exists and gives rise to the free operad over an S-module (cf. for instance

[BJT]).

Weare only dealing here with binary operads, that is operads generated by
operations on two variables. More explicitly, let E be an S2-module (module
of generating operations) and let T(E) be the free operad on the S-module

(0, E, 0....

The first components of T(E) are

7-(E)(1) K,

7-(E)(2) E,

'T(E)(3) IndSS3  (E &E) = 3E 0 E,S2

where the action of S2 on E 0 E is on the second factor only. Explicitly,
7-(E)(3) is the space of all the operations on 3 variables that can be performed
out of the operations on 2 variables in E.

A binary operad is quadratic if it is the quotient of T(E) (for some S2-
module E) by the ideal generated by some S3-submodule R of T(E)(3). The

associated operad is denoted P(E, R).
- For instance, for P = As, one has E = K[S2], the regular representation,

 (E 0 E) = K[S3] (D K[S3]. Labelling the generators of the firstand so Indss," 2

summand by Xi(XjXk) and the generators of the second summand by (xixj)xk,
the space R is the subspace generated by all the elements Xi(XjXk) - (XiXj)Xk.

All the operads Corn, Lie, As, Pois, Leib, Zinb, Dias, Dend are binary and

quadratic. For all these cases the operadic notion of algebra coincides with the

one we started with.
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B.2. Dual operad. For any right S,,-module V we denote by V' the right
S,,-module V* &(sgn), where (sgn) is the one-dimensional signature represen-

tation. Explicitly, if 'f is given by 6f (x) f (x"), then f sgn(a) (0'-'f
The pairing between V' and V given by:

<-,->:V'&V--4K, <f,x>=f(x),

is sign-invariant, that is < f ', x
0' > = sgn (a) < f ,

x >.

To any quadratic binary operad P = 'P(E, R) is associated its dual operad
P1 defined as follows. Since E is an S2-module, so is E'. There is a canonical

isomorphism

T(E') (3) = Ind S3 (E' 0 E') !_-' (Ind S3 (E 0 E)) T(E) (3) v

S2 S2

and one defines the orthogonal space of R as

By definition one puts,

R' := Ker (7-(Ev)(3) --* Rv)

P1 := P(Ev, R).

It is shown in [GK] that As' = As, Com' = Lie, Li el = Corn. The

notation Zinb indicates that the operad of Zinbiel algebras is precisely the

dual, in the above sense, of the operad of Leibniz algebras (cf. [L3]). It is

proved in section 6 that the operad associated to dendriform algebras, denoted

Dend is the dual of the operad associated to dialgebras, as expected. It is a

consequence of the following proposition, which makes explicit the dual operad
when the operations bear no symmetry. This hypothesis says that the space
of operations is of the form E = Ef 0 k[S2] for some vector space E'. Then,
the space of operations on 3 variables is T(E)(3) = (E'O' E) E/02) 0 K[S3].
For any  Cz E' we denote by ( )j (resp. ( )2 the element corresponding to an

operation of the type (resp. ). The first (resp. the second)
component of E/02 (D EAD2 is made of the elements ( )j (resp. ( )2)-

B.3. Proposition. Let P be an operad whose generating operations have no

symmetry, in other words P = P(E'O K[S21, R) for some vector space E', and

some S3-sub-module R of (_E/02 ED E/02) 0 K[S3].
The dual operad of P is

P! = P(E' 0 K[S2], Rann),

where Rann is the annihilator of R for the scalar product on (E/(D2  ) E/02

K[S3] given by

< (2) a, C, (D o- >= sgn(a),
< 0 97 6 0 6 >=- -sgn(cr),
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all other scalar products are 0, where 61 (rCSP 62) is a basis vector of the first
(resp. second) summand of E/02 ED E'(2)2 and u (=- S3-

Proof. Let 0 : E -+ E' be the isomorphism of S2-modules deduced from the

preferred basis of E. It induces an isomorphism of S3-modules

T(O) : T(E')(3)  _-- T(E)(3).

Hence, the natural evaluation map T(E)(3)v & T(E)(3) -+ K gives a scalar

product T(E)(3) 0 T(E)(3) -* K.

Suppose that E = E'& K[S2]. Then T(E)(3) = (E/02 ED E102) & K[S31
as mentioned above. In order to prove the Proposition, it suffices to prove
it when E' is one-dimensional, generated by the unique product (XlX2). The

basis of E is I(XIX2), (X2Xl)}. The isomorphism 0 is given by 0((XIX2)) =

(X1X2)*,0((X2X1)) = -(X2Xl)*. The map T(O) sends'a basis element to itself

(up to sign), so the scalar product is diagonal. Since it is sign-invariant, it suf-

fices to compute < (X1(X2X3))5(X1(X2X3)) > and < ((X1X2)X3))((X1X2)X3) >-

With the choice at hand we find +I in the first case and - 1 in the second. El

It is clear from this Proposition that As' = As. Indeed, E' is one dimen-

sional generated by (. .), and E'(D2 E) EAD2 is 2-dimensional generated by (. (- -))
and ((. +). The space R is of the form R' 0 K[S3] because, in the associative

relation, the variables stay in order. Since R' is determined by the equation
(+ .)) - ((. +) = 0, it is immediate to check that it is its own annihilator.

B.4. Homology and Koszul duality. Let P be a quadratic binary operad
and P1 its dual operad. Let A be aP-algebra. There is defined a chain-complex
C'P (A):

-,Aon --+--+P1(1)'0A.--+P1(n)' Os,, AOn -d+ PI(n - 1)v (9sn
-1

where the differential d agrees, in low dimension, with the T-algebra structure

of A

^/A(2) : P(2) 0 A(D2 -4 A.

In fact d is characterized by this condition plus the fact that on the cofree

coalgebra Pl*(sA) it is a graded coderivation. The associated homology groups

are denoted by H'P(A), for n > 1. Taking the linear dual of C'P(A) over K
n

gives a cochain complex, which permits us to define the cohomology groups

Hnp(A).
If, for any vector space V, the groups H7(P(V)) are trivial for n > 1,

n

then the operad P is called a Koszul operad.
One can check that the chain-complex C'P is

- the Hochschild complex (of nonunital algebras) for P = As,
- the Harrison complex (of nonunital commutative algebras) for P = Com,
- the Chevalley-Eilenberg complex for P = Lie,
- the chain-complex constructed in [L1] for P = Leib,
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- the chain-complex constructed in [Li2] for P = Zinb.

Let us give some details about the check in the case of nonunital associative

algebras. Since As' = As, one has

CA.9 (9)n On.
n (A) = Asl(n)' Osn A K[Sn] OSn A )n = A

Since the lowest differential coincides with the product on A, the map d2
A(D2 -4 A is given by d2(XIY) = xy. The coalgebra structure of CAs (A) is

given by "deconcatenation", that is

n

A(a,, . . . , an)=E(aj,..., aj) (2) (ai+,,..., an)-
i=O

Since d is a graded coderivation, we have on AO'

Ad3(aj, a2, a3) = (d2 0 1 + 10 d2)A(al, a2, a3)
= (d2 0 1 + 10 d2) ((a,, a2) 0 a3 + a, 0 (a2, a3))
= (a, a2) 0 a3 - a, 0 (a2a3).

Hence we obtain d3 (a,, a2, a3) = (a, a2, a3) - (a,, a2 a3)
More generally, the same kind of computation shows that

n-I

dn(al,..., an)

So (C'p (A), d) is precisely the Hochschild complex for non-unital algebras (also
called the Y-complex in the literature, cf. [LO] for instance).
B.5. Properties of the operad dualization. Here are some properties of

the dualization of operads.

(a) Lie algebra property. Let A be a 'P-algebra and B be a PI-algebra. The

following bracket makes A 0 B into a Lie algebra :

[a 0 b, a' &Y] : = E (y (a, a) 0 /-t' (b, Y) - p (a', a) (Y, b)),

where the sum is over a basis f[tj of the binary operations of P, fp'l being
the dual basis in PI.

(b) Koszulness. P" = P. If P is Koszul, then so is PI.

(c) Poincar series. Define the Poincar6 series of P as

gp (x) := E(- 1)' dim P(n)
Xn

n>1
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If P is Koszul, then the following formula holds:

91P (g'P! W) = X-

For instance gAs(X) = :Vx -, gc (x) = exp(-x) - 1, gLie(X) = -109(l + X)-1+X

(d) Multiplicative structure. For any P-algebra A the homology groups H'P (A)
form a graded PI-coalgebra. Equivalently, H; (A) is a graded PI-algebra.

(e) Functoriality. Let 0 : P -+ Q be a morphism of operads, inducing a functor

(Q-algebras) -+ (P-algebras), A  -+ Ap between the categories of algebras. For

any Q-algebra A there is a well-defined graded morphism

0* : Hf (A-p) -+ H (A),

which is induced, at the complex level, by the unique morphism of Ql-algebra

QI(V) -+,P!(V)Qi,

which commutes with the embeddings of the vector'space V.

(f) Quillen homology. If P is Koszul, then the homology theory H'P for P-

algebras, as defined above, coincides with the Quillen homology with trivial

coefficients (cf. [Q], [Li3], [FM]). This is a consequence of the existence of a

quasi-isomorphism B('P')* -4 P (see below).
B.6. Hornotopy algebras over an operad. A quasi-free resolution P

of the operad P is a differential graded operad Q which is a free operad over

some graded S-module V, and such that, for all n, Q(n) is a chain-complex
whose homology is trivial, except Ho which is equal to P(n). The isomorphism
Ho(Q)  --- P is supposed to be an isomorphism of operads, Observe that one

does not require Q to be free in the category of differential graded operads. By
definition a homotopy P-algebra is a Q-algebra for some quasi-free resolution

Q Of P.
A quasi-free resolution Q over V, with augmentation ideal 0 is called

minimal when the differential d is quadratic, that is, satisfies d(V) C Q - 0.
For a given P such a minimal model always exists in characteristic zero and is

unique up to homotopy,
By definition a strong homotopy P-algebra is a Q-algebra for the minimal

model Q of T.
If P is Koszul, then there is a way of constructing the minimal model as

follows. Let P1 be the Koszul dual of P and let B(PI) be the bar- construction

over T'. It is the cofree cooperad V(sPl) equipped with the unique coderiva-

tion d which is 0 on P1 and coincides with the composition on V o P'. It is

immediate that d 2
= 0, and hence B(PI) := (7-'(01),d) is a complex called

the bar-complex of Pl. It is shown in [GK] (cf. also [GJ]), that, if the operad
P is Koszul, then the differential graded operad B(P')* is a resolution of P.
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Since it is quasi-free and since the differential mof B(P')* is quadratic, B(P')*
is the minimal model of P.

B.7. Theorem. For a Koszul operad P, strong homotopy ?-algebras are

equivalent to B(P')* -algebras.

B.8. Strong homotopy associative algebras. The associative operad
P = As is Koszul and self-dual. Since As(n) is one-dimensional as a free Sn-
module, it gives rise to a generating operation mn : AO" -+ A of the strong
homotopy associative algebra A. The condition mo m= 0 gives, for each n > I

E TnI 0 rnk = 0.

k+l=n-1

Hence a strong homotopy associative algebra is exactly what is called an A,
algebra in the literature (d. [Stj).
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Dialgebra (co)homology with coefficients

Alessandra Rabetti

Abstract

Dialgebras are a generalization of associative algebras which gives rise to

Leibniz algebras instead of Lie algebras. In this paper we define the dial-

gebra (co)homology with coefficients, recovering, for constant coefficients,
the natural homology of dialgebras introduced by J.-L. Loday in [L6] and

denoted by HY,:. We show that the homology HY, has the main expected
properties: it is a derived functor, Hy2 classifies the abelian extensions of

dialgebras and Morita invariance of matrices holds for unital dialgebras.
For associative algebras, we compare Hochschild and dialgebra homology,
and extend the isomorphism proved in [F2] for unital algebras to the case

of H-unital algebras.
A feature of the theory HY is that the categories of coefficients for

homology and cohomology are different. This leads us to introduce the

universal enveloping algebra of dialgebras and the corresponding cotangent
complex, analogue to that defined by D. Quillen in [Q] for commutative

algebras. Our results follow from a property of Poincax&Birkhoff-Witt type
and from some combinatorial and simplicial properties of the sets of planar
binary trees proved in [F4]. Finally, since the faces and degeneracies for

unital dialgebras satisfy all the simplicial relations except one, we are lead

to study the general properties of the so-called almost simplicial modules.
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Introduction

It is well known that any associative algebra gives rise to a Lie algebra, with
bracket [a, b] := ab - ba. In [L2], JA. Loday introduces a non-antisymmetric
version of Lie algebras, whose bracket satisfies the Leibniz relation

(L) [x, [y, z]] = [[x, y], z] - [[x, z], y],

and therefore called Leibniz algebras. The Leibniz relation, combined with an-

tisymmetry, is a variation of the Jacobi identity, hence Lie algebras are anti-

symmetric Leibniz algebras. The natural homology theory of Leibniz algebras is
denoted by HL,,.

In [L51, Loday introduces an 'associative' version of Leibniz algebras, called

dialgebras, equipped with two binary operations, -1 and F-, which satisfy the five
relations

a -d (b -d c) (a -d b) -i c a - (b F- c),
(D) (a  - b) c a F- (b - c),

(a -1 b) c a [- (b F- c) (a F- b) I- c.

These identities are all variations of the associative law, so associative algebras
are dialgebras for which the two products coincide. The peculiar point is that the
bracket [a, b] := a -1 b-b F- a defines a Leibniz algebra which is not antisymmetric,
unless the left and right products coincide. Hence dialgebras yield a commutative

diagram of categories and functors

Ask -_ Liek

I I
Mask

-

Leibk

A peculiar example of a dialgebra is the derived dialgebra of an associative dif-
ferentiaJ algebra (A, d), with products

a - b:= a - d(b) and a [- b:= d(a) - b, a, b E A.

Its associated Leibniz algebra coincides with the derived Leibniz algebra of the
differential Lie algebra (ALie, d), with bracket [X, Y]d := [x, dy]. In [KS],
Y. Kosmann-Schwaxzbach exhibits some examples of derived Leibniz algebras
from classical differential geometry and physics.

The natural bar homology theory for dialgebras, found by J.-L. Loday in [L5],
is denoted by HY, because the module of n-chains of a dialgebra D is given by
k[Yn] 0 Don, where Yn is the set of planar binaxy trees with n internal vertices.

In this paper we define the dialgebra homology and cohomology with coeffi-
cients and perform some computations. For constant coefficients we recover the
bar homology defined by Loday.

In order to determine the coefficients, we consider an extension of a diaJgebra
D by an abelian dialgebra M. Then Minherits some actions of D which make it
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into a representation of D. Moreover, there is a natural choise of the first terms

of a cochain complex CY'(D, M) - -+ CY'(D, M) _ + Cy3(D, M) such that the

second cohomology group classifies the abelian extensions of the dialgebra D by
M,

Hy2 (D, M) c-- Ext (D, M).
We extend the definition of the coboundary operator to higher terms, obtaining
the dialgebra cohomolgy groups with coefficients, Hyn(D, M), for any n > 0.

In order to determine the coefficients for the homology, we interpretate the

representations of D as left modules over a unital associative algebra E(D) called

universal enveloping algebra. (For an associative algebra A, the analogue algebra
is Ae = A o AOP.) Then the coefficients for the homology of D are taken to be

the right E(D)-modules and they are called corepresentations of D. The cochain

complex of D with any coefficients can be dualized into a chain complex with

coefficients in the universal enveloping algebra E(D). In analogy with a complex
defined by D. Quillen for commutative algebras, we call it cotangent complex of

D. The chain complex of D with coefficients in a corepresentation N is then

obtained by considering the tensor product over E(D) of N and the cotangent
chain complex. The resulting homology groups axe denoted by HYn(D, N).

We prove that dialgebra homology and cohomology are derived functors,

HE, (D, N) 5-- TorE(D) (N, M(D)), HY*(D, M) Ext* (D) (M(D), M).E

In fact, using a property of Poincar6-Birkhoff-Witt type on the universal envelop-
ing algebra E(D) and some properties of the set of planar binary trees proved
in [F4], we show that the cotangent complex is acyclic, with HYo(D, E(D))
M(D).

Comparing Hochschild and dialgebra homology of associative algebras, us-

ing similax arguments, we generalize the isomorphism proved in [F2] for unital

associative algebras to the case of H-unital algebras,

HY* (A, M) c---- H* (A, M).

We also introduce the notion of HY-unital dialgebras and show that for asso-

ciative algebras this property is equivalent to the H-unitality in the sense of

Wodzicki, cf. [W].
Both Hochschild and dialgebra chain complexes have boundary operator given

by means of some face maps. For associative algebras, a unit permits us to define

some degeneracy maps, and the Hochschild chain complex is in fact a simplicial
module. The best analogue of a unit, for dialgebras, is an element which is a unit

only on the bar-side of the products (bar-unit), since diajgebras with unit are

in fact associative algebras. The bar-unit enables us to define'some degeneracy
maps which satisfy all the simplicial relations except one, namely sisi = sj+jsj,

and therefore they are called almost-simplicial. Using some simplicial techniques
described in [F2], we show that bar-unital dialgebras have homological dimension

< 0, that is,
HY,,(D, N) = 0, n > 1,
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that they allow Morita invariance of matrices for dialgebra homology,

HY,, (M, (D), M, (N))  -- HE, (D, N),
and also a weak version of the Kfinneth formula for dialgebra homology.

The paper is organized as follows. In section 1 we review the basic definitions
of dialgebras and give a characterization of any dialgebra as a bimodule over its
canonical associative algebra. In section 2 we define the dialgebra cohomology
and prove that the second group classifies the abelian extensions of dialgebras.
In section 3 we define the universal enveloping algebra and prove the Poincar6-
Birkhoff-Witt isomorphism on its associated graded algebra. In section 4 we

define the cotangent chain complex and the dialgebra homology. In section 5 we

use some properties of the set of planar binaxy trees to define a spectral sequence
abutting to the dialgebra homology. We then prove the Tor interpretation. With
the same techniques, in section 7 we show that for associative algebras the notions
of HY-unitality and that of H-unitality are equivalent. In section 6 we study the

homology of bar-unital dialgebras, using simplicial tools.

1 Dialgebras
In this section we review the main definition and give a characterization of any
dialgebra as a bimodule over its canonical associative algebra. More details and

examples can be found in [L5] and [L6].
1.1 - Dialgebras. Let k be a field. An amociative dialgebra over k, called

dialgebra in the sequel, is a k-vector space Dwith two operations, - , F-: DOD
D, called left and right products, satisfying the following five axioms:

a -d (b - c) (a - b) -i c2a -i (b I- c),
(D) (a [- b) -1 c a I- (b -i c), a, b, c E D.

(a -1 b) I- c -4 a F- (b [- c) (a  - b) [- c,

A dialgebra is called bar-unital if it is given a specified bar-unit: an element
1 E D(not necessarily unique) which is a unit for the left and right products only
on the bar-side, that is 1 [- a = a = a -1 1, for any a G D. A morphism of
dialgebras is a k-linear map f : D -+ D' which preserves the products, i.e. such
that f (a * b) = f (a) * f (b), where * denotes either the product -1 or the product
[-. It is called unital if the image of any bax-unit is a bar-unit. Denote by DiaSk
the category of dialgebras over k, and by UDiaSk that of bar-unital dialgebras.

Any associative (unital) algebra A is cleaxly a (bax-unital) dialgebra, that we

denote by Adi, for which the left and right products coincide:

a -1 b:= a - b =: a F- b, a, b E A.

The category Ask of associative algebras over k is a full subcategory of Diask,
and similarly that of unital associative algebras UASk is a full subcategory of

UDiaSk.
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1.2 - Canonical Leibniz algebra of a dialgebra. Recall, from [L2], that a

Leibniz algebra is a k-module g equipped with a bracket (99 -- g satisfying
the Leibniz relation

(L) [x, [y, z]] = [[x, y], z] - [[x, zj, y], x,y,z E g.

