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Bernstein Algebras: Lattice Isomorphisms
and Isomorphisms™

Teresa Cortés
Departamento de Matemticas, Universidad de Zaragoza, 50009, Zaragoza, Spain

Abstract: We present here some cases of Bemstein algebras which are determined up to

isomorphisms by their lattices of subalgebras.

0. Introduction

The origin of Bernstein algebras lies in genetics and in the study of the stationary
evolution operators, see Lyubich [1]. Holgate [2] was the first to give a formulation of
Bermnstein's problem into the language of nonassociative algebras. For a summary of
known results see Warz-Busekros [3], Ch 9. Further investigations on Bernstein
algebras have been taken up by Alcalde, Burgueiio, Labra, Micali, (see [S])-

On the other hand, the study of the relationship between lattice isomorphisms and
isomorphisms has been done by Barnes ([7] and [8]) for associative and Lie algebras and
by J. A. Laliena for alternative algebras [9]. For Jordan algebras similar studies has been
done by J. A. Laliena (presented in "Jornadas sobre Modelos Algebraicos no Asociativos
y sus Aplicaciones”, celebrated in Zaragoza, April 1989) and completed by J. A. Anquela

(personal communication, still not submitted).

* This paper has been written under the direction of Professor Santos Gonzalez and it will be a part of the
author's Doctoral Thesis. The author has been partially supported by the Ministerio de Educacion y
Ciencia (F.P.1. Grant) and the Diputacién General de Aragon.
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1. Preliminaries

. ) . 3 lations b
A finite-dimensional commutative algebra A over a field K is called baric if there i
exists a nontrivial homomorphism @ : A — K, called weight homomorphism.
A baric algebra is called a Bernstein algebra if:
x2) = 0(x)?x2 forall xin A. It fc
choice of
In the following, let K be a commutative infinite field of characteristic different dimg A =
from 2. called the
Let us list several results on Bernstein algebras which can be found in[3].
For every Bernstein algebra the nontrivial homomorphism @ : A — K is uniquely it
determined. are also i
Every Bemnstein algebra A possesses at least one non-zero idempotent. Oﬂ
Every Bernstein algebra A with non-zero idempotent e can be decomposed into the A
internal direct sum of subspaces: Worz-Bi
A=Ke®Kero, 1RomoP
with: Ker ©=Uc® Ve, In
algebra
where: Ue=(cx\ x € Kerw)={x € A\ ex= -;—x}, type (2,
Ve={x € A]ex=0}. Ir
type (1
The subspaces Ue and Ve of A satisfy: one al
2 - 2 2 cu; =
UeVech, Ve CUeg, Ue C.Ve, UeVe =<0>. :
3-dime
The set of idempotent elements of A is given by: :
by the

ﬂ:[e+u+u2\ ue Ue) foranyidempotente'mA.




aric if there
1.

itic different

3].

is uniquely

osed into the

dempotent of A we have the following

Ife;=e+ o +0” with © in Ue is another i

relations between the corresponding subspaces:

U¢1={u+20u\ueUe};

Ve1={v-2(c+c_2)~v\ ve Vel
cpcndsonthe

the decomposition of a Bemstein algebra d

It follows that, although
of A is an invariant of A If

choice of the idempotent €, the dimension of the subspace Ue
dimg A = n+1, then one can associate o A=Ke®U¢® V ¢ a pair of integers (r+1,s),
called the rype of A, where:

r = dimg Ue, s = dimg Ve, hence r+s=n.

In the same way Worz-Busekros shows in [3] that dimg Ue,2 and dimg (UeVe+ch)

are also invariants of the algebra A.

Other useful identities can be found in [3] and [5] and will be cited if necessary.

A classification of all the Bernstein algebras of dimensions 2 and 3 is given by
Worz-Busekros in [3]. We reproduce it here 10 geta classification of these algebras up to

isomorphisms.
tly 2 Bernstein algebras, one

ere exist up to isomorphisms exac
yv2=0, and one algebra of

In dimension 2 th
algebra of type (1,1): Ke®Kv , with e2=e, ev=0,
type (2,0) : Ke®Ku, withe2=¢,eu= %—u,u2=0.

rphisms exactly one Bemnstein algebra of

In dimension 3 there exists up t0 isomo
leise2=¢e,ev;=0, v;v =0, and

type (1,2): Ke® Kv,©® Kv, , whose multiplication tab
one algebra of type (3,0): Ke®Ku;® Ku, whose multiplication table is e2=¢,

eu; = 'lj'“i ,u;u=0.We will denote these algebras by Aq) and A2) respectively. The

3-dimensional Bermnstein algebras of type (2,1) are:

Ke® Ku® Kv with el=e,eu= -12.- u,ev=0 andthe remaining products given

by the table 1, depending on dimg Ucz and dimg (UeVe-FVez) ’




TABLE L

dimK(Uch+Vez) dlmx Ue “ u? uv v2
0 0 0 0 0 (a)
0 1 ov 0 0 (b)
1 0 0| Bu | ¥uj©@

with 00 and (B,7)*(0,0).

