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On the derivation algebra of zygotic algebras for
polyploidy with multiple alleles

R. Costa

1. Introduction

The terminology and notations of this paper are those of [1] of
which this one is a natural continuation. In that one, we have calculated
the derivation algebra of G(n + 1,2m), the gametic algebra of a 2m-ploid
and n + 1-allelic populiation. In particular, it was shown that the dimension
of this derivation algebra depends only on n. The integer m is related to
the nilpotence degree of certain nilpotent derivations of a basis ([1],
th. 3 and 4), as it is easily seen.

The problem now is the determination of the derivations of Z(n + 1.2m),
the zygotic algebra of the same 2m-ploid and n + I-allelic population.
As Z(n + 1,2m) is the commutative duplicate for G(n + 1,2m) ([10], Ch. 6C),
the first idea to obtain derivations in Z(n + 1,2m) is to try to duplicate
derivations of G(n + 1,2m). We recall briefly that given a genetic algebra 4
with a canonical basis Cy, C,, ..., C, then the set of symbols C;*C;
(0 <i<j=<n)is a basis of the duplicate 4*4 of 4 ([10], Ch. 6C). In par-

ticular if dim A =n+ 1 then dim (4*4)= "D+ 2) he mupiplica-

tion in A*A4 ié given by
(Ci*Cj) (C*Cp) = (CiCj)*(Cka)

where C,C; (resp. C,C,) is the product, in 4, of C; and C; (resp. C and ;).
An intrinsic construction of 4*4 is the following: take the tensor product
vector space 4 ® A4 and define a multiplication by (¢ ® b)(c ® d)=
= (ab) ® (cd). Then let J be the two-sided ideal generated by the elements
a®b—b®a, a,be A and take A*4=(4 ® 4)/J ([10)).

Lemma 1. Ler 6 : A— A be a derivation. There exists one and only one
derivation §*: A*A — A*A such that 5'(a*b)= 6(a)*b + a*d(b) for all a, b in A.
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Proof. Let 6 : 4 x A— A® A be the the canonical bilinear mapping given
by 8(a,b)=a®b. Then § . (6 x 1,): 4 x A—> A® A is bilinear. The same
holds for 8o (1, x d): A4 x A—>A®A. Hence Bo(@x1)+0-(1,xd)is
again bilinear and induces 3:4®A—>A4® 4, linear and satisfying
é(a@b):é(a)®b+a®(5(b) for all a,b in A. This mapping § satisfies
oSyeJ. In fac;, take one generator a®@b —b®a of J. We have
Ha®b—b®a) = da®b) — 3(b®a) =

da)®b + a®db) — db)®a — b®d(a) =

= (Ma®b-b®d(a) + (a® 5(b) — &(b) @ a),
which is an element of J. By the well known lemma on quotients, 3 induces
5" : A¥4A — A*A4 such that 6% (a*b) = a*d(b) + d(a)*b for all a,b in A. It
rests to prove that é* is a derivation of 4*4. As 4*4 is generated by the
elements a*b, a,b in A, it is enough to prove the following equality:

5*((a*b) (c*d)) = 8*(a*b) (c*d) + (a*b)d"(c*d)
for all a,b,c,d in A. In fact, we have:

8*((a*b) (c*d)) = 5*((ab)*(bd)) = d(ab)*(cd) + (aby*d(cd) =
= (&(a)b + ad(b))*(cd) + (ab)*(d(c)d + cd(d)) =
= S(a)b*(cd) + ad(b)*(cd) + (ab)*d(c)d + (ab)*ci(d) =
= (8(a)*b) (c*d) + (a*6(b)) (c*d) + (a*b) (H(c)*d) + (a*b) (¢*d(d)) =
= [8(a)*h + a*8(b)] (c*d) + (a*b) [d(c)*d + c*d(d)] =
= 6°(a*b) (c*d) + (a*b)d"(c*d).

The unicity of 6" is clear.
We shall call §* the duplicate of § and the correspondence 6— o*

the duplication mapping.

Proposition 1. The correspondence 6— 8 is an injective homomorphism
of Lie algebras.

