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Abstract

In this paper we propose an approach to classifying a subclass of filiform Leibniz algebras. This subclass
arises from the naturally graded filiform Lie algebras. We reconcile and simplify the structure constants
of such a class. In the arbitrary fixed dimension case an effective algorithm to control the behavior of the
structure constants under adapted transformations of basis is presented. In one particular case, the precise
formulas for less than 10 dimensions are given. We provide a computer program in Maple that can be
used in computations as well.
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1. Introduction

It is well known that the natural gradation of nilpotent Lie and Leibniz algebras is very
helpful in investigating their structural properties. This technique is more effective
when the length of the natural gradation is sufficiently large. When it is maximal
the algebra is called filiform. For applications of this technique, see [6, 12] (for Lie
algebras) and [1] (for Leibniz algebras).

The present paper deals with the filiform Leibniz algebras whose natural gradation
is a filiform Lie algebra. Note that the case of algebras whose natural gradation is a
non-Lie filiform Leibniz algebra was considered in [1-3, 5].

Section 2 gathers together basic definitions, notation and conventions used in this
paper. Section 3 is devoted to the description of the class of non-Lie filiform Leibniz
algebras whose gradation is a filiform Lie algebra. It contains the main result of
the paper. Here we simplify the multiplication table and follow the behavior of
the structure constants under the adapted action. Section 4 deals with the detailed
description of one particular case. In this section we give precise formulas for changing
of the structure constants and a simple computer program in Maple.

This work was supported by the Science Fund Grant Project 06-01-04-SF0122 MOSTI (Malaysia).
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2. Preliminaries

Let V be a vector space of dimension n over an algebraically closed field K
(charK = 0). Bilinear maps V x V — V form a vector space Hom(V ® V, V) of
dimension 3, which can be considered together with its natural structure of an affine
algebraic variety over K and denoted by Alg,(K) = K "’ . An n-dimensional algebra L
over K can be considered as an element A(L) of Alg,(K) via the bilinear mapping
A:L ® L — L defining a binary algebraic operation on L : let {e1, e2, ..., e,} be a
basis of the algebra L. Then the multiplication table of L is represented by point (yl.];.)
of this affine space as follows:

n
Meire)) =) vier.
k=1

Here yl.’;. are called structure constants of L. The linear reductive group GL,(K) acts

on Alg, (K) by (g *A)(x, y) = g (g™ ), g7 () (‘transport of structure’). Two
algebras A1 and A; are isomorphic if and only if they belong to the same orbit under
this action. It is clear that the elements of the given orbit are algebras isomorphic to
each other.

Recall that an algebra L over a field F is called a Leibniz algebra if its composition
law [-, -] satisfies the following so-called Leibniz identity:

[x, [y, 2l =[x, 1, 2] = [[x, z], y]. 2.1

Leibniz algebras were introduced by Loday [8, 9]. (For this reason, they have also
been called ‘Loday algebras’ [7].) A skew-symmetric Leibniz algebra is a Lie algebra.
In this case (2.1) is just the Jacobi identity.

Let LB,(K) be a subvariety of Alg,(K) consisting of all n-dimensional Leibniz
algebras over K. It is invariant under the above-mentioned action of GL,(K). As a
subset of Alg, (K) the set L B,,(K) is specified by the system of equations with respect
to the structure constants yi’j.:

n
> il — vy + vy =0.
=1

In fact, theoretically, by solving the above system of equations we can get a complete
classification of Leibniz algebras in a given dimension ». But in practice this approach
is useless even for small values of n. Therefore one usually has to apply different
methods of investigation.

If L is a Leibniz algebra we may define

L'=r, LM'=11% L], k>1.

The series
L'>L’2>L3>. ..
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[3] On Lie-like filiform Leibniz algebras 393

is called the descending central series of L. If the series terminates for some positive n,
then the Leibniz algebra L is said to be nilpotent. The termination number here
is called the nilindex of L. Below we present a gradation closely related to the
descending central series.