The algebra (a) is the trivial algebra of type (2,1), see [6], and will be called A(3).
The algebra (b) is isomorphic to another algebra with the same multiplication table and
o=1 and will be called Ag). In (0), if %0 then we can put f=1 and ¥ =0 to obtain an
isomorphic algebra which will be called As). If p=0, the resulting algebra is isomorphic
to another algebra of (c) with B=0 and ¥=1 which will be called A(g)- On the other hand

one can see that the algebras A(yy ... A(6) ar¢ nonisomorphic.

In the same way Worz-Busekros shows in [6] that for every decomposition n=T+s,
there exists, up to isomorphism, exactly one (n+1)-dimensional, trivial (with
(Ker (o)2= 0), Bernstein algebra of type (r+1, s).

2. On the Length of a Bernstein Algebra

Let A be an algebra over a commutative field K. We denote by B(A) the lattice of
all subalgebras of A. By an T -isomorphism (lattice isomorphism) of the algebra A onto

an algebra B over the same field, we mean an isomorphism:
B(A) - B(B) of B(A)onto L(B).

We put £(A), the length of A, for the supremum of the lengths of all the chains in
B (A) (by the length of a chain we mean its cardinality minus one). Clearly we have
dimg A = £(A) and if the algebra A is finite-dimensional then £(A) is the maximum, not
only the supremum.We remark that, for a solvable algebra A, we have £(A) = dimg A.
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THEOREM 1: Let A be a Bernstein algebra over a commutative field K of
characteristic different from 2. Then £(A) = dimg A.

PROOF: Let o : A — K be the weight homomorphism of the algebra A, ee Abe
an idempotentand A=Ke® U, ® V., be the decomposition of A with respect to e. In [3]
we can see A2=Ke®U.®U 32, and this algebra is a Bernstein algebra with weight
homomorphism the restriction &: A2 — K of 0 to the algebra A2 . Then we have that the

corresponding subspaces of the decomposition of the algebra A2 with respect to ¢ are:

Ue={xe A?| ex= %-x]=Ue,

Ve={xe A?| ex=0}=U2=0¢2.

Then (A2)2=A2 and, in this situation, we can apply the theorem 2 of [4] and
conclude that Ker® =U¢®U ez 2 (Ker 0))2 is right nilpotent, hence nilpotent, (see
proposition 4.1. on page 82 of [10]), and then solvable. But now Ker o is solvable, too,

and hence £(Ker w) = dimg Ker ®.

So we have:

2(A)2 2(Kerw) + 1= dimgKero + 1= dimgA and this completes the proof.e

In what follows, by "subalgebra" we mean a proper subalgebra.

COROLLARY: The dimensions of the subalgebras of a Bernstein algebra are

invariant by any &-isomorphism.

PROOF: If A, is a subalgebra of 2 Bemstein algebra A such that A; € Ker ®, then
A, is solvable and hence £(A;) = dimg A,. In the other case the algebra A, isa Bemnstein
algebra and we have £(A)) =dimg A;. Clearly the length of an algebra is invariant by
any 35-isomorphism.e

REMARK: If K is a field of characteristic 2 the proofs of the previous results are not
valid because Kerw is not, in general, solvable.We can consider, for example, the
commutative algebra A =Ke®Kx® Ky®Kz whose multiplication table is given by
e2=e, xy=z, yz=x, xz=y, where the missing products are zero, Over any field K
of characteristic 2. Clearly A is a Bernstein algebra over K with weight homomorphism
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®:A— K given by o) =1, o(x) = oy) = o(z) = 0 linearly extended, but
(Kerw)?2= Kero.

3. Subalgebras of Dimension Two

We are going to study the 2-dimensional algebras which can be found in a Bernstein

algebra.

If A, is a 2-dimensional subalgebra of a Bermstein algebra A such that A; & Kera,
then A, is a 2-dimensional Bemstein algebra and hence it is either Ke ® Ku or Ke® Kv,

with the notation of §1 .
In the other case we have A; € Kerw and then A, is a commutative solvable

algebra such that (x2) 2_0 holds in A,. If A, is not trivial we have A12= Kz withz# 0
and one can see that A, is isomorphic to another algebra B=Kz®Kw whose

multiplication table is given by:
22=0, zw=0, w2=z, which will be called B(y), or:
z2=0, zw=z, w2=0, whichwillbccalledB(3).