Proof. Let 6, and 6, be derivations of 4, a, be A. We have:

(01 + 02)(a*b) = (6, + 33) (@)*b + a*(6, + d,)(b) =
= J,(a)*b + 0,(a)*b + a*d,(b) + a*d,(b) =
= §(a)*b + a*d,(b) + d,(a)*b + a*d,(b) =
= o1(a*b) + 8%(a*b) = (65 + J%) (a*b).
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As a*b, with g, be A, is a generating set of 4*4, we have (3, +0,) =
= 8+ 63. In a similar way, we prove that (£0)* = 20" for all € R.
Now
(3108, —8308,)(a*h) = [(6, 00, — (830 3,)](a*h) =
= 8,(32(a)*b + a*3,(3,(b) — 6,(0,(a)*b — a*d,(,(b))
= §,(6,(a)*b + 6,(a)*d,(b) + a*,(3,(b)) + d,(a)*dy(h) —
— 3,0, (a)*b — 81(a)*d(b) — a*d,(8,(b)) — dy(a)*6,(b) =
= d7(d,(a)y*b) + d1(a*d,(b)) — 63(3,(a)*b) — d3(a*5,(b))
= (3% 5 8%) (a*b) — (8% o 87) (a*h) = (8] o 05 — 83 0 61) (a*h) and so
(0100, =0,00,) =81:05 — 33.07.

We show now that 6* = 0 implies é = 0. Take a basis C,,C,, ..., C, of 4.
If 5((‘,) - Z ak,‘Ck (l=0, 1, ...,n) then.

k=0

0 = 8(C*C) = HCHC; + CHH(Cy) = 2C*HC) =
= 2CX( Z o, Cy) = z 204, C*C; + z 20, C*Cy,
k=0 k=0 k=i+1
fOl‘ all [ = O, ], vy n’. AS CO*C“ iy C,'*Ci, C,'*C"+1, ey Ci*C” are p'dl‘t
of a basis of 4*4 we have o,; =0 for all k=0, 1,...,n and so d=0.

Remark. In general the correspondence d— é° is not an isomorphism
of Lie algebras. We give an example of a class of genetic algebras where
d— " is not an isomorphism. But, in contrast to this, we will have an iso-
morphism for every one of the gametic algebras G(n + 1,2m).

For each n = 1, we call K, the trivial genetic algebra of dimension
n+ 1 having a basis C,, Cy, ..., C, such that C§ = C, and all other pro-
ducts are zero. The weight function w :K,— R is given by o(Cy)=1

and o(C)=0 (i=1,...,n. Given x = o(x)Co + ) «C;€K, and

i=]

y=uy)Co+ Y B;C; we have xy = w(x)w(y)Co. The algebra K, is the
j=1

Bernstein algebra of dimension n+1 and type (1,n) ([10], Chap 9B,

th. 9.10).

Lemma 2. The derivations of K, are the linear mappings 3 : K,— K, such

that @ .0 =0 and 8(Cy)=0. Hence the derivation algebra of K, has di-

mension n*.
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Proof. Suppose & is a derivation. Then o « =0 ([1], th. 1). If
8(Co)=ueKer w then C3=C, implies
U = 6(Co) = 2Cob(Co) = 2Cou = 0.
Suppose now § : K,— K, satisfies wo.d=0 and &(Cy)=0. Then
3(xy) = d(w(x)(y)Co) = w(x)(¥)3(Co) = 0.
On the other hand,
x)y + x5(y) = w(3(x)()Co + AX)(B()Co = 0

and so & is a derivation of K,.

We have shown that J is completely determined by &(C,), ..., (C,)
with 8(C)e Ker w, (i=1,...,n) and so there is a one-to-one correspon-
dence between derivations and sequences 4, ..., 4, of elements of Ker .
This completes the proof.

\ .. . K
Lemma 3. For each n=1, K,*K,, is isomorphic to —21*3).

Proof. It is enough to prove that (K*K)? is a one dimensional algebra
spanned by Cy*C,. In fact, if Cy, Cy, ..., C, is a basis of K, then C;*C},
with 0 £i<j<n is a canonical basis of K, *K,.

Now

(Co*Co)? = Co*Co and (CFC,)(C*C,) = C.CH*CC, = 0,
if i,j,k or £ #0.

'Corolléry. For each K,, n 2 1, the duplication mapping is not an isomor-
phism.

Proof. By lemmas 2 and 3, the derivation algebra of K,*K, has dimension

—i—(nz(n+3)2) which is greater than n2,

2. Multiallelism only

It is well known that G(n+ 1,2) has a canonical basis Co,C, ..., C,
such that'C2 = C,, CoCi=%Ci (i=1,..,n) and C,C;=0 (1<i,j<n)

By duplication, we obtain a canonical basis C*C; 0Si< j_s_n) of
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Z(n + 1,2), the zygotic algebra of the same diploid and (n + 1)-allelic po-
pulation. The multiplication is given by

(Co*Co)? = Co*Co, (Co*Co)(Co*C) = % Co*Ci (i=1.....n.
(Co*CHC*C)) = —l- C*C,(1 £i,jSn and (C*C)CH*C,) =0

when 1 £igjsn or 1 Sk<{=<n Let us decompose Z(n+ 1,2} as
Zin+1,2)= V@V, @V, where Vy={Co*Cy), V,={Cy*C;:i=1,..., ny
and V,=({C*C;:12i<j<n)y ({...) indicates the subspace generated
by...). Observe that V, @ V, is the kernel of the weight function, which
is 1 for Cy*C, and 0 otherwise.