Given a nilpotent Leibniz algebra L with nilindex s, we put L; = L' /Li*!, 1 <i <
s—1l,and grL =L, @ Ly ®---® L. Since [L;, L;] C L;y; the algebra grL is
graded. grL is called the naturally graded Leibniz algebra.

Let us introduce the class of nilpotent Leibniz algebras, which is main object of the
paper. In the case of Lie algebras, such algebras have the maximal nilindex.

DEFINITION 2.1. A Leibniz algebra L is said to be filiform if dim L! = n — i, where
n=dimLand2 <i <n.

Clearly a filiform Leibniz algebra is nilpotent.
Let Leib,, denote the class of all n-dimensional filiform Leibniz algebras.

DEFINITION 2.2. If a Leibniz algebra G is isomorphic to a filiform naturally graded
algebra grL, then G is said to be naturally graded filiform Leibniz algebra.

Later on all algebras are supposed to be over the field of complex numbers C and
the omitted products of basis vectors are supposed to be zero.
The following theorem summarizes the results of [1, 12].

THEOREM 2.3. Any complex (n + 1)-dimensional naturally graded filiform Leibniz
algebra is isomorphic to one of the following pairwise nonisomorphic algebras:

e, ep] = ea,
NGF, — [eo, eo]l = e .
lei,eol=€i+1, 1<i<n-—1,
NG — [eo, el = €2,
27 lei el =eip1, 2<i<n—1,
e, eo]l =—leg, ej] =ej11, 1<i<n-—-1,
NGF3= [1 O] [O l] i+1 " .
lei, en—il = —len—i, eil=a(=1)Tle,, 1<i<n-—1.

a € {0, 1} for odd n and o« = O for even n.

It is clear that neither NG F| nor NG F> is a Lie algebra.

The above theorem means that the natural gradation of a Leibniz algebra is in one
of the classes NG F; fori =1, 2, 3.

The following result of [1] describes the class of complex filiform Leibniz algebras
whose natural gradation is one of NG F; fori =1, 2.

THEOREM 2.4. Any (n + 1)-dimensional complex non-Lie filiform Leibniz algebra,
whose naturally graded algebra is not a Lie algebra, belongs to one of the following
two classes:
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[eo, eo]l = e2,

lei, eol = eiy1, I<i=n-1,
FLeib,11 = | [eg, e1] = aze3 +ageq + - - -+ ay_1e,_1 + Bey,
[ej, ell = azejio tasejiz+ -+ ompi—jen,  1=<j<n-2
o3, a4, ..., 0, 0 €C;

[eo, eo]l = e2,

lei, eo]l = ei11, 2<i<n-—1,
[eo, e1] = B3zes + Baes + - - - + Buen,

le1, e1]l =yen,

lej, e1]l = B3ejr2 + Paejys + -+ Buti-jen, 2=j=n-—2,
B3, B4 ..., Bu, vy €C.

SLeib,y1 =

Isomorphism criteria, classifications and invariants of FLeib,,;| and SLeib, ;| were
investigated in [2, 3, 5, 10, 11].

3. Main result

This section is devoted to the filiform Leibniz algebras whose natural gradation
is an algebra from NG F3. This class is denoted by TLeib, ;. Here we clarify
the multiplication table of algebras from 7 Leib,; and investigate the behavior of
structure constants under a change of basis.

PROPOSITION 3.1.

lei, eo]l = eit1, I<i<n-1,
leo, ei] = —eit1, 2<i=zn-—1,
[eo, eo] = bo,0en,
leo, e1] = —ez + by, 164,

TLeib, | = { [e1, e1] = D1 1€,
leis €j]=a,-1’j€i+j+1

+...+a2;(i+j+l)en—1 + b jen, I<i<j<n-—1,

lei, ej]l=—lej, e, l<i<j=<n-—1,
lei, en—il = —len—i, eil = (—1)bi y_je,, 1<i<n-—1,

3.1
where a?"j, bi.j € Cand b; i = b whenever 1 <i <n — 1, b € {0, 1} for odd n and
b =0 for even n.

