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0 Introduction

The homology of Lie algebras is closely related to the cyclic homology of associative
algebras [LQ]. In [L] the first author constructed a “noncommutative” analog of Lie
algebra homology which is, similarly, related to Hochschild homology [C,L]. For a
Lie algebra g this new theory is the homology of the complex

Ci(®) o g®r gl gk,

whose boundary map d is given by the formula

dg;®..®g) = Y (-1V(9®...09,_®0g,9,]09,,®...84;®...9g,).

1Si<jsn

Note that d is a lifting of the classical Chevalley-Eilenberg boundary map d: A"g —
A™~!g. One striking point in the proof of d*> = 0 is the following fact: the only
property of the bracket, which is needed, is the so-called Leibniz identity

[z, [y, 2]] = [[z,y], 2] — [[z,2],y], forallz,y,z€g.

So, it is natural to introduce new objects: the Leibniz algebras, which are modules
over a commutative ring k, equipped with a bilinear map [—,-]:g X g — ¢
satisfying the Leibniz identity. Since the Leibniz identity is equivalent to the classical
Jacobi identity when the bracket is skew-symmetric, this notion is a sort of “non-
commutative” analog of Lie algebras.

Hence for any Leibniz algebra there is defined a homology theory (and dually a
cohomology theory) HL,(g): = H,(Ci(g),d).

The principal aim of this paper is to answer affirmatively the following question.
Is HL, (resp. HL*) a Tor-functor (resp. Ext-functor)? This leads naturally to the
search for a universal enveloping algebra of a Leibniz algebra.

In Sect. 1 we give examples of Leibniz algebras and we show that the underlying
module of a free Leibniz algebra is a tensor module. Then we define the notion of
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representation (and co-representation) of a Leibniz algebra. This enables us to define
homology and cohomology with nontrivial coefficients.

In Sect. 2 we construct the universal enveloping algebra UL(g) of a Leibniz
algebra g [as a certain quotient of the tensor algebra T(g @ g)] and prove that the
category of U L(g)-modules is equivalent to the category of g-representations. We
show a Poincaré-Birkhoff-Witt theorem in this framework.

In Sect. 3 we prove the main theorem, that is the isomorphisms

HL,(g, A) = Tory “®U(g,), 4),
HL*(g, M) = Ext};,(U(gy), M)

Here g; ;. is the Lie algebra associated to g, U(gy,,) is the ordinary enveloping algebra
of gi,.» A is a co-representation of g and M a representation of g. The main tools that
are used are Cartan’s formulas and a Koszul type complex in the noncommutative
framework. As a consequence we get the triviality of these theories for free Leibniz
algebras.

In the last section we relate central extensions of s/,(4) with the Hochschild
homology group HH,(A) of the associative algebra A (analog of a theorem of
Bloch-Kassel-Loday). It is interesting to note that the Virasoro algebra is a universal
extension of Der(C[z, z~1]) both in the Lie framework and in the Leibniz framework.

In the whole paper k is a commutative ring with unit.

1 Representations of Leibniz algebras and (co)homology groups

(1.1) Definition of Leibniz algebras. A Leibniz algebra g over k is a k-module
equipped with a bilinear map, called bracket,

[—a—]:g Xg—49,
satisfying the Leibniz identity:
(1.L1) [z, [y, z]] = [[z,y], 2] ~ llz, 2], y] forallz,y,z€g.

This is in fact a right Leibniz algebra. The dual notion of left Leibniz algebra is
made out of the dual relation [[x,y],z] = [z, 1y, z1] — [y, [z, 2]1], forall z,y,z € g.
In this paper we are considering only right Leibniz algebras. A morphism of Leibniz
algebras g — g is a k-linear map which respects the bracket.

A Leibniz algebra is a Lie algebra if the condition

(1.1.2) [z,z] =0 forallzeg,

is fullfilled. Note that this condition implies the skew-symmetry property: [z,y] +
[y, 2] = 0. Then the Leibniz identity is equivalent to the Jacobi identity.

For any Leibniz algebra g there is associated a Lie algebra g;,., obtained by
quotienting by the relation (1.1.2). The quotient map g — g;. is universal for the
maps from g to any Lie algebra which respect the bracket. The image of z € g in
Pie is denoted .

(1.2) Examples. (a) Obviously any Lie algebra is a Leibniz algebra.
(b) Let A be an associative k-algebra equipped with a k-module map D: A — A
satisfying the condition

(1.2.1) D(a(Db)) = DaDb = D((Da)h) foranya,be A.
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Define a bilinear map on A by

[z,y]: = (Dy) - (Dy)x.

Then, it is immediate to verify that this bracket satisfies the Leibniz relation. So A
becomes a Leibniz algebra, that we denote by A; . In general it is not a Lie algebra
(unless D = id). Here are examples of operators D which satisfy condition (1.2.1):

(bl) D is an algebra map, and is an idempotent (D? = D).

(b2) A is a superalgebra (i.e. A is Z/2-graded), so that any x can be uniquely
written = x, -+ z_. Then take D(z) = z_.

(b3) D is a square-zero derivation, that is D(ab) = (Da)b+ a(Db) and D?a = 0.