Then Lie algebras axe antisymmetric Leibniz algebras. In [L5], Loday observed

that, given a dialgebra D, the bracket

[a,b] :=a-lb-bl-a, a, b E D,

defines a Leibniz algebra DL which is not antisymmetric, unless the left and right
products coincide. The assignement D  -+ DL yields a commutative diagram of

categories and functors

Ask __ Liek

DiaSk
-

Leibk

1.3 - Example. An interesting example of a dialgebra, which is not an asso-

ciative algebra, is constructed on an associative differential algebra (A,d), by
introducing the derived product8

a -i b:= a - d(b),
b E A,

a  - b:= d(a) - b,

(with an appropriate sign in the case of graded algebras). The assumptions on d

imply the relation d(a db) da db = d(da b), from which follow immediately the

dialgebra axioms (D) for and [-. We call derived dialgebra of (A, d) the triple
Ad : = (A, -1, 1-).

If the algebra A is endowed with a unit 1, and the field k has chaxacteristic
different from 2, then necessarily dl = 0. Hence, in the derived dialgebra Ad, we

have a - I = a - di = 0 and similarly I [- a = dl - a = 0. This means that the
element 1 is not a bar-unit in the dialgebra Ad. A bar-unit, in Ad, is an element

x E A such that dx = 1, and it does not necessarily exist.

The canonical Leibniz algebra of the derived dialgebra Adi is an example of a

Leibniz algebra, which is not Lie, whose role in classical differential geometry has

recently been pointed out by Y. Kosmann-Schwarzbach. In [KS], she observes

that a differential Lie algebra (g, [ , ], d), always gives rise to the derived Leibniz

algebra f1d, by introducing the derived bracket

tX 2 Y1 d ` [x, dy], X,Y E g,

which satisfies (L) but it is not antisymmetric. In fact, if (0, d) is the differential
Lie algebra of (A, d), with 9 = AL7

its derived Leibniz algebra 9d coincides with

d)L C__ (AL)d-the Leibniz algebra of Ad, i.e. (A -
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1.4 - Canonical associative algebra of a dialgebra. Let D be a dialgebra
and set

Da, DIZ (D), Z(D) := (a -1 b - a [- b I a, b E D),
where Z(D) is an ideal in D, i.e. a k-submodule closed under multiplication for

any element of D. Then D,,, is an associative algebra, with product [a] - [b] :=

[a -d b] = [a F- b]. For example, in the free dialgebra D = Dias(V) on a vector

space V, as defined in [L5], the fusion maps any element v -1 w - v F- W G D
to vw - vw = 0. Therefore it induces an isomorphism with the free associative
algebra Dias(V)as  --- -ASS(V)-

If A is an associative algebra, since Z(Adj) = 0, there is a natural isomorphism
of algebras (Adj) as

2- ' A. Hence the functor di of (1. 1) admits a left adj oint functor
as: DiaSk --+ Ask.

When D has a bar-unit 1, the class [1] is a unit in Da,, hence as : UDiaSk
UASk-

In this case, the ideal Z(D) is generated by the elements a- a [- 1, a - 1 -1 a

for any a G D. If, in addition, the bax-unit is also a unit on the pointed side of
one product, this ideal is zero and D = Da, is a unital associative algebra.

1.5 - Dialgebra induced by a bimodule morphism. In [L5] Loday exhibits
a typical example of a dialgebra, constructed on a bimodule Mover an associative

algebra A. If there is a morphism of A-bimodules f : M--+ A, then on Mthere
are dialgebra products

f W),
m, mEM.

M M, := f(M) - m!'

Wenow invert this procedure and show that all dialgebra can be achieved in this

way.

1.6 - Proposition. Let D be a dialgebra, and Da, its canonical associative al-

gebra, Then there exists a Da,-bimodule structure on D, and a morphism of D",
bimodules f : D --+ Da, such that the dialgebra structure on D is recovered by
a-lb=a-f(b) andaF-b=f(a)-b.

Proof. First define on D a structure of bimodule over Das, by setting

D,,,OD---+D, [a].b:=aF-b,

DODa, --+D, a. [b] :=a-lb.

The identities 1, 2 and 4, 5 of (D) guarantee that the equality [a -i b] = [a
b] in Das is coherent with the above actions. In respect to these actions, the
canonical projection D ----* Das is clearly a bimodule morphism and it induces
on D precisely the given dialgebra structure. M

Before closing this section we give a definition which is frequently used in the

sequel.
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1.7 - Abelian dialgebras and abelianization. A dialgebra, D is called abelian

if it has zero products, i.e. a - b = 0 = a  - b for any a, b E D. Any k-module can

be seen as an abelian dialgebra, by setting all products to zero. Another example
is the ideal Z(D), which is an abelian sub-dialgebra of D. In fact, the identities 1,
2 of (D) show that D -i Z(D) = 0, so in particular Z(D) -1 Z(D) = 0. Similarly,
the identities 4, 5 show that Z(D) F- Z(D) = 0.

Given a dialgebra, D, we call abelianization of D the abelian dialgebra,

Dab:= DID2, D2
:= (a -d b, a F- b I a, b E D),

where D2is the ideal generated by all products. For instance, in a free dialgebra,
Dias(V) = T(V) (2) V (& T(V) the ideal Dias (V)2 consists of the whole dialge-
bra except the central elements, V. Hence there is an isomorphism of abelian

dialgebras DiasMab  _J_ V-

When D has a bar-unit 1, the ideal D' is generated by the elements a, a [- 1

and 1 - a for any a G D. Therefore D2
:= (a, a a I a E D)  ,: D and

Dab = 0-

2 Dialgebra cohomology and representations

In this section we define the dialgebra, cohomology with coefficients in a repre-

sentation, in such a way that the second cohomology group classifies the abelian

extensions of dialgebras.
The boundary operator of the bar chain complex, in low dimension, only

depends on the axioms of dialgebra. This means that, given a dialgebra, D, the

composition do d' : DO' --- D02 --- D yields zero because of relations (D).
03Hence the module of 3-chains is made of 5 copies of D

,
one for each identity

02of (D), and the module of 2-chains is made of 2 copies of D
,

one for each

operation. In [L5], Loday extends this complex by considering, in dimension

n, a number of copies of Don equal to the Catalan number cn -

2n! The
ni(n+l)! *

boundary operator d' can be easily described in terms of simplicial faces di, that

is, d' =En-1 (- 1)i di, if we regard the Catalan number as the cardinality of the set

Yn of planar binary trees with n internal vertices. Hence the dialgebra homology
is denoted by HY,,.

2.1 - Representations. Let D be a dialgebra over a field k. A representation
of D is a k-module Mendowed with two right actions -i, F-: M0 D --- Mand

two left actions -i, F-: D (9 M--+ Msatisfying the 15 axioms given by the 5

axioms (D) for each choice of one of the three elements a, b or c in M. We refer

to these relations as (RD). If D has a bar-unit 1, a representation Mis called

unital if the identity I F- m= m= Tn -i I holds for any mE M.

If DL is the canonical Leibniz algebra of D, on the k-module Mwe obtain a

representation MLof the Leibniz algebra DL, as defined in [L-P], by introducing



74

the new brackets

[m, a] m,
MEM, aED.

[a,m]:=a-dm-m1-a,

2.2 - Examples.

1. Any dialgebra D is clearly a representation of itself, and it is a unital

representation if Dhas a bar-unit. Similarly, any ideal I is a representation
of D.

2. Any k-module Mbecomes a representation of a dialgebra D by setting
m*a:=O =: a*m, foranym, E Mand a E D. WecallMthe trivial

representation of D. When D is bar-unital, the trivial representation can

not be unital, unless M= 0.

3. Let D be a dialgebra and Da, = DIZ(D) its canonical associative algebra.
Then the ideal Z(D) is a representation of the dialgebra (Das)di7
with actions

z* [a] := z*a and [a] * z:= a* z, z E Z(D), [a] E (Da,)di.

In fact the choise of the representative element a E D for the class [a] E

(Da,)di is not relevant, because any other representant d differs from a for

an element z' of Z(D), a = a+ z', and since Z(D) is an abelian dialgebra
we have z* a = z*a'+ z*z'= z* a.

4. Given a dialgebra D with a representation M, the k-module M,(M) of

matrices with entries in Mis a representation of the dialgebra M, (D) ,
with

4row x column' actions.

2.3- Dialgebra cochain complex. Let D be a dialgebra over k and Ma

representation of D. For any n > 0, we call module of n-cochains of D with

coefficients in Mthe k-module

CY'(D, M) := HOMk(k[Y,,] 0 D(9n, M),

where Y,, is the set of planar binary trees with n internal vertices, see [L5]. In

particular, since the sets YO and Yj contain one tree, respectively I and y, the

module of O-cochains is CY'(D, M) = HOMk(k, M)  -- Mand that of 1-cochains

is CY1(D, M) = HOMk(D, M).
For any n > 0, we define the coboundary operator J : Cyn(D, M)

Cyn+1 (D, M) as the k-linear map J = En+l(-I)iji-,i=O given by means of the fol-

lowing face maps:

Y
a, oo f (do (y) 0 (a2)..., an)), for i = 0,

(J'f)(yO(aj,...,an+1)):= f(di(y)o(al,...,aio ai+,,...,an+l)), for i = 1) ..., n,
Yf(dn+l(Y) 0 (a,,..., an)) on+, an+1, for i = n + 1,
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for any y E Yn+i, a,,..., a,,+, E D and f : k[Yn] 0 DOn --+ M, where the n-tree

di(y) is obtained by deleting the ith leaf from y, and the maps oi : Yn+l
are defined by

y -1, if y has the shape \7,
00  -, if y has the shape V,

-i, if the ith leaf of y is oriented like

I-, if the it4 leaf of y is oriented like

oy  F-, if y has the shape V,
n+ -i, if y has the shape 'T.

2.4 - Lemma. The operators J : Cyn (D, M) --+ Cyn+1 (D, M) satisfy the

identity J o J 0.

Proof. It suffices to verify that the face maps Ji satisfy the cosimplicial relations

J4 = 6'Ji-1, for i < j. Since for i = n - 1 the faces J' : Cyn(D, M) --*

CY1+1 (D, M) are the duals of the faces di : CYn+i (D) ---+ CYn(D), defined in

[L5], which satisfy the simplicial relations didj = dj-ldi, it suffices to show that

these relations hold for i = 0 with j from 1 to n + 2, and for j = n + 2 with i

from 0 ton+1.
Let us verify that VJ0 = 00-' for j = 1, ..., n + 2. Take a k-linear map

f : k[Y,,](&D01 --+ Mand an element y0a = yo(al,..., an+2) E k[Yn+2]0D0n+2.
Then for j = 1 we have on one side:

y dj(Y)
(a, - a2) -I IM, if Y = V

J'6'f (y (a, ol a2) 00 f (dod, (y) (9 d) = (a, F- a2) -i m, if y = V
(a, * a2) [- IM, otherwise

where m f(dod, 0 d). Notice that the symbol * here means that for some

trees we have the product -i, for some others we have I-, but because of equalities
4 and 5 in (D) the final product always agrees in the term (a, F- a2) [- Tn. On the

other side:

y
a, -i (a2 * M); if Y =

J'Jo f (y a, oo [a2 00do(y) f(dodo(y) 0 d)] a, I- (a2 - M), if Y =

a, (a2  -'M), otherwise

where we have identified f (dodo (y) 0 d) with f (dod, (y) d) = mbecause of the

identity dod, = dodo. Hence the equality of the two terms is a consequence of the

axioms of the representation M. For j > 1, we have on one side:

P 60 f (y (9) a, odoi (Y) f (dodj (y) (& (a2, .. , aj ojy aj+,,..., an+2)7

and on the other side:

J'Jj+'f(y(D a) a, oy f(dj-ido(y) (9 (a2, ..., aj 0
do(y)

aj+,,..., an+2)-0 j-1
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Hence the equality of the two terms is a consequence of the identities d0dj
d. d o

dj (Y)
=o

Y and do (Y) =oy for any j > 1.3+1 07 0 0 Oj-1 3

= 6i6n+1 for i n + 1.In a similar way one verifies that 6n+lji

2.5 - Definition (dialgebra cohomology). Let D be a dialgebra with a rep-
resentation M. The dialgebra cohomology of D with coefficients in Mis the

homology of the cochain complex (2.3),

Hyn (D, M) : = Hn (CY* (D, M), J), n > 0.

In particular, when M= D, we use the notation HHY*(D) : = HY*(D, D).

2.6 - Derivations on dialgebras. Let D be a dialgebra over a field k, and M

a representation of D. A derivation on D with values in Mis a k-linear map

p: D -4 Msuch that

p(a * b) = p(a) * b + a * p(b), a, b E D.

Denote by Der(D, M), the k-module of all derivations on D with values in M.
The inner derivations of D in Mare the adjoint maps ad,,, = [-, ml : D -4 M,
for m E M, and their set is Inn(D, M) = lad. E Der(D, M) I for all mE M}.
(Notice that, unlike for associative algebras, the map [m, D -- Mis not a

derivation of R)

2.7 - Elementary computations. Given a dialgebra D with a representation
M, the zero-th coboundary of D in Mis the k-linear map J : M-+ Hom(D, M),
Jm(a) := a -i m - m I- a = [a, m]. Hence HY'(D, M) is the submodule of
invariants of M,

HYO(D, M) = MD= IM C MI [a, m] = 0 for any a E D}.

The first coboundary is the k-linear map J : HOMk(D, M) -- HOMk(k [Y2] 0

D02, M),
(Jg) (a, b)) g(a) -i b - g(a -1 b) + a -i g(b),

(Jg) (a, b)) g(a)  - b - g(a F- b) + a [- g(b).

Thus the 1-cocycles of D with values in Mare the derivations, while the 1-

coboundaries are the inner derivations. Hence we have the classical result

HY1(D, M) c-- Der(D, M)/Inn(D, M).

Notice that we established a bijection between the set Y2 of 2-trees and the set

1-1, 1-1 of binary operations of a dialgebra: the trees Y, Ycorrespond respectively
to the products -1,  -.
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2.8 - Abelian extensions of dialgebras. Let D be a dialgebra over k. By
definition, an abelian extension of D is an exact sequence of dialgebras,

0 ---> M--!-> D'-L D -- 0,

which is split as a sequence of k-modules and where M= ker7r is an abelian

dialgebra. The first assumption forces the dialgebra D' to have underlying k-

module ME) D, with inclusion i (m) = (m, 0), projection ir (m, a) = a, sections

a(a) = (g(a), a) for arbitrary k-linear maps g : D --+ M, and products of generic
form

(,rn,a)*(n,b) := (m*b+a*n+f(*;a,b),a*b), m,nEM, a,beD,

where the k-linear map f : k [- , F-] 0 DO' --4 Mmust satisfy a 'cocycle condition'

given in (2.9). The second assumption naturally endows Mwith the structure of

a D-representation,

m* a:= i(m) * a' and a*m:= d*i(m), mE M,a E D,

where a' E D' is such that 7r (a') = a. Hence the element a' must be of the form

(ml, a), for some m' E M, where it is clear that any choise of m' :A 0 does not

affect the above definition.

Given a representation Mof D, an abelian extension of D by Mis an abelian

extension such that the structure of D-representation induced on Mcoincides

with the given one. Two abelian extensions of D by M, say D' and D", are

equivalent if there exists a dialgebra map D' --* D" which is compatible with

the identity on Mand on D. We denote by Ext (D, M) the set of equivalence
classes of extensions of D by M.

An abelian extension of D by Mis called trivial if it is split as a sequence of

dialgebras. The prototype is the dialgebra M( D with products associated to

the zero map, f = 0:

(m,a)*(n,b) := (m*b+a*n,a*b).

In fact the short exact sequence 0 M--- M(D D --+ D --4 0 is surely split,
with section a: D --4 M0 D defined by a (a) : = (0, a).

2.9 - Theorem. Let D be a dialgebra over k and Ma representation of D.

Then the map which associates a 2-cocycle f to the abelian extension of D by
Mgiven by the dialgebra MED D, with products defined by f, yields a natural

isomorphism
Hy2 (D, M) c-- Ext (D, M).

Proof. 1. Let f : k[Y2] 0 D02 --+ Mbe a k-lineax map. Using the bijection
J- , [-}  -- Y2 described above, consider the products on ME) D defined by f .

Fix

the following bijection: the axioms 1, 2, 3, 4, 5 of (D) correspond respectively to
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the trees \\,x, of Y3. Then the five axioms (D) for the dialgebra
M(DDproduce five conditions on the map f which axe equivalent to the condition

J(f) = 0. Hence the products defined on ME) D by f determine a structure of
abelian extension of D by Mif and only if f is a 2-cocycle.

2. The abelian extension M0) D, with products defined by f ,
is trivial if and

only if there exists a section a : D -4 MEDD which is a morphism of dialgebras,
i.e. a(a * b) = a(a) * u(b) for any a, b E D. The section must be of the form
a (a) = (g (a), a), for a k-linear map g : D --+ M. Then, by definition of the

products on ME) D associated to f ,
the map g must satisfy the condition

g(a * b) = g(a) * b + a * g(b) + f (*; a, b), a, b c D.

This is essentially J(g) Hence the extension is trivial if and only if f is a

2-coboundary.
3. It remains to show that homology classes of 2-cocycles correspond bijec-

tively to equivalence classes of abelian extensions. In other words, that when a

2-cocycle f is modified with a coboundaxy J (g) into a new 2-cocycle f' = f + J(g),
the two corresponding extensions are equivalent. This is immediately proved, with

equivalence given by the map ME) D --+ (M E) D)' : (m, a) F- (m + g (a), a).
The inverse follows from step 2. 11

2.10 - Characteristic element of a dialgebra. Let D be a dialgebra and

Da, = DIZ(D) its canonical associative algebra. The ideal Z(D) is an abelian

sub-dialgebra of D and a representation over (D,,,)di. Hence the short exact

sequence
0 -4 Z(D) ---+ D -4 (Da,)di -+ 0

presents the diaJgebra D as abelian extension of (Da,)di by Z(D). Its class in
Hy2 ((Das)di) Z(D)) is called chameteristic element of the dialgebra D, and de-

noted by ch(D).

3 Universal enveloping algebra of dialgebras
The duality between homology and cohomology groups is reflected on their mod-
ules of coefficients. For associative and Lie algebras these axe both bimodules. For
Leibniz algebras, the category of representations (coefficients for cohomology) is
not equivalent to its dual category: the dual modules are called corepresentations
(see [L-P]). The same happens for dialgebras.

To define the corepresentations, for a dialgebra D, we introduce a unital asso-

ciative algebra E(D) such that the category of representations of D is isomorphic
to the category of left modules over E(D). Then the corepresentations of D axe

the right E(D)-modules.
The universal enveloping algebra of dialgebras has a property of Poincar6-

Birchoff-Witt type (see (3.8)), which plays a fundamental role in the computation
of dialgebra homology as a derived functor (theorem (5.1)).
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3.1 - Definition (universal enveloping algebra). Let D be a dialgebra. By
definition, the universal enveloping algebra E(D) is the quotient of the free unital

associative algebra T(Dx ED Du E) Dy ED Dv) on four copies of D, labeled by the

symbols x, u, y, v, by the ideal corresponding to the following 15 relations

Ix(a) x(b) x(a -1 b) x(a F- b),
y (a) y (b) y (b -1 a) y (b I- a),
x (a) - y (b) y (b) x (a),
x (a) - u(b) u (a b),

(ED) u (a) u (b) u (a) x (b) u (a -A b), a, b E D.
9y(a) v(b) = v(b -A a),

v(a) v(b) -10 v(a) y(b) v(b  - a),
x (a) v (b) 22 v (b) x (a) 23 v (b) - u (a),
y(a) u(b) 14

-u (b) y (a) 15-
u (b) - v (a),

If the dialgebra D has a bar-unit 1, the element x(l) = y(l) 1E is the unit

of E(D), while u(1) is only a right unit for u(a) and v(1) is only a right unit for

v(a), for any a E D.

3.2 - Proposition. A k-module Mis a (unital) representation of a (bar-unital)
dialgebra D if and only if it is a (unital) left module over R(D).

Proof. Given a D-representation M, one defines a left action of E(D) on M, and

conversely, by setting

x(a) m:= a F- m, y(a) m:= m a,
MEM, aED.

u(a) m:= a -A m, v(a) m:= m a,

The same formulas hold for unital D-representations and unital left E(D)-modules.
r-1

3.3 - Symmetric and antisymmetric enveloping algebras. Let D be a

dialgebra. Call symmetric enveloping algebra the quotient

S(D) := E(D)II(D), I(D) := (x(a) - u(a), y(a) - v(a) I a E D).