PROOF. Let L € TLeib, 1 and {eg, €1, . . ., e,} be a basis of L. Then it is clear that
lei, ejl1€(eitjt1,...,ey) foranyi, j #0. Then

lei. eol =e€iy1 + (¥)eit2+ -+ (x)e,, 1<i<n-—L
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Putting e} = ey, ¢, = e, el’.+1 :=[e], €], we can assume that [e;, eg] = e; 41, 1 <i <
n—1.
Now consider
[eo, ei] = —ei11 + af)ﬁzezurz + a6ﬁ3ei+3 +--togen, 1<i<n-1
We get
o . .
[ei, eo] + [eo, ei] = 016:’; et + 056:‘;361'-1—3 +---togen, 1<i<n-1. (32

Note that from the Leibniz identity it follows that [x, y] 4 [y, x] € (L), for any

x,y € L, where 9i(L) is the right annihilator of L. Therefore, if we multiply the
i+2
=0

both sides of (3.2) from the left-hand side (n — i — 2) times by ¢( we obtain &, ;" =
Substituting and repeating, we get
alth =0, 2<k<n—1-i
Applying the above to [e;, e;], 0 <i < [n/2], we get [¢;, ¢;] = ozl’?’ien.
The chain of equalities
[eo, ei] = [eo, [ei—1, eol] = [[eo, ei—1], eo] — [leo, eol, €i—1]
=[—ei +ag;_jen, e0l = —lei, €0l = —eit1
leads to [e;, eg] = —[eg, ¢;] = e;4+1 for 2 <i <n — 1, that is, [eg, x] = —[x, eg] for
any x € L?. We claim that
lei, ej]=—lej,ei]l, 1<i<j=<n. (3.3)
The induction argument by i for any j and the chain of equalities
lei, ej+1] = [ei, [ej, eoll = [[ei, ¢;1, eol — [lei, e, e;]1  (since [e;, ej] € L?)
= —[eo, [ei, ej1] + [[eo, ei] — g ;en, ej1 = —[eo, [ei, €11 + [[eo, eil, e;]
= —[leo, eil, ej] + [[eo, ], ei] + [[eo, €], €]
=—lejt+1,e], 1<j=<n-—1,

show (3.3).
The above observations lead to the required multiplication table of L €
TLeib,,_H. Od

Note that filiform Lie algebras are in 7 Leib.

Bearing in mind Theorem 2.4 and all the foregoing, we conclude that the set of
all n-dimensional filiform Leibniz algebras can be represented as a disjoint union of
FLeib,, SLeib,, and TLeib,.

Let L € TLeib,+1. Then it is easy to see that the subspace spanned by {e,} is an
ideal of L and the quotient algebra L/{e,) is an n-dimensional filiform Lie algebra.
Therefore, later on in this case the structure constants aff . will be considered to be
satisfying the Leibniz identity. Moreover, n-dimensional filiform Lie algebras have
been classified (see [4]). In order to make use of the existing classification of n-
dimensional filiform Lie algebras (n < 11) from [4] we consider the structure constants

af‘j in (3.1) to be fixed constants.
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LEMMA 3.2. Let L € TLeib, 4. Then

n—(i+j+k+1) n—(i+j+k+1)
Yoo @ubijikes = Y. (@ bivjask — @ bikes ). (34)
s=1 s=1

PROOF. The Leibniz identity for e;, e¢; and ej gives the required relations between the
structure constants

n—(j+k+1)
lei, [ej, ex]] = [el,

S
ajyk€j+k+s + bj,ken]
s=1
n—(i+j+k+1) n—(i+j+k+s+1)
s t
aj,k< Qi jtk4sCitjthts+e + bi,j+k+s€n> ,