By B(j) we mean A, when is trivial. Clearly these algebras are nonisomorphic.If
we look at the lattice of subalgebras of these algebras we can conclude the following

table 2:

TABLE 2.

Number of '

ALGEBRA Multiplication table Subalgebras subalgebras

e2=¢ cu=-12—u u2=0]| Ku, K(e+ou) Ikl +1

e2=¢ ev=0 v2=0 | Ke, Kv 2

B=Kz@Kw | z2=0 zw=0 w?=0|Kw, K(z+oaw)| IKl+1

Bgy-Kz0Kw | z2=0 zw=0 wi=z Kz 1

B3=Kz®Kw | 22=0 zw=z w2=0| Kz, Kw 2
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where o is in K and we write |K] for the cardinality of the field K, which is

infinite, in this case.

4. Lattice Isomorphism and Isomorphism
We begin with the low-dimensional cases.

THEOREM 2: Two Bernstein algebras of dimension less than or equal to 3 over an
infinite field of characteristic different from 2 are Z-isomorphic if and only if they are
isomorphic.

PROOE: The "if" is obvious. Let us prove the "only if".

Clearly they have the same dimension (see §2), and the result is valid in dimension
2 (see table 2). Let (A, o) and (:/-1, ®) be two 3-dimensional Bernstein algebras over K,
and ¢: BA) = B(A) be an I3-isomorphism.

() Let us suppose A = A(q). Then there exits only one idempotent € and
A= Ke®Kv,® Kv, withe2=e, ev;=0, v;vy=0, V.=Kero=Kv; ®Kv,=B(1).

The 1-dimensional subalgebras of A are Kx with x2=x or x2=0. So it is easy to se

that, in this case, they are Ke or Kv with vin Ve.

We consider the 2-dimensional subalgebras of A: if A, is a 2-dimcnsionala
subalgebra of A and A, < Ker® then A;=Kero=B(j) which has |K| + 1 subalgebras.
In the other case A, possesses an idempotent, ie., KeC A,,and Aj=Ke@Kv with v in
Ve, which has 2 subalgebras.

Hence Ke is the only 1-dimensional subalgebra of A not contained in 2-dimensional
subalgebras with IK| + 1 subalgebras. On the other hand, Ke is contained in an infinite

number of 2-dimensional subalgebras Wwith only 2 subalgebras.

If A isa Bernstein algebra of type (1, 2), then clearly A = A. Let us suppose this is
false and we will get a contradiction.




We denote Kx = ¢(Ke) with 0 # x in A andletA , be a 2-dimensional sulalgebra of
A suchthat Kx € Kl ,then A ; has exactly 2 subalgebras. It follows from table 2:

A,= KEOKV with g€2=¢, €v=0, V2=0 ,or

A;= Kz®Kw with z2=0, zw=z, w2=0.

In the second case we have A= Ker@®; we take A, and A s, two different
subalgebras of A satisfying the same conditions as A . Then, for the same reasons we

! have:
A,=KE®K¥V with €2=¢, €V=0, ¥2=0 , and B(E)=1

A3=K€19 KV]WI[h 612=€1 ,61’\71:0, 712=0, and &(€])=1,SinCCA2

and A 5 cannot be Ker @.

But now ¥ isin Vg, hence dimKVg 21and dimxvg < 1, because the type of A
is not (1, 2). It follows Vg = KV. In the same way Vgl = K¥,. Besides that, Aisa
Bernstein algebra of type (2, 1).

We have: 0 % x € Ker("i)ﬂxz-ﬂx3,hcncc Kx = KV = K¥;.

On the other hand, the idempotents & and € are connected by:

€,=¢€ +0 +0? with ¢ in Uz, and o * 0, since A, and A 5 are different
subalgebras. Therefore U =Ko

Since 0#Ve K¥= K¥,= Vg, we have V= M (¥-2(c+02)¥}, with A inK.
Since (6+62)V is in Uz, and the sum U #® Vg is direct, we can conclude:

A=1 and (0+02)¥=0.

On the other hand 62 isin Vg = K¥, and ¥2=0, hence 02¥=0, and thus

~ o~

GV=0, ie., Ung =0.

If
subalgel
62=0.1

and cont
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If 62+0, we can consider Ko®Ko?= Ug® Vg 2 B(y), which has only one
subalgebra. As A has not any subalgebras of this type, we get a contradiction.Then

~

62=0. Therefore we take Ko@KV=Ug® Vg 2 By, which has |K|+1 subalgebras

and contains Kx = KV and thisis a contradiction.

