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ABSTRACT. In this paper we investigate derivations of a commutative power-
associative algebra. Particular cases of stable and partially stable algebras
are inspected. Some attention is paid to the Jordan case. Further results are
given. Especially, we show that the core of a n*?-order Bernstein algebra which
is power-associative is a Jordan algebra.

1. Preliminaries. Weighted algebras are non-associative algebras modeling con-
crete biological situations. Their origin lies in the work of I.M.H. Etherington (see
[4]) who gave a mathematical formulation of the Mendelian laws in the language of
algebras. Since then, many authors have contributed to the study of these algebras
from various points of view, and there is at present a substantial bibliography on the
subject. In a recent survey [18] a general introduction to algebras arising in genetics
can be found. Different classes of weighted algebras have been defined through the
literature according to their genetic relevance. Some considerable work has been
done on the characterization of derivations of weighted algebras (see [1], [6], [7], [8],
[9]), including a nice note by P. Holgate [10] on the genetic meaning of derivations.

Let K be an infinite commutative field of characteristic # 2, 3,5, and let A be a
commutative K-algebra, not necessarily associative, and without unit element. We
define inductively the principal powers (resp. plenary powers) of an element = of A
by:

a2t =2, 2" = zaF (resp. M = g, 2P = glRI R (1 > 1),

We will say that the algebra A is power-associative if any subalgebra, generated
by an element of A is associative. It is well known that if K has characteristic
£ 2,3,5, then A is power-associative if and only if 222 = z* for any z in A.

2000 Mathematics Subject Classification. Primary: 17A05, 17D92; Secondary: 17A36.

Key words and phrases. Derivations, Power-associative algebras, Peirce decomposition, Idem-
potent, Train algebras, Jordan Algebras, Stable algebras.

1359


http://dx.doi.org/10.3934/dcdss.2011.4.1359

1360 J. BAYARA, A. CONSEIBO, A. MICALI AND M. OUATTARA

We will say that A is a Jordan algebra if the identity 22 (yz) = (z%y)x is satisfied
for all elements z and y in A. It is known that Jordan algebras are power-associative.

If w: A — K is a nonzero homomorphism, then the pair (A,w) will be called a
weighted algebra over K and w its weight function, or shortly its weight. A weighted
algebra (A, w) is said to be a train algebra of rank r if there exist v1,...,7v.—1 € K
such that

"+ w4y w(@) e =0

for all x in A, r being the smallest integer satisfying this identity. The rank of A
determines then, in a unique way, the coefficients v1,...,v,—1.

For any polynomial Q(A\) = bo A" +- - -+b,._1 A, we define Q(z) = box"+- - -+b,_1x
for each x € A = {zr € A | w(z) = 1}. A polynomial P(X), with zero constant
term, is a train polynomial if P(x) =0, Vx € A. Such a polynomial admits 0 and 1
as roots. Moreover, in a convenient extension of the field K, the polynomial P(X)
is factorized in the form P(X) = ¢X(X — 1)(X — A1)+ (X — Ar—2), where ¢ is
a nonzero constant that can be chosen equal to 1. We then get a factorization of
P(X) as P(X) = X(X — 1)(X — A1)+ (X — \—2) and, formally, we can write
P(z) = z(z — 1)(x — A1) -+ (z — A\r_2) for all € A, or equivalently, P(z) =
x(r —w(@))(z— Mw(x)) - (& = A_ow(x)) for all x € A ([23], page 35). The set of
train polynomials is an ideal of the ring K[X]. The monic generator of this ideal is
called the minimal train polynomial of the algebra A, and its degree is the rank of
the algebra, while the corresponding equation is its rank equation.

Let A be a power-associative algebra which admits a nonzero idempotent e. It is
well known that A has a Peirce decomposition given by A = A; @ Ay /2 © Ao, where
Ay ={z € A| ex = \x}. The Peirce components A, multiply according to

ANAN C Ay, ANA1p C A DAL A (A=0,1), 1)
AjjpAis € Ag @ Ay, AgAp =0.

Following the notation of A.A. Albert [2], we define for any z; € A; the following
mappings: Sl/Q(Il) : A1/2 — A1/27 T1/2 — (I1I1/2)1/2 and So(l'l) : A1/2 —
Ao, T1/2 = (2171/2)0- In the same way, for all g € Ay, the two following mappings
are considered: Tl/Q(SCo) : A1/2 — 141/27 T2 — (onl/g)l/z and Tl(lEo) : A1/2 —
Ay, w179 = (zow1/2)1. We will make frequent use of some of the results of Albert
and Kokoris on commutative power-associative algebras; namely, results (5), (6),
(7), (38) of [2], ((2) and (3)) of [13]. We state them as

51/2(53191) = 51/2(551)51/2(2/1) + 51/2(y1)51/2($1), 2)
1/2S0(z1y1) = So(21)S1/2(y1) + So(y1)S1/2(x1);
Ty 2(zoyo) = Tij2(w0) T /2(yo) + T1y2(y0)Th j2(20), 3)
1/2T1 (xoyo) = T1(x0)T1 s2(yo) + T1(y0)T1/2(x0);
T1/2(20)S1/2(y1) = S1/2(y1)T1 2 (0); (4)
S12(wi)ay o = T j2(wo)ay /2, where a%/2 = w; + wo; (5)

ra(T1/2y1/2) = [T172(TAY1/2)172 + Y1/2(TAT1/2)1)2]0
+1/2[z12(xAy1/2)1-2 Fy1/2(TAT1/2) 1208 (A =0,1);
where xo,y0 € Ao, T1,y1 € A1 and ay/2 € Ay s
We will say that A is e-stable if A\A;/5 C Ayjo (A =0,1) and that A is stable if
A is e-stable for every idempotent e. In particular, Jordan algebras are stable.
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Let A be an algebra and let d be an endomorphism of A. We will say that d is
a deriwation of A if for any x, y € A, d(zy) = d(x)y + xd(y). The set Derg(A) of
all derivations of A is a subalgebra of the Lie algebra Endg(A)~, where Endy(A)
is the associative algebra of endomorphisms of A.