s=1 t=1
n—(i+j+1)
[lei, ej], ex] = [ a; j€i+j+s + bi jen, eki|
s=1

- Y @

i,j

n—(i+j+k+1) n—(i+j+k+s+1)
1
( iy s kCitjthts+t T bi+j+s,ken>’

s=1 t=1

n—(i+k+1)
[[ei, ex], ej] = [ a; eitk+s + biken, ej]

s=1
n—(i+j+k+1) n—(i+j+k+s+1)
af’k( af+k+s,j€i+j+k+s+t + bi+k+s,j€n>,

s=1 =1

leading to (3.4). O

Here are several remarks regarding (3.4).

(1) Itis symmetric with respect to i, j, k (since af" —a,’f s and bs ; = —b; ; for any

t =
s and ¢, except for (s, t) = (0, 0), (1, 1), (0, 1), (1, 0)).
(2) In the case where (i, j, k) = (0, j, k) we get

n—(j+k+1) n—(j+k+1)
aj kbo, jk+s = Z (ag, ibj+sk — ap 1 bicts, )
s=1 s=1
where j #£ 0, k #£0.
(3) Since a(s)’t =0ass #1and a(l)’t = —1, we get
1 2 n—(j+k+1
a;j ibo,j+i+1 +aj bojrit2 + -+ aj,k(J "bopo1 = —Djt1.k + bit1,j-
(4) Sinceby;=0ast=2,...,n—2and by,—1 =—1, we get that
—(j+k+1
a;-l,k(] "= b1k — b,

fork=j+1,j+2 ....n—j—2andj=1,2...,[(n—3)/2
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LEMMA 3.3. Let L € TLeib, ;1. Then
k

k
[ei, ej1k] = Z(—l)k_s (S) [€itk—s, €j]Ri0, (3.5)

s=0
where 1 <i, j, k <nand yR, = [y, x] is the right multiplication operator on L.

PROOF. The proof will proceed by induction on k. Let k =1. Then [¢;, ;1] =
lei, [ej, eoll = —leit1, ej] + [lei, ej], eol, that is, (3.5) holds for k = 1. Then the
following chain of equalities leads to the claim:

lei, ejrik+1] = [ei, [ej+k, eoll = [lei, €j+k], eo]l — [lei, eol, ejrk]
k

sk
=Y (-1 ( >[ei+k_s, ej1R:!
s=0 §
k
k—s k s
- > (=D [eitk+1—s, €j1Rg
N
s=0
k+1

[k
=— Z(—l)k s (s B 1)[ei+k+1_s, ej1R;,
s=1

. k
- Z(—l)k_s( )[€i+k+1—s, ej1R;,
s=0 §

k (K k ‘
= Z(—l)k+1_“ ((s B 1) + (S))[eﬂrkﬂs, ejlR;,
s=1

k+1 k
+ [€ith+1, €j1R, — (=D [eiv14k. ekl
k+1

_[fk+1
=) (=D “< )[ei+k+1_s, ej1R;, . O
s=0 §
Let L € TLeib,41.
DEFINITION 3.4. A basis {eg, e1,...,e,} of L is said to be adapted if its
multiplication table with respect to {eg, €1, . . . , e,} has the form of TLeib,, ;.

DEFINITION 3.5. Let {eg, e1,...,e,} be an adapted basis of L. Then a
nonsingular linear transformation f:L — L is said to be adapted if the basis

{f(eo), fle1), ..., f(en)}isadapted.
To simplify notation, let

1 n—(i+j+1)
a:(bo,()vbo,labl,laai’j’"'1aiyj ’bl,j)

stand for the algebra in T'Leib,, 41, with the structure constants b o, bo.1, b1.1, al.1 e
n—(i+j+1)
i,j »bij.
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(i1 .
Let a' = (b(/),o’ bé,], b;,], ail,f’ e aZj (i+j+D) ' bl’.’j). Consider an adapted

transformation f. Let
f(eo) = Aoeo + Ajer + - - - + Apen,
f(e1) = Boeo + Biei + - - - + Buen,
where AgB; — A1 By #0andlet f(a) =d'.
LEMMA 3.4. For b(/),o’ by | and b\ | the following hold:

