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O n  t h e  d e r i v a t i o n  a l g e b r a  o f  z y g o t i c  a l g e b r a s  f o r  
p o l y p l o i d y  w i t h  m u l t i p l e  a l le les  

R. Costa 

1. Introduction 

The terminology and notations of this paper are those of [ l ]  of 
which this one is a natural continuation. In that one, we have calculated 
the derivation algebra of G(n + 1,2m), the gametic algebra of a 2m-ploid 
and n + 1 -allelic population. In particular, it was shown that the dimension 
of this derivation algebra depends only on n. The integer m is related to 
the nilpotence degree of certain nilpotent derivations of a basis (I l l ,  
th. 3 and 4), as it is easily seen. 

The problem now is the determination of the derivations ofZ(n + 1,2m), 
the zygotic algebra of the same 2m-ploid and n + l-allelic population. 
As Z(n + 1,2m) is the commutative duplicate for G(n + 1,2m) ([10], Ch.6C), 
the first idea to obtain derivations in Z(n + 1,2m) is to try to duplicate 
derivations of G(n + 1,2m). We recall briefly that given a ge/aetic algebra A 
with a canonical basis Co, C~, . . . ,  C, then the set of symbols C~*C~ 
(0 < i < j  < n) is a basis of the duplicate A*A of A ([10], Ch. 6C). In par- 

ticular if dim A = n + 1 then dim ( A ' A ) -  (n + l)(n + 2) The multiplica- 
2 

tion in A*A is given by 

(Ci*Cj) (C~*Ce) = (CiCj)*(CkCr) 

where CiCj (resp. CkCe) is the product, in A, of Ci and Cj (resp. C k and Ce ). 
An intrinsic construction of A*A is the following: take the tensor product 
vector space A | A and define a multiplication by (a | b)(c | d) = 
= (ab) @ (cd). Then let J be the two-sided ideal generated by the elements 
a | b -  b | a, a, b ~ A  and take A*A = (A | A)/J ([10]). 

Lemma 1. Let cS'A---, A be a derivation. There exists one and only one 
derivation 6*: A*A ~ A*A such that 6*(a'b) = 6(a)*b + a*6(b) for all a, b in A. 

Recebido em 24/6/83. 
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Proof. Let 0 : A x A - ,  A | A be the the canonical bilinear mapping given 
by O(a, b) = a | b. Then 0 o (6 • 1 a) : A x A --* A | A is bilinear. The same 
holds for 0 o ( l a  x ,~):A x A ~ A |  Hence 0o (,sx 1A)+0  o (1a X ,5) is 
again bilinear and induces 5 : A | 1 7 4  linear and satisfying 
3(a | b) = 5(a) | b + a | ,5(b) for all a, b in A. This mapping 5 satisfies 
6(J) c J. In fact, t a k e  one generator  a | b -  b |  of J. We have 

- 3 ( a | 1 7 4  = - 5 ( a |  3 ( b |  

6(a) | b + a | ,5(b) - ,5(b) | a - b | 5(a) = 

= ($(a) | b - b | 5(a)) + (a | ,5(b) - 5(b) | a), 

which is an element of  J. By the well known lemma on quotients, S induces 
,5' : A * A ~ A * A  such that ,5*(a*b)=a*f(b)+,5(a)*b for all a,b in A. I t  
rests to prove that ,5" is a derivation of A*A. As A*A is generated by the 
elements a'b,  a, b in A, it is enough to prove the following equali ty:  

3*((a'b) (c'd)) = 3*(a 'b)(c 'd)  + (a*b),5'~(c*d) 

for all a, b, c , d  in A. 

,5*((a'b) (c'd)) 

= (,5(a)b + ab(b))*(cd) 

= ,5(a)b*(cd) + a3(b)*(cd) 

= (3(a)*b)(c'd) + (a*b(b))(c'd) 

In fact, we have: 

= ,5*((ab)*(cd)) = ,5(ab)*(cd) + (ab)*6(cd) = 

+ (ab)*(,5(c)d + c,5(d)) = 

+ (ab)*,5(c)d + (ab)*c,5(d) = 

+ (a'b)(,5(c)*d) + (a 'b) (c*b(d))= 

= [`5(a)*b + a*,5(b)] (c'd) + (a'b) [,5(c)*d + c*6(d)] = 

= 5*(a*b)(c'd) + (a*b)b*(c*d). 

The unicity of  3* is clear. 
We shall call ,5* the duplicate of  ,5 and the correspondence 3-~,5" 

the duplicat ion mapping. 

�9 Proposition 1. The correspondence fi ~ 3* is an injective homomorphism 
of Lie algebras. 

Proof. Let 3~ and 32 be derivations of A, a, b e A .  We have: 

(61 + 52)*(a'b) (5~ + 52)(a)*b + a*(6~ + ,52)(b) = 

= 61(a)*b + `52(a)*b + a*fa(b) -~ a*32(b) = 

= 3i(a)*b + a*,5~(b) + 62(a)*b + a*`52(b) = 

= 5](a*b) + 6*2(a*b) = (51 + 6~)(a'b).  
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As a'b ,  with a, b s A ,  is a generating set of A ' A ,  we have (~1 + 6 2 ) ~  
= 6i t+ 6*2. In a similar way, we prove that (26)*= ,;.6" for all ) .s  R. 

Now 

(61 o 62  - -  62  o 61)*(a*b) = [(61 o 62)* - (62 o 61)"] (a'b)  = 

= 6x(62(a))*b + a*61(62(b)) - 62(61(a))*b -- a*62(61(b))= 

= 61(62(a))*b + 62(a)*61(b) + a*61(62(b)) + 61(a)*~52(h) - 

- 62(61(a))*b - 61(a)*f2(b ) - a * 6 2 ( f l ( b ) ) -  ?~2(a)*61(b ) = 

= 6](62(a)*b) + 6](a*62(b)) - 8*2(6~(a)*b) - 6*2(a*6~(b))= 

= (6~ o 6*2)(a'b) - (6*2 o 6]) (a 'b)  = (6] o 6*2 - 6*2 o 6]) (a 'b)  and so 

(61 o 6 2  - -  6 2  o 61)*  = 6 ]  o 6~ - -  6~ c 6"~1 . 