An ideal I of A is said to be characteristic if d(I) C I, for any derivation d of A.

The following lemma is just a translation of relations (2) to (7) when the algebra
is e-stable.

Lemma 1.1. Let A = Ay DA, oD Ag. If Ais e-stable, then for all zx,yx € Ax (A =
0,1) and ay/5 € Ayjz, we have:

(@) (z1y1)a1/2 = z1(y1a1/2) + y1(z1a1/2);
(i1) (zoyo)ais2 = To(Yoa1/2) + yo(Toay 2);
i)

)

( 1% 300(?/1%/2) = y1($0(11/2);
(iv) zo(z1/291/2) = [1/2(¥1/270)]0 + [Y1/2(71/2%0)]0;
r1(x1/2y1/2) = [T172(Y1/271)]1 + [W12(21/271)]15
(v) (a%/z)lalﬂ = (a %/2)0‘“/2 = %a?/z

2. Characterization of derivations.

Theorem 2.1. Let A= A; © Ay, ® Ag be the Peirce decomposition of a commuta-
tive power-associative algebra and d : A — A a deriwation. Then d is determined
by a unique quadruplet (d(e), fa, ga, ha) satisfying the following conditions:
(i) d(e) € Ayya;
(@) d(z1) = ha(z1) + (d(€)x1)o + 2(d(e)1)1/2;
(@11) d(z1/2) = fa(z1/2) + 2(d(€)w1/2)0 — 2(d(€)w1/2)1;
(iv) (o) = ga(w0) — (d(e)z0)1 — 2(d(€)z0)12;
The endomorphisms fq € Endix(A1/2), ga € Endg(Ag) and hq € Endg (A;)
verify:
(v) ha(ziy1) = ha(z1)yr + z1ha(y1);
(vi) ga(royo) = ga(wo)yo + Toga(yo);
(vii) fa((x121/2)1/2) = [T1fa(T1/2) + ha(T1)T1/2]1/2
+ [z1/2(21d(€))o]1/2 + 2[d(e)(z121/2)0]1 /2,
ga((w1712)0) = [21fa(21/2) + ha(z1)T1/2]0
+ 2[z1 2 (z1d(€))1/2 — d(e)(z121/2)1/2]05
(viti) fa((wow1/2)1/72) = [Tofa(T1/2) + ga(T0)T1)2]1/2 — [T1/2(T0d(€))1]1/2
—2[d(e)(zoz1/2)1]1/25
ha((zor1/2)1) = [0 fa(x1/2) + ga(wo)T1 /21
= 2[z1/2(20d(€))1/2 — d(e)(xoT1/2)1/2)15
(iz) ga((x1/291/2)0) = [fa(1/2)y1/2 + T1/2fa(Y1/2)]0 — [d(e)(21/291/2)1]0
— 2[z12(d(e)y1/2)1 + y1/2(d(e)21/2)1]0,
ha((x1/291/2)1) = [fa(x1/2)y1/2 + 21/2fa(yi/2)h
+ 2[331/2(d(€)1/1/2)0 + y1/2(d(e)$1/2)0]l + [d(e)(ﬂfl/zyl/z)o]l-

Proof. Let d be a derivation of A. We have d(e) = d(e?) = 2ed(e), so d(e) €
Ay /o. By setting d(x1) = 21 + 212 + 20 and deriving ex; = x1, we have d(z1) =
d(e)zy + ed(x1) = 21 + 2212 + d(e)x1, and therefore 21/ = 2(d(e)x1)1/2 and
zo = (d(e)x1)p. We check that the mapping hy : 1 — 27 is linear, hence (i) is
valid. By setting d(:r:l/g) = 11+ 7112 + 70 and deriving ez, = %1:1/2, we have
%d(l‘l/g) =d(e)x1/o +ed(wy/2) =11+ %Tl/g +d(e)ry e = %7“1 + %rl/Q + %7‘0, hence
r1 = —2(d(e)x1/2)1 and ro = 2(d(e)x1/2)o. It is a simple matter to see that the
mapping fq : &1/2 — 712 is linear, and so (iii) holds. Now, for d(zo) = t1+t1 /2410,
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since ez = 0, we obtain 0 = d(e)zg + ed(xo) = t1 + $t1/2 + d(e)zo and thus
tiy2 = —2(d(e)xo)1/2 and t; = —(d(e)zo)1. In addition, the mapping gq : xo + to
is linear, which proves (iv).