A(Z)bo,() + ApA1bo1 + A%bl’l
Al'B,

bho= ., By=0,

Aobo.1 +2A1b1 1
71 *
A

—_— / —_—
1,1 — — bO,l -

PROOF. By using multiplication on a we get

fle) =1f(ei-1). fleo)] = Ay *(AoBi — A{Bo)ei + Y (¥)es, 2<i=<n.
s>i+1
(3.6)
Consider

[f(e2). flen]=a][flea)+ -+ +a""P flear) +b] ; f(en);

equating the corresponding coefficients, we get Bo(AgB1 — A1 Bp) = 0, which implies
By =0.
The product [ f(ep), f(e0)] = by f (en) leads to

2 2 —1
A()aO,O + ApAraop,1 + Alal,l = a(/),OAg B.

Then we get
b o = A2bo,o + AgA1bo,1 + ATy .
, Ag—lBl
Similarly,
, _Bibui
1,1 Ag_l

Now consider the equality
by.1 f(en) = [f(e1), f(ea)]+ [f(eo). fleD)].
Then b | Aj~' By = AgBibo,1 + 2A1 Byby 1. This implies that

Aobo.1 +2A1b1 1
1 :
Aj

/ —_—
bO,l -
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DEFINITION 3.6. The following adapted transformations of L are said to be

elementary:

T(eo) = aep + bey,

(a, b, c) = { t(e1) =ceq, ac#0,
t(ei+1) = [t (ei), T(eo)], l<i<n-1,
o (ep) = eg + ae, 2<k<n,

o(a, k) = Jo(e))=ey,
o(eiv1) = lo(e), o(en)l, l<i<n-1,
@(e0) = eo,

p(c, k) ={ ¢ler) =er +cex, 2<k<n,
plei+1) =Ilp(ei), leo)], l<i<n-—1,

where a, b, ¢ € C; we refer to these as transformations of the first, second, and third
type, respectively.

PROPOSITION 3.7. Let f be an adapted transformation of L. Then it can be
represented as the composition

f z(p(an n) S O(p(327 2) OJ(AH’ n) SR OU(AZs 2) o I(A()a A]a Bl)

PROOF. The proof is straightforward. o

4. The isomorphism criteria for truncated filiform Leibniz algebras

In this section we consider a subclass of TLeib,y;. Let L be an algebra from
TLeib,41 such that the quotient algebra L/(e,) is isomorphic to an n-dimensional
algebra from N G F3. This kind of algebra we call fruncated. Then it is easy to see that
the multiplication table of L has the form:
lei, eo]l = ei+1, l<i<n-—1,

[60’ ei]=_ei+lv 2515’1_19
[eo, eol = bo,0en,
leo, e1] = —e2 + bo, 1€,

le1, e1] =by,1€n,

lei, ej] = —lej, ei] = b jen, l<i<n—-1,1<j=<n-Ii,
lei, en—il = —len—i, eil = (=1)ib; y_je,, 1<i<n-—1,
where b; ,_; =bforl <i <n—1,and b € {0, 1} for odd n and b = O for even n.
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One of the reasons for considering the truncated case is to give a complete
classification in this particular case and thus to show how the isomorphism criterion
works in low-dimensional cases. Since in this case coefficients a . =0, where
l<i<j<n—1land1<k<n-—(G+j+1), the multiplication table of L has a
simple form. Therefore the action of changing basis can easily be managed.

We now investigate the behavior of the coefficients b; ; under adapted basis
changing. From Lemma 3.4 we conclude that the elementary transformation of the
second and third types does not change the structure constants b o, bo,1 and by j.