A representation Mof D is called symmetric if it is a left module over S(D),
i.e. if the left action E(D) 0 M--+ Mpasses to the quotient E(D) ---+ S(D)
(4=* I(D) - M= 0). This is equivalent to require that Msatisfies the conditions

(SRD)
m-A a mF- a 0, mEM, aED.I a -A m- a F-m 0,

Conversly, call antisymmetric enveloping algebra the quotient

A(D) := E(D)IJ(D), J(D) := (u(a),v(a) I a E D),
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and antisymmetric a D-representation Mwhich is a left module over A(D)
J(D) - M= 0), i.e. which satisfies the condition

(ARD) a -i m= 0 = mI- a, mEM, aED.

3.4 - Proposition. For a dialgebra D, the category of symmetric D-representations,
that of antisymmetric D-representations and the category of bimodules over Das
are all equivalent.

Proof. Take a symmetric D-representation Mand define an antisymmetric rep-
resentation M' on the k-module Mby setting m, 4 a := m -1 a, m I-' a := 0

and a I-' m := a [- m, a 4 m := 0. Similaxly define a bimodule Ma, over the
associative algebra D,,, by setting m - [a] := m -d a and [a] - m := a F- M, where

[a] denotes the image of a E D in the projection D -- Das-
Both functors M -+ M' and MF--- M,,, are faithful and full. For instance,

if f : M' ---+ N' is a morphism of D-representations, where M' and N' are

antisymmetric representations defined on symmetric representations Mand N,
then f is induced by the morphism F : M-+ N, F (m) : = f (m). Hence, with
their inverse functors, they define equivalences of categories.

3.5 - Examples.

1. The universal enveloping algebra E(D) is itself, cleaxly, a representation of
the dialgebra D, with actions given in (3.2) for Tn E E(D). From relations

5, 7, 10, 12, 13, 14 and 15 of (ED) follow immediately some additional

properties of these actions (beside associativity), and in particular relations

7, 13, 15 and 10 imply that J(D) - I(D) = 0, hence the ideal I(D) of E(D)
is an antisymmetric representation of D.

2. E (A) for associative algebras. For an associative algebra A, the classical

enveloping algebra Ae = Ao AOP ED A E) AOP ED k characterizes the category
of bimodules over A. Regarding A as a dialgebra, the enveloping algebra
E(A) := E(Adi) is generated by the set Jx(a),u(a),y(a),v(a)J a E Al
with the 15 relations (EA) obtained from (ED) by setting -d=F-= .. In

particular, these relations show that the maps x,u : A --+ E(A) and

y, v : AOP ---+ E(A) are morphisms of algebras. Then the unital morphism
of algebras Ae ---+ E(A) defined by

A E) a  -+ x (a), AOP E) b  -* y(b),
A&AOP E) a 0 b i-+ x(a)y(b),

yields an inclusion of Ae in E(A). Hence the algebra Ae is isomorphic to

the unital subalgebra of E(A) generated by the elements x(a), y(a) for any

a E A.
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If A has a unit 1, its classical enveloping algebra is Ae = A0 AP, with unit

10 1. In E(A), the elements u(I) and v(1) are also both side units, thus

X(1) = U(1) = Y(1) = V(1) = IE-

3. Universal enveloping algebra of a Leibniz algebra. Let 9 be a Leibniz

algebra. The universal enveloping algebra UL(g) is the quotient of the free

associative unital algebra T(gl (Do') by the ideal corresponding to the three

following relations:

r([a, b]) -r(a)r(b) + r(b)r(a),
(UL) lQa, b]) -1(a)r(b) + r(b)l(a), a, b E D.

l(a)[l(b) + r(b)] 3
0,

In [L-P] it is shown that the category of g-representations is equivalent
to the category of left modules over UL(g). (Stricktly talking, in [L-P]
representations of g are right modules over the algebra UL(P), which is

then slightely different from ours.) The assignement

r (a) y (a) - x (a),
a e D

l (a) u (a) - v (a),

yields a morphism of algebras UL(DL) -- E(D).

3.6 - Graded enveloping algebra. Given a dialgebra D, the tensor alge-
bra T(Dx E) Du E) Dy ED Dv) is endowed with a length-filtration, where the de-

gree deg(e) of a homogeneus element e is the length of the sequence of elements

x (a), u (b), y (c), v (d) componing e -
In fact there is a canonical isomorphism of

graded k-modules

T(Dx E) Du ED Dy E) Dv) c-'- T(Dx) * T(Du) * T(Dy) * T(Dv),

where the symbol * denotes the non-commutative tensor product'. This filtration

induces on the quotient E(D) a length-filtration given by the k-modules

FkE(D) := le E E(D) I deg(e) :5 n}, k > 0,

satisfying the standard properties Uk>O FkE(D) = E(D), FkE(D) c Fk+,E(D)
for any k > 0, FpE(D) - FqE(D) C Pp+,E(D) for any p,q > 0 and such that

FOE(D) = k.

'The symbol * is defined on two k-modules V and Wby V * W:= V o W(D Wo V,

[L4]. It can be extended to graded k-modules T(V) and T(W) as the graded k-module with

homogeneous components

(T(V) * T(W))(n) VOXI 0 WG)A2 0 VOIN3 WOA7.,
A -n

where the direct sum is taken over all partitions A of n (ordered sets of integers (Al, ---, Ak) such

that Ej Ai = n).
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Denote by GrE(D) = (Dk>oGr' E(D) the graded algebra associated to this

filtration, so GrOE(D) = k ana Gr kE(D) = FkE(D)1Fk-jE(D).

3.7 - Proposition. Let D be a dialgebra with graded enveloping algebra Gr*E(D).
Then,

I. Gr'E(D) Dx E) Du E) Dy ED Dv,

2. Gr2E(D) D02Xy (D D(&2UV (D D( 2VU'

3. GrkE(D) 0 for any k > 3.

Proof. The assertion 1. is obvious.

2. An element of degree 2 in E(D) is the class [e] of an element of degree
2 of the tensor algebra T(Dx ED Du E) Dy (D Dv), in the equivalence given by
relations (ED). The element e must be of the form el (a) - e2 (b) for some elements

a, b E D, where each ej, for i = 1, 2, is one of the four maps x, u, y, v. Among
the 16 possible products el (a) - e2(b) of this kind in the tensor algebra (for fixed

a, b E D), 7 products are identified with some others in the quotient algebra E(D)
because of relations (5), (7), (10), (12), (13), (14) and (15). Then, among the 9

distinct products which remain in E(D), 6 products axe equivalent to elements of

degree I because of relations (1), (3), (6), (8), (9) and (11), yielding zero-classes
in the quotient F2E(D)IFE(D). Hence in F2E(D)IFIE(D) there remain only
three distinct products, which can be chosen to be x(a)y(b), u(a)v(b) and v(a)u(b)
for any a, b E D.

3. It suffices to show the identity FkE(D) = Fk+lE(D) for k = 2. Since

the elements of degree 2 in E(D) are of the'form descrived above, it is easy to

see by direct computations, using relations (ED), that any element of degree 2

multiplied from left or right for an element of degree 1 yields an element still of

degree 2. For instance, the element x(a)y(b) multiplied for u(c) from left yields
an element of degree 2 by relation (8). El

3.8 - Corollary (Poincar6-Birchoff-Witt Isomorphism). Let V denote the

underlying k-module of a dialgebra D. Define on V a structure of abelian dial-

gebra, by setting a* b := 0 for any a, b E V. Then there is an isomorphism of
associative unital algebras

GrE(D) c-- E(V)

4 Dialgebra homology and corepresentations

In this section we introduce the dialgebra homology with coefficients as the dual

theory of the cohomology defined in section 2.
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4.1 - Corepresentations. Let Dbe a dialgebra, with universal enveloping alge-
bra E(D). By definition, a corepresentation Nof D is a right module over E(D).
Set

 H- n:= n - x(a), n -H a:= n y(a),
nEN, aED.

 A n:= n - u(a), n H- a:= n v(a),
Then the k-module N is equipped with two right actions A, H-: NOD-+ N and

two left actions A, H-: DON ---+ N satisfying the following 15 axioms:

n A (a -i b) =1 (n A b) I a -2 n A (a  - b),
(n A a) 4- b n fl- (b -1 a),
(n H- a) H- b n H- (b I- a) =1 (n H- a) -H b,
(a An) A b a A (n -H b) 7 (a An) ff- b,

(CD) (a R- n) -H b -8 a ff- (n A b), nEN, a,bED.

a H- (n H- b) --2- (a R- n) H- b 1-0- a A (n R- b),
a A (b A n) 11 (b - a) I n 1-2 a If- (b A n),
(a I- b) A n 1--3 b A (a ff- n),

4 15
(a  - b) H- n I-- b H- (a ff- n) - (a -A b) H- n,

If D has a bar-unit 1, a corepresentation N is called unital if 1 H- n = n = n A 1

for all n E N.

Notice that, unlike for representations, a dialgebra Dis not a corepresentation
of itself!

If DL is the canonical Leibniz algebra of D, on the k-module N we obtain a

corepresentation NL of DL, as defined in [L-P], by setting

in, a]:= a An-n H- a and [a, nl:= n A a-a H- n, nEN, aED.

4.2 - Symmetric and antisymmetric corepresentations. Let D be a dial-

gebra. A D-corepresentation N is called symmetric if it is a right module over

the symmetric enveloping algebra S(D). This is equivalent to require that the

actions of E(D) on N satisfy the conditions

(SCD)
n A a n ff- a = 0,

nEN, aED.Ja-Hn-aI+-n=O,
.

The corepresentation N is called antisymmetric if it is a right module over

the antisymmetric enveloping algebra A(D), i.e. if it satisfies

(ACD) a An = 0 = n H- a, nEN, aED.

If N is a symmetric corepresentation of D (resp. antysimmetric), then NL is

a symmetric corepresentation of DL (resp. antisymmetric).

4.3 - Examples.

1. Given a dialgebra Dover k, any k-module Nbecomes a D-corepresentation,
called trivial, by setting n * a := 0 =: a * n for any n E N and a E D.
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(Here * denotes both symbols A and H-.) If D is bar-unital, the trivial
corepresentation. can not be unital, unless N = 0.

2. Given a dialgebra D with a corepresentation N, the k-module M,(N) of
matrices with entries in N is a corepresentation of the dialgebra M,(D),
with 'row x column'actions.

3. The universal enveloping algebra E(D) is itself, clearly, a corepresentation
of the dialgebra D, with actions given in (4.1) for n E(D). Moreover,
relations 7, 15, 13, 10 of (ED) imply that J(D) - I(D) 0, hence the ideal

J(D) of E(D) is a symmetric D-corepresentation.

4. Isotypical decomposition. Given a corepresentation Nof a dialgebra D,
the quotient

S(N):= NINI(D), NI(D) := In - e E N I n E N, e E I(D)J,
is a symmetric corepresentation, since S(N) I(D) = 0. Similaxly, the

quotient of N

A(N) := NINJ(D), NJ(D) := In - e N I n E N, e E J(D)J,

is an antisymmetric corepresentation, because A(N) - J(D) = 0. More-
over NJ(D) is itself a symmetric corepresentation of D, hence N can be

decomposed into the direct sum

N c--- A(N) E) NJ(D),

where A(N) is antisymmetric and NJ(D) is symmetric.

5. Opposite corepresentations. Let Dbe a dialgebra. Given a D-representation
M, we can define two D-corepresentations on the k-module M. The first

one, with actions

m, -H a:= a I-m mR- a,

a Am:= m-A a a H-m,

is by definition a symmetric corepresentation of D, and the second one,
with actions

mA a:= a F- 7n, m. H- a:= 0,

a H- m:= m-A a, a -flm:= 0,

is antisymmetric. We call them symmetric and antisymmetric opposite
corepresentation of Mrespectively, and denote them both by MP. In pax-

ticular, since Dis a representation over itself, we can consider the symmetric
or antisymmetric corepresentation DP.

This procedure can be inverted. Given a corepresentation N, analogue
formulas give the symmetric and antisymmetric opposite representation of

N, denoted both by NP.
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6. Let D be a dialgebra, and let DOP be the symmetric corepresentation on D.

Then D' is a corepresentation of DL, with actions
L

a, b I a a [a, b],
a E DLP, b e DL.

b, a I = a -H b - b 9- a b I- a - a -i b -[a, b],

It is clearly symmetric.

4.4 - Proposition. The category of symmetric (or antisymmetric) representa-
tions of a dialgebra D, that of symmetric (or antisymmetric) corepresentations
of D and the category of bimodules over the associative algebra Da, are all equiv-
alent.

Proof. After (3-4), we only need to show one of these equivalences, for in-

stance that from antisymmetric representations to antisymmetric cokepresenta-
tions. Take a morphism of corepresentations f : MIP ---+ M"P, where MIP and

M'IP axe the opposite of two representations. Then the k-linear map f : M

M', on the underlying k-modules, is a morphism of representations. In fact,

f (m -i a) = f (a H- m) a H- f (m) = f (m) -i a, mEM, aED,

and similarly f (,m  - a) = 0 f (a -i m) and f (a [- m) = a I- f (m). Hence the

functor MF-+ MOP is full. Now take two representations Mand M' such that

their opposite corepresentations are isomorphic, MIP -5-- M"OP. Clearly they are

isomorphic as k-modules, Mc--- M', and also as D-representations, in fact,

m-i a = a H- m= a H-'m = m4a, mEM, ac:D,

and similarly m F- a= 0 =mP a, a-Im = 0= a4m, and aF-m= aPm.

Hence the functor M i-+ MOP is faithful. Finally, by definition, the functor

N  -+ NIP from an antisymmetric corepresentation to its opposite antisymmetric
representation is its inverse. 1:1

4.5 - Dialgebra complex. Let D be a dialgebra over k and Nbe a corepresen-

tation of D. For any n > 0, define the module of n-chains of D with coefficients
in N as

CYn(D, N) := k[Yn] (9 N0 Don,

and the boundary operator d : CYn(D, N) --+ CYn_ I (D, N) as the k-linear map

d 0 (- 1)  di given by means of the face maps di (y 0 di (y) 0 dy (g), where

the faces di on the tree y are defined in (2.3) and for any q = (ao, a I I... I an)
N&DO' the terms

y(a, oo ao, a2, an) for i = 0,
dy(ao, a,,..., an) (ao, a,,..., ai oy ai+,,..., an) for i = n - 1,

y
ao on an, a,, an-1), for i = n,(
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contain the operations oy defined in (2.3). (Notice the side on which the elements
S

a, and an of D act on the element ao of N.) In paxticulax, the operations o0y and
ony yield

a, oY ao
a, A ao, if y has the shape \,7,

0
a, H- ao, if y has the shape

Y ao H- an, if y has the shape
ao on an

ao -H an, if y has the shape
When N = DP is the symmetric corepresentation on D, the module of n-

chains is

CYn(D, DP) = k[Yn) 0 D"+',
and the face maps do and dn take the simple form

do (y (2) (ao, a,, an)) = do (y) (9 (ao -1 a,, a2 , an),

dn (y 0 (ao, a,, an)) = d,, (y) 0 (an  - ao, a,, 7 an-,),

for any n-tree y and (ao, a,,..., an) G Don+i.

In order to prove that (CY,, (D, N), d) is a chain complex, it suffices to show
that the chain modules CYn(D, N) axe dual to the cochain modules Cyn(D, M),
in the category of modules over E(D), and that the faces di and Ji correspond
each other in this duality. To prove it, we introduce the suitable 'mean term' of
the duality.

4.6 - Cotangent complex of a dialgebra. We call module of cotangent n-

chains of a dialgebra D the module of n-chains of D with coefficients in the
universal enveloping algebra E(D),

EYn(D):= CYn(D, E(D)) = k[Yn] 0 E(D) 0 Don.

The first and last face maps, in this case, take the following form:

do (y 0 (e, a,, ..., an)) = do (y) 0 f (e - u(al), a27..., an), if y has the shape \,7,
(e - x (a,), a2,..., an), if y has the shape 7,

and similaxly

dn(Y 0 (e, a,,..., an)) = dn(y) 0 j(e-v(an),ao,--.,an-1), ifyhastheshapeV,
(e - y(an), aO,'..., an-1), if y has the shape -,yv,

for any n-tree y, any element e E E(D) and ai E D for i = 1, . .., n. In particular,
the first boundaxy operator d: E(D) 0 D --+ E(D) is explicitely defined as

d(e (9 a) = e - (u(a) - v(a)), e E E(D), a E D.

Remark that the cotangent complex in the context of associative algebras is

the bax complex shifted by 1, while for commutative algebras it was defined by
D. Quillen in [Q].
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4.7 - Lemma. Let D be a dialgebra with universal enveloping algebra E(D).
(i) For any D- representation M, the isomorphism of cochain modules

Cyn (D, M)  --- Hom-P(D) (EYn (D), M)

commutes with the coboundary J on CY*(D, M) and the coboundary d* induced

on Hom.E(D) (EY,, (D), M) by the boundary operator d on EY, (D) - Therefore
(EY,, (D), d) is a chain complex.

(ii) For any corepresentation N of D the isomorphism of chain modules

CY,, (D, N) 2 NOE(D) EY,, (D)

commutes with the boundaries. Hence (CE, (D, N), d) is also a chain complex.

Proof. (i) For any n > 0, the module of cotangent n-chains EYn(D) = k[Yn] 0

E(D) (9 Don is a left module over E(D), with action given by the multiplication
in the algebra E(D). Therefore, in the dual space HOME(D)(EYn (D), M) of left

E(D)-modules morphisms from EYn(D) to a D-representation M, it suffices to

consider the value of any map f on the unit Ig of E(D), since

f(y 0 e 0 g) = e - f(y 0 I-e 0 q)

for any e E E(D). Hence the canonical isomorphism. of n-cochain modules

Cyn (D, M) = HoInk (k [Yn] 0 DOn, M) c-- Home(D) (EYn (D), M) = EYn (D)

iissociates a k-linear map f : k[Yn] (9 Den --4 Mto its E(D)-linear extension

f(y0e0q):= e-f(yoq), and conversely an E(D)-linear map g: k[Yn]OE(D)O
DO' --+ Mto its restriction on IIE} C E(D), (y 0 g) := g(y 0 I_P 0 a). Then

the maps di* : HOME(D)(EYn (D), M) ---> Hom,&(D) (EYn+j (D), M) dual to the

faces di defined above satisfy

(dj* f) (y 0 1 E 0 q) := f (di (y 0 1E 0 q)) = f (di (y) 0 1B 0 di (a)) (J'f) (y 0 9);

for any i = I,-, n, and similarly

(d*f)(yolEog) =f(do(y)oaooylEod)=l(al).f(do(y)og!)0 0

=aooyf(dO(y)Od)=(6If)(yOg),0

where l(al) = x(al) or u(al), and finally

(d*+jf)(y(&IE&a) =f(dn+l(Y)(91EOY jan+101e)
n n+

= r(an+,) - f(dn+l(Y) 0 9 )
y

= f (dn+l (y) O!f) on+, an+, = (jn+ if) (yg g),
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where r(al) = y(a,,+,) or v(al). It follows that the faces di on EY"(D) satisfy the
dual simplicial relations didj = dj-ldi for any i < j, and (EY,,(D), d) is a chain

complex.
(ii) This follows, by applying the isomorphism of chain modules

CY,,(D, N) = k[Y,,] 0 N0 DO' c--. k[Y,,] 0 NOE(D) E(D) 0 D",

with straightforward computations on the faces. 13

4.8 - Definition (dialgebra homology). Let D be a diaJgebra and N a corep-
resentation of D. We call dialgebra homology of D with coefficients in N the

homology of the chain complex defined in (4.5),

HYn(D, N):= Hn(CY,,(D, N), d), n > 0.

We call dialgebra homology of D with coefficients in itself the homology

HHY,, (D) : = HY,, (D, DP)

with coefficients in the symmetric corepresentation DOP. When A is an associative

algebra, and Mis an A-bimodule, we simply denote by

HE, (A, M) : = HE, (Adi, MOP)

the homology of A regarded as a dialgebra, where MOPis the symmetric corepre-
sentation on M.