Then, the second posibility for A ,is not valid, i.e., x & Ker ®. Hence Kx=Key,
where € is an idempotent of A. As above, we take A, and A 5, which are Bemstein
algebras with only one idempotent. Thus €¢= &= ¢,. Now, V and ¥, cannot be linearly
independent, because dimK'\7 & <1, and cannot be linearly dependent, since A o and A 3

are different subalgebras, which is a contradiction.

(I) Let us suppose A = A(z). Then A=Ke®Ku,;® Ku, with e2=e,any

idempotent of A, eu; = ;—ui, uiuk=0,Ue=Kerm=Ku1 ®Ku,=2B(1).

The 1-dimensional subalgebras of A are exactly the 1-dimensional subspaces of A,
Kx, since x2 = @(x) x holds for all x in A.

Concerning the 2-dimensional subalgebras of A, if Ajisa 2-dimensional subalgebra
of A and A;C Kerw then A} =Kerw= B jy which has |K| + 1 subalgebras. In the other
case A, possesses an idempotent €, and A;=Ke® Ku withuin U, which has Kl +1
subalgebras. Thus, none of the 2-dimensional subalgebras of A has a finite number of

subalgebras.

From (I), A cannot be isomorphic to Ayy. If it were isomorphic 10 A(3), A4), OF
A, 1t would have a 2-dimensional subalgebra with exactly 2 subalgebras (Ke 8 Kv,
with the notation of Table 1). If it were isomorphic to Ag) it would have 2 2-dimensional

subalgebra with only one subalgebra ( Ku® Kv, with the same notation). Both situations

ead us to a contradiction. Then it must be that A = Ag)=A.

(III) Finally, let us suppose A is a Bernstein algebra of type (2, 1). Then we can

write A=K e ® Ku® Kv, witne<=c¢c, cu= Tu, veoo, e tdepntant 8 AF A

From (I) and (II) we can conclude that A is a Bernstein algebra of the same type.

If A= A(3), we can write u2=0, uv=0, v2=0 for any decomposition of A. Besides
that, either a 2-dimensional subalgebra Ajof Ais Aj=Kero= By, which has |Kl+1
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subalgebras, or A; possesses an idempotent. In the second case A;=Ke® Kx with 0% x
in Kero= Ku® Kv. We put x=au+Bv, with o, B in K. If B*0, we have
u= (2a)—1cx € Aj, hence ve A; and then Aj=A, which is a contradiction.Therefore
we have Ke® Kx = Ke® Ku, with an infinite number of subalgebras, or Ke ® Kx =
K e ® Kv, which has 2 subalgebras. Either way A has only 2-dimensional subalgebras
with 2 or more subalgebras.

If A= A(s) , we can put u2=0, uv=u, v2=0. Then, a 2-dimensional subalgebra A}
of A is A= Kero= B(3), which has 2 subalgebras, or A; possesses an idempotent
e+Au, A in K. In the last case we put Aj= K(e +Au)® Kx with 0% x in Kerw=
Ku® Kv. As above, x=ou+ Pv, and, if « B*0, x2=2aBu € A, and hence A=A,
which is absurd. Thus we conclude 0:=0 or B=0. If we had =0, then we would have
B + 0 and ABu = (e+Au)Pve A,; hence A=0 and A;= Ke® Kv, which has 2
subalgebras. If we had =0, then we would have o %= 0 and A;= Ke® Ku, which has
IK|+1 subalgebras. Again, A has only 2-dimensional subalgebras with 2 or more

subalgebras.

IfA= Ay or AZ Ag), it has a 2-dimensional subalgebra, Ker@= B() witha
unique proper subalgebra.

Moreover, we have shown that the algebras A(3)and As) are determined by their
lattices. They can be &-isomorphic neither to A4y nor to A(g) because of what we said
above. And the algebra A (3) cannot be T-isomorphic to A(sy because As) has only one
2-dimensional subalgebra with an infinite number of subalgebras, Ke® Ku, and A(z) has
two of them, Ker ® and K e ® Ku, using the previous notation.

It remains to show why the algebras A4 and Ag) cannot be 3-isomorphic.

As above, if we put Ag=Ke® Ku® Kv, with e2=e,eu= ;—u, ev=0,u%=0,
uv =0, v2= u, a 2-dimensional subalgebra A of A such that A; ¢ Kero possesses
an idempotent e + Au, A in K. We write A1= K(e + Au)® Kx, x=ou+Bv, with a, B
in K. If B + 0, we have x2=B2uis in A;, and hence A;=A, which is a
contradiction. Thus it must be p=0, a# 0, and A;=Ke ® Ku, which has an infinite
number of subalgebras. Then we can conclude that the 2-dimensional subalgebras of A
have only one subalgebra or an infinite number of subalgebras. Now if we put

Auy=Ke® Ku® Kv, with e?=¢,eu= %—u, ev =0, u2=v, uv =0, v2= 0, we can
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In our situation this means that the algebra A must be isomorphic to the algebra A.e

to generalize the ideas of the previous theorem t0 get similar results

mension.