We show now that 6* = 0 implies 6 -- 0. Take a basis Co, C~ . . . . .  C, of A. 

If 6(C~) = ~, ~kiCk ( i=  0, l . . . . .  n) then: 
k=O 

0 = 6"(Ci*Ci) = 6(Ci)*Ci + Ci*6(C i) = 2Ci '6 (C  i) = 
i 

= 2Ci*( ~ ~kiCk)= E 2~kiCk*Ci + ~ 2~kiCi*Ck, 
k=O k=O k = i + l  

for all i =  0, 1 . . . . .  n. As Co*Ci . . . . .  Ci*C~, Ci*Ci+ ~ . . . . .  Ci*C,, are part 
of a basis of A*A we have ~k~=0 for all k = 0, 1 . . . . .  n and so 6 =  0. 

Remark. In general the correspondence 6 ~ 6 "  is not an isomorphism 
of Lie algebras. We give an example of a class of genetic algebras where 
6 ~ 6" is not an isomorphism. But, in contrast to this, we will have an iso- 
morphism for every one of the gametic algebras G(n + 1,2m). 

For  each n > 1, we call K ,  the trivial genetic algebra of dimension 
n + 1 having a basis Co, C1 . . . . .  C, such that C~ = Co and all other pro- 
ducts are zero. The weight function o~ : K n - + R  is given by e~(Co)= 1 

and o~(Ci)= 0 (i = 1 , . . . ,n ) .  Given x = to(x)Co + ~ aiCi~ K ,  and 
i=1  

y =  t~ ' )Co  + ~ fljCj we have xy  = oJ(x)to(y)Co. The algebra K,  is the 
j = l  

Bernstein algebra of dimension n + 1 and type (1,n) ([10], Chap. 9B, 
th. 9.10). 

Lemma 2. The derivations of K ,  are the linear mappin,qs fi �9 K , ~  K ,  such 
that 09 o 6 = 0 and 6(Co)=  0. Hence the derivation algebra of K ,  has di- 
mension n 2. 
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Proof..Suppose c5 is a derivation. Then e~ ~ c ~ = 0  ([ l] ,  t h .  1). If 
c5(C o) = u ~ Ker  a~ then C 2 = C O implies 

u = 6(Co) = 2Co~(Co) = 2Cou = O. 

Suppose now $:K. - - ,  K, satisfies co o ,~ = 0 and ~(C o) = 0. Then 

cS(xy) = $(co(x)co(y)Co) = co(x)co(y)~(Co) = 0. 

On the other hand, 

$(x)y + x6(y) = o~(,~(x))to(Y)Co + co(x)to(,~(y))Co -~ 0 

and so ,~ is a derivation of K. .  
We have shown that ~ is completely determined by 6(Ci), . . . ,  $(C.) 

wi th  6(C~) ~ Ker  ~,  (i = 1 , . . . ,  n) and so there is a one-to-one correspon- 
dence between derivations and sequences A l, . . . ,  A, of elements of Ker  e~. 
This completes the proof. 

Lemma 3. For each n > 1, K . * K .  is isomorphic to g''~n*31. 
2 

Proof. It is enough to prove that  ( K ' K )  2 is a one dimensional algebra 
spanned by Co*C o. In fact, if Co, C~, . . . ,  C. is a basis of K,,  then Ci*Cj, 
with 0 =< i =<j < n. is a canonical basis of K~*K~. 

Now 

(Co*Co) 2 =  Co*Co and (Ci*Cj)(Ck*Ce) -- CiCj*CkCe = O, 

if i ,j ,k or ( : ~ 0 .  

Coro l l a ry .  For each K,, n > 1, the duplication mapping is nor an isomor- 
phism. 

Proof. By lemmas 2 and 3, the derivation algebra of K,*Kn has dimension 

-~1 (n2(nq-3) 2) which is greater than n 2. 
4 

2. Mnltiallelism only 

It is well known that G(n+ 1,2) has a canonical  basis Co, C~ . . . ,  C. 

1 C (i= 1, n) and CiCj=O (1 < i , j ~  n). such that 'C~ = Co, CoCi=-~_ i . . . . . .  

By duplication, we obtain a canonical basis Ci*Cj (0 =< i<j<n)= of 
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Z(n + 1,2), the zygotic algebra of the same diploid and (n + l l-allelic po- 
pulation. The multiplication is given by 

1 
(Co*Co) 2 = Co*Co, (Co*Co) (Co*Ci )  = ---f Co*C i (i--- 1 . . . . .  n}, 

(Co*Ci ) (Co*C)  = - C i * C  (l _-< i , j  <-_ nl and (C,*Cj l (Ck*Ct l  = 0 

when l < _ _ i < j < n  or l_<k_<(_<n .  Let us decompose Z ( n + l , 2 1  as 
Z(n + 1,2)= VoO V, G 1/2 where Vo = ( C o * C o ) ,  V, = ( C o * C ,  "i = 1 . . . . .  n) 
and I/2 = (C~*Cj" I < i < ] < n)  ( ( . . . )  indicates the subspace generated 
by ...L Observe that V~ G V2 is the kernel of th.e weight function, which 
is 1 for Co*Co and 0 otherwise. 

Theorem 1. Suppose 3 : Z(n + 1,2) ~ Z(n + 1,2) is a derivation. Then there 
exist A, B I, . . . ,  B,, in Vt such that 

(i) 3(Co*Co) = A ; 
(ii) For  each 1 < i < n, 3(Co*Ci) = Bi + 2A(Co*Ci); 

(iii) For each 1 < i < i < n, 3(Ci*Ci) = 4(Co*Ci)Bj + 4(Co*Cj)Bi. 