Consider
t(eg) = aeo + beq,
t(a, b, c) = { t(e1) =cey, ac#0,
T(eit1) = [T(ei), T(eo)], l<i<n-1
We get

t(e;) = [t(ei_1y, T(eo)] =a'"ce; +a' 2bebi_y 1,
2<i<n-—1,1(ey) = a"lce,.
The chain of equalities
a"_lcbijen = blf’jr(e,,) =[t(e:), (e;)]

= [a'"'ce; + a'%beb; —1.1€n, a]_lcej —f—a]_zbcbj_l,len]
l+j -2 2[€ e; ]_al+j—2c2b

i,j€ns
yields
b ;=a"t "1 ey . (4.1)
Now consider
o (ep) =ep + aex, 2<k<n-—1,
o(a, k)y=o(er)=ey,
o(eiy1) = [o(ei), o(en)l, l<i<n-—1

Using induction it is easy to see that
o(ei)=ei tabi_ixen, 2=<i=<n—1, o(en)=ey.

Then [o(e;), o(ej)] = e, €j]. So bl’.,j =b; j, that is the elementary
transformations of second type do not affect b; ;.
LEMMA 4.1.
it = (D bty = | =2
(_l)sobi—H—so,l—l—Sov i=2s0+1.

PROOF. Since a ij= =0, due to (4) we get bj11,j = —b; j11,bji2j =bj j12=0. A
sequential apphcatlon of this completes the proof. O
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In Lemma 4.1, letting t = 1 and i = 2k, we get byg41,1 =0, and so by 2x+1 = 0.
Consider the third type of transformation:

¢(ep) = eq,
@(ck, k) =  ele1) = e1 + ckex, 2<k<n,
pleir1) = [p(e), pleo)], l<i<n-—1.

Then ¢(e;) =e; + crer+i—1,2<i<n+1—k, and ¢(¢;) =¢;, n+2—k <i <n.
Now the chain of equalities

bi jen = b jp(en) = [p(e), p(ej)] = [ei + crexti-1, ej + crext j—1]

2
= [e;, ej] + cklerti—1, ej] + cilei, eryj—1]1 + cilekvi—1, ex+j—1]

yields
bi ; =bij, k+i+j—1=n+1,
bi ; =bij + ci(biyi-1,j + biktj—1), k+i+j—1=<n,

n+1<2k+i+j—2,
b i =bij + ck(bksi-1,j + bisk+j-1) + CIbkyi-thtj—1. 2k+i+j—2<n.

Note that Lemma 4.1 implies the equalities

bisiot,j = (=D b1

As a result, for b; j one has the following form:

b, =bij, n+2—(+j) <k,

bl =bij+ e+ (=D Dbi jii,
n+1—0G+]j)
2

bz{,j =b;j+c(l+ (_])k_l)bi,j+k—1

}Jrlikin—l-l—(i—l-j),

_ n—(+j)
+ c,%(—l)k 1bi,j+2k72, k< [T]] + 1.

Applying sequentially the third type transformations ¢(cg, k) fork =2, 3, ..., n, we
get the iteration
by = bfi;l + (1 + (—l)k_])bff;ikfl + (—l)k_lc,%bf.‘;bkiz, (4.2)

where the b’s‘jl are supposed to be zero at s +¢ > n 4 1 and bl{ = bi ;.
Moreover, due to by 2,11 =0and b; ; = (—1)i_1b1,,-+j_1 (see Lemma 4.1), we can
suppose, without loss of generality, that n is even and the iteration can be reduced to
k k—1 k—1yzk—1 k=1 27 k—1
biai = by a4+ (=D"Dby 5+ (D7 by g g1y
k>2,i=1,...,n/2, 4.3)
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where the b]f_tl are supposed to be zero at ¢t > n and b} 2i = D12

Here is a computer program in Maple which performs the above iterative algorithm.
Calling Sequence:

Iterate (Structure constants, Sequence, Dimension)
Parameters:

Structure constants — initial structure constants.