Theorem 1. Suppose & : Z(n+ 1,2)—> Z(n+ 1,2) is a derivation. Then there
exist A,B,, ..., B, in V| such that

(i) B(Co*Cy) = A:
(iii) For each 1 Si<j<n, §(C*C,) = Co*C,)B, + 4(Co*C)B:.

Conversely, given A, B, ..., B, in V|, there exists one and only one derivation
d of Z(n+12) such that (i), (iiy and (iii) hold.

Proof. (i): By ([1], th. 1) we have o - 3 =0. Call §(Cy*Cy)= 4 + z, with
AeV, and z,eV,. As (Co*Cy)* = Cy*C, we have

A+ 2;=0Co*Co) = 2Co*Co)(Co*Co) = 2ACo*Co) (A + z5) =

= Z(CO*CO)A + Z(CO*CO)ZZ = A

Equating components we have z, =0. It rests 6(Cy*Cy)= 4.

(ii): Call 5(Cy*C)) = B, + D; with B;eV,, D;eV,. From
(Co*CoHCy*C) = —;— Cy*C; we obtain
A(CG*C)+(Co*ColB,+ D)= (B Dy) oF A(Co*Ci) - Bi=2-(Bi= Do

But A(Co*C)e Vy, s0 A(Co*Cy) = %
+24(Co*C,). |
(ifi): From C*C;=4(Cy*C;)(Co*C;) (1 £i £j = n) we obtain

HCH*Cj) = 4[Co*C)(Co*C)) + (Co*CiWCo*C )] =
= 4[[B; + 24(Co*CI](Co*C)) + (Co*C[B; + 24(Co*C)]] =
= 4[B{Co*C;) + (Co*C;) B;].

D;, which means 6(C,*C;) = B; +
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Conversely, given A4, By, ..., B, in V, define é : Z(n+1,2)— Z(n+1,2) by
the formulae above. It is routiné to verify that & is indeed a derivation.
Also the unicity of & is clear.

Corollary. The derivation algebra of Z(n+ 1,2) has dimension n{n+ 1) and
so every derivation of Z(n+ 1,2) is the duplicate of one and only one deriva-
tion of G(n+1,22).

3. Polyploidy only

The gametic algebra G(2,2m) has a canonical basis Cq, Cy, ..., Cp,
such that C;C;=0 when i+j>m and C,C;=1;,;C;,; when i+j=m,
where r,(k=0,1, ..., m) are the r-roots of G(2,2m). Hence Z(2.2m} has a
canonical basis C;*C; (0 £i < j £m) where the multiplication is given by

0 when i+j>mor k+{>m

C*C)(C*Cp) =
( ! j)( k t‘) {r,‘+jfk+(c,‘+j*ck+( Whenl+j§m andk"‘(ém

The t-roots of Z(2,2m) are to,f,, ..., tm (Where t,=(*T)" () and 0, this
one with multiplicity m(m+ 1)/2. The weight function « of Z(2,2m) is
given by w(Cy*Co)=1 and o(C;*C;)=0 for all (i, ;) # (0,0).

We have also a direct sum decomposition Z(22m)=V, @V, @ ... ® V,,
where V(0 <k < 2m) is the subspace of Z(2,2m) generated by the vectors
C*C;, 05i<j<n, such that i+j=k. In particular V,={Cy*Cy),
Vi = (Co*Cy), Vo = (Co*C,, C*C,) and so on. The dimension of

V, is %—F 1 when k is even and /-(%1— when k is odd. From the multipli-

cation table of Z(2,2m) we see that every element of V, is an absolute divisor
of zero if m+ 1 <k <2m. This means that if v, € V, and m+ 1<k £2m,
for every x € Z(2,2m) we have xv,=0. Also we have the following relation
for v,eV, and 0 Sk Sm: (Co*Cylv, is a scalar multiple of Cy*C,. In
fact, if v, = 2,Co*Cy+ a,C,*Cy~; + ... we have .

(Co*Colvx = ao(Co*Co) (Co*Cy) + 1 (Co*Co) (C*Ch—y) + ... =
= aotkCO*Ck + altkCO*Ck + .= tk(z O(i)CO*Ck.

In order to simplify the notations we call ¢ the linear form on Z(2,2m)
givenby ¢(C;*C;)=1forall0 < i <j £ m. We have shown that (Co*Cyy, =
= 1, p(v) Co*Cy for 0 Sk =m. As Cy*C, plays a special role in the mul-
tiplication by C,*C,, we call it the special element of ¥, (0 <k <m).