We are going

for some extreme cases of Bemnstein algebras in any di

are B-isomorphic and one of them is an

THEOREM 3: If two Bernstein algebras
0), then they are isomorphic.

(n+1 )-dimensional Bernstein algebra of type (n+l,

PROOF: Let (K , @) bean (n+1)—dimensiona1 Bernstein algebra of type (n+1, 0).

Let (A, @) be a Bernstein algebraand ¢ £(&)— B(A) be an B-isomorphism.

We can write: A = Ke® Ker ® with U 5 =Ker @, V ~ =0, for any idempotent € in

A and suppose n 2 2.

onal subalgebra of A, cither Al C Ker®or A , possesses an

€A 1 isa 2-dimensi
IK| + 1 subalgebras. In the second

 is trivial and it has

idempotent €.In the first case, A
U &, which also has |K| + 1 subalgebras.

case we have A | = KE® Ki, with U in

Besides that, we can se€ that:

_Every pair of 1-dimensional subalgebras of A generates 2 2-dimensional

subalgebra of A.

“The n-dimensional subalgebras of A are Ker® or KeoW where W is (n-1)-
dimensional and W& U . In both cases we can sec that a n-dimensional subalgebra of A
by elements linearly independent, let

contains n 1-dimensional subalgebras generated
bset of m elements of {X,.-- s Xyl

Xy yeeer Xq DE those elements. Moreover any su

generates a m-dimensional subalgebra of A.

" Now, let us write A =Ke® Ue® Ve for any idempotent € in A. Then, since
Kero=Ue® Ve isa n-dimensional subalgebra of A, we have Kero=9 A 2), where




7\2 is a n-dimensional subalgebra of A. Therefore we can write K'z: L

KX, ®...®Kx, forthe preceding elements.

| Fo
We take Kx ; =¢ (K X; ), O*x; €A, for i=1, ..., n. If the elements x,, ..., x, ' withn 2
were not linearly independent, there would exist j such that: i 1
: x;€ Kx;+ J +Kx, 1 Bemnstel:
: Then we would have: w
- A 5 A = idempott
0(KX;)=Kx; € Kx; Vv I VKx, = 6(KE)V ] VoKX, =
= ¢(Kx,;v J VKxp)= 6(Kx,® J.8Kx,)
idempoti
~ -~ A o~ y ,
Thus: Kx; € KXx;® J ®KX,,whichisa contradiction. Hence the elements i case we
X 1,..., X are linearly independent and we have:
Be¢
Kero=Ue®Ve=Kx,® & Kx, dimensi
Ifx;e Ug foralli=1, ..., n we have Ker 0 = U, and A is a Bernstein algebra of 2edizen
type (n+1, 0) isomorphic to A, as we wanted to prove. O
In the other case there would exist j such that: 1 ‘ and at I
| dimensi
X =_u+vwithuinUe and 0 % vin V.
T
If 2= w += 0 we would have w2 = 0 and we could consider the subalgebra o di
Ke® Kw which has only 2 subalgebras, and this is impossible because A and A are o (Ker 1
B-isomorphic. Hence, u2= 0 and Ku is a subalgebra of A. Now we take the subalgebras algebrz
Kx ; = K(u+v) and Ku; they generate a 2-dimensional subalgebra which contains u and v, inducti
and thus it is Ku® Kv. This algebra must ‘have |Kl|+ 1 subalgebras and, since it is
contained in Ker @, it must be trivial. But then v2= 0 and we get a contradiction (as L

above with w ).e

THEOREM 4: If two Bernstein algebras are &-isomorphic and one of them is a
Bernstein algebra (n+1)-dimensional of type (1, n), then they are isomorphic.
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with n = 2 and we will prove it for n.
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On the other hand, A has at least four different n-dimensional subalgebras: Ker ®

and at least three Bernstein algebras with decomposition KsoW where W is a (n-1)-
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ubalgebras, and we can take

fferent from Ker ® and
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induction assumption.
Let us write these algebras:
Ke® W, with WE Ve, el=e,

Ke,® Wy, with W1& Ve, Lel=ey.




If V, were n-dimensional, we would have the type of A is (1, n) and hence itis

- isomorphic to A.

If V. is (n-1)-dimensional, we have V=W, Vel=W1, and A is of type (2, n-1) with
Vc2= 0.We put U.=Ku. If 0% v=u?2, we would have v2=0, uv=0, since u3=0 (see [3]),

and Ku® Kv would be a 2-dimensional subalgebra of A with only one subalgebra, but
0! that is not possible in A.Thus, it must be u2=0.