Using identity (2), we have

d(z1y1) = z1[ha(y1) + (y1d(e))o + 2(y1d(e))1 2]
+ [ha(1) + (z1d(€))o + 2(z1d(e))1 /2]y
= x1ha(y1) + ha(z1)y1 + 221 (y1d(e))1/2 + 2y1(x1d(e)) 12
= ha(x1y1) + d(e)(w1y1)o + 2[d(e)(w1y1)]1/2,
and thus (v) follows. By symmetry, (vi) follows from identity (3). Now,
d(z121/2) = 21d(21/2) + d(T1)T1)2 = T1[fa(T1/2) + 2(d(€)T1/2)0 — 2(d(€)T1/2)1]
F [halwn) + d(e)(rd(e))o + 2d(e) 1 d(e)1 o)1
= z1fa(1/2) + ha(w1)T1/2 — 221(d(€)71/2)1
+ 1 /2(21d(€))o + 221 /2 (w1d(€))1 /2
On the other hand,
d(w171/9) = d((v171/2)1/2) + d((x171/2)0)
= fa((z121/2)1/2) + 2[d(e)(2121/2)1/2]0 — 2[d(€) (2171 /2)1/2]1
Jr9d((9319€1/2) ) — [d(e )(1’1501/2)0)]1 *Q[d(e)(il?l%/z)o]l/z

By identifying the two expressions of d(z17/2), we obtain (vii), since

z1(d(€)z1/2)1 = [w1/2(21d(€))1/2 + d(e)(z121/2)1/2]1

+ %[xl/g(flild(e))o + d(e)(z121/2)01

by (6). By symmetry, calculation of d(x¢z;/2) lead us to (viii). Finally, we have
d(w1/2Y1/2) = T1/2[fa(y1/2) + 2(d(€)y1/2)0 — 2(d(e)y1/2)1]
+ [fa(z1/2) +2(d(€)x1/2)0 — 2(d(e)x1/2)1]Y1 /2
= [z1y2fa(y1y2) + fa(w1/2)y1/2]0 + (212 fa(Y1/2) + fa(z1/2)y1/2]1
+2[z1/2(d(€)yr/2)0l1/2 + 2[y1/2(d(€)z1/2)0]1/2 + 2[z1/2(d(€)y1/2)0]1
—2[z1/2(d(e)y1/2)1]o — 2[y1/2(d(€)x1/2)1]0 + 2[y1/2(d(e)x1/2)0]1
- 2[y1/2(d(e)x1/2)1]1/2 - 2[551/2(61(@)?/1/2)1}1/2
= [z1/2fa(y1y2) + fa(w1/2)y1/2]0 + (212 fa(y1/2) + fa(z1)2)y1/2]8
+ 2[d(e)(z1/291/2)1]1/2 — 2[d(e)(21/2Y1/2)0]1/2
+ 2[z1/2(d(€)y1/2)0 + Y1 /2(d(€)x1/2)0]1
— 2[z1 /2(d(e)y1/2)1 + Y1 /2(d(e)z1/2)1]0-

Since

[$1/2(d(e)yl/2)1]1/2 + [y1/2(d( )301/2)1]1/2 - [$1/2(d(€)y1/2)0]1/2
— [y1/2(d(e)T1/2)0]1/2
d(e)(w1/2y1/2)0l1/2 — [d(e)(x1/2y1/2)1]1/2
)

=
by linearizing the identity 51/2((a%/2 1)a1/2 = Tl/g((al/z) Jai /2 (see (5)).
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Furthermore

d(z1/2Y1/2) = 9a((w1/291/2)0) — [d(€)(z1/291/2)0]1 — 2[d(e)(x1/291/2)0)1/2
+ ha((w1/291/2)1) + [d(e)(z1/2y1/2)1]0 + 2[d(e) (w1 /2y1/2)1]1 /2

By identifying the two expressions of d(z1/291/2), the identities (iz) follow.

Conversely, let d : A — A be a linear mapping obeying conditions (i) to (iz) of
Theorem 2.1. For x = x1 + @12 + 2o and y = y1 + y1/2 + Yo in A, since xy =
T1Y1 +21Y1 /2 + T1/2Y1 + 21 212 + T1 /290 + Toyi /2 + Toyo, we check that d(xyy,) =
zad(y,) + d(za)y, (A, p = 1,1/2,0). These equalities are satisfied because the
conditions (¢) — (iz) rise from the above computations. O

Corollary 1. The subspaces Jyx = {xx € Ax|xrA1/2 = 0} and J = J1+Jy are char-
acteristic ideals satisfying Jx(A1/2A41/2) = J(A1/2412) =0 (A = 1,0). Moreover,
if the algebra A is e-stable, then Ax/Jx and (A1 @ Ag)/J are Jordan algebras.

Proof. The fact that Jy, for A = 1,0 and J are ideals follow from Lemma 1 of
[2] and the comments which follow its proof. By symmetry, it will be sufficient
to prove the result for A = 1. Let z; € Ji, according to (i¢) of Theorem 2.1,
d(z1) = ha(z1) while (vii) gives 0 = fy((x121/2)1/2) = (ha(21)71/2)1/2 and 0 =
gda((z121/2)0) = (ha(z1)21/2)0, for all 21,5 € Ay /5. Thus he(z1) € Ji, ie. d(J1) C
Ji. Similarly, we show that d(.Jo) C Jo. By (6), we have xx(x1/291/2) = 0. Hence
J)\(xl/2yl/2) =0, for A =1,0. Then J($1/2y1/2) = J1($1/2y1/2)+J0($1/2y1/2) =0.
Now, if we suppose that A is e-stable, then Jy and J; coincide respectively with
ker(zg + 277 /5(w0)) and ker(zy +— 257 /2(x1)). Lemma 1 of [2] says that Ay/Jy is a
special Jordan algebra. Let us consider the homomorphism of algebras A; § Ay —
Ay /)y x Ag/Jo, (x1,20) — (T1,To), necessarily surjective, where 77 and Ty are
respectively the coset of x7 and z(. Its kernel being J, we have the isomorphism
(Al @Ao)/J ~ Al/Jl X AO/JO ~ Al/Jl @Ao/Jo. Thus, Al/Jl EBAQ/JO is a Jordan
algebra. O

Let d and d’ be two derivations. Since [d,d'] is a derivation, it is natural to look
for the quadruplet associated to it.