(c) Let A be an associative algebra and b: 43 — A®2 the Hochschild boundary.
Then A ® A/Imb, equipped with the bracket [a ® b,¢ ® d] = (ab — ba) & (ed — dc)
is a Leibniz bracket (cf. 4.4.).

(d) Let V be a k-module. The free Leibniz algebra Z(V) over V is the universal
Leibniz algebra for maps from V to Leibniz algebras. It can be constructed as a
quotient of the free non-associative k-algebra over V' like in [CE, p.285). Here is a
more explicit description.

(1.3) Lemma. The tensor module T(V) = VO Ve ... o VO g ... equipped with
the bracket defined inductively by

(1.3.1) [z,v]=2®uv, for zeT(V)veV,

(13.2) [z,y@v]=[r,yl@v—[z®vy], for zyeT(V),veV,

is the free Leibniz algebra over V.

Proof. Let us first prove that we have defined a Leibniz algebra. Since T(V) is graded
we can work by induction. The hypothesis implies that the Leibniz relation is true
forany z€e VoV a.. Vel Letz=t®v e VO, witht € V&*~1 and
v € V. By applying (1.3.2) and the induction hypothesis one gets, on one hand,

[z,[y, 2zl = [z, [y, t @ v]] = [z, [y, 1] ® v] — [z, [y ® v,]]
=z, [y, tlov—[zQvlytl - [z, y®v],t] +[lz,t],y ® v]
=[x, [y, Nl @v—-[z®v [y t]] - [[z,y ®v],t]
+ [z, tLyl ® v — [[x, t] ® v,y].
On the other hand, one gets,

[lz,y], 2] = [z, 9], t ®v] = [[z, ¥}, t] @ v — [[z,y] ® v, 1]
=[llz,yl,t]®@v—[lz,y®v],t] - [[z @ v,y],1]

and
Iz, 2 4l = [z, t ®@v],y] ==, ] @v,y] ~ [[z @ v, thy].

Now adding these three elements one gets
(2, [y, 211 = [z, y), 2] + [[z, 2], y] = O

by the induction hypothesis, some cancellation and (1.3.2).

Let us now prove that the inclusion map V' — T(V) is universal among the k-
linear maps ¢:V — g where g is a Leibniz algebra. Define f:T'(V) — g inductively
by

f)=¢) and f@v,®...0v,)=[f@,®...®v, ), f©,)],
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where the latter is the bracket in g. Note that this definition is forced by relation
(1.3.1). Since g is a Leibniz algebra, f satisfies relation (1.3.2). This proves that
T(V) is universal and therefore Z(V)=T(V). O

(1.4) Remarks. If V is one-dimensional, generated by z, then T(V) = ka ® k2’ ®
... kx™ @ ... and the Leibniz structure is given by

o g if j=1
ioed] — y
=", 2] {o if j>2.

For any V the Lie algebra associated to % (V) is the free Lie algebra L(V), which
can be identified with the primitive part of the tensor Hopf algebra (V) = k@ T (V).
Let us denote by [—, —], the Leibniz bracket on T(V) and by [—,—] the Lie bracket
on T(1"), ie. [a,b] = ab—ba. Then [...[v|,vy]1, 03], ..., 0], =1, @1, Q... Qu,
and the map v: £ (V) — L{V) is given by v(v, ®...®v,) = [...[v;,v,},v35] ..., v,

(1.5) Representations and co-representations. An abelian extension of Leibniz alge-

bras
O—-M-—-h—9g—0

is an exact sequence of Leibniz algebras, which is split as a sequence of k-modules
and which verifies [M, M] = 0.
Then M is equipped with two actions (left and right) of g,

[-,~]=gxM-—-M and {-,-]:M xg— M

which satisfy the following three axioms,

LML) [z, [m,y1] =z, m], y] — [z, y}, m]
(LLM) {z, [y, m]] = [[z,y], m] — [z, m],y]

forany m € M and z,9y € g.
Note that the last two relations imply the following:

(ZD) [z, [m,y]] + [z,[y,m]} =0.

By definition a representation of the Leibniz algebra g is a k-module M equipped
with two actions of g satisfying these three axioms.

Dually, a co-representation of the Leibniz algebra g is a k-module N equipped
with two actions of g satisfying the following three axioms

(MLLY [z, yl,m] = [z, ly, ml] — [y, [z, m]]
LMLy ly, Im, z}] = [y, m], 2] — [m, [, y]]
(LLMY [fm,z}, y1 = [m, [z, y]] — [ly,m], z].

The last two relations imply
(ZDY [y, [m, 2] + [[m, 2], y] = 0.
A répresemation is called symmetric when
fm,z2]+[x,m}l=0 foral me M,z€g.

Under this hypothesis any one of the six axioms implies the other five.
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In particular a symmetric representation is also a symmetric co-representation and
is equivalent to a module over g; ;. (that is a Lie representation).

A symmetric representation is uniquely determined by a right action and axiom
(MLL).

The actions (left and right) of a Leibniz algebra on itself determine a representation.

A representation (resp. co-representation) is called anti-symmetric when

[x,m] =0, (esp.[m,z]=0),zcg, meM.
A representation or co-representation is called trivial when
[:U»m]:O:[m?w]axeG?mEM'

A morphism f:M ~— M’ of g-representations is a k-linear map which is
compatible with the left and right actions of g (and similarly for co-representations).