We know ([1] th. 1) that every derivation § of Z(2,2m) satisfies
w:d=0.
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The following lemmas 4 to 7 will describe the action of a derivation
& on the subspaces Vi, Vi, ..., Vo -..n Vo, of Z(2.2m).

Lemma 4. For every derivation & of Z(2,2m), we have 3(Cy*Cy) = 2C*C,
for some x€R.

Proof. Call {Cy*Co)=v, + vy + ... + vy, With v;€ V; (i=1, ..., 2m). Then
AC*C(vy + ...+ V) =0, + ... + 1y, OF
20, Co*Cy 4+ oot + 200 Nt Co*Cri=v + oo+ U+ oo+ Uapye
Equating the components we have:

{2¢(Uk)rkCO*Ck =v (1sks=m)

Up+1 = «o0 = Uy = 0

The first equality reads 2¢(v,)t,Co*C, =v,, thereby ¢, ="'/, Hence
v, =xCo*C, for some ae R. The equations corresponding to 2 <k Sm
have only the trivial solution v, = 0. In fact, call v, = pyCo*C, +
+1,C,*Ci_; + .... Then we have 2(ug+ u, + .. ). Co*Cp = 1o Co*C 4+ '
+ 1,C,*Cy_, + ... which implies

2o+ py + - = o
lul = ... = O

1

This system reduces to o=, and so =0 because t,=(*7) '(7) < 5l

when 2 <k £m. Then v,=0 for all 2=k =m. It rests HCy*Cy)=v,
=xCy*C,, for some real number a.

Lemma 5. For every 1 £k =m—1, we have
HNCo*C) = a4, Co*Cy + aty ST Co*Cruy + at C*Cy,
kT ltk+1
where o, € R and « is as in lemma 4.
Proof. Again, call d(Co*C=u;+ ...+ up+ ... +urm u; € V;. The equality
(Co*Co) (CO*C]\) = {k(CO*Ck) lmplies
A Co*C ) (Co*Ch) + (Co*Co) (uy + ..o + ) = tluy + oo+ Upp)

or

m 2m
at 8 C1*¥C) + Y i Co*Ci = t( Y. u;). But C*Cre Vi,
i=1

i=1
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so we must have:

¢(ui)ti(C0*Ci) = tkul" i= 19 -, m, [ # k + 1,
Aluag s M+ 1(Co*Croy ) + at 1(C*Cy) = tay 4,
Upt] = oo = Upm = 0.
The equations in the first row, with i # k, have only the trivial solution
u;=0, as in the preceding lemma. The equation @(u)t,Co*Cy = tyu;

reduces to ¢(u,)Co*C, = u, which gives uy = 2,Cy*C, for some real number
®,. The equation in the middle has the following solution: if

Uiy = Ao(Co*Cus1) + (CL*C) + Ax(C*Crm ) + ...

then

(Ao + Ay + Az + - M i(Co*Cry ) + At 1 (C*C) =
= tk(lO(CO*Ckﬂ-l) + )"I(CI*CI() + ;'Z(CZ*CR— l) -+ )
and so
(Ao + AL+ A+ e = Lido
O(tltk = tkil
tkj'Z = ... = 0
From this system, we have A, = ... =0, 1, = at, = «/2 and the first equality
reduces to Ao=at1—t—"—f‘—. Hence the result.
L § Sl P

The effect of & on the vector Co*C,, is given by
HCo*Cp) = oy (Co*Cy) + aty(C,*Cr)
where «,, is some real number. The proofis similar to that given in lemma 5.

Having obtained the effect of & on the vectors Co*C, (1 Sk =m)
we can now obtain &(C;*C;) for 1 Si<jsm.

Lemma 6. For every 1 Si<j<m—1, we have

HC*Cj) = (o + o;)C*C + aty [ fity (Cis I*Cj)"‘—‘%(C;‘*Cﬁ 1)J,

t
i—livg ti—li+y

where o; and o; are as in lemma 5.
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Proof. We have (Co*C)(Co*Cy) =1t {C;*C;) and so

ryJ . .

i~ tiv

1 : :
= 7 [[Oti(CO*Ci) + oty [T% (CO*CH-l) + (Cl*Ci)J (CO*Cj) +
it

# (€ 1(CorC) 4 oty [ i +iceey |-

Jj j+1
1 * ti2+1tj * *
= Lot (C*C)) + oty ————L—(C; 1 | *Cy) + at 14 1 {Ci s *C)) +
Lt fi—tivy
* r|'2+l *
+ ot (C*C;) + aty ———(C*Cjpq) + atytitjey (C*Cir)]=
i~ i1

t7 L
B aj)(Ci*Cj) Ten <|Ii(fi :;H-l) * ;;1 >(Ci+ I*Cj) "