4.9 - Elementary computations. Given a diaJgebra Dwith a corepresentation
N, the first boundary of D in N is the k-linear map d : N0 D -+ N, d(n, a) : =

a --H n - n R- a. Thus HYO(D, M) is the module of coinvariants of N by the

Leibniz algebra DL,
HYo(D, N) = NI  N, D

where  N, D n, a I = a A n - n R- a I n E N, a E D}. In particular,
when N = DIP, by definition of the actions of D on DP we recover the Leibniz

bracket d(a,b) = b-Ha-aH- b= a-i b-bF- a= [a,b] for any a,b E D. Hence

DIP, D [D, D] and

HHYo(D) = DI [D, D].
When N E(D) is the universal enveloping algebra of D, and D has a bar-unit

1, we can define a natural map 7r : E(D) -* D of left E(D)-modules as the

E(D)-linear extension of the map which sends the unit of E(D) into the bar-unit

of D,
7r: E(D) -+ D, e i-+ e

where e - 1 is the left action of E(D) on D. The map 7r is then an augmentation
for the cotangent complex, that is, 7r o d = 0, where d : E (D) 0 D ---+ E(D) is

the first boundary. In fact,

7r o d(e 0 a) = 7(e - (u(a) - v(affl = e - (u(a) - v(a)) e - (a -11 - 1  - a) = 0,
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for any e E E(D) and a E D. Hence

HYo(D, E(D)) = M(D) := E(D)/(u(a) - v(a) I a E D) c-- ker7r.

4.10 - Bar-homology of dialgebras. When N = k is the trivial D-corepresen-
tation, the faces do and dn become zero on the module of n-chains of D. The

boundary operator d then coincides with the boundary d' = En-1(_1)idi defined
in [L5], and we recover the bar homology of D,

HY*. (D, k) = HY,, (D).

In particular, clearly, HYO(D, k) -' k.

For associative algebras it is well known that the Hochschild bar complex
yields zero on homology, when the algebra has a unit (Proposition (1.1.12) in

[Ll]). The same holds for dialgebras, when they are equipped with a bar-unit.

4.11 - Theorem. Let D be a dialgebra with bar-unit. Then the bar complex of
D is acyclic, i.e.

HYn(D) = 0, n > 1.

Proof. Consider the identity and the zero maps on the chain complex CY"(D). If

the dialgebra D has a bar-unit 1, we can define a homotopy between these two

maps by setting

h: k[Y,,] 0 DO' -+ k[Yn+,] 0 Don+1, h(y (9 so (y) 0 (1, q),

where a = (a,,..., an) is a generic element of Don, and so (y) is the (n + 1)-tree
obtained by bifurcating the 01 leaf of y, i.e. by replacing the 0" leaf I with the

branch Y. In order to show that

A+ hd' = id,

we only need to verify that d, h = id and dih = hdi- 1 for any i = 2,. n + 1
-

In

fact, for the first equality we have

dih(y 0 g) = diso (y) (9 (1 [- a,,..., an) = y 0 a,

because clearly d1so deletes a leaf which has just been added, and for the second

equality we have

dih(y 0 a) = diso(y) (9 (1, a,,..., ai-1 oiso(y) ai, an)
= sodi-1 (y) 0 (1, a,, . - ., ai-1 0 Y

1 ai, an) = hdi- 1 (yZ_

if we observe that the ith leaf of so (y) is the leaf number i - 1 of y, and that the

two operators diso and sodi-I produce the same modification. E-1

The hypothesis that D has a bar-unit can be relieved to the assumption that

there is an element I E D such that 1 [- a = a for all a E D. Dually, we could

require that a - I = a and then use the homotopy h (y 0 q) Sn (Y) 0 69, 1),
where sn bifurcates the n" leaf of y.
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5 Dialgebra (co)homology as derived functor

In this section we prove our main theorem.

5.1 - Theorem. Let D be a dialgebra and E(D) its universal enveloping algebra.
For any corepresentation N of D, there is an isomorphism

HY,(D, N)  -- TornE(D) (M(D), N), n  : 0,n

where the left E(D)-module M(D) := E(D)/(u - v) is the cokernel of the first
boundary operator.

Dually, for any representation Mof D, there is an isomorphism

Hyn (D, M) c- Ext'. M(D)), n  : 0.E(D)A

Proof. Consider the cotangent chain complex EYn(D) = k[Yn] (g E(D) (& DOn.
If N is any D-corepresentation, by (4.7) we have an isomorphism of complexes
CY, (D, N) C--- N(&E(D) EY. (D). The chain modules EYn(D) are free over E(D),
hence projective. Then, in order to prove the Tor interpretation for dialgebra
homology, we only need to show that EY.(D) is a resolution of M(D). To this

proof, which follows from corollary (5.10), is devoted the remaining part of this
section. The second statement follows from the duality between homology and

cohomology. El

5.2 - Definition (dialgebra chain bicomplex). Let D be a dialgebra, over

a field k, and N a D-corepresentation. For any p, q  ! 0, consider the set yp,q
of planar binary trees with p leaves oriented like \ and q leaves oriented like /.
Define a k-linear map d4 -- CYp- 1,q (D, N), d h EP+q+l (-l)dih: Cyp,q(D, N) i=O

by means of the face maps

hi(y(D h(d di' Y 0 dF(a),
where tl (y) is the horizontal face acting on the tree, defined as di(y), if di(y) E

Z

k[yp-l,q], and 0 otherwise, and the term dy(g) is defined in (4.5). Similaxly, using2

the vertical faces on trees, we can introduce a k-linear map d'V : Cyp,q(D, N)
Cyp,q- 1 (D, N).

5.3 - Lemma. The family (Cyp,q(D, N), dh, d") forms a bicomplex, whose total

complex is the shifted dialgebra complex CY,_1 (D, N).

Proof. By definition, the orientation of the faces on CYp,q(D, N) just depends
on the orientation of the face maps in the bicomplex of trees. So the identities
dhdh = 0 = d1d' and dvd h + d hd' = 0, follow immediately from lemma (4.7) and

the analogue result on the bicomplex of trees which is proved in [F4]. Finally,
since

CYn(D, N) Cyp,q(D, N)
p+q+l=n
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and d = dh + d, it is evident that CY.-,(D, N) = Tbt(CY,,,,,(D, N).
As a consequence, there is a spectral sequence abutting to the dialgebra ho-

mology.

5.4 - Theorem. Let D be a dialgebra and N a D-corepresentation. There is

a spectral sequence E' == Hy,,-4-q+l (D, N) which converges to the dialgebra ho-
Pq

mology of D, with

Eplq Hq (CYp,. (D, N), dv),

Ep2q Hp (E,' q, (dh),,) = HpHq (CY,.,,, (D, N)).

5.5 - Vertical towers. For any p-tree y, let T,,(y) C k[Yp,,,] be the vertical

tower defined in [F4]. Recall that the tower T,,(y) is constructed on the base tree

associated to. y (which is the (p, *)-tree  obtained by bifurcating all the leaves

of y), by adding /-leaves in all possible distinct ways. In [F4] it is shown that

the tower T*(y), on a p-tree y, is a multicomplex with dimension d = 2p, + 1 in

the vertical complex k[Yp,.], and moreover that k[Yp,*] can be decomposed as the

direct sum of the towers T. (y), for y E Yp.
Now consider a dialgebra D and a D-corepresentation N. For any p-tree y,

we define a family of dialgebra chain submodules

CT,,Y, (D, N) : = T,,, (y) 0 N0 Dop+qy+m, 'M > 0

where qy denotes the number of /-leaves of y. It is easy to see that the family

CTY(D, N) is a multi-complex with dimension d = 2p, + 1 in the vertical complex
CYp,,, (D, N).

5.6 - Lemma. Let D be a dialgebra and N a D-corepresentation. For any

p, > 0, the vertical complex (CYp,. (D, N), dv) decomposes as a direct sum of sub-

complexes,
CYp,. (D, N) (D CT4qy(D, N).

YEYp

Consequently, the E'-plane of the spectral sequence (5-4) is

Eplq = (a) Hq (CTY+qy (D, N), d').
YEYp

Proof. Applying the definition of the towers one sees that this result does not in-

volve the dialgebra structure of D. Hence it follows from the analogue proposition
on towers of trees proved in [F4]. 13

5.7 - Proposition. Let D be an abelian dialgebra, and E(D) its universal en-

veloping algebra. Then HYo(D, E(D)) 5--- E(D)/(u - v) and

HYn(D, E(D)) = 0, n > 1.
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Proof. Consider the bicomplex Eyp,q(D) = k[yp,q] (& E(D) 0 DOP+q+l which

gives rise to the spectral sequence Ep2q ==* Hyp+q+I(D, E(D)). Since D is an

abelian dialgebra, the only non-zero faces are the first and the last one, hence
d = do + (-l)ld,,. They act on a generic element of Eyp,q(D) as

doy(e 0
e x(ai) 0 (a2, a,,)
e u (a,) o (a2, a,,)

dk(e 0 g)
e y (a,,) 0 (a,, a,,-,)
e v (a,,) 0 (a,,.., a,,-,)

dependently on the shape of the first and last leaves of the tree y (here n = p +

q + 1). The horizontal and vertical boundary operators are such that d = d h + dv,
hence the two non-zero faces are distributed in d' and dv in the four possible
combinations.

1) Let us compute the E'-plane,

Eplq = Hq(EYp,.(D), dv) Hq(ETY (D), dv).A*
YC- YP

For p = 0, both non-zero faces are obviously vertical, and because of the

shape of the comb trees, they always act as multiplications by elements x (a,) and

v (a,,), hence the vertical tower for p = 0 is the complex

- - - - E(D) (9D On E4 E(D) (9 DOn-1 E4 E(D) 0 D02 E4 E(D) 0 D.

For q = 0, we get

E010 = Ho (EYo,* (D), dv) c---
E(D) 0 D

(x(a) 0 b + v(b) 0 a)'

For q = 1, the kernel of the map e (9 (a, b)  -+ ex (a) 0 b + ev(b) 0 a is precisely
the left E(D)-module of elements (x(a) 0 (b, c) - v(c) 0 (a, b)), hence

E011 = H, (EYO,* (D), d) = 0.

Furthermore, for q > 1, we get

EO1q E011 0 DOq-1 = 0.

Op+q+l9 For p > 1, observe that on each copy E(D) 0 D
,

labeled by a (p, q)-
tree y, the two non-zero faces are necessarily distributed one in dh and the other

one in d'. Hence, when we consider each (2p + I)-dimensional vertical tower, on

each copy E(D) 0 DOp+q+l the- vertical boundary is just the right multiplication
on E(D) by an element among x(ai), u(ai), y(a,,), or v(a,,). Let us give more

details for p = 1.

In the 3-dimensional vertical tower, each (1, q)-tree labels the chain module

E(D) 0 DOq+2
,

and the boundaries, in the three directions I, II and III, are
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given as multiplications by the terms x(al), (-l)ny(an) and (-l)nv(an), respec-

tively. The total homology can be found with two spectral sequences 1. The
I 1I

first one, A',, := H.IIH-r == H,",, (EYj,,,(D)), which abuts to the total homol-
r r 8 +

ogy of the bicomplex determined by the plane 1, 11, has stable plane AOO = AL
2 KII

and homology H.I, I'
= Or+ ,= , Ar2 ,. The second one, Bt,, --- HtIIIH ,'l ==*

Z
-complex,t l 17 1" (EY,,,,, (D), d'), which converges to the total homology of the 3H

has stable plane BI = Btl .1). Hence the higher terms ElltZ ,
described in fig. (5 q

axe direct sums of copies of the terms E' 0 DOq+2
,

Evu (9 DOq+2
,

BI 0 DOq+2
,BYU EXV

B (9q+2
E(X,Y,V) (9 D

9 For p > 2 we find a similar result, using (2p + 1) spectral sequences on each

vertical tower.

2) When we compute the term EP2q = Hp(E,,ql (d11).) = HpHq(EY,,,(D)), we

have a similar situation. Each (p, q)-tree y labels now a quotient or a sub-module

of E(D) 0 DOp+q+l
.

The induced boundary (dh)* yields zero on the horizontal

homolgy, except in degree (0, 0), hence

HY,, (D, E (D)) = 0, n > 2.

In degree (0, 0) we have

2 (E(D) 0 D)I(x(a) 0 b + v(b) 0 a)
E0'0 =

(u(a) (9 b + y(b) 0 a)

3) Finally we observe the only term of the diaJgebra chain complex which is not

covered by the bicomplex, the boundary operator E(D) 0 D ---+ E(D), e 0 a t-+

e(u(a) - v(a)). The induced map E020 --+ E(D) has zero kernel, hence

HY, (D, E(D)) = 0,

and the cokernel is HYo(D, E(D)) 5--- E(D) / (u - v). n

5.8 - Filtration on the cotangent complex. Given a dialgebra D, the length-
filtration FkE(D) on the universal enveloping algebra E(D), defined in (3.6),
induces a filtration on the cotangent complex EY,,(D), given by the family of

subcomplexes FkEY,,(D), for k > 0, with chain modules

FkEY,,(D) := k[Y,,] 0 Fk-,,E(D) 0 Don n > 0.

'Total homology of a multicomplex. Let us discuss briefly how to compute the homology
of a multicomplex with dimension d > 1. Denote by I, II, III, ...,

the d directions of the

boundary operators. Any two such directions determine a bicomplex whose total homology can

be computed with a spectral sequence. Hence we have d - 1 spectral sequences

11 1111H,1HI1 =* H,, ,, HtIIIHIJI === Ht, I,

whose final abutment is the total homology of the multicomplex. Each abutment is computed,
as usual, with the help of the short exact sequences determined by its filtration.
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E'
Eyu 0 D04 Evu (9 D05 Evu (9 DO'

Eu
EYU

OD03 Evu (9 DO' Evu (2) DO"

,Y,v)
02 EvJ D

P...",  D03 EV
Fm,

(&4D

Figure 5.1: homology of the vertical tower with base y.

Notations:

E (D) / (ex (a), ey (a), ey (a) I e E E(D), a E D),B(X,Y,V)
EU feu(a) I eEE(D),aEDj
Byu fey(a)u(b) I eEE(D),a,bEDj7

Evu lev(a)u(b) I e E E(D), a, b E D},

In fact the boundary operator on EY,,(D) respects the filtration,

dFkEY,,(D) C k[Yn-11 (2) F(k-n)+,E(D) 0 DOn-1 = FkEYn-,(D),

because the faces do and dn increase the length of the elements of E(D). These

complexes have the standard properties FkEY,,(D) c Fk+,EY,,(D), for any k >

0; Uk>oFkEY,,(D) = EY,,(D), and moreover FoEYn(D) = k, for n = 0, and

FoEYn(D) = 0, for n > 1.

Let GrEY,,(D) = (Dk>o Gr'EY,, (D) be the graded complex where GTOEY. (D)
FoEY,,(D) and Gr kEY,,(D) = FkEY,,(D)1Fk-jEY,'(D) for k > 1.

5.9 - Proposition. Let V denote the underlying k-module of a dialgebra D.

Regard V as an abelian dialgebra, with ab := 0 for any a, b G V. Then there is

an isomorphism of complexes

Gr EE, (D) EY,, (V).
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Proof. First we describe the isomorphism of k-modules GrEYn(D) G  EY"(V),
for any n > 0. By definition we have

GrEYn(D) (D[FkEYn(D)/Fk_jEYn(D)]
k>O

(]) k[Yn] (D [Fk_nE(D)1Fk_I-nE(D)] (9 Don
k>O

L-- k[Y,,] 0 E(V) 0 V"k[Y,,] 0 [EDGrk-'E(D)] (D Don
k>O

because of (3.8) and the isomorphism of k-modules D c--- V.

Now look at the boundary operators defined on the two complexes. The

faces di on GrEY,, (D) yield zero for i = 1, . - .' n - I
.

In fact any element

y 0 e 0 a E GrEYn(D) belongs to some component Gr kEYn(D), and in par-
ticular e is an element of Fk-nE(D). Then for i = 1,...,n - I the element

di (y (8) e (9 g) = di (y) 0 e 0 (a,,..., aj oai+,, an) belongs to GrkEYn_ I (D)
FkEYn_j(D)1Fk_jEYn_j(D). This means that e is now seen as an element in the

quotient Fk_n+jE(D)1Fk_nE(D) and thus it is zero. Finally, the faces do and dn
on GrEYn(D) do not involve the dialgebra structure of D, but only the product
in the algebra GrE(D), which is the same as in E(V). 13

5.10 - Corollary. Let D be a dialgebra and E(D) its universal enveloping alge-
bra. Then HYo(D, E(D)) c--- E(D)/(u - v) and

HYn(D, E(D)) = 0, n > 1.

Proof. Consider the cotangent complex of D, EYn(D) = k[Yn] 0 E(D) 0 Don
kEYand its graded complex GrEY,,(D) = E)k>o Gr ,(D) where GrOEY.(D)

FoEY,,(D) and Gr kEY,(D) = FkEY,,(D)1F _jEY,,(D) for k > 1.

Since the term FoEYn(D) = k, for n = 0, and it is zero for n > 1, we

know that Hn(FoEY,:(D)) = 0 for any n > 1. By proposition (5.9) we know

that GrEY,,(D)  --- EY,,(V), where V is the abelian dialgebra on the underlying
k-module of D.

Now, by proposition (5.7) we have Rn(GrEY,,(D)) = H,,(EY,,(V)) = 0. Rom

Hn(FOEY,,(D)) = 0 and Hn(FjEY,,(D)1FoEY.(D)) = 0 it follows that the term

Hn(FIEY,,(D)) = 0 for any n > 1. So on we proceed showing that the term

Hn(FkEY.(D)) = 0 for any k > 0 and n > 1. Hence H,,((Dk>o FkEY,, (D)) = 0

for any n > 1. 1:1

6 Homology of bar-unital dialgebras

As we saw in (4.11), the bar homology of a bar-unital dialgebra is always zero. In

this case, a bar-unit, for dialgebras, plays the same role as the unit for associative
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algebras. In this section we investigate this precise role, and its consequences on

homology.
The dialgebra chain complex has boundary operator given by means of face

maps. Hence the family of chain modules has an underlying structure of pre-
simplicial module. For associative algebras, a unit permits us to define the de-

generacy maps, and the Hochschild chain complex is in fact a simplicial module.
For dialgebras, the bax-unit enables us to define similar maps. It turns out
that the dialgebra chain modules are not simplicial, but the weaker properties
of the degeneracy maps, called almost-simplicial, are enough to prove important
theorems like Morita invaxiance of dialgebra homology for matrices and the i-

somorphism between dialgebra and Hochschild homology for unital associative

algebras, proved in [F2].

6.1 - Almost-simplicial modules. An almost-simplicial module is a collection
of k-modules M= JMjn :o equipped with face maps di : M,, -- M,,-,, for
i = 0, .' n, satisfying relations

(d) didj = dj-ldi, i <j,

and degeneracy maps sj : M,, --4 Mn+,, for j = 0,..., n, satisfying relations

sj-ldi, i < j,
(ds) disj = id, i = j'j + 1,

sjdi-,, i > j + 1,

(S) sisj = sj+lsi, i < j (and not i < j).

A simplicial module is an almost-simplicial module such that sisi = sj+jsj, for

any i = 0,..., n.

Being pre-simplicial, an almost-simplicial module M= JMn, dil gives rise to a

chain com lex (M,,, d), with boundary operator d = E ' 0(-I)idi. Being pseudo-p Z=

simpliciall, an almost-simplicial module satisfies the Eilenberg-Zilber Theorem
described in [F2] and proved in [I].

6.2 - Degeneracies on dialgebra chain modules. Let D be a dialgebra with
a bar-unit 1 and a corepresentation N. For any n > 0 and any j = 0, ..., n, define
the degeneracy sj : CYn(D, N) CYn+1 (D, N) by

sj(y 0 (ao, a,,..., an)) sj(y) 0 (ao, a,,..., aj, 1, aj+,, ..., an),

where ao is taken in N, a,, ... an in D, and for any j = 0, - ., n, the map sj : Yn
Yn+j bifurcates the i th leaf of an n-tree y (that is, the tree sj(y) has the jth leaf

I replaced with the branch y).

'By definition, a pseudo-simplicial module is a family of k-modules endowed with faces and

degeneracies satisfying relations (d) and (ds) but not necessarily relations (s), see [T-V] and

Ill.
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6.3 - Lemma. If the D-corepresentation N is unital, i.e. I R- n = n = n A 1

for all n E N, the degeneracy maps satisfy relations (ds) and (s), for i < j.
Hence the chain complex CY,, (D, N) of a bar-unital dialgebra has an underlying
structure of almost-simplicial module.