Hence the idempotents are connected by e= e + Au, 0% in K, since these algebras
are different.

Now, we consider their sum as vectorial subspaces:

Ke®V,) + (Key® Ve )= A

hence the subalgebra A;=(Ke® V)N (Ke;® Vel) is (n-1)-dimensional.

If Aj¢EKer o, A; possesses an idempotent, but since the algebras Ke® V. and
Ke® V°1 have only one idempotent, it follows € = €; and we have a contradiction. Hence

AjC Ker ®, and then AjC VN V“'l‘ Because of the dimensions of the subspaces, we

have shown:
Ve Ve, =Ve=Ve,
Now, any w in V is in Ve ={ v-2Auv | ve V, ) and we can write:

w = v-2Auv with w, vin Vg.

Since U.® V, is direct we conclude uv=0, then uw=0, hence UgV=0.

Therefore A is a trivial Bernstein algebra of type (2, n-1).

If we take Kx = ¢ (K€), it is contained in a 2-dimensional subalgebra of A with 2
subalgebras, say A; . If Ay were .cgntaincd in Ker @, it would be isomorphic to B(s), but
this impossible because the latter is not trivial. Then A2 = Ke®Kv with v in V. for an
idempotent e of A and Kx = Ke or Kx = Kv. In both cases Kx would be contained in a

2-dimensional subalgebra of A with an infinite number of subalgebras, which is a
contradiction.e
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n algebras are Z-isomorphic and one of them is a

THEOREM 5: If two Bernstei
dimensional of type (r+l, s), then they are

trivial Bernstein algebra which is (n+1)-
isomorphic.
PROOF: We will carry out an induction on n. For n = 0,1 the result is obvious, and

we know it for n = 2. Let us supjpose the result valid for all 0 < k <n-1, with n 23 and

we will prove it for n. The casefs r =0 and s = 0 are the theorems 3 and 4 and we will

suppose I s ¥ 0.

be an (n+l)-djmcnsionél Bernstein algebra of type (1+1, 5), (A, ®) be

0: B(A)— B(A) bean 5-isomorphism.

Let (A, ®)
a Bernstein algebra and
tent € in A

st 2

We can write: A = KE®Ker ® with Ker o= ﬁge'\?g, for any idempo

and it is easy to see that any »-dimensional subalgebra of A must have at lea

subalgebras.

fA % A, then A has two n-dimensional subalgebras

(I) We will show here that i
one of type (T, ), and the other of type

which are trivial Bernstein algebras,

(41, s-1).For any idempotent € in A, let

Uz =K<U1,ee00 5>, with (81, 3, ) a basis of Ug overK

K<31,..., V52, With (V1 eees Vs ) a basis of Vg over K.

<

€

(@) Ifr>2ands22,we take for example the following subalgebras of A:

A= 0 (KEOKLTz,e0es Ur? Vg, Aol Ke®Ug®K< V2,0 Vs 2 )

A= 0 (KEOKL Ty ,ener Tra1? oVsz), As=0 (Ke®Ug@K< V1,0 V51 2):

©. Hence among them there are at

At most one of them can be contained in Ker
J5-isomorphic to a trivial Bernstein

3 Bernstein algebras and therefore, at least one

least
hic to a trivial Bernstein algebra of type

algebra of type (1, s) and one & -isomorp
(r+1, s-1).We apply the induction assumption for these algebras.

(b)Ifr=l,wchaves=n-r=n-122andwccantakethea1gcbras:
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Ai=0 (K€ Vy), A= 0 (K@ TUz@K<¥s,..., Vs >),

As=0 (KE+11)®Vp), As=0 (KE®Tz0K<Vy,..., ;.1 >),

and work as in (a).

(c) Finally, if s =1, we haver=n- s =n -1 2 2. Now we take, for example:
‘ ¢ (KE®OKL Ty,..., T;> @Vp),

6 (KEOKL T, ..., T;.1 > ©Vp),

| 6 (KE+1;) ©K< Ty,..., 5> ®Vp),

and we conclude that there are in A two trivial Bernstein algebras of type (T, ).

Put A;= ¢ (Ke® ﬁg). If it is not contained in Kerw, it is a Bernstein algebra, and

hence it is a trivial Bernstein algebra of type (r+1, s-1) by the induction assumption.
Otherwise A; = Kerw and each of its 2-dimensional subalgebras has an infinite number of
subalgebras.