(1.6) Action of a Leibniz algebra on another Leibniz algebra and crossed modules.
An exact sequence of Leibniz algebras

O—»g’—i>g—£>g"—>0

is said to be splir when there exists a Leibniz morphism s:g” — g such that
pos= idgu.
By using s and the Leibniz product [—, —]; of g one gets two actions of g’ on g’:

[ —l:g" x¢ — @', [2"a") = [s(x"),i(z")],
[*7 _] :g/ X g” - g’ 3 [Ilv l'"] = [Z(CL‘,), S(.CC/I)]B 3

These actions satisfy 6 relations, which are obtained from the Leibniz relation by
taking one variable in g and two in g” (3 relations), and one variable in g” and two
in g’ (3 relations).

Let us define an action of the Leibniz algebra g on the Leibniz algebra g’ as two
actions of g” on g’ (denoted as above) satisfying these 6 relations.

It is clear that such a data enables us to reconstruct the semi-direct product
g =g x g” (ie. a split extension).

A crossed module is a homomorphism of Leibniz algebra p:g — b together with
an action of § on g such that

(@) plh, g] = [h, pgl, plg, k]l = [ug, k],

) lg, 491 =19,9'1 = [ug,g'l, for g,¢’ € g, h € h.

(1.7) Extensions of Leibniz algebras. Let g be a Leibniz algebras and M be a
representation of g. An abelian extension of g by M is a short exact sequence of
Leibniz algebras

G) 0—-M—-h—g—0

such that the sequence is split over k, the Leibniz bracket on M is trivial and the
action of g on M induced by the extension is the prescribed one. Two such extensions
(B) and (h’) are isomorphic when thete exists a Leibniz algebra map from § to b’
which is compatible with the identity on M and on g. One denotes by Ext(g, M) the
set of isomorphism classes of extensions of g by M.

Let f:g®° — M be a k-linear map. We define a bracketon h = M @ g by

[(mlvml)v (m23$2)] = ([mlawzl + [thz] + f(xlv .’32), [xlazz]) 4
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Then b is a Leibniz algebra iff

(171) [xvf(ya Z)] + {f(%z),y]— [f(x»y)7z]
- f([fl'. 9]7 Z) + f([xa Z]a y) + f(xv [y7 Z]) =0

for all z,y, z € g. If this condition holds, then we obtain an extension
0 M5 4 LN g—0

of Leibniz algebras, where i(m) = (im,0), p(m, x) = z. Moreover this extension is
split in the category of Leibniz algebras iff there exists a k-linear map g:g — M
such that

(1.7.2) f@, ) =z, gl + [9(2),y] — g(lz,yD,z,y € 8.
An easy consequence of these facts is the following natural bijection:
(1.7.3) Exi(g, M) = Z%(g, M)/ B*(g, M).

Here Z%(g, M) is the set of all k-linear maps f:g%° — M satisfying (1.7.1) and
B?(g, M) is the set of such f which satisfy (1.7.2) for some k-linear map g:g — M.

(1.8) Cohomology of Leibniz algebras. Let g be a Leibniz algebra and M be a
representation of g. Denote

C"(g, M) := Hom, (g®", M), n2=0.

Let
d*:C™(g, M) — C™""(g, M)

be a k-homomorphism defined by
(dn.f)(xl, LA ] xn-{—l)

n+1
= [y, f@gy oy 2 DI D (SO L@y s By ey By 3]
=2
S S G Vsl CONNUNE SN N AT SRS A

igi<jsn
In the notation of Sect.3 below we have
C*(g, M) = Homy; ;(,,(W,(g), M) and d" = Homy ) (d,, M)
and from Lemma 3.1 below it follows that
&g =0, for n=0.

Therefore (C*(g, M),d) is a cochain complex, whose cohomology is called the
cohomology of the Leibniz algebra g with coefficients in the representation M:

HL*(g, M) := H*(C*(g, M), d).
For n =0, HL%g, M) is the submodule of left invariants of M, i.e.
‘HLO(g,M) ={me M |[x,m] =0 for any z € g}.
For 7 = 1 a 1-cocycle is a k-module homomorphism
S:g— M
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satisfying the identity
5[z, yD) = [6(2), y] + 1z, 6(y)] .

Such a map is called a derivation from g to M and the k-module of derivations is
denoted Der(g, M). It is a coboundary if it has the form ad,,(z) = [z, m] for some
m € M; ad,,, is called an inner derivation. Therefore

HIL)g, M) = Der(g, M)/{inner derivations} .
When M is antisymmetric we have
HL'(g,M)=Der(g, M) = {f:g —~ M| f(le,yD) = [z, I}

It is clear that 1_ € HL'(g, g*), where g® is the antisymmetric representation, whose
underlying k-module is g and g® x g — g° is the ordinary bracket on g. Therefore if
g =+ 0, then HL'(g,g*) + 0.

When M is symmetric, then HL!(g, M) = HL'(g, .., M) = H'(gy,,, M).

It is easy to check that the sets of 2-cocycles and 2-boundaries coincide with
Z%(g, M) and B%(g, M) respectively. Therefore by (1.7.3) the group HI*(g, M)
classifies the equivalence classes of extensions of the Leibniz algebra g by M.