Proof. (ds) The operations disj on a tree y first adds a leaf replacing the leaf

number j with the branch Y, and then deletes the leaf number i. So, when

i < j, we obtain the same tree if we first delete the ith leaf and then bifurcate the

original j" leaf, which is now labeled by j - 1. Hence the two terms

disj (y 0 disj (y) 0 (ao, ..., ai oi'j (Y)
ai+,, aj, 1, aj+,, ..., an)

and

8 n)j- idi (y 0 g) = sj- I di (y) 0 (ao, ai o ai+,, aj, 1, aj+,, ...,
a

are equal because of the equality ai o9(y) aj+j ai oy aj+j for i < j. For i = j we

have:

disi (y (9 q) = disi (y) (3) (ao, ai oi'(Y) 1, ai+,, ...' an) = Y (9

because the operator di evidently brings the tree sj(y) (with branch y labeled

by jj + 1) back to the original tree and oi"(Y) =- . Similarly, for i = i + 1 the

identity dj+lsj (y 0 y 0 a follows from o j (Y)
- I- Finally, for i > j + 1 the

3+1 -
-

identity follows from the equality ai-I osj(y) ai = ai-I oy ai for i > j, and the fact

that we can invert the operations disj and sj-ldi after having observed that the

leaf number i of the tree sj (y) is the leaf number i - 1 in the tree y.

(s) Take i < j. The equality of the terms

sisj(y 0 sisj(y) 0 (ao,..., aj, 1, ai+,,..., aj, 1, aj+,,..., an)

and

sj+lsj(y 0 sj+lsj(y) (9 (ao,..., aj, 1, ai+,,..., aj, 1, aj+,,..., an)

follows from the fact that the tree sisj(y), obtained from y bifurcating first the

leaf number j and then the leaf number i, produces the same tree by performing
the two bifurcations in inverted order. (Observe that the j  h leaf of y is the leaf

number j + 1 of si (y)).
Notice that for i = j the operator sisi replace the ith leaf with the branch

while the operator sj+jsj produces the branch Y, hence they can not coincide.

El

6.4 - Definition (normalized dialgebra homology). Given a bar-unital di-

algebra Dand a unitaJ corepresentation N, we have the subcomplex of degenerate
elements of CY,, (D, N),

DY,, (D, N) := Isj (y,q) e CYn(D, N) I for any (y,!q) E CYn-I (D, N)
and any degeneracy sjj.
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The family of quotients CY,,(D, N) := CY,,(D, N)IDY,,(D, N) is also a complex,
that we call normalized complex of the dialgebra D. Its homology

HY,, (D, N) Hn(CY. (D, N), d)

is caJled normalized homology of D.

With no substantial differences from the case of associative algebras we have
the following isomorphism.

6.5 - Proposition. The complex of degenerate elements DY,. (D, N) is acyclic,
and the canonical projections CY,, (D, N) --- OYn(D, N) induce an isomorphism
on homology,

HY.(D, N) 2 1 TIY,,(D, N).

The Eilenberg-Zilber Theorem for pseudo-simplicial modules, proved in [I],
enabled us, in [F2], to prove the isomorphism between Hochschild and diajgebra
homology for associative unital algebras,

HYn (A, M) c-- Hn(A, M), n>O.

F -om (5.1) it follows immediately that Hochschild homology of unital algebras
can be interpreted as the derived functor of the tensor bifunctor OB(A) On the

category of modules over E(A), and not only as derived fanctor of the tensor OA-
on the category of modules over the universal enveloping algebra Ae.

6.6 - Corollary. For any associative unital algebra A, and any unital A- bimodule

M, we have isomorphisms

H,, (A, M) 2-- Tor' (A) (A, M) and H* (A, M) Ext*E(A) (A, M).

The Eilenberg-Zilber Theorem for pseudo-simplicial modules allows us to

prove Morita invariance of dialgebra homology for matrices for any bar-unital

dialgebra and any unital corepresentation, avoiding the restrictions needed in [R]
to use the generalized trace map.

6.7 - Theorem (Morita Invariance). Let D be a dialgebra and N a D-

corepresentation. Consider, for any r > 1, the dialgebra of r x r matrices M,(D)
with entries in D, and its corepresentation M,(N). If D and N are bar-unital,
there is an isomorphism on dialgebra homology

HYn(Mr (D), Mr (N)) c- ` HYn(D, N), n > 0.

Proof. The proof is based on the isomorphism of k-vector spaces M. (D) c---

Mr (k) 0 D. Call (C,' , V) the Hochschild complex of the associative unitaJ algebra
Mr(k) with coefficients in itself, i.e. with the chain modules Cn1  M,(k)On+l
and the Hochschild boundaxy. We know that the complex C.1 is associated to a
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simplicial module, that we denote by C', and that it is acyclic, i.e. Ho(C,',) = k

and H,,(C,,) = 0 for any n > 1.

Call (C.' , V) the dialgebra complex of D with coefficients in the corepresen-

tation N, ie. with the chain modules C,2, = k[Y,,] 0 N0 DO' and the dialgebra
boundaxy. When D and N are bar-unital, the complex C.2 is associated to an

almost-simplicial module that we denote by C2
.

Then we can apply the Eilenberg-
Zilber Theorem, [F2], and conclude that

H,, (A (C.1 0 C.2), bl 0 b2) = Hn(Cl X C2) I--- Hn(C,2,, b2) = HYn(D, N)

) is the diagonal complex of the tensor productfor any n > 0, where A(CI, 0 Q2,
of the two complexes.

Finally the result follows from the fact that the dialgebra complex of M,(D)
with coefficients in M, (N) is isomorphic to the diagonal complex (A (Q1 OQ2,), bI (9

b2). n

Remark that the same trick can be used to prove Morita Invariance for

Hochschild homology.

6.8 - Theorem (Kiinneth formula). Let D be a dialgebra with a corepresen-

tation N, and let A be an associative algebra with a bimodule M. If all these

spaces are (bar-)unital, we have an isomorphism on homology

HY. (A 0 D, M0 N) c-- HY. (A, M) 0 HY. (D, N).

Proof. As usual, the module of n-chains of the dialgebra A0 D,

CY,,(A 0 D, M0 N) = k[Yn] (9 M(9 N0 Aen 0 Don

= (M 0 AOn) 0 (k[Y,,] 0 N0 Don),

splits into the product of two ps-modules: one is Hochschild chain module of

A, and the other is the dialgebra chain module of D. By the Eilenberg-Zilber
Theorem for pseudo-simplicial modules, we then have an isomorphism

HE, (A 0 D, M0 N) c-'-,' H,, (A, M) 0 HY, (D, N),

where H,, (A, M) c--- HY. (A, M). 13

7 HY-unital dialgebras

An associative algebra without unit is a dialgebra without bax-units, and gives
rise to a chain complex which is not an almost-simplicial module. Hence, to

handle its dialgebra homology, we can only make use of the spectral sequence.

Even for associative algebras, the total homology of the vertical towers described

in (5.5) is not easy to compute, and in general there is no relationship with the

Hochschild homology of the algebra itself. The typical example is provided by
the free non-unital associative algebra.



100

7.1 - Example (free associative algebra). Let Ass(V) = T(V) = V(1) V02 E)
... be the free associative non-unital algebra on a k-module V. It is well known
that Hochschild homology vanishes on the free algebra from the second-order
group, that is HH,, (Ass (V)) = 0, for n > 2. Instead, already in small dimension,
the dialgebra homology does not vanish on the free associative algebra, and we

find

HHYO(T(V))': -'-HHO(T(V))=(Dn>,VOII(id-T) (coinvaxiants),
HHYI(T(V)) HHI(T(V)) = EDn>2 (VOn),r (invariants),
HHY2(T(V)) V03,

HHY3(T(V)) 2VO4.

A class of algebras on which the computations are particularly simple, since
almost all terms of the E'-plane are already zero, is that of homologically unital
algebras. For associative algebras, the property of having a unit is stronger then
the property of having acyclic bar complex. An algebra A such that R, (A) = 0,
without necessarily having a unit, is called homologically unital, or H-unital. The
importance of H-unital algebras is related to the extensions of unital algebras,
since the kernel of such extensions can not be a unital algebra. It was proved by
Wodzicki ([W], [L1]), that H-unitarity is equivalent to the excision property for
Hochschild homology.

In [F2] we proved that for associative unital algebras there is an isomorphism
between dialgebra and Hochschild homology with coefficients in unitary bimod-
ules. We can now extend this result to the class of H-unital algebras.

7.2 - Theorem. Let A be an associative H-unital algebra and Man A-bimodule.
The dialgebra homology of A with values in Mis isomorphic to the Hochschild
homology of A, that is

HYn (A, M) '--- Hn (A, M) , n > 0.

Proof. Consider the bicomplex CYp,, (A, M) = k[Yp,q] (9 M0 AIDP+q+' and the
spectral sequence converging to the diaJgebra homology of A.

1) Let us compute the E'-plane, Ep'q = (D yc-y Hq (CYp (A, M), d').P

9 For p = 0, the vertical complex CYo,, (A, M) is isomorphic to the Hochschild
complex of A shifted by 1. Hence

E010 coker(M o A02 --+ Mo A),

EOIq Hq+ I (A, M), q > 1.

9 For p > 1 remark that in the multi-complex CYp,,, (A, M) any vertical bound-

ary operator contains either the first face map, do, or the last one, dp+,+,,, or none

of the two. So the first and the last face maps never appear together. This means
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that the homology along each direction of the vertical tower is in fact a bar-

homology for A, so by assumption it is zero. Hence the total homology of each
vertical tower is zero, and finally

E10 ff OAAOA OAA,P

E' 0 q > 1,Pq 7
,

where la = MIAMis the module of coinvariants of Mby the left action of A.

2) The only non-zero horizontal boundary which remains is

El --- El -+ - - - ---+ 'I"
PO P-10 -PO7

where E'O Al OAAOA OAA. The homology of this complex yieldsP

Mo A/A 2
0 ... A/A 27

where 1 1 RIMA is the module of coinvariants of Mby both left and right
actions of A. This homology is zero since the algebra A is supposed to be H-

unital. In conclusion the only non-zero terms of the E2-plane are given by the
vertical complex at p = 0, which is the Hochschild complex of A shifted by 1.

3) Finally, taking into account the homology of the external map,

- - ---+ E010 --+ M,

we obtain the isomorphism HY,, (A, M) c--- H,, (A, M) for any n > 0. El

The notion of homologically unital algebras can naturally be extended to the

category of dialgebras.

7.3 - HY-unital dialgebras. A dialgebra D is called HY-unital if HYn(D) = 0

for all n > 1. Theorem (4.11) implies that bar-unital dialgebras are HY-unital.

A standaxd example of an HY-unital dialgebra which has no bax-unit is pro-
vided by the inductive limit M(D) = M,-,,,(D) of the inclusions of matrix dial-

gebras M,(D) -+ M,+,(D) with entries in a bar-unital dialgebra. The identity
HY,,(M(D)) = 0 is a consequence of Morita invariance of dialgebra homology
with constant coefficients, namely HY,,(M(D)) HY,,(D), which can be proved
as we did for theorem (6.7).

From (7.2) it follows immediately that an associative algebra which is H-unital

is also HY-unital. The converse is also true.

7.4 - Theorem. An associative algebra A is H-unital if and only if A is HY-

unital, that is

H,, (A) = 0 4==> 4Y,, (A) = 0.
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Proof. Assume that HY,, (A) = 0 for any n > 1. Then Ho (A, k) - HYO(A, k) = k,
where k is the trivial bimodule over A, and HI (A) c-- HY, (A), which is zero by
assumption. We prove that H,,(A) = 0 recursively on the order n.

Consider the bicomplex labeled by the oriented trees. We know on one side
that HY,,(A) is the total homology of this bicomplex, and on the other side
that each vertical complex has homology given by means of Hochschild homology
groups at smaller orders.

In particulax, HY2(A) is the direct sum of H2(A), in the position (0, 1) of
the bicomplex, and some additional terms involving only HI(A) placed in the
position (1, 0). Since HY2(A) is zero by assumption, and H, (A) C-- HY, (A) = 0,
we get also H2 (A) = 0.

.
Similarly, HY3(A) is the direct sum of H3 (A), in the position (0, 2) of the

bicomplex, and some additional terms involving only HI(A) and H2(A), placed
in the position (1, 1) and (2, 0). Hence H3 (A) = 0. In this way, proceding step
by step, one gets H,,(A) = 0 for all n > 0.
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Un endofoncteur de la categorie des operades

Fred6ric Chapoton

Introduction

On d6finit Fop6rade Perm des dig6bres commutatives et un morphisme dop6-
rades de Perm dans Com, dans la cat6gorie mon6idale sym6trique des espaces

vectoriels sur un corps K de caract6ristique nulle. Si P est une op6rade d'espaces
vectoriels sur K, on d6finit l'op6rade E(P) = 'P 0 Perm. On a un morphisme
d'op6rades N-p de E(P) dans P induit par le morphisme de Perm dans Com.

E est un endofoncteur de la cat6gorie des op6rades, muni d'une transformation

naturelle N vers le foncteur Id. Cette construction existe pour d'autres cat6gories
mon6idales sym6triques, en particulier pour les op6rades d'espaces topologiques
et de complexes.

1 Construction de Poperade Perm

Soit K un corps de caract6ristique nulle et Vectl[c la cat6gorie mon6idale

sym6trique des espaces vectoriels sur K. Pour tout entier positif ou nul n, si

P est une op6rade dans Vect]K, on note P(n) le K[S,,]-module  droite associ6 h

P.
On pose Perm(n) = DO oii K[S,,] agit  droite par permutation des vecteurs

n ),, de Kn, c'est h dire par en 07 = ende la base canonique (em M a-'(M),
On note 0 la composition de Fop6rade Perm:

0: Perm(n) 0 Perm(ji) 0 ... 0 Perm(jn) --+ Perm(j, + - - - + jn), (1)

d6finie par

0(en (g eii (2) ... (0 eq.njl+---+jn
M ii %n) :: ej1+'--+j--1+i * (2)

Pour montrer qu'on obtient une op6rade, il faut v6rifier les axiomes d'asso-

ciativit6, dunit6 et d'6quivariance. Les diagrammes commutatifs correspondants
apparaissent dans Farticle de May [May97] et la v6rification est facile.

On d6finit le morphisme d'op6rades Np,,m : Perm -+ Com de la fagon sui-

vante: Np,,m(en ) = fn o L fn est le vecteur de base de Com(n). E r6sulte imm6-
M

diatement de la formule (2) que Np,,m est bien un morphisme d'op6rades.
On montrera par la suite que Perm est une op6rade quadratique binaire. En

admettant ceci pour Finstant, la d6finition de Perm montre qu'une Perm-alg6bre
est une alg6bre associative telle que xyz = xzy pour tous x,y,z.

J.-L. Loday et al: LNM 1763, pp. 105 - 110, 2001
© Springer-Verlag Berlin Heidelberg 2001
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On peut d'autre part d6finir la notion de dig6bre commutative comme suit:

une dig6bre D est commutative si le crochet de Leibniz induit sur D est nul,
c'est a dire si x -d y = y k- x pour tous x,y C D. Si on note alors xy = x - y,
les axiomes de dig6bre se ram6nent  b x(yz) = (xy)z et x(yz) = x(zy) pour tous

x,y,z E D, et on retrouve l'op6rade Perm.

2 Fonctorialite et naturalite

Soient'P et Q deux op6rades dans VectK, on rappelle la d6finition de l'op6rade
'P 0 Q: on pose (P 0 Q) (n) == P (n) 0 Q(n) comme K[Sn ]-module ii droite et la

composition

0(-p(&Q) : (P0Q)(n)&('P0Q)(jj)0 ... 0 (P (D Q) (in) -+ M&Q) Ui + + in) (3)

est d6finie par 0(,poQ) = (Op 0 OQ) o bK, o L

bK: 'P(n) 0 Q(n) 0 P(ji) 0 Q(ji) 0 ... 0 P(in) 0 Q(jn)
-4 P(n) 0 P(jj) 0 ... 0 P(in) 0 Q(n) 0 Q(ji) 0 ... 0 Q(in)

est un isomorphisme naturel de la cat6gorie sym6trique VectK. Lop6rade Com
est une unit6 pour ce produit tensoriel. Ce produit tensoriel est introduit dans

[GK94, 2.2.2].
II r6sulte du fait que le produit tensoriel 0 est un bifoncteur de la cat6gorie

des op6rades que E est un foncteur et N= OONPerm une transformation naturelle
de E vers le foncteur * 0 Com = Id.

3 Application aux operades quadratiques
Dans la suite, on appelle module une suite V de K[Sn ]-modules ; droite V(n)

pour n > 1. Si P est une op6rade et R un sous-module de P, on note (R) Fid6al

de P engendr6 par R.

On note F(V) Fop6rade libre sur un module V. On rappelle que F(V) est

gradu6e par le nombre de sommets des arbres qui indicent les op6rations. Cette

graduation induit une filtration sur toute op6rade P munie d'un module de

g6n6rateurs. On notera Pv' Fensemble des 616ments de P de filtration inf6rieure
, k relativement  un module de g6n6rateurs V fix6. Par abus de notation, on

notera de m8me si V n'engendre pas 'P, sans introduire la sous-op4rade engendr6e
par V.

Si P est une op6rade alors E(P)(n) = P(n) & RT. On note P(n,m) pour

P(n) (D Ken c E(P)(n) et, pour x E P(n), x,, pour x 0 e' lorsque cela ne pr8teM M

pas   confusion.

Proposition 1 Si P est une op6rade quadratique, alors E(P) est une op6rade
quadratique. Plus pr6cis6ment, si P est d6crite par le module de g6n6rateurs V

et le module de relations quadratiques R C F'(V), alors E(P) est d6crite par le
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module de g6n6rateurs E(V) et par le module de relations quadratiques t(R) +

S(V) C F2(E(V)), oa t(R) c F(E(V)) est un reMvement de E(R) c E(F(V))
et S(V) est le sous-module de F 2 (E(V)) form6 par les relations qui d6finissent
E(F(V)) comme quotient de F(E(V)).

On aura besoin du lemme suivant:

Lemme I Soit P une op6rade.
1. Si V est un sous-module de P qui engendre P comme op6rade, alors E(V)

engendre E(P) comme op6rade.
2. Si I est un Wal de P et V un sous-module de I qui engendre I comme

Wal de 'P, alors E(V) engendre E(1) comme Wal de E(P) -

PREUVEDU LEMME: Par r6currence sur le nombre, k d'op6rations compos6es, on

montre que, pour tout entier strictement positif n, pour tout entier i entre 1 et

n, si x E PV11(n), alors xi E E(P)E(V)(n).
Pour k = 0, c'est clair; pour k = 1, le r6sultat est donn6 par Finclusion de V

dans P et de E(V) dans E(P). Soient maintenant k > 2, n > 1, 1 < i < n et

pk+'(n). Alors, quitte a d6composer x en une somme, il existe a E Sn,z ExE v

V(p),yj, .,yp E Pv' tels que

xg = op(z,yl) (4)

oii 0-p d6signe la composition de l'oP6rade P.

Si y,,, E Pvk(n,,) pour tout 1 < m < p, on note r l'unique entier tel. que

n, + - - - + n,-, < o,-'(i) : n, + - - - + n,. On pose j, = a-'(i) - (n, + - - - +

On choisit arbitrairement I < j,,, :! nn pour m0 r. On a alors

Xo-)(Oen P)(z (yl)jl,...,( (5)r7 yp j)

donc xi = (O_v(,p) (z, (yl)j ..... (yp)j,))'-' avec zr E E(V) et (y,,)j_ dans E(P)kE(V)
par hypoth6se de r6currence, donc xi est dans E(P)kE+(vl ce qui termine la r6cur-

E(V) I

rence et montre que E(P) est engendr6e par E(V). La preuve de la seconde partie
du lemme est similaire. Ceci termine la d6monstration du lemme.

Soit V un S-module, d'apr6s le lemme 1, E(V) engendre E(F(V)) comme

op6rade. On a donc un morphisme surjectif d'op6rades 19: F(E(V)) -+ E(F(V)).
Soit I le noyau.