54 Li+g
+ 0“1 ] + . (Cl*C 1) =
<’J(fj— tjv1) t o

= (2 + “j)(Ci*Cj) + aty |i—t'+—l“ (Ci+l*Cj) + ;—ﬁ‘u‘—(ci*C,’H)J-
. L

i—lis i i

In a similar way we prove the relations

HC*Cr) = (o + %) (C*C) + aty tthl (Civ(*C) A =i=m~1)

i bist
and
HC*Cp) = 20,(C*Cp). _
The effect of & on the canonical basis of Z(2,2m) will be completely
known after the following lemma.

Lemma 7. The real numbers «;(j = 1,...,m) appearing in the formulae
fOl‘ E(CO*CJ) Satlsfy ij=ja1 (]= 1, neay m).

Proof. The equality ié trivial for j = 1 and suppose we have already proved
for 1 £i<m. From the equality

(Cl*Ci)z = [12+1(Ci+l*Ci+1)’
we obtain:

2(C*CH(C*Cy) = 2 10(Civ *Civy)
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or

2AC*C) [0 + 1) (€ *C) + & —L2(C*C) + o it (CxC, )] =

Iy ~1; Li— iy
. tit; 2
= fi2+1[2°‘i+1(ci+1*ci+1) + 2 ‘“—I—Ht—(ci+1*cz+z)]-
: i+1— li+2

The comparison of components in the directions of C;. ,*C;,, and
Ci+*Ciy2 gives o, +o;=0;,, (our desired result) and an identity in
the t-roots, as in [1], th. 3.

The results of the preceding lemmas can be put together in the
following set of equations:
[(3(Co*Co) = (Co*Cy) _
HCo*Cy) = kB(Co*Cy) + aty |:_tﬁ”l“_(co*ckwL )+ CI*CRJ

o= te+

i— it

(M4 8(CHC)) = (i4+)) BCAC)) + at, [ (") +

. .
+ _}:L_(C(*Cj+1)
Li— i

—

where 1 <k<m, 15i<jEm, tp+1=0.and o, feR.

Theorem 2. The derivation algebra of Z(2,2m) has dimension 2. In particular,
every derivation of Z(2,2m) is the duplicate of one and only one derivation of
G(2.2m).

Proof. The preceding lemmas provide the relations (*). It is easy to see
that if we choose arbitrarily «, $€ R and define § : Z(2,2m)— Z(2,2m) by
the relations (*), we obtain a derivation. This means exactly that the deri-
vation algebra of Z(2,2m) has dimension 2. Since every duplicate of a
derivation of G(2,2m) yields a derivation of Z(2,2m) and the derivation
algebra of G(2,2m) has dimension 2 (cf. [1]) we get the desired result.

4. Multiallelism and polyploidy

In the general case of multiallelism and polyploidy, we follow the
same ideas of §§2.3.

The gametic algebra G(n+ 1,2m) corresponding to a n+ l-allelic and
2m-ploid population has a canonical basis consisting of all monomials
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Xioxi ... X in commuting variables such that ig+i,+...+i,=m
([4], [5), [1]. This basis is ordered lexicographically by the exponents,
that is, X©X' ... X'~ precedes X#X' ... Xi» when the first non vanishing
difference iy —j, (k=0, 1, ..., n) is positive. The multiplication in G(n+ 1,2m)
is given by

(XX i Xy (XEX{ ... Xiny =

._.1 . .
<2r;"> <’°;J°> Xigthommxictic | Xintin if m < g + o

0 if iy + jo < m.

In particular,

-1 .
XpXPXy .. X = <2,;"> (”‘;J°> XbXxi ... Xi

which says the t-roots of G(n + 1,2m) are 1, !/, ..., 1/(2,,, with multiplicities

m+n—1 . m)
ln, ..., respectively.
m

Now we consider the duplicate Z(n + 1,2m) of G(n+ 1,2m). One
-canonical basis of Z(n+ 1.2m) is the set of all “double monomials”
(XX ... Xiny*(XPX4 ... XI") where the first one precedes the second,
and, of course, iy+ ... +i,=jo+ ... +j,=m. We recall (see [1]) that

9 !
dim G(n+ 1,2m)=<m+ n> andsodim Z(n+1,2m)= 1/,2|:<m+ n> N <m + n>J
m m m

and that the weight function w is defined by w(X g * X7)= 1 and 0 otherwise.