Theorem 2.2. Let d and d' be two derivations of A. Then, the quadruplet associ-
ated to [d,d'] is ([d, d'|(e), fla,a]» 9[a,a1]> Pa,ar)) satisfying:
(1) [d,d'](e) = fa(d'(e)) — far(d(e));
(11) hig.a)(z1) = [ha, har|(x1) — [d(e)(d'(€)x1)o — d'(e)(d(e)z1)ols
— 4[d(e)(d'(e)z1)1/2 — d'(e)(d(e )961)1/2]1,
(ii0) fla,a1(z1/2) = [fa fal(@1/2) — 4([Race), Rar (o] 1101/2))1/2,
(iv) gia,a1(@o) = [94; garl(x0) — [d(e)(d'(e)zo)1 — d'(e)(d(e)x0)1]o
— dld(e)(d'(e)wo)1/2 — d'(e)(d(e)w0)1/2]o-

Proof. First, the equality dd'(e) = fq(d'(e))+2(d(e)d'(e))o —2(d(e)d’'(e))1 gives (7).
Using the identities of Theorem 2.1, we calculate dd’(z1) (resp. d'd(z1)) by replacing
(&

)
ga((d'(e)r1)o) and fa((d'(e )561)1/2) (resp. ga((d(e)x1)o) and far((d(€)z1)1/2)) by

their expressions in (vii). After simplification, we get
(4, d)(w1) = [has ha)(@1) + (4 d)e)ar), +2(1d d)()ar),
— [d(e)(d'(e)z1)o — d'(e)(d(e)z1)o]1
—4[d(e)(d'(e)z1)1/2 — d'(e)(d(e)z1)1/2]1-
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Hence (i) is established, and by symmetry, we obtain (iv). Finally, the calculations
of dd'(x,/2) and d'd(z; /2) give, after simplification,

[d,d'|(x12) = [fa, fal(21)2) + 2([d, d|(e)21)2) , — 2([d, d](e)21/2),
— 4[d(e)(d'(e)z1/2)0 — d'(e)(d(e)z1/2)0]1/2
—4ld(e)(d'(e)x1/2)1 — d'(e)(d(e)r1/2)1]1/2-
We deduce from above equality
fa,an(w1y2) = [fa, fal(z1/2) — 4([Rd(e)7Rd’(e)](xl/Q))1/2-
Hence (4i7) is satisfied. O

Example 1. ([2], p. 504) Let A be a commutative power-associative algebra whose
multiplication table in the basis {e, e, ez, e3} is given by €2 = e, €? = €3 = €2 =
ees = e1eg = egeg = 0, ee; = eq, eeg = %62, e1ea = e3. We have A; = Ke + Key,
Ay = Keg, Ag = Keg, A1Ay/3 C Ag. Let d be a derivation of A. For d(e) = aey,
fa(ea) = Pea, gales) = ves, haler) = ae + bey, we have 0 = fq((e1e2)1/2) =
(Bes + %aeg + bes)1/2. Hence, a = 0. Now, the equality ga(e3) = ga(eies) =
(Bes + bes)g = (8 + b)es gives v = 5+ b. Consequently, d(e) = aeq, d(e1) = beq,
d(ez) = Bes and d(es) = (B8 + b)es. It is seen that the Lie algebra of derivations
Derg(A) ~ K x K x K with [(«, 8,0), (a/,5,0')] = (Ba’ — 8',0,0).

3. Partially stable algebras. Let A = A; © Ay, ® Ap be the Peirce decompo-
sition of a commutative power-associative algebra, which is partially stable. Then
AxAyjp € Ay (A =1,0).

Proposition 1. Fvery derivation d of A is determined by a unique quadruplet
(d(e), fa, 94, ha) satisfying the following conditions:

(i) d(e) € Ayy2;

(i) d(z1) = ha(z1) + 2d(e)xy;

(i11) d(@1/2) = fa(z1/2) + 2(d(€)w1)2)0 — 2(d(€)w1/2)1;

(iv) d(zo) = galo) — 2d(e)o;

v) The endomorphisms gq and hq are respectively derivations of Ay and A;;
(vi) fa(w121/2) = 21 fa(T1/2) + ha(w1)T1)/2,
fa(zoz1/2) = o fa(x1/2) + ga(w0)T1/2;

(vii) ga((x1/291/2)0) = [fa(z1/2)y1/2 + T1/2fa(y1/2)]0s

hd((xl/zyl/z)l) [fd($1/2)y1/2 + x1/2fd(y1/2)]1;

(viii) [d(e)(zrz1/2)1-3 = [1/2(ard(@))]in (A= 0,1);
Moreover, if d and d' are two derivations of A, then the quadruplet
([d,d'])(e), ha,ar), fra,ar)» Gia,ar)) is defined by :

(iz) [d,d)(e) = fald (€)) — fa(d(e));

() higa) (1) = [ha, har](21) = 4([Racey, Rar (o)) (21)) 5
(i) fia,a1(w1/2) = [fa, fal(x1/2) — 4[Race), Rar (o)l (71/2);
(zi1) gpa,ar)(z0) = [9d, gar](z0) — 4([Rd(e),Rd/(e)]($o))0-