Conversely, given A, BI . . . . .  B,, in Vl, there exists one and only one derivation 
3 of Z(n + 1,2) such that (i), (ii) anti (iii) hold. 

ProoL (i): By ([1], th. 1) we have o)~ 3 = 0. Call 3(Co*Co)= A + z2 with 
A e Vt and z2e  Vz. As (Co*Co)2= Co*C o we have 

A + z2 = 3(Co*Co) = 2(Co*Co)3(Co*Co) = 2(Co*Co)(A + z2) = 

= 2(Co*Co)A + 2(Co*Co)z2 = A. 

Equating components  we have z2 = 0. It rests 3(Co*Co)= A .  

(ii): Call ~5(Co*Ci) = Bi + Di with Bi e Vl, D / e  V 2. From 

I C . -  ( C o * C o ) ( C o * C i ) = - ~  o Ci we obtain 

A(Co*Ci)+(Co*Co)(B,+ O 3 = 1 ( B , +  D , ) o r  A ( C ~  B-=, + ( B , +  D,). 

1 
But A(Co*Ci) e I/2, so A(Co*C~) = -~- D,, which means 3(Co*C;) = B~ + 
+- 2A(Co*Ci). 

(iii): From C,*C j = 4(Co*Ci) (Co*C j) (1 < i < j <__ n) we obtain 

3(Ci*C j) = 4[3(Co*Ci) (Co*C j) + (Co*Ci)3(Co*C j) ] = 

= 4[[B,  + 2A(Co*C,)](Co*Cj)+ (Co*C,)[B i + 2A(Co*Ci)]] = 

= 4[B,(Co*Cj) + (Co*C,)Bj] .  
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Conversely, given A,B~, ..., B, in V~ define 6"Z(n+ 1 , 2 ) ~ Z ( n +  1,2) by 
the formulae above. It is routine to verify that ,5 is indeed a derivation. 
Also the unicity of ,5 is clear. 

Corollary. The derivation algebra of Z(n + 1,2) has dimension n(n + 1) and 
so every derivation of Z.(n + 1,2) is the duplicate of one and only one deriva- 
tion of G(n + 1,2). 

3. Polyploidy only 

The gametic algebra G(2,2m) has a canonical basis Co, C~, ..., C,, 
such that CiCj=O when i + j > m  and CiCj---ti+jCi+ ) when i+j<=m, 
where t~(k = 0, 1, ..., m) are the t-roots of G(2,2m). Hence Z(2,2m) has a 
canonical basis Ci*Cj (0 < i <j  < m) where the multiplication is given by 

~0 when i + j > m  or k + ( > m  
(Ci*Cj)  ( C k * C r )  = ~ti+jtk+rC!+j*Ck+r when.i + j  < m and k + ( =< m 

The t-roots of Z(2,2m) are to, tt, ..., t,, (where tk=(2~") -~ . ) )and  0, this 
one with multiplicity re(m+ 1)/2. The weight function o~ of Z(2,2m) is 
given by co(Co*C0)= I and ~o(Ci*Cj)=O for all (i,j)# (0,0). 

We have also a direct sum decomposition Z(2,2m) = Vo G V~ 0 . . .  G V2,, 
where Vk(0 < k  < 2m) is the subspace of Z(2,2m) generated by the vectors 
Ci*Cj, 0 < i < j < n ,  such that i + j = k .  In particular Vo=(Co*Co>, 
Vl = (Co*C1>, V2 = (Co*C2, CI*C,> and so on. The dimension of 

k k + l  
Vk is -~-+ 1 when k is even and ~ when k is odd. From the multipli- 

cation table of Z(2,2m) we see that every element of Vk is an absolute divisor 
of zero if m + 1 < k < 2m. This means that if Vk ~ Vk and m + 1 < k < 2m, 
for every x ~ Z(2,2m) we have XVk = 0. Also we have the following relation 
for Vke Vk and O < k < m :  (Co*Co)v k is a scalar multiple of Co*Ck. In 
fact, if Vk= ~ o C o * C k - q  - o ~ I C 1 * C k _  1 -91- . . .  we have 

(Co*Co)v k = O~o(Co*Co) (Co*Ck) JI- 0~l(C0*Co) (C I*C  k- 1) -F" . . . .  

= %tkCo*Ck + ~ltkCo*Ck + . . . .  tk(Y', ~i)Co*Ck. 
i 

In order to simplify the notations we call 4~ the linear form on Z(2,2m) 
given by ~p(Ci*Cj) = 1 for all 0 < i < j  < m. We have shown that (Co*Co)vk = 
= tkq~(vk)Co*Ca for 0 < k < m. As Co*CR plays a special role in the mul- 
tiplication by Co*Co, we call it the special element of VR (0 < k  < m). 

We know ([I]  th. 1) that every derivation ~ of Z(2,2m) satisfies 
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The following lemmas 4 to 7 will describe the action of a derivation 
on the subspaces Vo, V, , . . . ,  V,, . . . . .  V2,, of Z(2,2m). 

Lemma 4. For ever), derivation 5 o f  Z(2,2m), we have ~(Co*Co} = ~.Co*('~ 

/ o r  ,some ~ ~ ~ .  

Prooll Call 3(Co*Co) = vl + v2 + .. .  + V2m with v i e  Vi ( i=  1 . . . . .  2m). Then 

2(Co*Co) (v, + . . .  + V2m ) = V 1 + . . .  + V2m o r  

2~(t ' t ) t~Co*C~ + .. .  + 2dp(v;,)tmCo*C,, = vl + ... + v,, + ... + r2,,. 

Equating the components  we have: 

f 2q~(vk)tkCo*Ck = Vk (1 < k < m) 

Urn+ 1 ~ . . .  ~ V2m ~ O. 