Let V;,,—, be the subspace of Z(n+ 1,2m) generated by the double
monomials (X ... X)* (X ... Xir) such that iy +j,=r. As 0 <i, <m,
0<j,<m, we must have 0 <2m—r < 2m. We list now some -properties
of the subspaces V,, Vi, ... Vip-

(1) First of all, we have the direct sum decomposition Z(n+ 1,2m) =
=V, oV, ®...@ V,,, by the own definition of the subspaces. In addition,
Vi®...8®V,, is the kernel of the weight function o.

(2) V, is generated by the idempotent X *X{.

(3) V, is generated by the double monomials Xg*X§5~'X, (i=1,...,n)
and so dim ¥V, =n. o

(4) Every element of V,,,, @ ...® V,,, is an absolute divisor of zero in
Z(n + 1,2m). In order to prove this, it is enough to prove that each double
monomial belonging to one of these subspaces is an absolute divisor of
zero. If

(Xoxit... Xy * (XbX] ... Xin eV,
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and m+ 1 £k £2m, then iy + j, < m (definition of V) and so, given an
arbitrary double monomial,

= (XRXY o X) * (XEXY .. X3)
we have
u[Xio Xt .. Xim)* (XBXT ... Xiny] =
= [XPX] . XY (XEPX P XXX i Xy (XX f ... Xi]=
= [(XPX! .. XY (XEX ... X770 = 0.

(5) f 0k £m, V, is an invariant subspace of the linear mapping
2> (X3*X%)z, ze Z(n+ 12m). In fact, if we take a double monomial
(XdoX ... Xiny(X¥X{" ... X]")in V,, then 2m—i,—j, = k, which implies
iy +jo=m and so

(XT*XM XX XXX PX{ .. XN =
= XT*Gm) oyl X go e i Xt =
—_ thp(;l*X(;'o+jo—lei|+jl X)';n+jn € V‘“

because 2m—m—iy—jo+m=2m—iy,—jo,=k. Observe that in general the
double monomials (XX ' ... X)*(XPX{ ... XV e Vi, k=2m—iy—j,.
are not proper vectors of the above linear mapping. The elements
Xmexm-kx v | XineV, are proper vectors, so there are ("*{™!) linearly
independent proper vectors in V,. These double monomials will be called
special.
(6) We introduce the following equlvalence relation in the basis of
Vil0 <k <m): Two double monomials x4 and u’ eV, are equivalent if
and only if (XT*X7)(u— 1')=0. As the special double monomials are
proper vectors of the linear mapping z— (X™* X™)z, we see immediately
that any two of them are not equivalent. On the other hand, every double
monomial is equivalent to one of the special double monomials. In fact,
(XX XK XX .. X)) is equivalent to Xg*XioTiommx it XinTn
a special one (see (5) above). It is also clear that two double monomials
(XP... XX (XP .. X7y and (XP... X;M(X® ... X}7) are equivalent if and
only if iy + jy=rc+s, forall k=0,1, ..., n. Hence every double monomial
[E V, is equivalent to one and only one special double monomial in V.
From this, it is possible to separate the basis of ¥, in equivalence
classes, one for each special double monomial and consequently we have
a direct sum decomposition of ¥, as follows: Call u,, ..., u, the special
double monomials in V; where s = (**A71), and let ¥,; be the subspace
of V, generated by the equivalence class of y; (i=1,...,s). Then
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(7) Observe now that each ¥,; is again an invariant subspace of the linear

mapping z— (X3*X3)z, ze Z(n+ 1,2m). Moreover if we call ¢ the linear

form on Z(n + 1,2m) taking the value 1 on each double monomial of the

canonical basis, we have for any ze V;, (XT*XT)z=t,.p(2);.
(X3*XT)z = td(2)y;.

(8) We call V,*? the subspace of V generated by the special double monomials

in the basis of V. In particular V{** = V, . The subspace V;7@ V"’ ®...@ V"

of Z(n+ 1,2m) is isomorphic, as a vector space, to G(n + 1.2m). The iso-

morphism is given by

Xoxxm-kxi . X} X'(',"“X",‘ . XireGn+12m), i\ + ... +i,=k and

0k m

(9) In the following, double monomials will be denoted by

‘l = X'(;'-'Xil “en X"r*X";l_SX:J'l e X};
where r<sand. 1 i, 2... 26, €n, 1 £, £... £j,=n Given such p,
with r + s <2m—1 and r <s, we can define u, ..., ¢, by 1, =
=X0 X XL X FXMTSX . X, and, if m<s, we can define
pou™ by

/.l(i) = XZ'_rX," ...Xi'_*X’(;'—s-lin Xl X

Js

In any case where 1!V and p;, both exist, they are in V, ., and are equi-
valent ((6) above). We can, of course, iterate this process. In particular we
have ,

X077 X, X PXTTXG X = (XO*XT X oo X iyt

Recall that for every derivation & of Z(n + 1.2m) we have ». d=0.