Proof. The result is deduced from Theorems 2.1 and 2.2 involving the fact that
AxAyj2 € Ayyo. O

o~~~

Example 2. Let A =< e, uy, us, us, ug, w,v > be a commutative power-associative
algebra of dimension 7 with multiplication table given by e? = e, eu; = %ul (i =
1,...,4), ew = w, w1v = WW = U3, UV = UgW = Uy, UgU3 = —UIUy = V +

w, other products are zero. Let d be a derivation of A. By using the equalities
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[d(e) (vun))s = (w1 (d(e)o)]s and [d(e) (vuz)]s = [ua(d(e)o)]1, with d(e) = S, aju
and fq(u;) = Zle a;;u;, we have respectively a; = 0 and a3 = 0. Since 0 =
ha(u?) = 2[u; fa(ui)]1, we obtain ay; = ags = a3 = ayq = 0. The equalities
UlUuz = uiuz = uguy = uzug = 0 give ays = a3y, a3 = a91, az4 = a1z and
aog = 3. We have hg(w) = hg((ugusz)1) = (as3 + as)w, ga(v) = ga((ugusz)o) =
(33 + a22)v, fa(uz) = fa(u1v) = fa(u1)v +u194(v) = (a11 + aza + azs)us + azius
and fq(us) = fa(uov) = aouz + (2a22 + asz)uy. Hence a3 = 0, agz = a1 +
o2 + aigz, and then, aws = —aq1. Since —hg(w) = hg((u1ug)1) = —(ug + aq1)w,
i.e. agq + @11 = ago + ass, then ayy = aszz — 2a11. Thus, DerK(A) ~ K2 x K57
isomorphism of Lie algebras.

Corollary 2. Assume that the algebra A satisfies

[T1/2(2ay1/72)]1-2 = [Y1/2(T2AT1/2)]1- 2,

forallzy € Ax (A =1,0), 212, y1/2 € A12. Then, each derivation d of A is deter-
mined by a unique quadruplet (d(e), fa, ga, ha) satisfying the following conditions:
(i) d(e) € Ayya;
i) d(x1) = ha(x1) + 2d(e)xy;
) d(z1/2) = fa(w1/2) +2(d(e)x1/2)0 — 2(d(€)T1/2)15
(iv) d(z0) = galzo) — 2d(c)zo;
) The endomorphisms gq and hg are respectively derivations of Ag and As;
) fa(z121)2) = 21 fa(21/2) + ha(z1)71 /2,
fa(zox1/2) = o fa(w1/2) + ga(T0)T1)2;
(vii) gd(($1/2y1/2)0) [ d($1/2)y1/2 +$1/2fd(y1/2)]0,
ha((x1/29172)1) = [fa(z1/2)y1/2 + 21/2fa(y1)2)]1-

Corollary 3. Let A be a commutative Jordan algebra. Then, all derivations of A
are determined by Corollary 2.

Proof. A Jordan algebra is a power-associative algebra and is stable. It is suffi-
cient to observe that any Jordan algebra verify the assumptions of Corollary 2 ([2],
Lemma 7). O

4. Train algebras which are power-associative. In [3] it is shown that any
nonzero idempotent of a train algebra (A4,w) of rank n, which is power associative,
is at the same time principal and absolutely primitive and that the train equation
is of the form 2"~ *(z — w(x))" = 0, or equivalently,

m(z) = 2" + nw(@)z" L + -+ pw(z)iz” "t =0,

t
with 7, = (—1)" (k)’ k =1,2,...,t. The pair of integers (n — t,t) is called the

presentation of the algebra (1 <t <n—1).

Let A = A; & Ay © Ap be the Peirce decomposition of such an algebra, with
respect to the idempotent e # 0. Then 4; = Ke @ A; and R = ker(w) = 4; @
Aj/o ® Ag is the radical (maximal nilideal) of A, where A, = A; NAR. Moreover,
for any idempotent e, we have xg_f’ =0 and 2} =0, for any xy € Ap and x; € A;
([3], Theorem 2.3).

Proposition 2. Let A = Ke ® 41 & Ayj2 @ Ag be the Peirce decomposition of
a power-associative train algebra relative to the idempotent e # 0. Suppose that
R? = 0. Then the mapping ¢ : Derg(A) — Lix(A) = Ayjs x Endg(A1/2) X
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Endg(Ro) x Endg(R1) such that o(d) = (d(e), fa, ga, ha) is an isomorphism of
Lie algebras, where the multiplication in Ly (A) is defined by

[(u, 9, 0), (W', f, g W] = (fF(u') = £/ (u), (£, ] Mg, ') [ 1))

Proof. By Theorem 2.1, it is readily seen that the mapping ¢ is a monomorphism
of vector spaces. Since R2 = 0, Theorem 2.2 shows that ¢ is a homomorphism of
Lie algebras. Let (u, f,g,h) be in Lx(A). We define a linear mapping d : A — A
by d(z) = au+ f(z1/2) + g(x0) + h(x1), where z = ae + 212 + z0 + 71 (@ € K).
Then d is obviously a derivation of A, and therefore, ¢ is an epimorphism. O

An algebra is said to be strictly train if, for any extension K — L, where L is
a commutative field, the algebra A; = A @ L over L is a train algebra. In this
case, from the proprieties of the tensor product, it is clear that the minimal train
polynomial of an element is unaltered on extension of the base field. It is the same
thing for the minimal train polynomial of the algebra.

Following J. Tits [20] (see also [11], Theorem 1, p. 224), we can state the next
result.

Theorem 4.1. Let K be a commutative field of characteristic # 2,3,5, and let
(A, w) be a strictly train power-associative algebra of presentation (n — t,t). If the
characteristic of K is prime to the integer t, then wod = 0 for every derivation d
of A, i.e, the radical R is a characteristic ideal.