The first equality reads 2d?(vl) t lCo*Ct  =v~,  thereby t~ = 1,/2 . Hence 
r~ = ~Co*CI  for some ~ ~. The equations corresponding to 2 _<k _<m 
have only the trivial solution Vk = 0. In fact, call v k = ~ l o C o * C g  "-~ 

+ ~IICI*CR-  ~ + . . . .  Then we have 2(p0 + pt + . . . ) I k C o * C k  ~ ~ l o C o * C k  

+ p ~ C l * C k - i  + ... which implies 

I 2tk(PO + Pl + ".') = Po 

/-tt = . . . = 0  

1 
This system reduces to 2tkPo=Po and SOPo=0 because tk=(2~')'l(~ ') < ~-  

when 2 < _ k < _ m .  Then vk=0  for all 2 < _ k < _ m .  It rests , ~ ( C o * C o ) = v l =  

= ~Co*CI, for some real number  a. 

Lemma 5. For ever), 1 <_ k < - m - 1 ,  we have 

( ~ ( C o * C k )  = ~ k C o * C k  -~- Off I 
tk+ 1 

tk - -  tk + 1 
C o * C k +  1 + O ~ t l C I * C k ,  

where  ~k ~- R and ~ is as in lemma 4. 

Proof.  Again, call 6(Co*Ck)=  u 1 + . . .  + Urn+..'. + U2m, Ui E V i. The equality 
(Co*Co)  (Co*Ck) = tk(Co*Ck) implies 

~ ( C o * C t ) ( C o * C k )  + (Co*Co)(U~ + .. .  + u2,,) = tk(u~ + .. .  + u2,,) 

o r  

~ t l t k ( C l * C k )  + 

2m 

t # ( t t i ) t i C o * C  i -~- tk( E Ui). B u t  Cl*CkS V k + l ,  
i= l  i= l  
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SO we must have: 

f !(ui)ti(Co*Ci) = tkUi, i = I, .~., m, i ~: k + 1, 

(Uk+ l)tk+ I(Co*Ck+ 1) + Ottltk(Cl*Ck) = tkUk+ 1, 

m+ l = "'" = bl2m ~ O. 

The equations in the first row, with i yt k, h~ive only the trivial solution 
u i = 0 ,  as in the preceding lemma. The equation @(Uk)t~Co*Ck= tkUk 
reduces to 4~(Uk)Co*Ck = Uk which gives Uk = CtkCo*Ck for some real number 
~k. The equation in the middle has the following solution: if 

uk+~ = ;to(Co*Ck+l) + 21(C1"Q)  + 22(C2"Ck-I)  + ....  

then 

(2o + •1 + 22 + .. .)tg+ l (Co*Ck+ 1) + } t t z t k (C l*Ck)  ~- 

= tk(2o(Co*Ck+ z) + 21(CI*Ck) + 22(C2"Ck-t) + ...) 

and so 

I(~'O + + "")tk+ 1 tk)~O 21 22 + 

~tltk = tk21 
tk22 . . . . .  0 

From this system, we have 22 . . . . .  0, 21 = 0ctl = ~/2 and the first equality 

reduces to 2o=0Ctl tk+______L_~. Hence the result. 
tk -- tk + 1 

The effect of 6 on the vector Co*C,, is given by 

6(Co*C,,) = =,.(Co*C,.) + ~tl(C~*C,,) 

where am is some real number. The proof  is similar to that given in lemma 5. 
Having obtained the effect of 5 on the vectors Co*Ck (1 -<k--< m) 

we can now obtain 6(Ci*Cj) for 1 <=i<=j <= m. 

Lemma 6. For every 1 <= i <=j <= m -  1, we have 

r = (oti-~-otj)Ci*C j -1- o~t I [~ 5+-1 ( C i + l * C j ) -  }- 
t j+ l  

L t i - -  ti+ 1 t j - -  t j+ 1 

where ~i and ~j are as in lemma 5. 

(Ci*C + 
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Proof. We have (Co*Ci) (Co*Cs)= titj(Ci*Cj) and so 

1 [~ (Co*Ci ) (Co*Cj )+  (Co*Ci)~(Co*C~)] = ~ ( c , * G )  = 

- titslEDi(c~ f t,+,t, - t,+, (Co*C,+,)+(c,*c,)](Co*G) 

t2+ I t j  
1 [o~ititfiCi, Cj) -Jr- O~t i - -  

t i t j  ti - -  ti+ 1 

t~+ 1 

(Ci+ l*Cj) .-[- ~ t l t i +  l t3(Ci+ I*Cj) -[- 

+ 

+ o:jtitj(Ci*Cj) + ~tl - -  ( C i * C j +  1) %- ctt~tits+ l (Ci*Cj+ 1)] = 
t j  - -  t j+ 1 

= (o~ i --k ~ j ) ( C i * C j )  --k o~tl \ l t i ( t  ' Z ti + 1) "~ ti / 

-k- at, ~ t , ( t j ~ ) + l  ) -{- tj+lt) (Ci*Cj+l) = 

[. ti+__ 1 tj+l ( C i * C j + I ) J .  
= ( ~ i + ~ j ) ( C i * C j ) +  ~tl L t i - t i +  ( c i + l * c j )  + t j - t j +  

1 1 

In a similar way we prove the relations 

t i+ l  l*Cm) (1 < / < m - l )  ~(Ci*Cm) = (~i + ~m) (Ci*C.,) + ~tl - -  (Ci+ - - 
ti --  ti+ l 

and 

tS(C,.*Cm) = 2Ctm(Cm*Cm). 

The effect of 3 on the canonical basis of Z(2,}m) will be completely 
known after the following lemma. 

Lemma 7. The real numbers ~j(j = l . . . . .  m) appearing in the .formulae 
for 6(Co*Cj) satisfy a j = j a l  (J= 1 . . . .  , m). 