Lemme 2 Dans la suite exacte

0 --- -E -+ F(E(V)) 0 E(F(V)) -+ 0, (6)

I est quadvatique en E(V), engendrd par le module S(V) = i n F'(E(V

PREUVE DU LEMME: L'op6rade libre sur un module V est gradu6e par le
nombre d'op6rations de V compos6es. On a F(V) = EDk>oFk(V) avec Fk(V) ==

EDT 08ET V(In(s)) oii la somme est prise sur les classes d'isomorphismes d'arbres

A k sommets aux feuilles num6rot6es et In(s) d6signe 1'ensemble des feuilles d'un

sommet s de T.
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Le foncteur E pr6serve cette graduation: on a E(F(V)) ::::::::: EDk>oE(F k(V)) avec

E(F k (v)) E)(T,f) OsET V(In(s)) oii f d6crit 1'ensemble des feuilles de T et s est

un sommet de T. On a de m6me la description de F(E(V)) : EDk>,Fk(E(V)) avec

Fk(E(V)) :-::: EDT OsET E(V)(In(s)). Via Fisomorphisme natureJ E(V)(In(s)) --

(Df Ej,,(,) V(In (s)), on peut donc 6crire Fk(E(V)) ----: (DT0sETEDfE1n(s)V(In(s)). L'ap-
plication 6 pr6serve cette graduation. Plus pr6cis6ment, si (T,(i,),(v,)) d6signe
un 616ment de F kE(V)), oii i, est une feuille du sommet s et v, un 616ment de

V(In(s)), alors il existe une unique feuille f ((i,),) de T raccord6e  la racine par les
feuilles i, des sommets de T. Dans ce cas, on a 0 (T, (i,), (v,)) = (T, f
dans E(F k (V)). On voit ici que la description de l'application 19 est en un

sens ind6pendante du module V. Une classe d'isomorphisme d'arbre T et une

feuille f de T 6tant fix6es, I'application consiste h identifier toutes les copies de

0sGTV(In(s)) dont Findice, une famille de feuilles (i,),, est tel que f = f
En particulier, lorsque k == 2, l'application 19 consiste  identifier deux copies

de V(ln(si)) 0 V(In(S2)) lorsqu'elles sont index6es par deux arbres, munis dune
feuille marqu6e;4 chaque sommet, qui sont h6s par une transformation qui consiste

h changer la feuille marqu6e du sommet superieur si celui-ci n'est pas greff6 sur

la feuille marqu6e du sommet inf6rieur. On note de type I cette transformation

appliqu6e localement  un arbre  plus de deux sommets. Pour les besoins de la

d6monstration, on introduit une transformation de type II qui consiste ( changer
la feuille marqu6e de Funique sommet qui a une arke commune avec la racine de
I'arbre.

Pour montrer que -E est quadratique, il suffit donc de montrer que, h (T,f)
fix6s, tous les arbres isomorphes h T munis d'une feuille marquee is h chaque
sommet de sorte que f = f ((is)s) sont li6s par une chaine de transformations
locales 616mentaires de type I.

Ce r6sultat s'obtient ais6ment par r6currence sur le nombre k de sommets des

arbres, sur Fhypoth6se double suivante:

Pour toute classe d'6quivalence T d'arbre num6rot6 h k sommets, pour toute

feuille f de T, tous les arbres de type T munis d'une feuille marqu6e ( chaque
sommet reliant f  k la racine sont li6es par une chaline de transformations
616mentaires de type I.

Pour toute classe d6quivalence T d'arbre num6rot6 h k sommets, tous les

arbres de type T munis d'une feuille marquee h chaque sommet sont li6s

par une chame de transformations 616mentaires de type I et II

On d6duit de cette r6currence que -E est engendr6 par S(V), ce qui termine la

d6monstration du lemme.

PREUVEDE LA PROPOSITION 1: On remarque d'abord que si l'on a une suite

exacte courte dop6rades,

0 -4 -E -+ P, -+ P -+ 0, (7)

alors on a une suite exacte courte

0 -+ E(1) --- E (P) -+ E(P) --+ 0 (8)
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Dans le cas oii P est quadratique, on a donc

0 -4 E ((R)) --+ E(F (V)) -+ E(P) -4 0, (9)

avec R C F'(V). Par la seconde partie du lemme 1, on a:

0 -+ (E (R)) -+ E(F (V)) -+ E(P) -- 0. (10)

Par le lemme 2, on a:

0 --  E(R) + S(V)) - F(E(V)) -+ E(P) -+ 0, (11)

avec S(V) C F'(E(V)) et t(R) C F2(E(V)) un rel6vement de E(R). Donc E(P)
est quadratique, et la proposition est d6montr6e.

D4finition 1 On peut d6finir un foncteur quadratique dual El de la restriction

de E aux op6rades quadratiques: on pose EI(P) = E(PI)l o t PI d6signe l'op6rade
quadratique duale dune op6rade quadratique. Ce foncteur est muni dune trans-

formation naturelle NI : Id -4 El.

La construction de E a 6t6 inspir6e par la description dans [Lod97] et [LP981 de

I'apparition naturelle des ophades Leib (resp. Dias) via les alg6bres associatives

(resp. de Lie) dans la cat6gorie monoldale sym6trique des applications lin6aires

munie dun produit tensoriel non usuel. On peut voir que si A -4 Mest une

P-alg6bre dans cette cat6gorie monoYdale, alors A est naturellement une E(P)-
algbbre dans la cat6gorie des espaces vectoriels.

EXEMPLES: Par la remarque pr6c6dente, on a E(Ass) =: Dias, E(Lie) =

Leib. On a EI(Com) = Leib'. On peut r6sumer la situation par le diagramme
commutatif suivant:

Leib' Dias! 4 Perm!

tNI tNI tNI
Com 4 Ass 4 Lie

tN tN tN
Perm ( Dias ( Leib

REMARQUE:Si on note f-p(x) la s6rie de Poincar6 de 'P d6finie par

00

f,p (x) = E dim(P (n))
(-X)n

n=1
n!

d
alors la s6rie de Poincar6 fE(,p) est E(f-p) o-h E est l'op6rateur d'Euler xT.

REMARQUE:Soit V une P-alg6bre et Wune Perm-alg6bre, c'est  dire la

donn6e de morphismes d'op6rades P -+ End(V) et Perm -+ End(W). On suppose

V et Wde dimensions finies. Alors on a un morphisme d'op6rades

P &Perm -4 End(V) 0 End(W) - End(V 0 W),

donc V (D West une E(P)-alg6bre. En particulier, le produit tensoriel dune

alg6bre de Lie et dune algbbre sur l'op6rade Perm est naturellement une alg6bre
de Leibniz. En ce sens, le produit par une Perm-alg6bre est une g6n6ralisation de

1'extension des scalaires.
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Un th4or rne de Milnor-Moore pour les alg6bres de Leibniz

Fran ois Goichot

Introduction

Les alg6bres de Leibniz ont 6t6 introduites par Jean-Louis Loday QL2], [L1])
comme analogue "non-commutatif' des alg6bres de Lie. Le r6le que jouent pour

les alg6bres de Lie les alg6bres associatives unitaires, est jou6 pour les alg6bres
de Leibniz par les dig6bres QL]). En particulier, toute alg6bre de Leibniz 9 a une

dig6bre enveloppante Ud(g) (ibid., 4.6).
Il est bien connu que 1'alg6bre enveloppante d'une alg6bre de Lie a aussi une

structure de cog6bre, compatible avec sa structure d'alg6bre. On peut d6s lors

se demander si la dig6bre enveloppante d'une alg6bre de Leibniz pourrait de

m6me avoir une "costructure", compatible avec sa structure de dig6bre. Plus

pr6cis6ment, le th6or6me de Milnor-Moore, qui 6tablit une 6quivalence entre la

cat6gorie des alg6bres de Lie et celle des algebres de Hopf cocommutatives irr6-

ductibles ([MM], [Q]), a-t-il un analogue pour la cat6gorie des alg6bres de Leibniz

L'objet de ce travail est d'apporter une reponse positive  ces questions. Nous

montrons 1'existence sur la dig6bre Ud(g) de deux "coproduits" satisfaisant des

propri6t6s de compatibilit6 analogues a celles qui caract6risent les alg6bres de

Hopf. On a ainsi une bonne notion de "dig6bre de Hopf', et nous prouvons alors

I'analogue du th6or6me de Milnor-Moore : 1'6quivalence entre la cat6gorie des

alg6bres de Leibniz et celle des dig&bres de Hopf cocommutatives et irr6ductibles.

Ces questions sont naturelles et ont d6jh obtenu des reponses partielles : Loday
et Pirashvili QLP2]) 6tablissent un th6or6me de Milnor-Moore pour les alg6bres
de Leibniz, mais dans le cadre de la cat6gorie des applications lin6aires, et non

des dig6bres. Le th6or6me de B. Fresse QF]) est beaucoup plus g6n6ral, mais ne

donne pas de r6sultat explicite non plus sur les dig6bres.
Le plan de cet article est le suivant : nous rappelons d'abord au I les d6fi-

nitions et propri6t6s des alg6bres de Leibniz et des dig6bres dont nous aurons

besoin. Nous 6tablissons ensuite, au II, un syst6me d'axiomes d6finissant les

"dig6bres de Hopf'. Nous prouvons aux III et IV que la dig6bre libre sur un

espace vectoriel et la dig6bre enveloppante d'une alg6bre de Leibniz sont des

dig6bres de Hopf. Le IV contient aussi I'analogue pour les alg6bres de Leibniz

du th6or6me de Poincar6-Birkhoff-Witt QQ], B.2.3), qui nous permet de prouver

au V le "th6or6me de Milnor-Moore-Leibniz". En appendice, nous 6tablissons

une formule dans la dig6bre libre, inspir6e de Wigner, qui nous est n6cessaire au

III et permet par ailleurs d'obtenir 1'6quivalent pour les alg6bres de Leibniz des

th6or6mes classiques de Friedrichs et de Specht-Wever.

J.-L. Loday et al: LNM 1763, pp. 111 - 133, 2001
© Springer-Verlag Berlin Heidelberg 2001
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Nous utilisons tr6s largement les notations et r6sultats de [L]. Tout est sur un

corps de base K de caract6ristique 0. La cat6gorie des K-espaces vectoriels est

not6e K - ev. Un mon6me V1 (D V2 0 ... 0 vn de Falg6bre tensorielle sera presque
toujours abr6g6 en V1V2 ... Vn -

Un 0 signale la fin d'une d6monstration.
Je remercie tr6s vivement Jean-Louis Loday, qui m'a pos6 la question de d6part,

et ma encourag6 tout au long de ce travail.

1. Alg;_ bres de Leibniz et dig;6bres.

1. Alg6bres de Leibniz.

D4finition 1.1.1 QL2]) Une alg bre de Leibniz (sur K) est un K-espace
vectoriel g muni dun "crochet" [-, -] : 9 x bilin6aire et v&ifiant
NdentW de Leibniz: pour tous x, y et z dans !9,

Ix, [Y' Z11 = P, Y1, ZI - [IX, ZI, Y1

Les morphismes d'alg6bres de Leibniz sont les applications lin6aires respectant
le crochet. On note Leib la cat6gorie des alg6bres de Leibniz. Si 9 est une

alg6bre de Leibniz, le quotient de 9 par Fid6al engendr6 par les 616ments [x, x],
pour x dans 9, est une alg6bre de Lie not6e GLie-

D6fi nition- Prop ositio n 1.1.2. QLPI], 1.3) Soit V un K-espace vecto-

riel.

L'algbbre de Leibniz libre sur V est le K-espace vectoriel

Leib(V) = -TV = V ED V02 E) ... ED Von e...

muni de lunique crochet de Leibniz v6rifiant:

XIX2 ... Xn = [... [[XI, X21) X31) ... 7Xnl-

On a ainsi un foncteur Leibo : K- ev -*.Leib, adjoint a gauche de Ioubli.

L'alg&bre de Leibniz libre est naturellement gradu6e : Leib(V)n TnV =

Von.

2. Dig&bres.

D4finition 1.2.1. QL], 2.1) Une dig6bre (sur K) est un K-espace vectoriel

D muni de deux op&ations -d: D 0 D --- D et  -: D 0 D --+ D, lin6aires et

v6rifiant, pour tous x, y et z dans D :

x -1 (y -i Z) =: (x d Y) -i z =: x -i (y  - Z),
(x [- Y) -i z = x  - (y -1 Z), (x -d Y) F z = x F (y F Z) = (x F- Y) F z
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Un morphisme de dig6bres f : D D' est une application lin6aire telle que,

pour tous x et y dans D, f (x -1 y) f (x) -1 f (y) f (x F- y) = f (x) F- f (y). On

note Dias la cat6gorie des dig6bres. Si D est une dig6bre, le quotient de D par
Fid6al (au sens des dig6bres, ef [L] 2.1) engendr6 par les 616ments x -1 y - x F y,

pour x et y dans D, est une alg6bre associative not6e D,,,.

D6finition-Proposition 1.2.2. QL], 2.4 et 2.5) Soit V un K-espace
vectoriel. La dig bre libre sur V est le K-espace vectoriel Dias(V) = TV 0

V (D TV, muni des produits

VI -'bi ... Vn -d W1 zbi ... Wp VI ...
f i ... VnwI ... Wi ... Wp

V1 -'bi ... Vn F WI ... Zbj ... Wp V1 ... Vi-1vi ... VnWI ...
z7v j... Wp

0'a VI ...
f i ... Vn est la notation de [L] pour v, ... Vi-I 0 Vi 0 Vi+I ... Vn E

TV 0 V & TV. On a ainsi un foncteur Diaso : K - ev --+ Dias, adjoint a

gauche de Ioubli.

La dig6bre libre est naturellement gradu6e : Dias(V)n = E)p+q=n-I Vop 0

V 0 V0q' pour n > 1, en convenant que VO' = K.

3. La dig6bre enveloppante d'une alg6bre de Leibniz.

Proposition 1-3.1. QL], 4.2) Soit D une dig8re. Alors, pour le crochet

[x)y] := x -i y - y F x, le K-espace vectoriel D devient une alg bre de Leibniz,
not6e DLeib.

On a ainsi un foncteur ()Leib : Dias ---+ Leib.

D4finition 1.3.2. ([L], 4.6) Soit 9 une alg6bre de Leibniz. Sa digbbre
enveloppante Ud(9) est-le quotient de Dias(!9) par IWal (au sens des di0bres)
engendr6 par les [x, y] - &y + y &, avec x et y dans !9.

Proposition 1.3.3. QL], 4.7) Le foncteur Ud: Leib ---4 Dias est adjoint a

gauche de ()Leib -

II. Dig bres de HopE

Soit D une dig6bre. Soit A = Das ED K I'alg6bre associative unitaire qui lui

est canoniquement associ6e : en notant 7r : D -* A la projection canonique sur

Das, et - -- Fimage par ir dun 616ment x de D, le produit p de A est par d6finition:

(D 9) = '7r(X -i Y) = 7r(X I- Y) (et IK neutre). L'alg6bre A 6tant vue comme

dig6bre triviale, I'application ir est alors un morphisme de dig6bres.

L'application M' : A 0 D --- A, d6finie par /-t' = y o (Id 0 7) fait commuter
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les deux diagrammes suivants

pOIdD,AOAOD AOD

MAO/1'

AoA A

A&DODld.Aol A 0 D

,u'(S)IdDt t tif

AoD ) A
/it

On note encore tz' Papplication sym6trique de la pr6c6dente : D 0 A -+ A,
le contexte suffisant h distinguer ces deux applications.

On a aussi -i: D0 A -* A d o 3'  -4 d -i d, d o 1  --+ d (Find6pendance
du repr6sentant de d' d6coule des axiomes des dig6bres), qui fait commuter les

diagrammes :

DOAOA DOA

IdD 0/2t t -if

D 0 A D

DODOA
-iOMA DOA

IdDO-l't t -if

DOD D

II s'agit dans les deux cas d'une consequence directe de Fassociativit6 de, -i. Le

premier de ces diagrammes signifie simplement que D est un A-module 6, droite.

On a bien sfir de m6me P: A 0 D --+ D, j 0 d'  --* d I- d', 10 d i--- d,
qui fait commuter les deux diagrammes analogues aux pr6c6dents.

Nous allons maintenant introduire progressivement les cinq axiomes de struc-

ture des dig6bres de Hopf sur D, avec les notations ci-dessus.

(DH1) L'alg6bre A est une alg6bre de Hopf. On note A son coproduit.

(DH2) Il existe A, D --+ D 0 A et A2: D -4 A 0 D v6rifiant:

(Al 0 IdA) 0 Al (IdD 0 A) 0 Al ,
i.e. D est un A-comodule h droite.

(IdA 0 A2) 0 A2 (A 0 IdD) 0 A2, i.e. D est un A-comodule i gauche.
et (A2 0 IdA) 0 Al = (IdA 0 Al) 0 A2, i.e. D est un A-bicomodule.

(DH3) Les quatre diagrammes suivants commutent :
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D0 D Ajo-i D 0 A

'NlO(Al+A2)1 I- 0 it E) - 'O tt'

DOAO(DOA+AOD)
IdOTOld

)DODOA&AeDOAOAOD

DOD A20-1
AOD

A20(AI+IN2)I IlZIO-f, e juo-i

AODO(DOA+AOD)
IdOTOId

 AoDoDoAEDAoAoDoD

DOD AJO- DOA

(Al+A2)OAIt II-OA E)

(D 0 A +-A 0 D) 0 D0 AIdOTOld )DODOAOA(DAODODOA

DOD A201-
AoD

(Al+A2)OA2I IWOP E) ItOF-

(D 0 A + A 0 D) 0 A0 DMOTOld)DoAoAoDE)AoAoDoD

o L T est partout I'application d'6change : T(x 0 y) = y 0 x.

D6finition II.l. Soit D une digAre v&ifiant (DH1) a (DH3), et soit x

dans D. On dit que x est primitif si A, (x) = x 0 1 dans D0 A et 1 12 (X) = 10 X

dans A0 D. On note Prim(D) Vensemble des 616ments primitifs de D.

Proposition 11.2 Si la dig6bre D v6rifie (DH1) a (DH3), alors Prim(D)
est une sous-alg bre de Leibniz de DLeib-

D4monstration. Soient x et y des 616ments primitifs de D. Les deux pre-
miers diagrammes de (DH3) donnent :

(Al + A2)(X -1 Y) (-I Oft ED -11 OPI)(X 0 Y 0 10 1 E) X 0 10 10 Y)
E)[tO-I)(1OYOxOl 6 lOlOxOy)

(x-iy)ol+xo7r(y)+?r(y)ox+lo(x-ly)

Les deux derniers diagrammes donnent de m6me :

(Al + A2)(Y I- X) = (y F- x) 0 1 + x 0 7r(y) + 7r(y) 0 x + 10 (y F x)

Par soustraction, [x, y] = x -1 y - y I- x est bien primitif.0
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(DH4) Le diagramme suivant commute:

D AI+A2
 DOA+AOD

7r 7rOldI+Id(D7r
A AOA

A

Proposition 11.3. Si la dig bre D v6rifie (DH1) a (DH4), alors ir: D --+ A
induit un morphisme d'alg6bres de Lie : 7r , : (Prim(D))Lie --+ Prim(A).

D4monstration. Le morphisme de dig6bres 7r induit par fonctorialit6 un

morphisme d'alg6bres de Leibniz 7rLeib : (D)Leib --+ (A)Leib = (A)Lie. L'axiome

(DH4) implique imm6diatement que Fimage dun primitif de D par 7r est un

primitif de A ; on a done par restriction 7rLeib : Prim(D) --+ Prim(A), qui est

toujours un morphisme d'alg6bres de Leibniz. Comme Prim(A) est en fait une

alg6bre de Lie, ce morphisme se factorise par (Prim(D))Lie, do L 7r,,. El

(DH5) 7r,, : (Prim(D))Lie ---4 Prim(A) est un isomorphisme (d'alg6bres de

Lie).

D4finition 11.4. La dig bre D est une digbbre de Hopf si elle v6rifie les
axiomes (DHI) a (DH5). Elle est cocommutative si T o Al :;-- A2-

On v6rifie facilement, en utilisant (DH4), que si D est cocommutative, Falg6bre
de Hopf associ6e A Fest aussi ; et on peut alors d6finir les primitifs par

PrimD = Ix E D I Aix = x 0 11.

Remarque. Dans Faxiome (DH1), on demande que A ait une structure d'alg6bre
de Hopf, et non seulement de big6bre : la n6cessit6 de 1'existence de Fantipode
apparaStra dans la preuve du th6or6me de Milnor-Moore-Leibniz (V.2).

Ill. Les dig6bres libres et enveloppantes.