(1.9) Proposition. For any Leibniz algebra g and any representation M, there is a
natural bijection

Ext(g, M) = HL*(g, M). 0

Like in [C] we can easily show that crossed modules of Leibniz algebras are
classified by HL>.

(1.10) Characteristic element of a Leibniz algebra. Let g be a Leibniz algebra. We
denote by g*™" the kernel of the natural projection g — g;;.. Therefore we have an
exact sequence of Leibniz algebras,

(1.10.1) 0— g™ —g— g, —0.

By definition of g;,. the Leibniz algebra g*™ coincides with the right ideal of g
generated by the elements of the form [z,x], z € g. It follows from the Leibniz
identity that

[z,ly,yll =0, for z,yeg.

Therefore (1.10.1) is an abelian extension of g, by g*™". Moreover the induced struc-
ture of representation of g, .. on g*™" is anti-symmetric. By (1.9) the extension (1.10.1)
determines an element in HL%(g;,,, p"™). We call this element the characteristic
element of the Leibniz algebra g and denote it by ch(g) € HL*(g,,, g°™).

For example, when g is a free Leibniz algebra with one generator, then
HILX (g, ™) = k and ch(g) is a generator.

Let M be a representation of g. Let us denote by Msym the quotient of M by the
relations [z, m] + {m,x] = 0 for z € g, m € M. This is a symmetric representation.
The kernel of the projection map M — M, = is antisymmetric and is denoted by

A sym
M,,;- Therefore we obtain a short exact sequence

O0- M, M~—-M, —0

sym

and so a canonical element in Ext!(M,, ,M,), where the Ext-group is taken
in the category of representations of g. Note that the categories of antisymmetric
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representations and symmetric representations are both equivalent to the category of
Lie representations of g; ;..

(1.11) Homology of Leibniz algebras. Let g be a Leibniz algebra and A be a co-
representation of g. Denote C, (g, 4) = A ® g®", n 2 0. We define a k-linear
map

dn = dS'Cn(ga A) - n—[(ga A)

by
d,(m,z;, ..., ,)
" .
= ([m,ﬂ:l],$2, LR ] II}n)-f' Z(_l)i([xiam]axlv rhey i‘p Ly ZL'n)
7=2
+ Y Ty, g Tg) e By, T,
15i<jsn

In the notation of Sect.3 below we have
Cylg, A =Wy(@ @y A and dS =d ®@1,,
and from Lemma 3.1 below it follows that
dd, ., =0, nz20.

Therefore (Cy (g, A), d) is a well-defined chain complex, whose homology is called
the homology of the Leibniz algebra g with coefficients in the co-representation A:

When A is symmetric, then H L, (g, A) coincides with the homology theory defined
in [L] and [C]. A similar remark applies for cohomology.

(1.12) Relation with the Chevalley-Eilenberg (co)homology of Lie algebras. Let g be a
Leibniz algebra and M be a symmetric representation. Then Af has a natural structure
of g; ;.-module and the natural projection

C.@gM=Mc3g®°" >MeAg, n20,
is compatible with boundary maps. Therefore it induces a homomorphism
HL*(Q’ M) - H*(gLiea M)

to the classical Chevalley-Eilenberg homology of the Lie algebra g;;., which is an
isomorphism in dimensions 0 and 1 and a sugjection in dimension 2. One has a similar
homomorphism for cohomology

H*(gLieiM) - HL*(B,M) .

2 Universal enveloping algebra of a Leibniz algebra

(2.1) Let g* and g" be two copies of the Leibniz algebra g whxch is supposed to be
free as a k-module. We denote by I, and r_ the elements of g’ and g" corresponding
to & € g. Consider the tensor ]c-algebra T(g & g"), which is associative and unital.
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Let { be the two-sided ideal corresponding to the relations

@ Play] = Taly — TyTz >
(ii) l[I,y] = lxry — rylm,

(i) (r,+1)l, =0, foranyz,yecg.

(2.2) Definition. The wuniversal enveloping algebra of the Leibniz algebra g is the
associative and unital algebra

UL :=T@ ag"/I.

(2.3) Theorem. The category of representations (resp. co-representations) of the
Leibniz algebra g is equivalent to the category of right (resp. left) modules over U L(g).

Proof. Let M be a representation of g. Define a right action of U L(g) on the k-module
M as follows. First g' and g” act on M by

m-l, =[z,m], m- 1, =[m,z].

These actions are extended to an action of T'(g' @ g") by composition and linearity.
Axiom (M LL) (resp. (LM L)) of representations implies that the elements of type (i)
(resp. (i) act trivially. In presence of (LM L), axiom (L LM) is equivalent to (Z D).
This relation implies that elements of type (iii) act trivially. So M is equipped with
a structure of right U L(g)-module.

In the other direction it is immediate that, starting with a right U L(g)-module, the
restrictions of the actions to g' and g” give two actions of g which make M into a
representation.