Proof. The equality is trivial fo r j  = 1 and suppose we have already proved 
for 1 < i < m. From the equality 

( C I * C i )  2 = t2§ I(Ci+ l*Ci+ 1), 

we obtain:  

2 ( C I * C i ) 6 ( C I * C i )  = t2+ 1~(Ci+ I*Ci+I ) 



72 R. Costa  

o r  

t i t 2  
2(C1"Ci) [(~l + ~ / ) (Cl*Ci )+  o~ 

t I - -  t 2 
( C 2 * C i )  "~ O~ - -  tlti+l (CI*Ci+I)]= 

t i  - -  t i+  1 

= t2+,[2~i+,(Ci+,*Ci+,) + 2 ttti+2 (Ci+,Ci+2)]" 
t i+  1 - -  t i+  2 

The comparison of components  in the directions of C~+**C~+~ and 
Ci+a*Ci+z gives ~t t + ~i= ct~+, (our desired result) and an identity in 
the t-roots, as in [1], th. 3. 

The results of the preceding lemmas can be put together in the 
following set of equations: 

I 
~(Co*Co) = ~(Co*C~ ) 
r = kfl(Co*Ck) + c~tl ~ tk+! (Co*Ck+l) + C~*Ck] 

Ltk-  tk  + 1 I 
(*)l(5(C'*Cs)=(i+J)fl(C'*C))~ ~tlFt'+ltJ+Lt'l -(C,,Cs+t; + l (Q+l*C~) +1) . ] .  

t j -  t j+  1 J 

where l < k < m ,  l < i < j < m ,  t m + l = O . a n d  ~,f l~R.  

Theorem 2. The derivation algebra of Z(2,2m) has dimension 2. In particular, 
every derivation of Z(2,2m) is the duplicate of one and only one derivation o[ 
G(2,2m). 

Proof. The preceding lemmas provide the relations (*). It is easy to see 
that if we choose arbitrarily ct, fl ~ R and define ~ : Z(2,2m)---, Z(2,2m) by 
the relations (% we obtain a derivation. This means exactly that the deri- 
vation algebra of Z(2,2m) has dimension 2. Since every duplicate of a 
derivation of G(2,2m) yields a derivation of Z(2,2m) and the derivation 
algebra of G(2,2m) has dimension 2 (cf. [1]) we get the desired result. 

4. Multiallelism and polyploidy 

In the general case of multiallefism and polyploidy, we follow the 
same ideas of w167 

The gametic algebra G(n + 1,2m) corresponding to a n + 1-allelic and 
2m-ploid populat ion has a canonical basis consisting of all monomials  
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X~~ ' ... X'," in commut ing  variables such that io + i, + ... + i, = m 
([4], F5], l-l]). This basis is ordered lexicographically by the exponents, 
that is, X~o~ X~  precedes X~o~ ~ ... X{" when the first non vanishing 
difference ik --Jk (k = O, 1, . . . ,  n) is positive�9 The multiplication in G(n+ 1,2m) 
is given b y  

(X oX ,  vJovJ, J. �9 .- ~--o ~-I . . . X ,  ) =  

f (2m~-l( i~176176176 i f m < i o + J o  

i f i o + j o < m .  

In particular, 

V m t  v J o y J  t j . ,  J .  . . o ~ . o . .  , . . .  X .  ) . . . .  X . ,  

which says the t-roots of G(n + 1,2m) are 1, 1/a, .. . ,  7(2,,,) with multiplicities 

1, n . . . . .  \ m respectively. 

Now we consider the duplicate Z(n + 1,2m) of G(n + 1,2m). One 
�9 canonical basis of Z(n + 1,2m) is the set of all "double  monomials"  

i ~  i t i n  * ( X o X ,  ... X,, ) (XJo~ ' ... X{')  where the first one precedes the second, 
and, of course, i o + . . , + i , , = j o +  . . . + j , = m .  We recall (see [ 1 ] ) t h a t  

dim G(n+ 1 ,2m)=(m+mn)andsod imZ(n+l ,2m)= l'/2[(rn+n)2+fm+'7)]\ n ,  _ 

and that the weight function o9 is defined by co(X~'* X~') = 1 and 0 otherwise. 
Let Vz,,-r be the subspace of Z(n+ 1,2m) generated by the double 

monomials  (X{~ ~ ... XI?) * (X]o ~ ... X~ ~ such that io + Jo  = r. As 0 < io < m, 
0 <Jo  < m, we must have 0 < 2 m - r  < 2m. We list now some �9 
of the subspaces Vo, Vt . . . .  1/2,,. 

(l) First of all, we have the direct sum decomposi t ion Z ( n +  1,2m)= 
= Vo | V~ @.. .  | I/2,,, by the own definition of the subspaces. In addition, 
V~ G ... G Vzm i s  the kernel of the weight function o~. 
(2) V 0 is generated by the idempotent  w . . w ,  z L  O ~'~" 0 " 

(3) Vt is generated by the double  monomials  X'~*Xg-~Xi  ( i =  1, ... ,  n) 
and so dim V~ = n .  
(4) Every element of V,,+ ~ G . . .  G I/2,, is an absolute divisor of zero in 
Z(n + 1,2m). In order to prove this, it is enough to prove that each double  
monomial  belonging to one of these subspaces is an absolute divisor of 
zero�9 If 

(X oOX , , Y  JoY J, 
�9 . .  ~ z ~ , O Z X  1 " ' "  X n  
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and m + 1 < k  <2m,  then i o + J o  < m  (definition of ~ )  and so, given an 
arbitrary double monomial ,  

Sn /~ = (X'oOX? . . .  x :  o) * ( x ~ o x ?  . . .  x .  ), 

we have 

~ E x ~ o x ~ ,  . . . .  x ' ; )  * <X+oOX~, . . .  x ,~ - ) ]  = 

ro r I x,, ) ] -  = [ X o  x ,  x ; " ) ( x ~ o x ~  , x ~ , . ) ] * [ x : x ' ~ '  , : , . , ,~:~o, :J~ J. _ . . . . . . . . .  ~'l  n ! ~ x i  0 1.. 1 " " " 

_ [(x~oxf~ Y,.,,~.JoYJ~ x~-)]*o o. 
-- "'" x l n  l~x~'O /~ 1 "'" 