L'objet de ce paragraphe est la construction de deux exemples de dig6bres de

Hopf. la dig6bre libre sur un espace vectoriel, et la dig6bre enveloppante d'une

alg6bre de Leibniz. A posteriori, la premi6re sera bien sfir un cas particulier de
la seconde. Mais nous construirons d'abord les "coproduits" sur la dig6bre libre.

1. La dig6bre libre.

Soit V un K-espace vectoriel, et soit D = Dias(V) la dig6bre libre sur V

(1.2.2). L'alg6bre unitaire associ6e  L D est alors A = TV
.

On sait (cf. par

exemple [Ll], App.A.5) que A est une alg6bre de Hopf : le produit est toujours
la concat6nation, et le coproduit est d6fini par:

A(vl ... vi ... v") = E va(l) ... va(p) & Vo-(p+l) ... Va(n)
p+q=n
aESp,q
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O L Sp,q est Fensemble des (p, q)-battages de S,,: u est dans Sp,q si et seulement

si on a a(l) < a(2) < ... < a(p) et u(p + 1) < ... < u(n). Par convention,
le mon6me vide (lorsque p ou q est nul) est 1. Enfin, Fantipode est induite par
S: v  --4 -v sur V.

Proposition III.I. La dig6bre Dias(V) est une dig6bre de Hopf cocommu-

tative.

D6monstration. Montrons d'abord que Dias(V) v6rifie (DH2). Soient

A, Dias(V) --+ Dias(V) 0 TV

VI ...
f) i ... Vn F---+ 1: VO'(1)  bi ... VOI(P) 0 Va(p+l) ... Va(n)

a-, (i) <P

A2 Dias(V) --+ TV 0 Dias(V)

VI ...
f) i ... Vn E Vo,(I) ... Vo-(P) 0 VU(P+I) ...  i ... Va(n)

0" (i) >P

les deux sommes portant comme ci-dessus sur les couples d'entiers naturels (p, q)
tels que p + q = n, et les battages u dans Sp,q. Ainsi par exemple

Aj( bw) ft 0 1 +  &W, A2(f)W) W0  b + 1 &ft)

A, (Vtb) VdV 0 1 + z7b 0 V, A2(Vtb) V 0 tb + 10 Vt-V-

Pour p et q tels que p + q = n et i entre 1 et n, posons Sp',,q' <' =: fI7 E Sp,q I U
,q

S2,i SI,i U S2,ipf et
p,q

= fU E Sp,q I 0-1(i) > p} de sorte que Sp,q p,q p,q
et pour k I

et 2,

Ak(VI ...
f) i ... Vn) Va(l) ... VU(P) 0 VO'(P+l) ... Va(n) -

p+q=n
S": i

aE
q
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Pour le premier axiome de (DH2), il s'agit de calculer

((IdD 0 A) 0AI)(VI ...  bi ... Vn)

(IdD (2) A)( E Vor(i) ... VC(p) 0 Va(p+l) ... Va(n))
p+q=n
a E S,,: qi

-"(P)O( Evp(a(p+l))''-Vp(a(p+r))(DVp(akl,+i,+l)) ... Vp(a(n)))
p+q=n r+s=q
o-ESpl:q' PES,-,,

'q

E Va(1)***VU(P)0vP(a(P+I)) ... Vp(a(p+r))(2)Vp(o-(p+?'+I)) Vp(a(n))
p+r+,,,=n

a E S":,' +.. - P E S,-,

et((Al 0 IdA) 0 AI)(VI ...
f) i ... Vn)

(A, IdA)( E VA(l) ... VU(P) 0 VII(P+1) ... VA(n))
t+ =n

AE S,:

... Vr(A(p))(DVr(A(p+I)) ... ... UA(n)
t+s=n p+r=t
ilEStl," -rES,,:,

o L j est le rang de  bj dans le monome v,,(,) ... v,(p), done j (i).
Ainsi

((A, 0 IdA) 0 AI)(V1 ...
f) i ... Vn)

E V7-(,U(1)) 1'T'(A(P) 0 V7-(/I(P+I)) ... V7-(Ii(p+r)) 0 Vp(j)+r+1)) ... VIL(n)) -

p+r+s=n

1,ES"i
P ,,,,-ESp'

Pour v6rifier 1'6galit6 de ces deux expressions, il suffit de remarquer que, (17, p)
6tant donn6 dans Spl:r' x S

,
il existe un et un seul (p + r, s)-battage ft tel que,r+s r's

ft(p + r + (p o a)(p + r + ft(n) = (p o a)(n) (car M(I) ... ft(p + r) sont

alors "Ies entiers qui restent", dans Fordre), et un et un seul (p, r)-battage -r tel

que (,r o y) (1) =: a (1) ... (-r o p)(p) = u(p) et (T o p)(p + (p o a)(p + 1) ... (To
[t) (p + r) = (p o cr) (p + r).

Les deux autres axiomes de (DH2) se v6rifient de fagon analogue.

Pour Faxiome (DH3) 6galement, nous nous contenterons du premier diagram-
me: on a

(AIO -i)(VI ...
f) i ... Vn 0 U1 ...

ft j ... um) = Aj(vj ...
f) i ... VnUI ... Ui ... UM)

E WP(I) ... Wp(a) 0 Wp(a+l) ... Wp(n+m)
a+b=n+m

iPE;5 :b
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O L Wk Vk si k < n, k > n. Par ailleurs,Uk-n S1

VI ...
f) i ... Vn (2) UI ...

ft i ... UM F-4

E Va(l) ...  i ... VC(p) 0 Va(p+l) ... Vo,(n) 0

p+q=n

p,q

+
r+ =M

r E S"
r+S=M

irES,':,
IdMId VO(1)"6 '*VOI(P)OUr(l)**fij--Ur(r)(OVo,(p+l)--l'or(n)(DUr(r+l)--Ur(m)

p+q=n,r+s=m
o-ES"',rES"j

+ )iE V,(I)..f ..V,(P) OU*r(l),*U*r(r)(DVOI(p+l)--Vcr(n)   Ur(r+l)--flj--Ur(m)
p+q=n,r+s=m
O'ES"',7ES2,j

-]0P+4v&'UI E Vo'(I) '-f)i--Va(p)Ur(l)--Uj--Ur(r)(DVa(p+l)--'I'a(n)Ur(r+l)--Ur(m)
p+q=n,r+s=m
UES"',rES"j

+ E Va(l)"f)i **Vo,(p)Ur(l)--Ur(r)(DVa(p+l)--Va(n)ll 7-(-)-+I)--Uj--Ur(m)
p+q=n,r+s=m
O*ES1",rE S2,j

E vo,(I) ...
f i . .. Va(p)Ur(l) ... Ur(r)(DVa(p+I) ... Va(?z)Ur(r+l) .. Ur(m)-

p+q=n,r+s=m
IcESp",rESr,,,'q

Pour prouverl'6galit6 de cette somme et de (Alo -1)(vi ... f5i - - -Vnoul ...
ft i ... Um)i

on va construire une bijection entre les r6unions disjointes

U S1. et U ,

SI'i" X Sr, Sp,q a,b
p+q=n,r+s=m a+b=n+m

Soient p, q, r, s tels que p + q = n, r + 8 = m, a dans S',' r dans S,, Posons
p,q7

a = p + r, b = q + s et soit p la permutation

1 P p+1 p+r = a a+1 .. a+q a+q+l .. n+m

o,(1) c(p) n+T(1) n+,T(r) o-(p+l) .. u(n) n+-r(r+l) ..
n,+-r(m))(

p est clairement dans Sn+m- Comme c(l) < ... < c(p) : , n < n + -r(I) < ... <

n + -r(r) et a(p + 1) < ... < u(n) < n < n +,r(r + 1) < ... < n + -r (m), p est dans
,zSa, b. Enfin comme u est dans SP' q' on a ap, i. e. i E fuc (p),qi

fortiori, i E f p(l),... , p(a)j, i.e. p-1(i) :! , a, donc p est dans S" 
a,b'

R6ciproquement, soit maintenant p dans Sl:" avec a + b = n + m. Soit p le plus
a b

petit entier tel que p(p + 1) > n. Notons que p est au plus 6gal  n puisque les
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entiers p(l),... p(p) sont tous distincts. Soient qn-p,r =a -p,s = b-q
m- r,

a
1 2 ... P P + n

p(l) p(2) ... p(p) p(a + ... p(a + q)

et 7 =

I r r + I m(p(p + 1) - n ... p(a)-n p(a+q+l)-n ... p(n + m) n )
Par construction, u est dans Sp,q etr dans S,,,. Enfin, i est dans jp(l),... , p(a)j,
mais en fait dans f p(l),. p(p)} puisque i < n. Donc a est dans Sp',' (on laisse

,q

au lecteur les cas particuliers: p ou q nuls, etc).
L'axiome (DH4) est clairement v6rifi6. Reste  L 6tablir (DH5). On prou-

vera ind6pendamment dans l'appendice (Corollaire A.5) que Prim(Dias(V)) -

Leib(V) comme alg6bres de Leibniz. Il en r6sulte que (Prim (Dias (V))) Lie  --

(Leib(V))Lie- Or, par composition d'adjoints h gauche, (Leib(V))Lie = Lie(V),
et on sait par ailleurs (cf. [MM] ou [W]) que Lie(V) - Prim(TV), ct'oi 

Fisomorphisme cherch6.

Montrons enfin que la dig6bre de Hopf Dias(V) est cocommutative. Soit, pour

p fix6 entre 1 et n, Tp la permutation (cf. [K], 111.2.4)

( 1 2 ... n-p n-p+1 ... n

TP p+1 p+2 ... n I ... P)
et soit  op : Sn --* Sn7 u  --4 a orp. On a alors QK])  Pp(Sp,q) = Sq,p- Plus

pr6cis6ment, soit a clans Sp',,' et o-' =  pp(a). On a u-'(i) = T;'(u-'(i)) et
q

a-'(i) < p donc a-'(i) > n - p + 1. Ainsi  op(Sp',,') C SP2,,', et par sym6trie il yq q

a 6galit6. Alors :

(T o A2)(Vl ...
f) i ... Vn) VO'(P+l) ... Va(n) 0 Vo,(I) ... vo'(P)

p+q=n
orE S2:iPq

V0'(7'1, (1)) ... Va(rp(n-p)) Va(rp(q+1)) Va(rp(n))
p+q=n

S2,:io-E
P q

E Vp(l) ... Vp(q) (9 Vp(q+l) ... Vp(n)
p+q=n

':qESpP i
Al (V1 ...

f) i ... Vn)

2. La dig6bre enveloppante d'une alg6bre de Leibniz.

Rappelons que, si !9 une alg6bre de Leibniz, on peut lui associer sa dig6bre
enveloppante Ud(!g) (cf. 1.3).
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Proposition 111.2.1. Pour toute alg bre de Leibniz 9, Ud(9) est une dig6bre
de Hopf cocommutative.

D4monstration. On sait que les alg6bres (Ud(g)),,, ED K et U(!gLie) sont

isomorphes ([AG], 5.5 ou [L], 4.8). 11 est bien connu que U(gLie) est une alg6bre
de Hopf, les op6rations 6tant induites par celles sur T!gLie (Cf- IIIA); Ud(9)
v6rifie done (DH1).

Montrons que A, : Dias(!9) -- Dias(g)OT9 d6finie au paragraphepr6c6dent,
passe aux quotients pour induire A, : Ud(9) -+ Ud(9) 0 U(!gLie)- II sagit de

v6rifier que tous les 616ments de Fid6al I, noyau de Dias(9) ----+ Ud(9), ont

une, image par A, dont la classe est nulle dans Ud(9) 0 U(!gLie)- Soit d'abord

z = [x, y] - ; y + yx  un g6n6rateur de I : z est primitif, comme diff6rence des

deux primitifs [x, y] et &y + y& done AI (z) = z 0 1 qui est bien nul dans

Ud(9) 0 U(!gLie)-
Dans le cas g6n6ral maintenant: un 616ment quelconque de I est (une somme

d'616ments) de la forme u F (z -d t) = (u F z) -1 t), u -d (z -d t) = (u -1

Z) -d t, (u F Z)  - t = U  - (z F t), (u -d Z) F t, ou U -1 (z F t), avec z

dans I et u,t dans Dias(!9). Nous utiliserons la notation de Sweedler pour les

coproduits ; T d6signera la classe dans U(!gLie) d'un 616ment x de Dias(9) ; W
d6signera un repr6sentant dans Dias(9) d'un 616ment y de U(!gLie). Ainsi, on

a A, (t) = E(,) t' 0 t" avec les t' dans Dias(9) et les t" dans T!g ; comme la

dig6bre de Hopf Dias (9) est cocommutative, on a alors z 12 (t) t1f 0 V, et

comme elle v6rifie (DH3)

Al(z-1t)
M

01-t + 012) (E z 0 tl 0 10 t1f + EzOt/fOlOt')
M M

M M

en convenant que, si t" est dans K = (Tg)o, alors z -1 t"z. On a done bien

Aj(z -i t) = 0.

On calcule de m6me

Al(zFt) = j:(zFt)Ot" + j:t'(E)YtI'
M M

Al(t-],) = Ew- Z)Otll + Etlotfl-y
M M

Al(t I- Z) = Y(t, I- Z) 0 r + E(i-,,  - Z) &T,

W W

et, par une nouvelle application de (DH3) pour Dias(!9), on en d6duit Fimage
par A, des 616ments de -T. Par exemple,

Al((u -i z) I- t) =: ((d Ott + -d' 012)(Id 0 T 0 Id)((Aj + A2)(U - Z) 0 AI(t))
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(uf -1 Z) I- t'0U"tf1+(uII- tf)OU If   -.t ff +(j F- tl)oii7 zt"+(  z I- tf)(Owt
(U)'(0

Or ul -i z = uf 'Y = 0, et ufl -1 z est un repr6sentant de u" F, donc A, ((u -1 z) F- t)
0. La v6rification est analogue pour les 616ments du type u F- (z -i t), etc

.
On

d6finit bien sfir de m6me '  12 : Ud(9) ---+ U(!gLie) 0 Ud(g).
Ainsi, les deux diagrammes suivants, o i 7r est la projection canonique Dias(!9) --+

Ud(!g) = Dias(9)11, respectivement T9 --+ ZgLie --+ U(gLie), sont commuta-

tifs

Ud(!P) Ud(9) 0 U(!gLie)

7ri Ir0r
Dias(g) Dias(!9) (D T!9

U(!gLie) U(!gLie) 0 U(!gLie)

7ri I-7r(D7r
T9 T9 0 T9

A

Le premier Fest par d6finition de AI sur Ud(!P), le second par d6finition de A

sur U(!PLie)- On a bien sfir un diagramme commutatif analogue pour A2. Les

axiomes (DH2) h (DH4) pour Ud(9), et la cocommutativit6 de Ud(9), r6sultent

alors imm6diatement des m8mes propri6t6s pour Dias(!P).
E reste enfin h prouver que Ud(9) satisfait (DH5). Ce sera fait dans le prochain

paragraphe. 0

Proposition 111.2.2. Pour toute alg bre de Leibniz!9, on a un isomorphisme
de cqg bres Ud(9)J U(gLie)-as

136monstration. Cest ainsi que Fon a d6fini pr6c6demment le coproduit
dans Ud(g)L. D

as

Proposition 111.2.3. Pour toute alg bre de Leibniz 9, on a un isoraorphisme
de U(!gLie) -modules d droite entre Ud(!g) et!9 0 U(!gLie).

D4monstration. Ud(9) et!90U(!9Lie) sont des U(!gLie)-modules hdroite,
respectivement par -V et par multiplication sur le second facteur. Le r6sultat est

alors une cons6quence imm6diate de [L], 4.9. 0

IV. Th6orbrne de Poincar4-Birkhoff-Witt-Leibniz.

Si,C est une alg6bre de Lie, le th6or6me de Poincar6-Birkhoff-Witt ([Q], B.2.3)
affirme 1'existence d'un isomorphisme de cog6bres e : S(C) --+ U(L) entre

Falg6bre sym6trique et l'alg6bre enveloppante. Il s'agit ici d'6tablir Fanalogue
de ce r6sultat pour les alg6bres de Leibniz. Soit !g une alg6bre de Leibniz.
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Th4orbme IV.1. On a un isomorphisme e' : !9 0 S(gLie) ---* Ud(9) de

comodules a droite sur S(!gLie) - U(!PLie)- Plus pr&is ment, e' fait commuter

le diagramme:

Ud(!g) Ud(!g) 0 U(gLie)

e/ I Ie'oe
S(!gLie)

IdOA
0 S(!gLie) &S(!gLie)

D4monstration. Lisomorphisme e' est compos6 de :

!9 (D S(!gLie) 9 0 U(!gLie) -4 Ud(9)

o L e est Fisomorphisme "de Poinear6-Birkhoff-Witt", et Fisomorphisme de K-

espaces vectoriels g est celui de 111.2.3 : pour x dans 9 et u, 00 Un (classe
:bul ... Un7 classe dand'un)616mentdeTgLie 9(X(9(U1(9-*&Un)):-:::-' s Ud(9)

de F616ment Jeu, ... un de 9 &T9 C Dias(!9). Le diagramme du th6or6me se

d6compose en :

!9 0,5(!gLie)
Idoe 9 0 U(gLie) 9 Ud(9)

IdOAt IdtoA tAl
!9 (D S(!gLie) 0;5(!9Lie)

Id(&e e
 !9 & U(!gLie) 0 U(!gLie)

gOId
Ud(9) 0 U(!gLie)

Le diagramme de gauche commute parce que e est un morphisme de cog6bres.
Reste h prouver la commutativit6 de celui de droite. Or

(Al 0 9)(Ul (D (U2 ... Un)) Al(fLIU2 ... Un)

Y- U,(J) ...
ft I ... Ur(p) 0 Ur(p+l) ... Ur(n)

la somme portant sur les couples (p, q) tels que p + q = n et sur les (p, q)-battages
-r tels que :5 p ; en particulier, p > 1. Mais, si on pose i = r-'(1), un tel

battage v6rifie T(1) <... < T (i) < < r(p), ce qui n'est possible que si

i = 1. Ainsi

(Al 0 9)(Ul 0 (U2 ... Un)) EftlU7-(2) ... ur(p) (D Ur(p+l) ... Ur(n)

la somme portant sur les (p, q) tels que p + q = n, p > 1, et sur les r fixant 1 et

v6rifiant,r(2) < ... < -r(p) et -r(p+l) < ... < -r(n), done sur les (p- 1, q)-battages
de f 2,... , nj. Par ailleurs,

(Id & A)(u, (D (U2 ... Un) :--::: U1Ua(2) ... U0-(P) 0 Uo-(p+l) ... Uo,(n)
P=I ... n

aES- *,n-p
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o L Sp*,.-p = ja permutation de 12,... , nj 1 u(2) < ... < a(p) et a(p + 1) <

... < a (n)j, done

((g01d)o(1d0A))(uj0(U2 ... Un)) f4lUo-(2) ... U0-(P)0Ua(P+1) ... Uo-(n)
p+q=n-I

o-ES,*,,,

On retrouve bien 1'expression pr6c6dente. 0

Corollaire IV.2. Les alg bres de Leibniz Prim(Ud(!g)) et 9 sont isomor-

phes.

D4monstration. Posons j = e'-'. Soit x un 616ment primitif de Ud(g).
D'apr6s le th6or6me, i (x) appartient h P?,im(!90S(!g Lie)) autrement dit A, (j (x)) =

i(x) (D 1. Or un 616ment y 0 w de !9 0 S(!gLie) est primitif si et seulement si

A, (y 0 w) = y 0 w 0 1; comme A, = Id 0 A sur !9 0 S(!gLie) ,
cela 6quivaut

a y 0 A(w) = y 0 w 0 1, i.e. (sur un corps) A(w) = w 0 1. Vu la struc-

ture de cogebre de S(!gLie)) ce, n'est possible que si w est dans K
.

Alors :

y 0 1 E !9 0 K C !9 0 S(!gLie), et Fimage de!9 0 K par Fisomorphisme e' est

g. Done x est bien dans !g. Linclusion en sens inverse est claire. 0

Corollaire IV.3. La dig bre Ud(!g) satisfait (DH5).