We consider: Kxo= (Kl ), where we put ip=€, Kxi= ¢(Ku;), for i=1,...,r. If -

X0, ..., Xy are not linearly independent, there must exist i such that:
A A
0 * Kx; NEKxgVv ! VKx,)= o(Ku;) N (o(Kup)v ! v o(Ku;)) =
= ¢(Ku; N (Kipgv ! v Ki))=0¢ (Ku; N (Kup+ ! + Ku,) ).

d o~ A o~ . - - -
Then 0 # Ku; N (Kip+ !+ Kuy), which is a contradiction. Hence {xq,...,Xr )

is a basis of A; = Kerw over K.

Besides that, for all i#j the algebra Kx ; V Kx ; is a 2-dimensional subalgebra of
Kero and it has an infinite number of subalgebras, hence it is trivial. Thus we have Kerw
is also trivial.

On the other hand, we can take the two trivial Bernstein algebras of type (r, s=1)
which are contained in A:

IfL
we are su

Veand V
Ve= Ve1

B-=

Sin
we know
of Ue (%
is n-dime
subalgeb
algebra.

assumpti
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B
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B
subspac
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conseqt
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1, and

stion.
ser of

B = Ke ® W @Kv, with 0%v inVe, W& Ue

B;= Ke,® W18 Kvy, with 0 # v in Ve, A\l Uel'

If Ueis r-dimensional, A is of type (r+1,s) and trivial, hence isomo hic 1o A , but
we are supposing this is false. Therefore Ugis (r-l)-dimcn_,sional and W = Ue , W1 =Ue,s
Veand Ve , are 2.dimensional. But since A is a trivial Bernstein algebra, we can write

Ve= Vel, Ue= Uel and so we can put:

B=Ke ®Uc®Kv, Bi= Ke ® Uc®Kv; = Ke® Ue® Kvy, with v, viin Ve.

Since B#+Bj, the elements v and v must be linearly independent and besides that,
we know the multiplication table of A. If we consider U, an (r - 2)-dimensional subspace
of Ue ( we include the case T - 2=01"),and the subalgebra Ag= Ke®U®V, of A, which
is n-dimensional, we can take ¢-1(A2) and it cannot be Ker @ since it has a 2-dimensional
subalgebra, q)'l(KeOKv), with only 2 subalgebras, and that is not possible in a trivial

algebra. Hence oA isa trivial Bernstein algebra of type (r -1, 2) by the induction

assumption, which is impossible since A has type (r+1, D).

(11) For any e, idempotent in A, it is easy to see that U¢2 =0:

For if there exists u in Ue such that u2+0, then the subalgebra Ku®Ku? would

have only one subalgebra, which is not possible in A.
(II0) Finally, we will show that A must be isomorphic to A.

We consider in A the two subalgebras of (I):

B = Ke® W®H, a trivial Bernstein algebra with e2=¢, Wan(r -1)-dimensional

subspace of Ue , Ha s-dimensional subspace of Ve, and:

B, =Ke;®W ©H;, 2 wrivial Bernstein algebra with e12 =e;, W1 an r-dimensional

subspace of Ue,, Hya(s -1)-dimensional subspace of Ve,

We can conclude from these decompositions that the type-of A is (r+1, s)and as a

consequence of (II) Ue,= U, and then we have:

B~ Ke®WOH = Ke®WOV,,  B1=Kei®@Wi®H = Ke®Uc®H)
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Ue? =0, Ve> =0, W Ve =0, Uc Hy =0. F
_{V1,
Now, we must show UeVe = 0 and this will complete the proof.
. . g . ~ A
] It is easy t see that two different 1-dimensional subalgebras of A generate a g
’ subalgebra of dimension 2 or 3, hence the same must happen in A. Besides that, if the whiche
i algebra is 3-dimensional, it has a 2-dimensional subalgebra with only 2 subalgebras. It
Let us suppose there exist u in Ue and v in Ve with O%uv in Ue. Then ug W and eitisce
| ) ve H; and we can write Ue = Ku®W, Ve = KvOH,. .
1
& Now if KuvKv is 2-dimensional, it is equal to Ku®Kv, hence uve Ku and c
Ke®Ku®Kv = A(5). As in the last part of the proof of (I), ¢-1(Ke®Ku®Kv) cannot be in :
~ exist, u
Ker &, and hence it is a Bernstein algebra isomorphic to A¢s), which cannot be in A. 2, n-1)
, -
If KuvKyv is 3-dimensional, the work is a bit harder. isinV,
Clearly uve Ku; we put uv = Au + w, w in W. If we had A=+0, by taking u;=uv, N
i we would have u;v= Auj, and we could work as above. Therefore, we can suppose
5 uve W and then KuvKv = Ku® Kv®K(uv) has a 2-dimensional subalgebra which has 13
| exactly 2 subalgebras. But since we are working in Ker @, this latter subalgebra is normal
isomorphic to B(3), say Ka®Kb, a2 = b2= 0, ab = b. Then if one writes a and b as a p
linear combination of u, v, and uv, from ab = b, one obtains b = 0, which is a
contradiction.e 2, n-1
. Ke ©
Finally we include here another extreme case of Bernstein algebra of any dimension algebrs
which is also determined by its lattice of subalgebras. take n
LEMMA: Any non trivial (n+1)-dimensional Bernstein algebra of type (2, n-1) has 1
the property that for any idempotent e, either UgVe + Vez =0 or Ue2 =0.
PROOF :We write A = Ke ® Ku © V., the decomposition of A with respect to an
idempotent e of A, and let us suppose u2 # 0. We define the bilinear form: )
F: VexVe oK
numb