Proof. Let L be any extension of K. The extensions of the forms \;(z) = v;w(x)*
and of the derivation d to Ay = A ®g L will be denoted by the same symbols.
Let £ be an indeterminate over K. The minimal train polynomial is unchanged on
extension of K to L. For a and b in Ay, let us denote {a,b}; (resp. p;(a,b)) the
coefficient of € in (a + &b)* (resp. A\;(a + &b)). As m(a + £b) is identically zero, the
coefficient of £ in its expression must be zero, that is,

{a b}nJFZ)‘ {a b}n ZJFZ,“zab = 0. (7)

i=1
By induction, we see that {a,d(a)}; = d(a*). Then
d(m(a)) = d(a™) + St_, Mi(a)d(a™?), and thus

{a,d(a }n—f—Z)\ Ha,d(a)}n_s =0, Vac Ay (8)

Setting b = d(a) in (7) and making a substraction with (8), we obtain

Zui(a,d(a))a -

By minimality of the rank of a, a being able to satisfy a polynomial identity of
degree n — 1 of coefficient in K, so

wi(a,b) =0 forallae Ay.

Then, since \;(a + £b) = vw(a + £b)F = ~; Zj‘:o (;)w(a)i’jw(b)jfj, we have
wi(a,b) = vi(i)w(a)iflw(b). In particular, for i = 1, we get 0 = py(a,d(a)) =
Yw(d(a)) = —tw(d(a)), because v; = (—1)*(%). So, if the characteristic of K is
prime to ¢, then w o d = 0 for any derivation d of A. O
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In [1], the authors have shown an analog result for uniquely weighted algebras
over a field of characteristic zero (see Theorem 3.3).

The following example show that, if the characteristic of the field is not prime
to t, it is possible to have w o d # 0.

Example 3. ([15], Exemple 2.5) Let K be a field of characteristic 7 and A7 be the
commutative and associative algebra of dimension 7 such that the multiplication
table in the basis {egp, e1,...,es} is given by e;er, = ;44 if i +k < 6 and e;e, = 0
if not. The mapping w : A7 — K defined by w(ep) = 1 and w(e;) = 0 for ¢ # 0
is a weight function of A;. In addition, (A7,w) is uniquely weighted. Then Az
is a power-associative train algebra with train equation z(z — w(x))” = 0. Let
d: A7 — Az be the linear mapping defined by d(e;) = ie;—1 if ¢ # 0 and d(eg) = 0.
Then d is a derivation of A7 with w(d(e;)) =1, and hence w o d # 0.

Let us suppose now that w o d = 0, for any derivation d of A.

Let 2 be the commutative power-associative algebra obtained from A by ad-
joining a unit 1 in the usual fashion. Let A = %A; © A/, © A be the Peirce
decomposition of 2 relative to e. Then the element v = 1 — e is an idempotent
in 2, which is orthogonal to e. The Peirce decomposition of 2 relative to v is
A = A (1) ©A(1/2) @ A, (0), where %y = A (1) = 2,(0), Ayjo = Ac(1/2) =
2,(1/2) = Ay /2, Ao = Ac(0) = A, (1). Moreover, 2, = Ke®R; and Ay = Kv B Ry
([12)).

Theorem 4.2. Let 9 = Ry + Sl/g(ml)Al/g + Tl/g(i)%o)Al/g + Ro. Then M is a
characteristic ideal of A.

Proof. Since R = R, & A; /2 Ry = ker(w) is the radical of A, R is also the radical
of /. Let x1 € My and yy /9 € Ay/o. We have w(w1y1/2) = 0, so x1y1/2 € R, hence
(T1y1/2)0 € RN A = Ro, i.e., So(x1)y1/2 € Ro, for all z1 € Ry and yy1/5 € A1/. By
symmetry, we show analogously that T'(xo)y1/2 € R, for all zg € Rp and yy/5 €
Aijs. So Lemma 1 of [12] is satisfied, without assuming that the characteristic
of K is zero. Therefore, 2 is an ideal of ™A ([12], pages 544 and 549) and since
M C A, then 9 is an ideal of A. Finally, because the ideal fR is characteristic,
we see by (i7) and (¢i7) of Theorem 2.1 that g4(R) C Rp and hg(R1) C Ry, while
(vii) and (viii) of the same theorem show that fy(S1/2(1)A1/2) C S1/2(R1)Aq1)2
and fq(T1/2(QRo)A1/2) € Ti/2(Ro)Ai /2, respectively. Consequently, d(9) € M, for
all derivation d. O
It is known that if (A,w) is a weighted algebra, then for each ideal I C ker(w),
the mapping @ : A/I — K defined by w(n(z)) = w(z) is a weight function of A/I,
where m : A — A/I is the canonical homomorphism. Furthermore, if (4,w) is a
train algebra, then also is (A4/I,).
Theorem 4.3. Let A = A1 ® Ao ® Ag be the Peirce decomposition of a power-
associative train algebra. Then A/ satisfies T° — w(ZT)T = 0.
Proof. Since A = Ke ® R @ A/ ® R, the Peirce decomposition of A/ relative
toeis A=Ked® 21/2. Hence, the train equation of A is 72 — &(Z)7T = 0. O

Definition 4.4. [14] A n*?-order Bernstein algebra is a commutative weighted al-
gebra (A,w) satisfying

2 = w(x)zna?["Jrl] (9)

for all x € A, where n is the smallest integer with such property.
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It is known ([5],[16]) that any power-associative n'"-order Bernstein algebra is
a train algebra satisfying 22"+ — w(x)z?" = 0, hence the train rank is < 2" + 1.
We have recently shown ([3], Theorem 5.5) that, if A is a power-associative train
algebra of rank m + 1, with train equation 2 +! —w(z)z™ = 0, i.e., of presentation
(m, 1), then A is a n*"-order Bernstein, where n > 0 is the unique integer satisfying
2"l <m <27,