D4monstration. E sagit de prouver que (Prim(Ud(9)))Lie - Prim((Ud(9))j as

D'apres IV.2 et H1.2.2, cela 6quivaut - GLie L-- PriM(U(!9Lie)), qui est connu. 0

V. Th&r me de Milnor-Moore-Leibniz.

D4finition. Soit D une dig6bre de Hopf. Elle est irr4ductible si Palg bre
de Hopf associ6e A = Das E) K est irre'ductible comme alg6bre de Hopf ([S],
vrrl) -

On note HopfDiaso la cat6gorie des dig6bres de Hopf cocommutatives et irr6-

ductibles (avec les morphismes naturels).

Th&r6me V.I. Les foncteurs Ud : Leib -+ HopfDiaso et Prim

HopfDiaso -+ Leib r6alisent une 6quivalence de cat6gories.

Lemme V.2. Tout objet de HopfDiaso est un module de Hopf (au sens de

[Sjp.83) sur son alg bre de HoPf associ6e.

D4monstration du lemme. Soit D objet de HopfDiaso, et A = Das ED K

Pour que D soit un A-module de Hopf, il faut et suffit que:

D soit un A-moduleh droite : cest le cas ici (par -d')
D soit un A-comoduleh droite : c'est vrai aussi (par A,)
le diagramme suivant commute:
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DOA DOA

A10A I T-ifoll

D&A0A&A D(2)A(2)AOA
IdOTOId

On le v6rifie imm6diatement h partir de (DH3) et (DH4). R

D4monstration du th6orbme. On sait d6jh (IV.2) que Prim o Ud Id. Il

reste h prouver que Ud o Prim - Id. Soit D dans HopfDiaso. Alors

Ud(PrimD) PrimD &U((PrimD)Lie) par 111.2.3

PrimD 0 U(PrimA) par (DH5)
PrimD 0 A

par le th6or6me de Milnor-Moore usuel, qui s'applique puisque A est irr6ductible

et cocommutative. Et comme, d'apr6s le lemme, D est un module de Hopf,
le th6or6me 4.11 de [S] (qui s'applique car A est une alg&bre de Hopf, et non

seulement une bigbbre) donne un isomorphisme de modules de Hopf 7: PrimD(9
A -+ D, m(2) a F--+ m.a. Par composition, on a ainsi a : Ud(PrimD) --+ D,
qui
- est compatible avec les structures de A-modules h droite, puisque 7 et I'isomor-

phisme de 111.2.3 le sont ;
- est compatible avec les structures de A-comodules h droite, car -y Fest, et

Fisomorphisme de 111.2.3 aussi, ainsi qu'on I'a vu dans la preuve de IVA ;

Ud(Prim(D)) et D 6tant toutes deux cocommutatives, a est done aussi com-

patible avec les structures de A-comodules h gauche
- est clairement Fidentit6 sur les primitifs.

Par ailleurs, l'inclusion PrimD ----+ DLeib induit par propri6t6 universelle

un morphisme de dig6bres P : Ud(PrimD) -4 D, qui est aussi I'identit6 sur

les primitifs. On va montrer que a = P. On peut se contenter de consid-

6rer les mon,5mes (classes dans Ud(PrimD) de) ftoul ... up, car tout 616ment

de Ud(PrimD) est combinaison de tels mon,5mes (cf. la preuve de [L], 4.9).
Alors

a(ftoul ... up) = a(U0 U, -il

= a(uo)  Uj -i' -i' Up car a est un morphisme de A-modules

(uo) -d'  ffj -d' -I' Up car a sur les primitifs

0(uo) -d'o(uj) -i'
... -d'o(up) car,3 =: Id sur les primitifs

0(uo) -1,3(ul) -i
...

d 0(up) par d6finition de -i'

P(uo -i ul -1
...

-i up) car 0 est un morphisme de dig6bres

Nftoui ... up) -
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Ainsi a qui est donc un isomorphisme de dig6bres de Hopf. 0

Appendice : caract4risation h la Wigner de Palg bre de Leibniz libre

Soit V un espace vectoriel sur K, corps de caract6ristique 0.

Rappelons d'abord les r6sultats de Wigner. On consid6re l'alg6bre de Lie libre
Lie(V) comme la sous-alg6bre de Lie de TV engendr6e par V, mais pour plus
de clart6 dans la suite on notera i : Lie(V) ---+ TV l'inclusion. Soit alors

TV --+ Lie(V) I'application lin6aire induite par :

VI ... Vn 1  [VI; [V2) [... [Vn-1) VnIl ... I

(et nulle sur ToV = K). En notant [t et A le produit et le coproduit usuels sur

TV, on a alors (cf. [W]) :

Proposition. Pour tout x dans Tn V, (M o (i 0 Id) o Id) o A) (x) =: nx.

Th&r rne. Pour tout x dans TnV, les trois propri&6s suivantes sont 6qui-
valentes

i) x Cz i(Lie(V)),
ii) x E Prim(TV),

iii) 7(x) = nx.

Soient maintenant Leib(V) = TV et Dias(V) = TV0 V 0 TV I'alg&bre de
Leibniz libre et la dig6bre libre sur V (cf. I). Par propri6t6 universelle de Leib(V),
Finclusion canonique V --- Dias(V) se factorise par i' : Leib(V) ---+ Dzas(V),
morphisme d'alg6bres de Leibniz. Nous allons d'abord expliciter i'.

Si a est un 616ment de S, a a une deseente en i (1 < i < n) si a(i) > o-(i + 1)
(cf. par exemple [LI], 4.5.5) .

On notera d(a) le nombre de descentes de a et Z,,
Fensemble des a dans Sn dont les descentes sont cons6cutives (h partir de 1: soit a

n'a pas de descente, soit a a une seule descente et c'est en 1, soit a a exactement
deux descentes qui sont en 1 et en 2, etc.

Proposition A.1. Lhomomorphisme i' : Leib(V) ---+ Dias(V) est donn6

par :

i'(Ul 0 ... 0 Un) )d(a) Uo-(I) f l & Uo,(n)-
aEZn

D6monstration. Pour n = 1, c'est i'(u) = ft qui d6coule de la d6finition de
i'. Supposons la formule vraie pour n. Alors, i' 6tant un morphisme d'alg6bres
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de Leibniz,

if(Ul ... UnUn+l) if([[--[UIiU21i ... U7z])Un+l]) [iI([[--[UI U2]j ... Unl)7 if(Un+1)]
if([--[UI)U2]1 ... Unl) -1 fIn+I fIn+I  - if([--[Ul I U217 ... Unl)

E (- 1) d(o)
UC(I) 0 ... ftl Ua(n) (D Un+I

aEZ 

E (_I)d(o-) Un+1 Ua(j) (D ftl Ua(n)-
O'EZn

(a) Dans la premi6re somme, posons

'r = ( 1 2 ... n n +

a (1) a (2) ... u(n) n +

Alors 7 a les m8mes descentes que o-, qui sont cons6cutives  partir de 1. Donc

-r est dans Zn+1 -

(b) Dans la deuxi6me somme, posons

T = ( 1 2 ... n n + I )n + 1 U(1) ... u(n - 1) u(n)

-r a une descente en 1, puis celles de a, d6cal6es ; elles sont donc encore consecu-

tives h partir de 1 et -r est encore dans Z,,,+,,.avec d(-r) = d(u) + 1.

On a ainsi i'(ul 0 (9Un0Un+1) 1 (-1 )d(r)ErEZn+1 Ur(1)0... f1l

ZI st
n+1

6tant le sous-ensemble de Zn+1 con ruit ci-dessus. Reste iL montrer que

z n+I C Z,
+ 1. Soit T dans Zn+ 1. L'entier r (n + 1) ne peut 6tre que I ou  n + I

n

; en effet, si c'6tait un autre entier i, -r aurait une descente en i, et n'en aurait

pas en i - I : c'est impossible pour un 616ment de Zn+l- Mais alors on peut
trouver un (et un seul) 616ment o- de Zn donnant T par la construction (a) ou (b)
pr6c6dente. Ainsi Zn'+I :-- Zn+I, et on a prouv6 la formule au rang n + 1. 0

Soit maintenant -y' : Dias(V) -- Leib(V) Papplication lin6aire d6finie comme

suit: pour v dans V, on pose = v, et pour n > 2,

^tf(Vl V2 ...  i ... Vn) [Vl) [V2 7 [... [Vn-IiVn]1 ... I Si i = 1

-[^/I (V2 - - -'bi ... Vn)j VI] si i > 2

Ainsi on aura par exemple -/I(UIft2U3U4) = -['Yf(ft2U3U4)7UII = -[[U2,[U3,U4]],Ul]-
On v6rifie facilement que, dans P6criture de 7'(VIV2 ...

f) i ... Vn) sous forme de

crochets de Leibniz,  bj sera P616ment "le plus  b gauche". Ainsi

7f(VIV2 ...  bn) = (_l)n+l [[[... [Vn,Vn-117Vn-21i ... 1)V11-
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Proposition A.2. Pour tout x dans Dias(V),,, on a

((-I' ED F-') o (i' 0 Id ED i 0 ld) o0 Id G) ^/ 0 Id) o A) (x) = nx

(les notations sont celles du II, avec A Al + A2)-
D4monstration. Posons 0 = (-f (D I-') o (i'(D IdE) i 0 ld) o (-y'o ld(DY 0 ld) o A.

Pour n = 1, pour tout v dans V:

0(v) ((-]'ED o (i'oldEDi old) o (-f'oldED-yold))( b 0 1 +1 0,b)
ED o (i' 0 Id E9 i 0 ld)) (v 0 1 + 0 0  6)

Supposons maintenant la propri6t6 vraie au rang (n - 1). Par lin6arit6, il suffit
de consid6rer le cas O L X := U1U2 ... ftk - - - Un E Dias(V)-n.

(a) Supposons d'abord k entre 2 et n. Alors :

A(U2 ...
ft k ... Un) U2 ...

ft k ... Un + ai 0 bi + cj 0 dj
3.

o L eti, dj (resp. bi, cj) sont des notations abr6g6es pour des mon,5mes dans

Dias(V) (resp. TV). Et A(UIU2 ...
ft k ... Un) := A(fil F- U2 ...

ft k ... u n) qui
peut s'6crire (c'est un cas particulier de Faxiome (DH3) des dig6bres de Hopf)

Ul 0 U2 ...
ft k ... Un + (2) U1U2 ...

ft k ... UTZ

+ uldi (D bi + di (2) u1bi + u1cj (2) dj + cj 0 uIdj.

Par hypoth6se de r6currence : O(U2 ...
ft k ... Un) = (n - 1)U2 ...

ft k ... Un-

Or ((-/' 0 Id + -y 0 ld) 0 A) (U2 ...
ft k... Un) :::-- 0 0 U2 ...

ft k... Un + Ei Y(di)_O
bi + Ej ^I(cj) (D dj, done O(U2 ...

ft k... Un) = Ej(i'o-y)(dj)bj+Ej-y(cj)dj.

De m6me O(UIU2 ...
ft k ... Un) = UIU2 ... fik ... Un + 0 + 1:(i'o -/')(ujaj)bj

+ J:(Vo - ')(&j)ujbj + 1:-y(ulcj)dj + 1:^I(cj)uldj.

Or, pour tout mon6me V1V2 ... 01 ... Vni (I > 2), on a

0 'YI) (V1 V2 ...
f I ... Vn) -if([^Yf(V2 ... f)I---Vn)iVII) pard6finiti on de -y'

- [(il 0 'YI) (V2 ... fi ... Vn) i  61 I

puisque i' est un morphisme d'alg6bres de Leibniz et i'(vi) = 01. Done

E(i'o7')(ujaj)bj = -j:[(i'o^/')(aj),uj]bj

= -j:(i'o7')(&j)-iujbj + j:(uj[-(i'o-/')(eQ)- bj
i i

-j:(io-y)(6,i)ujbj + ujj:(i'o-y')(dj))bj.
i i
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Par ailleurs (cf. [W])

- (ujcj) + -I(cj)ul = ad(uj)(- (cj)) + -y(cj)ul = ul-y(cj)

dans Lie(V) C T(V). En r6sum6:

O(UIU2 ...
ft k .. Un) U1U2 ...

ft k .. Un + UI y(i'o ^1')(61)bi +ull(cj)dj

U1U2 ftk ... Un + UIO(U2 ...
ft k... Un)

U1U2 ...
ft k ... Un + ul((n - 1)U2 ...

ft k ... Un)
n U1U2 ...

ft k ... Un-

(b) Reste  traiter le cas k = 1. On a alors plus simplement

A(1 02 ... Un) I &fIIU2 ... Un + f4l 0 U2 ... Un +filai &bi +ai &ftibi

O L A(U2 .. Un) Tj ai 0 bi E TV0 TV. Comme pr6c6demment,

0(ftIU2 ... Un) 0 + ftIU2 ... Un+l:(i'o- ')(ftlai)bi+y:- (ai)ulbi et

i i

(Vo-y')(filai) i'Quj,-y(aj)]) pard6finitionde-y'
[i'(uj),-y(aj)] = ftj-y(aj)-7(aj)fzj.

Reste ii remarquer que

^ (aj)bj o (-y &ld))(E ai & bi)
i

o (- &Id) 0 A)(U2 ... Un)
= (n - 1)U2 ... Un (c'est le r6sultat de Wigner)

d'o L

0(fllU2 ... Un) = fIIU2 ... Un + fti -y(ai)bi = nfiIU2 ... Un- El

Th6orbme A.3. Pour tout x dans Dias(V)n, les trois propri6t6s suivantes

sont 6quivalentes :

i) x E i'(Leib(V)),
ii) x E Prirn(Dias(V)),

iii) (i'o7)(x) = nx.
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D4monstration. En degr6 1 d'abord : x == i(y), avec y dans

Leib(V), (TV), = V et if est 1'identit6 en degr6 1 done x = yE V; alors
Ax = x 1 + 1 0 x. Ensuite, par construction, tout 616ment de Leib(V) est
un crochet d'616ments de V. Prim(Dias(V)) est une sous-alg6bre de Leibniz de

(Dias(V))Leib et if est un morphisme d'alg6bres de Leibniz. Done Fimplication
est vraie en tout degr6.

ii)=Aii) Soit x primitif. Ax = x 0 1 + 10 x E Dias(V) 0 TV + TV 0
Dias(V). Alors, d'apr6s la proposition 2, si x est en degr6 n :

nx = ((-d' ED F-) o (i'oIdEDioId)o(-y'oldEDyold))(x 0 1+ lox)
= ((-I' ED F-') o (if 0 Id E) i 0 Id)) (-y(x) 0 1 + 0 0 x)
= Of e F-Tilb,M) & 1) =: i'(-Y,(X)).

iii) =>-i) II suffit de noter que x = !-i'(-1'(x)) avec -y'(x) dans Leib(V). 0
n

Proposition A.4. Soit x dans (LeibV)n = TnV- On a :(-/, 0 if) W=

nx,

et done if : Leib(V) ---+ Dias(V) est injective.

Remarque. L'analogue de ce r6sultat dans le cas des alg6bres de Lie figure dans

[Q] (App. B, 2.2).
D,6monstration. En degr6 1 : (-/'o if) (v) = 7'(f)) = v. Supposons la propri6t6

vraiejusqu'h(n-1). CommeUIU2 ... Un = U10, ''OUn [UI)U2])U3]7*
dans Leib(V), on aura dans Dias(V) :

if(Ul ... Un) = iI([[-[UI7U21iU31i-Un1)
= [if([[* - [Ul) U21 * Un-11) il(Un)]
= if (11 ... [Ul) U2])* Un-11 -1 fin - fin F- il([[' [Ul) U21i Un-11
= i'(Ul ... Un-1) -1 fin - fin F- il(Ul ... Un-1)

E (_I)d(a)U a(1) & ... fil 0 Ua(n-1)) 0 Un

o,EZ-1

- Un 0 (_l)d(a)U0.(j) o ... fil ... 0 Ua(n-1))
aEZn-1

d'apr6s la proposition 1. 11 faut maintenant prendre Fimage par - ': pour le terme
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de droite, c'est

E (_l)d(a) Un &Uo-(I) 0 ...
ft 1 Uo,(n-1)

aEZn-i

E (_l)d(o,) 71(Un 0 Ua(l) (D ... fil 0 Ua(n-1))
o,EZn-i

=: - 1: (_j)d(o,)[^ft(U0,(J) 0 ... f1l * , * 0 Uo,(n-1))) UnI (d6f. de -y')
OIEZn-i

1: (_j)d(a)7/(U.7(j)  11 (2) Uo-(n-1))) UnI
OIEZ,n-i

E (-l) d(a)Ua(j) (g ... fil ... &Ua(n-1))) UnI
O'EZn-.1

-[71(il(ul ... Un-1)), UnI

-[(n-1)[*'*[UliU2]i*'']iUn-il UnI par I'hypoth6se de r6currence

-(n-1)[[***[Ul U2])'**])Un-1],UnI = -(n-l)UIU2 ... Un-

Il reste donc h prouver que Fimage par 7' du terme de gauche ci-dessus vaut

Ul ... Un, autrement dit :

(*) y/(i/(Ul ... Un-I)Un) = Ul ... Un-

On le fait h nouveau par r6currence. Pour n = 2 c'est la d6finition de 7':
(ft I U2) = [U 1) U21 = U1 U2 -

Pour n = 3, cest Fidentit6 de Leibniz :

7Vil U2U3 -U2ftIU3) = [Uli[U2)U3]1+ [[Ul)U3])U2] = [[UIU2],U3] =UIU2U3-

Supposons que, pour tous ui dans V, on ait -y'(i'(ul ... Un-2)Un-1) = Ul ... Un-2Un-l-

On 6crit :

lyl(il(ul ... Un-I)Un) :-- ^/I( )_7 (_l)d(a)U a(1) & * , , &Uu(n-1) 0 Un)
O'EZn-I

+

+

a(n-l)=n-1

(cf. la preuve de la prop. 1). Calculons s6par6ment

(_l)d(a)Ua( I) (2) ...  tl 0 Ua(n-1) 0 Un)

d(o) [71(Ua(2) 0... f1l 0 Uo,(n-1) 0 Un), Un-11

(_l)d(c) Ua(2) 0 ... fll 0 Ua(n-1)) &Un), Un-11

[71(il(ul ... Un-2)Un)7 Un-1]



132

car, vu la d6finition de Z,,-l et Zn-2) l'application

JU E Zn-I 1 6(l) n - 11 --4 Zn-2

1 2 ... n - 2
a T = (6(2) o7(3) --- cr(n-1))

est une bijection. v6rifiant d(T) d(6) - 1. Par I'hypoth6se de r6currence, le

dernier crochet vaut :

lul ... Un-2un,un-11

D'autre part

f I (D Uo,(n-1) &Un)

(_I)d(p)U P(l) f1l 0 Up(n-2) 0 Un-I 0 Un)
pEZn-2

car on a encore une bijection

ja E Zn-I I u(n - 1) = n - 11 Zn-2

,7 a restreinte h fl.... n - 21

qui respecte le nombre de descentes. Or, pour tout v dans V,

71( E (_,)d(p)U P(l) (9 ... fll'**(DUp(n-2)(DV) = 'XI(if(Ul ... Un-2)V)
PEZ-2

qui vaut ul ... Un-2V ... [Ul7U21i-Un-2],V] par I'hypoth6se de r6cur-

rence, et chaque ^/'(u P(l) ftl ... Up(n-2)Un-lUn) s'obtient en remplagant v par

[Un-1; unj dans 1'expression de ^//(Up(l) f l ... Up(n-2)V) (voir la d6finition de

-f ,
en notant que

" nest jaxnais sur v"). En r6sume,

11(if(ul ... Un-I)Un) [[[* * * [Ul) U21) *.* Un-21, UnI, Un-11
+ [Ul i U21 i

* * * Un-2], [Un-1, UnIl
[[[***[UI)U2],*.* Un-21, Un-11, UnI

par Fidentit6 de Leibniz

ce qui termine la d6monstration. 0UlU2 ... Un)

Corollaire A.5. Les alg6bres de Leibniz Prim(Dias(V)) et Leib(V) sont

isomorphes.

D,6monstration. D'apr6s le th6or6me, Prim(Dias(V)) = i'(Leib(V)), qui
d'apr6s la proposition pr6c6dente est isomorphe 6, Leib(V). 0
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Remarque. Par analogie avec le cas classique (cf. [J]), dans le th6or6me ci-

dessus, i), *ii) (ou le corollaire) est un "th6or6me de Friedrichs-Leibniz", et i) *iii)
un "th6or6me de Specht-Wever-Leibniz".
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