Lemma 8. For every derivation 6 of Z(n+ 1,2m), A X7*XF)e V.

Proof. Call d(XF*XF)=A+v,+ ...+ Up+VUpyy+ ... + Vs, where A€V,
and v,eV, (k=2,...,2m). The idempotence of X7*X{ implies

AXPEXTV A+ 4+ oo F 0t o F ) =A+vs+ v, + . Uy,
But ¢, ;. ..., U2, are absolute divisors of zero so we are reduced to
AXT*XTIA + 2AXTXT o+ ... + 2AXT* X om= A+ v+ ...+ U
As each V(0 <k £m) is invariant ((5) above), we must have
2AXG*X5)A = A
XXX e =v, k=2,....m)

Uil = -o- = Ugp =0,
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The elements of ¥, are all proper vectors of the linear mapping
z— (X7*X7)z, corresponding to the proper value t, =!/,, so the first
equality is an identity in 4. The equations corresponding to k=2, ..., m
have only the trivial solution v, =0 because otherwise v, would be a
proper vector corresponding to the proper value t; = '/, and so
v €V, NV, =0, a contradiction.

From now on, we will call
MXG*XF)=A= Y a,X3*X7 'X, where a,, ..., ¢, are real numbers.
i=1 : :
Lemma 9. Let § be a derivation of Z(n+ 1.2m) and

p=X0*X0*X;, .. X, eV, (1Zk=m-1)

a special double monomial. Then

n r . n‘ ) -
o) = Pj..j + 1, |:2 ity + ——A— Y dilt"’}

i=1 L= lesr i=1

where P; ..; is some element of Vi¥ depending on p.

Jk
_Proof. Call o(u)y=v,+v,+...+v,, with v;eV, (i=1,....,2m). To
(Xo*Xtwu=tu we apply 4 and obtain '

A+ (XT* X)W, + . Fvap) = 1oy + oo+ U2

By the invariance of the subspaces V;, the fact that AueV,,, and
Ums1s---, V2 are absolute divisors of zero, we must have

(XT*XM0, = tw; (i=1,...,mbut i#k+1)
Ap + (XT*XTWisy = tk+y

Uty = oo = Vg = 0..

In the first set of equations we distinguish i=4k and i # k. When
i # k, we must have v; =0 as the only solution, because otherwise v; would
be a proper vector of the linear mapping z— (X3*X7)z corresponding
to the proper value ¢, and so v;e ¥V, ¥, =0, a contradiction.

Now the case i = k. We will prove that v, is a linear combination of
the special double monomials in ¥;. For this let p;, ..., u, be the special
double monomials in ¥, so s= ("*£~!). Let now V,, be the subspace of V;
generated by the equivalence class of y; ((6) above), so V=V, D ... ® V.
We have the decomposition v, = vy + ... + vy, Uy € Vii- The equation

(X'(';*X'g)l,'k= tkvk becomes (X’(;l*X'S)(Ukl + ...+ vks) = tk(vkl + ...+ Uks)'
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But each V,; is invariant ((7) above) so the equation splits in the following
system of s equations:

(XT* XTIk = vy,

(XT* X Wiy = iy

Take one of these equations, say (X7*X7)v,, = tivy (1 i <'s). Call
ul =, 1t ..., pP the double monomials equivalent to y;, that is, the
basis of V,;. We must have v, = f,u} + f,u7 + ... + B,uf for some real
numbers f,, ..., f,. Then:

BBl + o+ Bot?) = (B + o+ Bl

which implies, by comparison of coordinates, that 8, = ... = #,=0 hence
v = Bip;- It follows that v, is a linear combination of the special double
monomials p,, ..., y,, that is, v, € V;’?. We denote, from now on, v, by
Pj - N .

We turn now to the more difficult equation

Ap + (XT*XTWhs 1 = Lk

As we have noticed before the lemma, we have in V., the special double
monomials '), ..., u™ and the non-special ones f),..., ttp- In Viy,
there are (**117" ") =(£I") special double monomials and so we may
suppose that g, ..., '™ are the first n of them. Having made this conven-

tion, we decompose V,,, according to (6) above:
Vier = Ve @ . @ Vs 10 @ ... @ Viwy, where r = (314).