(5) If 0 _< k -< m, Vk is an invariant subspace of the linear mapping 
z-+(X~*X'~)z, z+Z(n+ 1,2m). In fact, if we take a double monomial 

io i t  (Xo x ,  x ' : )*(x~ox/ '  J- . . . . . .  X .  ) in Vk, then 2m - io - Jo  = k, which implies 
i o + j o = m  and so 

(x ;*Xo)  [(x~,ox,  '' ,~ �9 Jo /, = . . .  x , ,  ) ( S o  x . . .  x ~ - ) ]  

= X"~*(~") - ~ ~ 1 7 6  ,, ,-, o~~176 t ~' +j' . . . . .  ~'~" +J",, -- 

_ _  ~. y m * ' ~ r i o + J o - r a g l i t + j t  ~ ( i n + J n  E V k ,  
- -  ' tkXX 0 x x  0 . . . . .  n 

because 2 m -  m -  io -Jo  + m = 2 m -  io - J o  = k. Observe that in general the 
double monomials  ( X d ~  i~ ~ ... X i . " )* (Xd~  ? ' ... X ~ " ) e  VR, k = 2 m - i , , - - j o .  
are not proper vectors of the above linear mapping. The elements 
X , . . V , , - k y  X~"~ Vk are proper vectors, so there are ("+~-~) linearly 0 x x O  z L  i rL . . .  

independent proper vectors in Vk. These double monomials  will be called 
special. 
(6) We introduce the following equivalence relation in the basis of 
Vk(O <_k <_m): Two double monomials  /~ and p '~  Vk are equivalent if 
and only if ( X ' ~ * X " d ) ( p - p ' ) =  O. As the special double monomials  are 
proper vectors o f  the linear mapping z ~ (X"do*X"do)Z, we see immediately 
that any two of them are not  equivalent. On the other hand, every double  
monomial  is equivalent to one of the special double monomials.  In fact, 

y m *  y i o  + J o - m  y i t  + j r  i n  + j n  (X~~ XI?)*(XJo~ ' . .. X;,,") is equivalent to ~ o ~ 0 ~,~ .,. X,  
a special one (see (5) above). It is also clear t h a t t w o  double monomia l s  
(XioO.. vi, ,x,~v;o X~") and lv~o v~.~,tv~o X,~-) are equivalent if a n d  

. . . , x n !  ~+~ '0  " ' "  ~.,,x O , . . . + x n  ! . ~ ' 0  " ' "  . 

only if ik + Jk = rk + S~ for all k = 0, 1, . . . ,  n. Hence every double m o n o m i a l  
p ~ Vk is equivalent to one and only one special �9 double monomial  in V~. 

F rom this, it is possible to separate the basis of Vk in equivalence 
classes, one for each special�9 double monomial  and consequently we have  
a direct sum decomposit ion of V~ as follows: Call p~ . . . .  , p,~ the special 

n + k -  double monomials  in V~ where s = (i ~ ~), and let V~ be the subspace 
of Vk generated by the equivalence class of /~ (i = 1, . . . ,  s). T h e n  
V~ = V~ ~ | ... | V~.~. 



Derivation algebra of zygotic algebras 75 

(7) Observe now that each Vk; is again an invariant subspace of the linear 
"* " Z(n  + 1,2m). Moreove r  if we call ~b the linear mapping z ~ ( X o  Xo)z ,  z ~  

form on Z(n + 1,2m) taking the value 1 on each double  monomial  of the 
canonical  basis, we have for any ~ Vki. (xn~*x'~)Y-=tk~(-7)lli. 

(Xo Xo  ), = tkd?(z)t~i. 

(8) We call Vk ~p the subspace of  V~ generated by the special double  monomials  
in the basis of  Vk. In part icular  Vi '~ = V~. The subspace ~i'PO V~"vG... G kl;', p 
of Z(n + 1,2m) is isomorphic,  as a vector  space, to G(n + 1,2m). The  iso- 
morphism is given by 

y m ,  y m - k y i t  i n v ~ r m - k y i t  in ~'0 " 'o - , l  . . .X, ,  - -*~o - ' l  . . . X , ,  ~ G ( n + l , 2 m ) ,  i l + . . . + i , , - - " k  and 
0 < k < m .  

(9) In the following, double  monomials  will be denoted  by 

p = X"d- 'X~,  v * v , , - ~  X ~  �9 . . . . L i t  ~kO "exjt " '"  

where r =< s and.  1 =< i~ = . . .=<  < i, =< n, 1 < J l  = - . . =  < <J~.= < n. Given such It. 
with r + s < 2 m - I  and r < s ,  we can define p(~ . . . .  , p , .  by lqi~= 
--Xm-~-~Xo i, . . . . . .  X~ Xi*Xm-~Xj~ . . .  Xa.~ and, if r e < s ,  we can define 

p( l  ~ . . . . .  i f "  by 

r a - r  "t" * Y m - s - l x j  . X i  X j  p( i )= Xo  Xi ,  .. .- '~i. "'o , �9 . . . .  .~ 

In any case where po) and p,~ both exist, they are in V~+~+ ~ and are equi- 
valent ((6) above). We can, of course, iterate this process. In part icular  we 
have 

X o  Xi ,  X i  *X '~-~Xj ,  X ~  = t v . , * v , . - ~ v  ... m - r  . . . . . .  . ~.z~O " x 0  "~J ' J ,  Xj .~ ) ( i , l . . . ( i r )  " 

Recall that for every derivation 6 of Z(n + 1,2m) we have (,~ 6 = 0. 

Lemma 8. For ever)' derivation 3 of  Z ( n +  1,2m), b ( X " j * X ' j ) e  Vl. 

Proof. Call 6(X~*X~')= A + v2 + ... + v , .+  v,,+ 1 + --. + v2,, where A ~ V~ 
and Vk ~ Vk (k = 2, . . . ,  2m). The idempotence of -,oV"*v'-,o implies 

2(X"~*X"~)(A + Vz + ... + v,, + ... + v2,,) = A + v2 + ... + v,, + ... + v2, , 

But v,,+t . . . .  , v2,, are absolute divisors of zero so we are reduced to 

2(X'~*X"j)A + 2(X"~*Xr~)v2 + . . .  + 2(X~'*X"~)v,, = A + v2 + ... + t'2,,. 