Proposition 3. Let A= Ke ® A/, ® Ag be the Peirce decomposition of a power-
associative Bernstein algebra, relative to the idempotent e. Every derivation d of A
is determined by a unique a triplet (d(e), fa, ga) satisfying the following conditions:
(1) d(e) € Aqy2;
(ii) d(w1/2) = fa(z1/2) + 2(d(€)z12)0;
(iii) d(zo) = galo) — 2d(e)zo;

(iv) The endomorphism gq is a derivation of Ag;

(v) fa(zow1/2) = 0 fa(T1/2) + ga(T0)T1/2-
Proof. Since in this case A; = Ke, it is enough to observe that hy = 0 and to apply
Proposition 1. O

The characterization of derivations of a power-associative train algebra of pre-
sentation (1,m), i.e., with rank equation z(x — w(z))™ = 0, can be obtained by
replacing 2o by 21 € A;. In this case, hq is a derivation of A;, but not of A;. In
other words, we have the following result.

Proposition 4. Let A = KB@E@Al/Q be the Peirce decomposition of a train alge-
bra which is a power-associative algebra of presentation (1, m), relative to the idem-
potent e. Then each derivation d of A is determined by a unique triplet (d(e), fa, ha)
satisfying the following conditions:
(1) d(e) € A1ya;
(i) d(w1)2) = fa(w1/2) + 2(d(€)@1/2)1;
(#it) d(z1) = ha(x1) — 2d(e)xy;
(iv) The endomorphism hq is a derivation of Ay;
(v) fa(z171/2) = T1fa(T1/2) + ha(21)T1 )2
Theorem 4.5 ([17], Proposition 6.7). Let A = A1 @ Ayj2 ® Ao be the Peirce
decomposition of a power-associative algebra relative to an idempotent e # 1. Then,
the following conditions are equivalent:
(1) A is a Jordan algebra;
(it) The algebra A satisfies the three conditions :
(a) A is e-stable,
(0) [(@ay1/2)m1/21-2 = [(T221/2)Y1/2)1-2 (A =0,1),
(¢) Ay and Ay are Jordan subalgebras.
Theorem 4.6. Let A = A; ® Ayjo © Ag be the Peirce decomposition of a power-
associative algebra relative to an idempotent e # 1. If A satisfies conditions (a) and
(b) of Theorem 4.5, the factor algebra A/J is a Jordan algebra.

Proof. If e € Jy, then Ay /5 = eAy/; =0, i.e, A= A; ® A and Corollary 1 gives the
result. Assume that e € J; and consider the canonical homomorphism 7 : A — B =
A/J. Let B = By ® By /2 ® By be the Peirce decomposition of the power-associative
algebra B relative to the idempotent € = 7w(e). The algebra B satisfies also the
conditions (a) and (b). Since By = m(Ay), A = 1,0 and By ~ Ay/J, is a Jordan
algebra, it follows that B satisfies again the condition (¢). Theorem 4.5 completes
the proof that B = A/J is a Jordan algebra. O
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Definition 4.7 ([21]). We call the core of a power-associative n'"-order Bernstein
algebra, the ideal C' = Ke ® A,/ ® Af/Q of A.

Theorem 4.8. The core of a power-associative nt"-order Bernstein algebra is a
Jordan algebra.

Proof. Since A; = Ke, the algebra A is e-stable and satisfies condition (b) of
Theorem 4.5. We must show that Z = A% /2 is a Jordan algebra. By using

the identities xo(x1/291/2) = (Tox1/2)Y1/2 + (Toy1/2)T1/2 [(d) of Corollary 2] and
m%(moxl/g) = xo(x%xl/Q), particular cases of 5’1/2(330)51/2(96’5) = Sl/Q(xS)Sl/Q(mo)
(k> 1) ([16], Lemme 1.4), we show that

zj(x0(z1/291/2)) = 25 [(Tox1/2)y1 /2] + 25[(Toy1/2)21 2]
= (2§ (zox1/2)]y1/2 + (Tox1/2)(TFY12)
+ 23 (xoy1/2) + (2571/2) (oY1 )2)
= [zo(zdz1/2)lY1/2 + [T0(TqY1/2)]1 /2
+ ($0$1/2)($(2)y1/2) + (fﬂg%/z)(ﬂ?oyuz)
= xo[(fﬂgyuz)fﬁ/z] + fo[($(2)$1/2)y1/2}
= o[z (%1/291/2)]-

Let z € Z. One writes z = Z:il Qi1 2,3Y1/2,0 With o195 and yy/0; in Ay /. We
observe that

ay(2x0) = Z 04#3[(%/2,1’1/1/2,1)170]

s
Il
—

@ [mg(xl/Ziyl/z,i)]xO = (x%z)xo.

.

(2

1
Consequently, z3(zx9) = (z32)z¢ for all 7o and z in Z, and so Z is a Jordan
algebra. ]

Corollary 4 ([21], Corollary 4.7). The ideal Ay /o @ A%/Q is nilpotent in A.

Acknowledgments. The authors thank the referees of the paper for the very
helpful suggestions that shortened the paper.

REFERENCES

[1] M. T. Alcalde, C. Burguefio, A. Labra and A. Micali, Sur les algébres de Bernstein, Proc.
Lond. Math. Soc., IIIL. Ser., 58 (1989), 51-68.

(2] A. A. Albert, A theory of power-associative commutative algebras, Trans. Amer. Math. Soc.,
69 (1950), 503-527.

[3] J. Bayara, A. Conseibo, M. Ouattara and F. Zitan, Power-associative algebras that are train
algebras, J. Algebra, 324 (2010), 1159-1176.