The proof in the co-representation case is analogous. [J

(2.4) Proposition. The map n:U(gy,) @ U(g) ® 9> UL(@, Z— 1, 1Qy — 1,
is a U(gy;.)-module isomorphism. Under this isomorphism the product structure on
the former module is induced by the product structure of U(gy;.) and the formulas
(2.4.2) Iyldexy=-gz, for z,yeg.
Proof. Recall that the image of x € g in g, is denoted by Z. By (2.1.i) it is clear
that r[, ., = 0, and so g" generates in U L(g) an algebra isomorphic to U(gy;.). Hence
the map 7 is well-defined.

Define a map §:UL(g) — U(gy.) D U(g) ® g as follows: 6(r,) = T and
() = 1®y. Then 6 is extended over T'(g' ® g") by product, using formulas (2.4.1)

ang (2.4.2). Obviously formula (2.1.i) is fulfilled. Formula (2.1.ii) is a consequence
of (2.4.1). Formula (2.1.iii) is a consequence of (2.4.2). U

(2.5) Proposition. There are algebra homomorphisms

which satisfy
dysy = d;sy =1d, and (Kerd;)(Kerdy) =0.

Proof. Define dy, d,:UL(g) — U(gy,,) by
{ dyl,) =0 { dil)=~-17

dy(r,) = & dy(r,) =%

and s,:U(gy;) — UL(g) by 54(&) = 7.
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It is clear that d;, d; and s, are well-defined algebra homomorphisms {since
Tlz,z) = 0)-
m'f‘he: ideal Kerd, (resp. Kerd,) is generated by the [ ’s (resp. (r, +{,)’s), so the
formula (Ker d,) (Ker d) follows from the relation (r, +1,){, =0. O

(2.6) Induced representation from Lie-modules. Let M be a Lie-representation of the
Lie algebra gy, that is a right U(g,,.)-module. There are two ways to look at it as
a module over U L(g): under d; or under d,. The first one gives an anti-symmetric
representation of g, and the second one gives a symmetric representation of g.

(2.7) Examples. (a) Suppose that g is an gbelian Leibniz (hence Lie) algebra, that
is [z,y] = 0, for z,y € g. Then U(g;;.) = U(g) = S(g) (symmetric algebra) and
UL(g) = 5(g) ® S(g) ® g, where the product is induced by the product of S(g) and

{ﬂ®@y=y®w€&m®g,
1)@y =~yRzecS(@®g.

(b) Let V be a k-module and let £(V) be the free Leibniz algebra over_V (cf.
L.3). It is well-known that U(Z(V),,) = UIV) = T(V). Since VY= TV) =
T(V)/k as a k-module, one has an isomorphism of k-modules:

ULZEWVHETWYeTW TV 2TV)RT(V).

But the algebra structure is nor the product of the two algebra structures. Denoting
by r, (resp. {,)) the generators of the first (resp. second) copy of T'(V), the product
is induced by the classical product structure on the first copy of T(V) and by

{ lvrw = T'wlv + l[’u,w]

Iy, = =7l

For instance, if V is 1-dimensional, then UL(%(V)) is isomorphic to the algebra
k{z,y}/(zy = 0), where {~,—} means non-commutative polynomials.

(2.8) A Poincaré-Birkhoff-Witt type isomorphism. Let 7:V — W be an epimorphism
of k-modules. Define the associative algebra SI(7) as the quotient of S(W) R T'(V)
by the 2-sided ideal generated by 1 @ zy + 7(x) ® y, forall z,y € V.

Note that U L(g) is a filtered algebra, the filtration being induced by the filtration
of T(gll @ g"), that is F,UL(g) = {image of k@ E® ... ® E®" in UL(g)}, where
E=gog.

The associated graded algebra is denoted gr U L(g) := € gr,, UL(g).

n20

(2.9) Theorem (PBW). For any Leibniz k-algebra g such that g and g, ;. are free as
k-modules, there is an isomorphism of graded associative k-algebras
grUL(g) = SL(g — g1 -

Proof. Note that, as a k-module, SL(7) is isomorphic to S(W)® S(W)® V. The
classical PBW theorem gives an isomorphism grl(g,;.) = S(g;,,). By Proposition
2.4, the expected isomorphism is induced by the PBW isomorphism and the canonical
isomorphism g' & g. O

3 Cohomology and homology of Leibniz algebras as derived functors

In this section we prove that homology and cohomology of Leibniz algebras are
suitable Tor and Ext groups respectively.
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(3.0) Let g be a Leibniz algebra and UL(g) be the universal enveloping algebra
of g. We define a chain complex W,(g) in the category of right U L(g)-modules
as follows. Denote by W, (g) the right UL(g)-module g®" ® U L(g). Since g®" is
free over k, W, (g) is free over UL(g). For short, we shall write (x,, ..., z,)r for
(z,®...0z,)®r, where z, ..., z,, € g, r € UL(g). Let

dn : Wn(G) - ‘Vn—l(g)? n g 1 I
be the homomorphism of right U L(g)-modules given by
d (), ..., T,)

n
=@y, s B L D (D (g By, )Ty,
=2

" .
+ Z Dy, w2 Ty e By, X))

1Si<ign

We shall prove that (W, (g),d) is a free resolution of U(g,;.) considered as a right
U L(g)-module under d, :UL(g) — U(g;;.) (cf. 2.5). We first show that (W, (g),d) is
a complex. The proof is along the same line as in the Lie case [CE, HS].
We define, for any y € g, homomorphisms of right U L(g)-modules
0y): W, —»W,(g, n20,
Wy):Wo(@— W, (g, n20,

as follows:
8(y) is left multiplication by I, for n = 0, and

W) (T1y s Tp) = =(Tyy -0y Ty) T
n
+Z(x1, ooyl ooz, for n>0,
i=1

g, ooy ) =02y, o T, Y)

(3.1) Proposition (Cartan’s formulas). We have the following identities
(i) 0(@)0(y) — 0 zx) = — N[z,yl), for n>0,
(i) 0(z)i(y) — W(y)6(x) = i(ly,x]), for n>0,
(iv) 8(ypd, =d,0@), for n>0,
v)d,d, ,=0.