As each VR(O < k  < m) is invariant ((5) above), we must  have 

f 2(X'~*X'J)A = A 
2(X~*Xa)VR = VR (k = 2 . . . . .  m) 

Urn+ I = " '"  = U2m ~ O. 
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The elements of 1/1 are all proper vectors of the linear mapping 
z ~ ( X ' ~ * X ' ~ ) z ,  corresponding to the proper value tx = ~/2, so the first 
equality is an identity in A. The equations corresponding to k = 2 . . . . .  m 
have only the trivial solution Vk = 0 because otherwise Vk would be  a 
proper vector corresponding to the proper value t~ = ~/2 and so 
v k e V 1 ~ V k = 0, a contradiction. 

From now on, we will call 

ra, m ~'~ N y r a ,  y m -  I y ,5(Xo X o )  = A = ~ ~i,, o ~, o ~ ~ where ~ ,  ..., ~, are real numbers. 
i = l  

L e m m a  9. Le t  fi be a derivation o f  Z(n  + 1,2m) and 

v r a * v r a - k v  Z j k  E V k ~ .,x 0 ,-x 0 zJ, j t  . . .  

a special double monomial.  Then 

6(p) = P j,...j~ + t l r ~" ~iPti) +. - -  
t i=1  

where Pit ...jk is some element  of  V~ p depending on p. 

(1 < k < m - l )  

tk + 1 ~i~l(i) 

t k - - t k + i  i = l  

P r o o f .  Call 6 ( p ) = v l + v z + . . . + V z , .  with v i e V  i ( i = 1  . . . . .  2m). To 
?rl M WI (X0 X o ) p - t k ~  we apply fi and obtain 

( y m ,  y m  
,4]./ + VxO " x 0 ) ( V l  + " '" "~" V2m) = tk(Vl  -{" " " +  V2m)" 

By the invariance of the subspaces V~, the fact that A p e  Vk+t and 
v, .+~,. . . ,v2, ,  are absolute divisors of zero, we must have 

f 
(X '~*X"~)Vi=tkVi  ( i =  1 m but i ~ - k +  1) 

A #  + (X'~*X"~)vk+ ~ = tkvk+ , 

Vm+ I = . . .  = V2m ~ 0 . .  

In the first set of equations we distinguish i = k  and i=~k. When 
i ~= k, we must have v i ='0 as the only solution, because otherwise vi would  
be a proper vector of the linear mapping z ~  (X'~*X"~)z corresponding 
to the proper value tk and so v i e  V~ c~ VR = 0, a contradiction. 

Now the case i =  k. We will prove that VR is a linear combination of 
the special double monomials in Vk. For this let/~t, .:., #~ be the special 
double monomials in Vk, SO S = (,+k-l). Let now Vk, be the subspace of  Vk 
generated by the equivalence class of/~i ((6) above), so Vk = Vki G ... • Vk.~. 
We have the decomposition Vk = VR~ + ... + Vk~, Vki e Vki. The equation 

m g g  m (X'~*X'~)Vk = tkVk becomes (X 0 X o) (V k l  + ... + Vk~) = tk(Vkt + ... + Vk.,}. 
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But each Vki is invariant ((7) above) so the equation splits in the following 
system of s equations: 

m *  m I_(Xo Xo)vk., 
m q __ Take one of these equations, say (X~*Xo)z:ki-- tkVk~(l  < i <  S). Call 

/~ = Iti, ll 2 . . . . .  /~f the double monomials  equivalent to lq, that is, the 

basis of Vki. We must have Vki = f l l t~ + f121 ~2 + ... +fir,  l~f for some real 
numbers fll . . . . .  fl,. Then: 

which implies, by comparison of coordinates, that f12 = ..- = tip = 0 hence 
vki = flzll~. It follows that Vk is a linear combinat ion of the special double 
monomials IIi . . . . .  fl~, that is, VR ~ ~'P. We denote, from now on, Vk by 
P j, ... j . .  

We turn now to the more difficult equation 

+ ( X " d * X D v , , +  t = tkvk+ 1. 

As we have noticed before the lemma, we have in Vk+ ~ the special double 
monomials  l?~} . . . .  ,/~"~ and the non-special ones lq~ ... . .  lq,,. In V~+~ 
there are (k+~+,-~k+~ )=~k+~,tk+"~ special double monomials  and so we may 
suppose that fft~ . . . . .  l? "} are the first n of them�9 Having made this conven- 
tion, we decompose Vk+ ~ according to (6) above: 

In+k Vk+~ = V~+~.t @ ... 0) Vk+~.,,@ ... ~ Vk+~.,. where r = ~+~). 

For  1 < i < n, V~+ ~.~ has  a basis formed by #"~,/h0 and some other double 
monomials.  Decompose Vk+~ of the above equation as 

UR + 1 : Dk + 1, I + " ' '  "{- 1)k + 1 .n -~  " ' '  -~- L'k + I , r"  

We have 

A~I = ~ 5{ i (Xr~*Xo I X i ) [ x m * x  m - k v  .m-  ~ 0 0 /x jt "'" X jk- ) 
i = 1  

i = 1  i = 1  

which belongs to Vk+~.~ @ ... @ Vk+t... Our equation becomes" 

~ m *  m 
t l t k  O~i~(i) OU ( X  0 X o ) ( l J k + l , i  ~- . . �9 -~ Uk+l ,r)  -~. tk(Uk+l�9 1 -}- . . .  q- V k + l � 9  

i= l  
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and so we must have: 

"* " [~,Vk+ (1 < i < n) tltkO~ilI(i) %" ( X o  X o  )Vk+ l,i = 1,i -- 

(X"d*X~)Vk+ 1,i = tkVk+ Z.i (n + 1 <_ i < r) 

The last r-n equations of this system have only the trivial solution Vk + ~./= 0 
by the proper vector argument used above. We analyse now an equation 
corresponding to 1 _< i -< n. Decompose vk+ t.i as 2pt 0 + Zp ~~ + u where 
2, 2' e R and u is a linear combination of monomials in the basis of VR + ~ ./, 

different from p,~ and p"( So: 

O~if l tkl.l(O "~ tk+ 1(,~. -[- 3.' Jr- q~(U))]./(i) tk(AlA(i ) "b )'.'[.1 (/) "~ U). 