by F(v, w) € K such ihat vw = F(v, w) u.
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From the elementary theory of biline

0 for i*j .We put v-l2 =aju, u vi=biu.

As one can see in [3], u (uvy) =0 and (viz)2 = 0. From this we have 2i = b; =0,

which concludes the proof.e

If a Bernstein algebra satisfies the condition UeVe + Vez =0 for any idempotent

eitiscalledin [3] 2 normal Bernstein algebra.

As a consequence of this lemma, we have:

mmutative field of characteristic different from 2 there
1, normal Bernstein algebra of type
0,uv=0,V2=0, o+u?

COROLLARY: Over a co
exactly one non trivia

exist, up to isomorphism,
0,eu= % u, ev =

(2,n-1):A= Ke ® Ku®V, where 2 =
isinV, and V = Ve does not depend on the choice of €. e

Now we can prove the following theorem.

bras are J-isomorphic and one of them is @

THEOREM 6: If two Bernstein alge
then they are isomorphic.

normal Bernstein algebra (n+l1 )-dimensional of type (2, n-1),

a normal Bernstein algebra (n+1)-dimensiona1 of type

PROOF: Let (A, ) be
e write as above A=

(2, n-1); we can Suppose it is not trivial by theorem 5. W
Ke ® Ku ® V and put { u2, V2 ,.ees Vol }, a basis of V. Let (
algebra 33-isomorphic to A. As we have alrea
take n2 3.

A,®) bea Bemstein

It is easy to see some properties of the lattice of subalgebras of A:

-the 1-dimensional subalgebras of A are Kep, with e, =e;, and Kv forany v inV.

-the 2-dimensional subalgebras of A are:

Kve Kw,v,winV, 2 wrivial algebra isomorphic to Ba)

number of subalgebras

dy proved the result for n = 1,2, we can

with an infinite




Ku2 @ K(u + v), v in V, which is isomorphic to B(2), with Ku? as its-only
subalgebra.

Ke, ® Kv, e;°=¢), vin V, i., the Bemstein algebra of type (1, 1).

Hence the subalgebras of the form Ke; are contained only in these latter
subalgebras, and as we are supposing n 2 3, the dimension of V is at least 2 and there
! are an infinite number of subalgebras containing Ke;.

HEs We can also take Ke © V and K(e+u) ® V, two different subalgebras which are
. " : trivial Bernstein algebras of type (1, n-1). In this way, if we consider their images under
& 0, at most one of them coincides with Ker @ and so, at least one of them is a trivial
Bernstein algebra of type (1, n-1) by using theorem 4. We put for this algebra KE® W, W

a (n-1)-dimensional subspace of \75. itV & were n-dimensional, A should be trivial and

so should be A, again by theorem 4, but it is not. Then W = Vg and A is of type
2, n-1), with V2 = 0.

If we proof U N v =0, A will be normal, and since it cannot be trivial by theorem
‘ 5, we would conclude the result by using the preceding corollary.

Let us suppose the contrary and we will get a contradiction. By the previous lemma
U g2 must be 0.

We can take V in Vg such that, putting Uz = K&, we have iv = §. Hence
Ku ® KV = B(3) and Ku, KV are its subalgebras. Hence Ki © KV =
¢( Ke; ® Kv), the image by ¢ of one 2-dimensional subalgebra of A with only 2
subalgebras, and ¢( Ke; ) = Ku or ¢( Ke; ) = KV.In either case this means that

0( Key ) is in a 2-dimensional subalgebra with an infinite number of subalgebras, and that
is not possible.e

REMARK: The results we have obtained are also valid if the field K is finite but has
at least 5 elements, in order to have the identities and properties of the decomposition
respect an idempotent (see [3]).

This paper is just a first approach to lattice theory applied to the study of Bernstein
algebras. The "high degree of nilpotency" of these algebras makes one think that the
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