Proof. 1) The statement is easy when n = 1. Let us consider the case when n > 0.
By definition one has

W, _1(Tys s Tyy)

i

n-—1
= (-2 {(xz, vy Ty Yy, F Z(—l)*(xl, ey By e Ty YT,
§=2

+ Z VW, ), - By mn_l,y)},

1Si<jsn~1
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and

d, iy {zy, ..., T, )
=Dy, o 2,y

n—1
= (-t {(xz, s Ty P, —}—Z(-—l)z(asl, e e T YTy,

1==2
+(=D"{zy, ..., xn_l)ry

+Y Y g, [me ] By T Y)

1Si<j<n~1
+ Z (_1)n+]<x1, Leey [xg,Vylt D m'n,~l>} :
15ign

Therefore one gets

(W, +d iN(Tyy s Ty )
= Ty, ey Ty )Ty Z PN |- P 7] I I

15:8n

= 9(?/)@51, ey $n—l> .

i) We have
n
@0 (@1, -y Tp) =Ty, -0, T Ty, — Z @y - [ 2], oy 2,) Ty,
i=1
n
—Z(zl, NS 170 7] RN S N
i=1
n
+ Z @ - [z, 9], - [y52), ey )
ig=1
(55

+Z(:l?1, oo Mz, vl 2l .o, z,) -
i=1

Using the Leibniz identity and relation (i) of 2.1 we obtain

B@)0y) - 0@ b)) {zy, ..., x,)

k(3
= (z,, ..., wn)r[z,y]-l—Z(m], RS 78 (TN ] | R

i=1

= -z, yD{zy, ..., z,).
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iii) By definition one has

@)y (zy, ..., x,)

n
= (—1)n{ =Xy s xn,y>r$+z<ml, SRR 0 RPN N 7))
i=1

—+—<$1, M xnu[yvxp}’

and

= (=" { — (&g, YT +Z S |- 79811 F mn,y)}

Therefore one obtains
O@)ily) — iY@ (21, - ., T,) = (=1 {2y, .., Ty, [y, 2])
=ily,zD(xy, ..., z,)-
(iv) We proceed by induction on n. For n = 1 we have 8(y)d,(z) = l,l, and

dob(y) {z) = —1 2Ty F Uz - Therefore the statement in this case follows from the
relations (ii) and (ii1) of 2 1 For n > 1 we have

Owd, —d.0@) (z,, ..., z,)
= (D" {0@)d, i(x,) ~ d,0@)ix,)} (2, ..., T,_,).
Thus it is sufficient to show that
0()d,i(x) — d,0(y)i(z) =
But
6 d,i(z) — d, 0(y)i(x) = y)8(x) — O(y)i(z)d,,_,
—d u(0)0(y) — d,ilz,yD (by () and (iii),
=0 b) — 0y i(x)d,,_, - 6(x)0(y) + i(x)d,,_,0(@y)
— 0z, yD) + iz, yDd,,_; by (),
= —0(ix)d,_; +i@)0W)d,_,
+i([z,y})d,,_; (by (ii) and inductive hypothesis) ,
=0 (by (ii))).
v) In low dimension we have
dydy (@), 22) = dy((T) Ly + (1) T, — ([, 72])
=1,y + 1Ty g 0y by (iiD) of 2.1),
= =Tl + 1oy — Uy 2y =0 (by (i) of 2.1).

To prove d,,d,,., = 0 we proceed by induction. We have, for n 2 2,

d"dn'H <.’E1, Tt $n+l> = (*l)ndndn+1i($n+l)(xli EEE) xn) ’
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but by (i) we obtain
dndy 1 #@) = d,0(2) — d,i(2)d,,
=d, 8(z) - 8(x)d, +i(x)d, d, =0

by (iv) and the inductive hypothesis. [l

(3.2) Non-commutative Koszul complex. For the proof that W, is acyclic in positive
dimensions we need one more complex, which corresponds to the Koszul complex in

Lie theory.
Let 7:V — W be an epimorphism of free k-modules, and SL(7) be the algebra
defined in (2.8). Let

U (r) =V®" ® SL(T)
and d,,:U,,(t) — U,,_,(7) be the homomorphism of right SZ(7)-modules given by
d, (v, o, V) = (g, .., 1) (1 QW)

n
3D vy, By v,) (Y, @ 1),
=)

It is not hard to show that d ,d, = 0. Thus (Uy(7),d) is a chain complex.
(3.3) Lemma. HyUy(r),d) = SW) and H;(Uy(1),d) =0 for i > 0.