[4] I. M. H. Etherington, Genetic algebras, Proc. R. Soc. Edinb., 59 (1939), 242-258.

[6] M. A. Garcia-Muniz and S. Gonzalez, Weighted, Bernstein and Jordan algebras, Comm.
Algebra, 26 (1998), 913-930.

[6] M. A. Garcfa-Muiiiz and C. Martinez, Derivations in second order Bernstein algebras, in
“Nonassociative Algebra and its Applications” (eds. Costa, Roberto and al.), Proceedings of
the fourth international conference, Sdo Paulo, Brazil. New York, NY: Marcel Dekker. Lect.
Notes Pure Appl. Math., 211 (2000), 105-124.

[7] H. Gonshor, Derivations in genetic algebras, Comm. Algebra, 16 (1988), 1525-1542.


http://www.ams.org/mathscinet-getitem?mr=MR0969546&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0038959&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2671799&return=pdf
http://dx.doi.org/10.1016/j.jalgebra.2010.06.012
http://dx.doi.org/10.1016/j.jalgebra.2010.06.012
http://www.ams.org/mathscinet-getitem?mr=MR0000597&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1606194&return=pdf
http://dx.doi.org/10.1080/00927879808826173
http://www.ams.org/mathscinet-getitem?mr=MR1755341&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0949254&return=pdf
http://dx.doi.org/10.1080/00927879808823643

1370 J. BAYARA, A. CONSEIBO, A. MICALI AND M. OUATTARA

(8]

[9]
[10]
(11]
(12]
(13]
(14]
(15]

[16]

H. Guzzo Jr. and P. Vicente, Derivations in nth-order Bernstein algebras, Int. J. Math. Game
Theory Algebra, 12 (2002), 171-185.

H. Guzzo Jr. and P. Vicente, Derivatives in nth-order Bernstein algebras. 11, Algebras Groups
Geom., 19 (2002), 423-444.

P. Holgate, The interpretation of derivations in genetic algebras, Linear Algebra Appl., 85
(1987), 75-79.

N. Jacobson, “Structure and Representations of Jordan Algebras,” Amer. Math. Soc. Collo-
quium Pulications 39, 1968.

L. A. Kokoris, Simple power-associative algebras of degree two, Ann. of Math. (3), 64 (1956),
544-550.

L. A. Kokoris, New results on power-associative algebras, Ann. of Math. (3), 77 (1954),
363-373.

C. Mallol, A. Micali and M. Ouattara, Sur les algébres de Bernstein IV, Linear Algebra
Appl., 158 (1991), 1-26.

A. Micali and M. Ouattara, Sur la dupliqguée d’une algébre. II, Bull. Soc. Math. Belg., Sér.
A, 43 (1991), 113-125.

M. Ouattara, Sur une classe d’algébres & puissances associatives, Linear Algebra Appl., 235
(1996), 47-62.

[17] J. M. Osborn, Varieties of algebras, Adv. Math., 8 (1972), 163-369.
[18] M. L. Reed, Algebraic structure of genetic inheritance, Bull. Amer. Math. Soc., 34 (1997),

107-130.

[19] R. D. Schafer, “An Introduction to Nonassociative Algebras,” Academic Press, New York,

1966.

[20] J. Tits, A theorem on generic norms of strictly power associative algebras, Proc. Amer. Math.

Soc., 15 (1964), 35-36.

[21] D. A. Towers and K. Bowman, On power associative Bernstein algebras of arbitrary order,

Algebras, Groups and Geometries, 13 (1996), 295-322.

[22] S. Walcher, Bernstein algebras which are Jordan algebras, Arch. Math., 50 (1988), 218-222.
[23] A. Worz-Busekros, “Algebras in Genetics,” Lecture Notes in Biomathematics, 36, Springer-

Verlag, Berlin-New York, 1980.

[24] K. A. Zhevlakov, A. M. Slin’ko, I. P. Shestakov and A. I. Shirshov, “Rings that are Nearly

Associative,” Academic Press, New York, 1982.

Received March 2009; revised November 2009.

E-mail address: josephbayara@yahoo.fr
E-mail address: andreconsebo@yahoo.fr
E-mail address: micali@math.univ-montp2.fr
E-mail address: ouatt.mouss@univ-ouaga.bf


http://www.ams.org/mathscinet-getitem?mr=MR1912789&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1949205&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0869346&return=pdf
http://dx.doi.org/10.1016/0024-3795(87)90209-6
http://www.ams.org/mathscinet-getitem?mr=MR0081273&return=pdf
http://dx.doi.org/10.2307/1969601
http://www.ams.org/mathscinet-getitem?mr=MR0065543&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1126433&return=pdf
http://dx.doi.org/10.1016/0024-3795(91)90048-2
http://www.ams.org/mathscinet-getitem?mr=MR1315774&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1374250&return=pdf
http://dx.doi.org/10.1016/0024-3795(94)00113-8
http://www.ams.org/mathscinet-getitem?mr=MR0289587&return=pdf
http://dx.doi.org/10.1016/0001-8708(72)90003-5
http://www.ams.org/mathscinet-getitem?mr=MR1414973&return=pdf
http://dx.doi.org/10.1090/S0273-0979-97-00712-X
http://www.ams.org/mathscinet-getitem?mr=MR0158912&return=pdf
http://dx.doi.org/10.1090/S0002-9939-1964-0158912-0
http://www.ams.org/mathscinet-getitem?mr=MR1425477&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0933915&return=pdf
http://dx.doi.org/10.1007/BF01187737

	1. Preliminaries
	2. Characterization of derivations
	3. Partially stable algebras
	4. Train algebras which are power-associative
	Acknowledgments
	REFERENCES