By comparison of coordinates we have: 

f ~i t tk = )~t k 1 
tk+ ~(2 + 2' + 4~(u)) = tk2' 

0 = tku 

Hence u = O, 2 = a/t~ and 2' = a~tj tk+_________L_~ 
f k -  tk + 1 

This means that 

Vk+l, i --~ tl~Xi#(i) -Jr" tl tk+~l Sip (i) 
t k -  tk + 1 

which gives 

] Uk+' = i=I~"~ Vk+l'i = i=1~ Vk+l'/ = tl [ ~i=l ~i~l(i) "JP tk--tk+ltk+~l i='~ OC/]'l(i' " 

The following lemma 10 has a similar but easier proof. 

Lenuna 10. Let  6 be a derivation of  Z (n  + 1,2m), # = X"d* X j, ... X jm ~ Vm 

a special double monomial.  Then 6(#) = Pj, ...j,, + t 1 Z ~iP(i) where Pj,...j,, 
i=1 

is some e lement  of  V,~ p depending on #. 

If we make the convention tm+~ = 0, then lemma 10 can be absorbed 
by lemma 9. 

We remark that A #  = tFk  ~ ~/P~i~ and so it is usefull to denote by 
i=1 

A---p the "conjugate" t l tk  ~ ~/pt0~ VkY~. With these notations we have 
i=1 

�9 x m * x  m - k v  Xjk ~ Vfl p that for p =  o o ~ i , - "  
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~5(P) = P#'"'#~ + 1 IAP + tk tk- tk+-------Z--~A'~ 1 "tk + 

In the following we will abbreviate 

1 ( A p +  t k + , - ~ ) e V k + ,  
tk t k -  fk + 1 

by (A,p). Observe that (A,p) is a bilinear function of A and p. 
Having obtained the effect of (5 on special double monomials, we can 

now obtain its effect on non-special ones. If 

= x m - r x  y * y m - s y  X j s  , with r < s, 0 i~ "'" x~'ir xLO x~'Jt "'" 

then taking 

X " * X  " -~ i~  Xj~ e V~ ~p Pl = Xm*Xm-'Xo o i, . . . . . .  Xir  e Vfl p and P2 = o o /'Jr �9 

we have P~M2 = t j~p  and so 

1 
5(p) = ~ [P,(Pi,..-J~ + (A, p2)) + p2(P,, . . . ,~ + (A,/z,))] = 

_ l [ ( H , P j , . . . j , + P 2 P ~ , . . . ~ )  + (pt(A, p2) + p2(A, p 0 ) ] e  Vr+s(~ V,+,+~. 
trts 

m$ m -  From Lemma 9, we have 3(Xo Xo 1Xi) = Pi + (A, ~.Y~*Yr"-lX i ) o  "~ 0 for 
every l --<iN n, where P ie  V 1. Suppose now 

y m *  y m - k y  X i  k ~ VkSP [~ = "~0 ~ 0  ~i~ ... 

Then p is equivalent to 

~(ik) : X ~ -  l X ik* X ~ - k  + l x . . .  X i~_ , and S O  ( X ~  * Xr~  )~.~ = ~/x[ ]r'mg zx 0 )~liik)" 

This equality gives the following equality between components of their 
derivatives in the subspace Vk: 

m ,  m 
t l t k - l ( X o  X o  ) P i t  . . . i k  - -  

m ,  m m* m -  [ y m ,  y m - k  + = ( X o  Xo)  [(X0 X o  1Xik)  Pi, . . . ik_,  + t "O " '0  tXi, . . .  "Xi,_,) Pi~]. 
m.  m = tkP~, because Pi, . . .  e Vk ~ and this implies But (Xo X o ) P i , . . . i k  ...ik . it, 

p , , . . . , ~ _  1 ( X " d * X ' ~ ) [ X ' d * X ' d - ' X , ~ ) P , , . . . , ~ _ ,  + 
t t t k -  Irk 

[ y m *  ~ r a - k  + + t"O " '0 IX i ,  . . . X i k _ , ) P i ~ ] ,  

a recurrence relation which shows that each P , . . .~  (2_<k <,m) can be 
expressed linearly as a function of the elements P~ . . . . .  P , e  V~. 
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Theorem 3. The duplication mapping is an isomorphism of Lie algebras 
for every G(n + 1,2m). 

Proof. From the preceding lemmas, we see that given a derivation fi of 
Z(n + 1,2m), we can associate to it a sequence (A, P~ . . . . .  Pn) of elements 
of 1/1, given by 

A fi(X~'*X'~) and m, , .- = t ~ ( X  0 X 0 i X i ) = e i - ' } - ( A ,  Ym*ym-lY/x o ,~x o z ,  i l  ~ for 1 < i < _ n .  

Conversely if we give a sequence (A, PI . . . .  , Pn) of elements of VI, we 
define 6 by 6(X~'* X~' ) = A, 6(X~'* X~'- x Xi.) = Pi + (A, X~' * X~'- ~ X; ), ex- 
tending to the whole basis by the recurrence formulae appearing in the 
lemmas. It is not difficult to prove that fi is indeed a derivation of 
Z(n + 1,2m). The correspondence 6 ~ (A, PI . . . .  , P,) is clearly linear and 
bijective. This means that the dimension of the derivation algebra of 
Z(n+ 1,2m) is n2+ n, which shows tha t  the duplication mapping is an 
isomorphism. 
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