Sequence — sequence of elementary transformations.

Dimension — The dimension of the given algebra —1.

SC := Vector(n, symbol = b);
¢ = Vector(n, symbol = B);
for i from 1 to n do
if type(i, odd) then B; := 0 fi;
ifi > n —2then SC; :=0 fi;
od;
Iterate := proc(SC, ¢, n)
local i;
for i to trunc(n/2) do
if 2i +k — 1 <n then
SCai = SCoi + B (=1 ! + 1)SCois—1;
if 2i + 2k — 2 < n then
SCai i=SCy + BH(—DF1SCoy2k-2;
fi;
fi;
od;
end proc;
for k from 2 to n do Iterate(SC, ¢, n) od;
print(SC);

4.1. Isomorphism criteria In this section, as an application of Sections 3 and 4, we
give isomorphism criteria for the truncated filiform Leibniz algebras for some low-
dimensional cases. Here those structure constants b; ; that are zero will be omitted.

(1) Two truncated filiform Leibniz algebras a = (bo.o, bo.1, b1.1, b12) and a’ =
(bé)’o, 6’1, /1’1, b/l,z) from TLeibs are isomorphic if and only if there exist
Ap, A1, By € C such that AgB; # 0 and the following equalities hold:

AGbo.o + AoAibo,1 + AThy b Bib,

b/ - ) — T 2
0,0 ASBI 1,1 A(3)
p Aobo,1 +2A1b1 1 , B
bo,l = Ag . 1’2 = A_(2)b1’2

(2) Two truncated filiform Leibniz algebras a = (bo.o, bo.1, b1.1, b12) and a’ =
(b} o» by 1> b} |» b} ,) from TLeibs are isomorphic if and only if there exist
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Ag, A1, By € C such that AgB; # 0 and the following equalities hold:

, A%bo,o-i-AoAlb(),l +A%b1,1 , Bib11
b0,0 = 4 s 1.1~ 4 >
AOBI AO
b Aobo,1 +2A1b1 1 ;B b1
0,1 — 4 ’ 1,2 — 341,
AO AO

(3) Two truncated filiform Leibniz algebras a = (bo 0, bo.1, b1,1, b1.2, b1,4) and
a = (b{)’o, b{)’l, b/1,1v b/1,2’ b/l’ o) from T'Leib; are isomorphic if and only if there exist
Ag, A1, B1 € C such that AgB; # 0 and the following equalities hold:

AGbo.o + AoAibo1 + ATbi ,_ Bibi

b= , =
0,0 ASBI 1,1 Ag
Aobo,1 +2A1b1 ) By ) Bi
by, = ’ ’ "y =—(b12— (B> —2B3))b1 4 "= by 4.
, 5 ] 1,2 7 \01, 2 4 1,4 201,
Ap Ag A}

(4) Two truncated filiform Leibniz algebras a = (b 0, bo.1, b1.1, b1.2, b1,4) and
a = (b6 o b6 1» b} 1., b ,, b} ,) from TLeibg are isomorphic if and only if there exist
Ag, A1, By € C such that AgB; # 0 and the following equalities hold:

, A%bo,o + AgA1bo,1 + Alby , Bi1b; 1
b0,0 = A6B ) 1,1 = —6’
0”1 A
Apbo,1 +2A1b1 1 B By
by, = Yo o bia=—5bia— (B —2B3))b14, bj,= “Fhia
0 0 0

(5) Two truncated filiform Leibniz algebras a = (b0, bo,1, b1,1, b1,2, b1.4, b1,6)
and a’ = (b, o, by, 1. b} | b} 5. b 4, b} ¢) from TLeibg are isomorphic if and only if

there exist Ag, A1, B; € C such that AgB; # 0 and the following equalities hold:

, AZbo.o + AoArbo1 + Alby , B1b1
bo,o = A’B ) 1= —A7 >
0”1 0
, Aobo.1 +2A1b1 1
bO,l = A7 >
0
B
2= 52— (B3 —2B3)b1 4 + (Bf — 2B3 B3 + 2B5)b) ).
0
=B B2 — 2B3))b 2By
1.4= 514 —(By —2B3))b16, 16 = Zel16:
Ag 0
Acknowledgements

The authors thank Sh. I. Rakhimov for writing the Maple program in Section 4. We
are grateful to the referee for helpful comments.