Proof. The first isomorphism follows from the isomorphism of k-modules SL(T) &
S(W) @& S(W) ® V. This is also an isomorphism of rings if we define a product on
the right-hand side by

(f+gev(f +gd@v)=ff+fd @+ fg@v—ggr@a,
where f, g, f', g’ € S(W),v,v" € V. Therefore
U = VE@SW) & Ve @ SW)® V).
1t follows from the definition of d that
dVe @ SW)RV)c Ve PVeosW)oV

and the projection of d|yenggsuy, onto V™™D @ S(W) ® V coincides with the
standard isomorphism

Ve @ S(W) — VDo SW)ye V.

This means that the kernel of the augmentation map, given by the first part of Lemma
33,
(Uy(r),d) — S(W)

is the cone of the map
ay: (Us,d) — (UY,d"),
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where the chain complexes (U, d’), (U, d") and the chain map «, are defined as
follows:

U =vemth g sw), U/'=Ve"gsSW)eV,
n+1

d, v, o U, ) = Z(—I)i(vl, oy Dy oy Uy TUS)

=2
n

ANy oy Uy fr0) =D (=D @y, o, B, U, T )
=1

an(vla sy vn+1?f) = (Uza vy ’Un.f-lafvvl)-
Thus H,(U,(7),d) = 0 for 4 > 0, because &, is an isomorphism.
Now we prove the main result of this paper.

(3.4) Theorem. Let g be a Leibniz algebra, such that g and g, ;, are free as k-modules,
M be a representation of g, and A be a co-representation of g. Then

HL*(g, M) = Bxtyy o (U(gy.), M),
HL.(g,4) = Tor "®U(gy,,), A,

where the right U L(g)-module structure on U(g, ;) is given by the map d,:UL(g) —
U(gy;.) defined in 2.5.

Proof. 1t follows from the definitions that

C*(g* M) = HomUL(g)(W*(g)z M)
Cilg, A) = Wi(@) Qup 4 -

On the other hand W, (g) is a componentwise free complex in the category of right
U L(g)-modules. Therefore we need only to check that

Hy(Wi(9)) = Ulgie) »
H(W,(@) =0, i>0.

The first isomorphism follows from Proposition 2.4. In order to prove the second one
we consider the submodule

FW, (@) =9*" © F,_,UL@®) C W,(9).
By definition of the boundary map d, we have
4, (FW, (@) C FW,_(@).
Therefore we obtain the filtered chain complex
0CHWEN C ... CHFWi(@) C... CWilg).

By (2.9) we have an isomorphism

P FWlo)/F_,(Wi(@) = Us(g = g10)

i20

and the statement follows from Lemma 3.3. [
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(3.5) Corollary. Let g be a free Leibniz algebra. Then
HL(g,—)=0, for i22,
HLY(g,~)=0, for i2>2.
Proof. By Proposition 1.9, we have HL?(g,—) = 0. Therefore the projective

dimension of U(g,;,) in the category of right U L(g)-modules is less than or equal
tol. O

4 Central extensions of Leibniz algebras

In this section we prove that
HL,(sl,(A), k)= HH(A),

when A is an associative and unital algebra (free over k), n 2 5 and k& a commutative
ring. Here H H(A) denotes the Hochschild homology groups of A with coefficients
in A. In particular, when A is commutative, then H H,(A) is the module of Kihler
differentials “Q}ll - Note that there is no characteristic hypothesis on k. If k£ is of

characteristic zero, then this isomorphism follows from previous results [C, L]. This
isomorphism is the noncommutative analog of the isomorphism

H,y(sl, (A), k) = HC,(A)

proved by Bloch [B] when A is commutative and by Kassel and Loday [KL] in
general.

(4.1) A central extension of a Leibniz algebra g is an exact sequence of Leibniz
algebras

®) 0—-a—bbg—0
such that [a, h] = [h, a] == 0 and () is split as exact sequence of k-modules. A central
extension () is called universal if, for every central extension (h’) of g there exists

one and only one homomorphism f:h — b’ satisfying p = p’ f. Classical arguments
based on the universal coefficient theorem show that the following proposition is true.

(4.2) Proposition. i) A central extension (§) of g is universal if and only if b is perfect
(i.e. [h, 5] = h) and every central extension of Y splits.
iiy A Leibniz algebra g admits a universal central extension if and only if g is

perfect. .
iii) The kernel of the universal central extension is canonically isomorphic to

(4.3) Noncommutative Steinberg algebra. Let A be an associative algebra with unit
over k.

{(4.3.1) Definition. For n 2 3 the noncommutative Steinberg algebra stl, (A) is the
Leibniz algebra defined by generators v;;(a), a € 4, 1 <4 % j £ n, subject to the
relations

v;;(Aa + pb) = Av;;(a) + pv;;(b), for Ap€k, and a,be A,
[v;;(0), v,y (] =0 if i+l and j +m
= —U,;ba) if i=1 and jFm
=uyylab) if iFl and j=m,
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Let sl,,(A) be the Lie algebra of matrices with entries in A whose trace in A/[A, A]
is zero. Let
p:stl, (A) — s, (A)

be the map defined by
p(v;(2)) = Byy(2),
where Eij(ac) is the matrix with only non-zero element z in place (2, 7).
(4.4) Theorem. For n 2 3 the kernel of  is central in stl,(A) and is isomorphic to
HH,(A). Moreover if n. 2 S then
0 — HH(A) — stl (A) 5 sl (4) — 0
is the universal central extension of sl,,(A) (in the category of Leibniz algebras).