For 1 £i<n, Vi, has a basis formed by u®, i, and some other double
monomials. Decompose v,,, of the abave equation as

Ukt = Ugsrg F ooe F Uksgn oo+ Uiy

We have

Ap = Y a(XT*XTTIX)(XT*XT X, . X,) =

i=1

O(,-(X'S_IX,-)*(X'S—“XL e Xjk) == tltk Z a[ﬂ(,'),~

1 i=1

M=

= tl[k
i

which belongs to Viyy @ ... @ V44 Our equation becomes: |

I Z oy + (XT*XT) s+ oo F Ok p) = GlUks i + oo+ Uiy )

i=1
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and so we must have:

{tltkai:u(i) + (XT* X et 1= tivks s (1SiZn)

(XG* X0 Wit 1,0 = lesrs N+ 1SiSr)
The last r-n equations of this system have only the trivial solution v, ;=0
by the proper vector argument used above. We analyse now an equation
corresponding to 1 £i<n. Decompose vy4,; as Ay + A'u + u where
A, 2 e R and u is a linear combination of monomials in the basis of ¥}, , ;,
different from Ha and u®. So:

it Py + ter 1 (A4 A+ Gu)p (0 = {k(//"(:)"" u + ).

By comparison of coordinates we have:

it b = ALy
e (A 4+ A+ du) = 4
0 = [ku
, t
Hence u = 0, A= oty and ' = aifl"'H—l~
7 k— T+
This means that
ty i
Vpay,i = 010l + £ 1 ai:um
=i+t

which gives

r n n n :
L i
Vker = 9, Vks1,i= ka+l,i=tl[:z aiﬂ(i)"'_’”—t Y .

i=1 i=1 i=1 e—Tetr o=
The following lemma 10 has a similar but easier proof.

Lemma 10 Let 6 be a derivation of Zn+12m), u=Xg*X; ... X;. € Vau
a special double monomial. Then é(u)= P;, ... + t, Z oy where Pj ...

i=1

is some element of V.’ depending on pu.

If we make the convention ¢,,,; =0, then lemma 10 can be absorbed
by lemma 9.

We remark that Au=tt, Y o and so it is usefull to denote by
. i=1
Au the “conjugate” t,t, ¥ au”e V,F,. With these notations we have
i=1

for u=XT*X77*X, ... X, € V;’® that
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o) = P ... + 71— I:Au + ———I"L——A_u:l
k

Pl P
In the following we will abbreviate

t —
D+ e T e v,
" o= Tery

by (4, ). Observe that (4, u) is a bilinear function of 4 and .
Having obtained the effect of 4 on special double monomials, we can
now obtain its effect on non-special ones. If

u= X'(;l_rXi‘ “ee Xir*X'(;l—szl .. ¢

oo With r < s,

then taking
= XP*XP7X, . X, e V7 and gy = XPFXTTK L X e VP

we have u,u, =ttt and so

i (A, 02)) + ua(Py i, + (A, 1] =

M) =

1
= e [(#1ij et 2P i) + (A4, pg) + paA, p N eVes @ Vips.

From Lemma 9, we have S(Xg* X3 'X,)= P, + (4, X§*Xg ™' X,;) for
every |1 £i<n, where P;e V,. Suppose now
p=XT*Xp kX, ... X, e VP
Then pu is equivalent to
Ty = XB'X ¥ Xp-ktix, X, and so (XT*X3)u = (XT*XT )i,

- 1
This equality gives the following ‘equality between components of their
derivatives in the subspace V;:

tte- (XG*XT)IP; iy =
= (Xp*X?) [(Xe*Xg'X,) Pi, ... + (XF*XT X LX) Pyl
But (X3*XG)P; .., = tyP;, .., because P; ., €V;? and this implies

1
Loy ly

+ (XG*XT7H X, . Xy )Py,

[P

(X7*Xm) [ Xm*xm- lxik)’Pil i+

if i

a recurrence relation which shows that each P; .., 2=k
expressed linearly as a function of the elements P,, ..., P,

m II/\
[e)
fab)
=
o
(¢
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Theorem 3. The duplication mapping is an isomorphism of Lie algebras
for every G(n+ 1,2m).

Proof. From the preceding lemmas, we see that given a derivation & of
Z(n+ 1,2m), we can associate to it a sequence (4, Py, ..., P,) of elements
of V,, given by

A=8(X*X™) and H(XT*XT1X,) = P+ (4, XT*X™1X,) for 1 Sisn.

Conversely if we give a sequence (4, P,, ..., P,) of elements of V;, we
define 6 by S(XP*XM)=A, S(XT*XT ' X)=P,+ (4, XT*X2"1X,), ex-
tending to the whole basis by the recurrence formulae appearing in the
lemmas. It is not difficult to prove that & is indeed a derivation of
Z(n+ 1,2m). The correspondence 6 — (4, P, ..., P,) is clearly linear and
bijective. This means that the dimension of the derivation algebra of
Z(n+12m) is n®+n, which shows that the duplication mapping is an
isomorphism.
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