Downloaded from https://www.cambridge.org/core. Access paid by the UC Irvine Libraries, on 28 Sep 2017 at 21:05:01, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S000497270900001X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S000497270900001X
https://www.cambridge.org/core

404 B. A. Omirov and I. S. Rakhimov [14]

References

[1] Sh. A. Ayupov and B. A. Omirov, ‘On some classes of nilpotent Leibniz algebras’, Siberian
Math. J. (1) 42 (2001), 18-29
[2] U.D.Bekbaev and I. S. Rakhimov, On classification of finite dimensional complex filiform Leibniz
algebras (part 1), http://front.math.ucdavis.edu/, ArXiv:math. RA/01612805, 2006.
, On classification of finite dimensional complex filiform Leibniz algebras (part 2),
http://front.math.ucdavis.edu/, ArXiv:0704.3885v1 [math.RA], 30 Apr 2007.
[4] J.R.Go6mez, A. Jimenéz-Merchédn and Y. Khakimdjanov, ‘Low-dimensional filiform Lie algebras’,
J. Pure Appl. Algebra 130 (1998), 133-158
[51 J. R. Gémez and B. A. Omirov, On classification of complex filiform Leibniz algebras,
arXive:math/0612735 v1 [math.R.A.], 23 Dec 2006.
[6] M. Goze and Yu. Khakimjanov, Nilpotent Lie Algebras, Mathematics and its Applications, 361
(Kluwer Academic Publishers, Dordrecht, 1996), p. 336
[71 Y. Kosman-Schwarzbach, ‘From Poisson algebras to Gerstenhaber algebras’, Ann. Inst. Fourier
(Grenoble) 46 (1996), 1243-1274
[8] J.-L. Loday, ‘Une version non commutative des algebres de Lie: les algebres de Leibniz’, L’Ens.
Math. 39 (1993), 269-293
[91 J.-L. Loday and T. Pirashvili, ‘Universal enveloping algebras of Leibniz algebras and
(co)homology’, Math. Ann. 296 (1993), 139-158
[10] I S. Rakimov and S. K. Said Husain, On isomorphism classes and invariants of low-dimensional
complex filiform Leibniz algebras (Part 1), http:/front.math.ucdavis.edu/, ArXiv:0710.0121
vl.[math RA], 1 Oct 2007.
[11] ———, On isomorphism classes and invariants of low-dimensional complex filiform Leibniz
algebras (Part 2), http://front.math.ucdavis.edu/, ArXiv:0806.1803 v1.[math RA], 11 June 2008.
[12] M. Vergne, ‘Cohomologie des algebres de Lie nilpotentes. Application a 1’étude de la variété des
algebres de Lie nilpotentes’, Bull. Soc. Math. France 98 (1970), 81-116

B. A. OMIROV, Institute of Mathematics, Uzbekistan Academy of Science,
F. Hodjaev str. 29, 100125 Tashkent, Uzbekistan
e-mail: omirovb@mail.ru

I. S. RAKHIMOY, Institute for Mathematical Research (INSPEM),
Department of Mathematics, Universiti Putra Malaysia, Faculty of Science,
43400 UPM Serdang, Selangor Darul Ehsan, Malaysia

e-mail: isamiddin@science.upm.edu.my, risamiddin @mail.ru

Downloaded from https://www.cambridge.org/core. Access paid by the UC Irvine Libraries, on 28 Sep 2017 at 21:05:01, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S000497270900001X


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S000497270900001X
https://www.cambridge.org/core