Proof. The proof is essentially the same as in [KL], except for the definition of h(a, b).
In our case we denote
Hi]-(a, b) = [U,‘j(af)» ’Uji(b)], 1Li$+j=n, and a,be€A,
hi;(a,b) == H,;(a,b) — H,;(ba,1).

It follows from the Leibniz identity that

“4.4.1) H;;(a,bc) = H,, (ab,c) + H, . (ca,b), m +i,7.
By using 4.4.1, we obtain

(4.4.2) h;;(a,b) = h;,,(a,b)

4.4.3) h;;(a, by=H, (ab—ba,1)+ hmj(a, by,

It follows from (4.4.1)—(4.4.3) that

4.4.4) hi;(a,be) = h,;(ab,c) + h,;(ca, ).

Hence n(a ® b) = h;;(a, b) yields a homomorphism
n:A® A/ Imb — stl,(A)
for which the following diagram is commutative
0 —— HHA) — A®A/Imb —— A —— HHyA) — 0

I P

0 — Kergp — stl(A) — gl (4) — HHyA) — 0,

where b is the Hochschild boundary map. Similar arguments as in [KL] show that the
restriction of 7 to H H,(A) is an isomorphism onto Kerp. [

(4.5) Corollary. Let k be a commutative ring and A an associative and unital k-
algebra which is free as a k-module. For any n 2 5 there is an isomorphism

HL,(sl,(A), k) = HH\ (A).
In particular, if A is commutative, then

HL,y(sl,(A), k) = 2, . ]
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From the universality of this extension it is clear that st{,(A) inherates a structure
of E,(A)-module, which is lifted from the adjoint representation on sl (A4). So
stl, (A) is an extension of sl (A) in the category of F, (A)-modules. Theorem 4.4 and
results of [DI] imply that stl, (A) is isomorphic, as £, (A)-module, to the “additive
Steinberg group” St(A, A) of Dennis.

(4.6) Characteristic element of the noncommutative Steinberg algebra. Let g =
stl, (A). It follows from the definition that g;;, = st,(A), where st (A) is defined
in [KL]. We recall that, for n 2 5 this is the universal central extension of s/, (A4) in
the category of Lie algebras. The commutative diagram

HCy(A)

0

0 —— HHA) — st (A) —— sl (A)

0 —— HC{A) — st () — sl,(A) 0

0 0

shows that
g"" = Ker(g — g;.) = Im B,

where B is Connes operator [LQ]. Hence
0—-ImB —stl, —st, =0

is a central extension. Moreover for n 2 5 this is a universal central extension by
(4.2) and (4.5). Therefore
HL,st, =ImB.

Thus
HI*(gy;,,8"™) = Hom(H L,st,,, Im B) = End(Im B)

and ch(g) corresponds to 1, 5.

(4.7) Virasoro algebra. By (4.6) the universal central extension of sl,,(A4) in the
category of Lie algebras and in the category of Leibniz algebras do not coincide in
general. What happens for the Virasoro algebra [KR] which is the universal central
extension of the Lie algebra Der(C[z,z~']) in the category of Lie algebras? The
answer is given by the following.

(4.7.1) Proposition. The Virasoro algebra is the universal central extension of the
Lie algebra Dex(C[z, 2~ '1) in the category of Leibniz algebras.
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Proof. (Compare with [KR]). It is sufficient to show that
H%(g,C) — HL*g,C)
is an isomorphism, where g = Der(C[z, z~']. Since it is already injective it is

sufficient to prove surjectivity.
The elements

form a basis for g. It is well-known that
d,,d,]1=0n-m}d,,,, -

Let (d,,d,,) — f(n,m) be a Leibniz 2-cocycle of g. Then

4.7.2) m-m)fn+m,k)=m-—-kbfin+km)+m-—k)f(n,m+k).

If we put n =m =z, k = y — x, we obtain

4.7.3) Rz —y(fly, o) + f(z,y) =0.

Take m +n =0, k£ = 0 in (4.7.2) we obtain

4.7.4) fO,0)=0.
1
Let g(n) = - fO,n) if n 4 0 and g(0) = 0. It follows from (4.7.4) that

(f = 69)0,n) = f(0,n) — ng(n) = fO,n) - fO,n) =0, neZ.
Therefore we can assume that
flOn)y=0, neZ.
If we put n = &k = 0 in (4.7.2), we obtain
fm,0)=0, meZ.
Take k = 0 in (4.7.2) we obtain
@4.7.5) n+m)fin,m)=20.

It follows from (4.7.3)-(4.7.5) that f(n,m)+ f(m,n) = 0 for all n,m and so f is
also a Lie cocycle and hence Proposition 4.7.1 is proved. [

Remark. In fact H2(Der(Clz, 2z~ ']),C) = HIL?’Der(Clz,27'1),C) & C and a
generator is given by the cocycle f such that

fn,—n)=nm?>—1) foralln€Z.
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