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Abstract

This paper deals with the way in which some restrictions on the structure of
Bernstein algebras and on the multiplication algebra of a Bernstein algebra in-
terrelate, the first class of restrictions being expressed as the vanishing of some
products between Peirce subspaces, and the second by bounds on the dimen-
sion of the multiplication algebra (or some of its key subspaces). The course
of this enquiry leads to the introduction in Section 4 of some new numerical
invariants of Bernstein algebras, namely, the dimensions of the subspaces U 2k
and L¥ (V).
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1 Preliminaries

This paper is a natural continuation of [3], where the authors established basic
properties of the multiplication algebra M/ (d) of a Bernstein algebra A. All the
notation and terminology used here can be found in that article. as well as the
proofs of the results about 1 (A) that we assume here. In this article we introduce
some new invariants for Bernstein algebras and establish some connections with
other known invariants.

We recall that a baric algebra over a field £ is a pair (A.w). where A is a not
necessarily associative algebra over F and w: A — F is a nonzero homomorphism;
in this case w is called the weight function of (d,w). Moreover. N = kerw is a
two-sided ideal of A of codimension 1. A baric algebra (A,w) is Bernstein if 4 is
commutative and (2?)? = w(2)z? forall z € A. From now on we consider only finite
dimensional Bernstein algebras over fields of characteristic not 2. Given a Bernstein
algebra (A.w). the elements z? with w(z) = 1 are all the nonzero idempotents in
A. and given a nonzero idempotent €, we have the Peirce decomposition relative to
this idempotent:

A=Fesl. 2V, (1)

where ', = {z € N : 2ze = 2} and V., = {z € N : ze = 0}. Unless necessary. we
omit the subscript e in U, and V.. The relations

2PCV. UV e, VICU Uvi=0 (2)
as well as the identities for u € [ and v € I
v? =07 wlur) = 0; wr? =0: ¥ (ur)=0; v?e? =0: (ur)?=0 (3)

hold in A. The dimensions of I7 and V" in (1) are invariant under change of idempo-
tents, and the pair (1 + dim U, dim V'), which therefore is well defined. is called the
type of A. The subspace L = {u € I": ul/ = 0} is an ideal of A that is independent
of the chosen idempotent. Moreover, A/L is a Bernstein Jordan algebra, that is,
its elements satisfy the identity 2?(yz) = (22y)z. Nevertheless, the smallest ideal
I of A such that A/I is Jordan is that generated by all the elements z? — w{x)a?,
r € A. See. for instance, [4, th. 3.4.19] or [1, Section 3]. When ['? = 0 in (2).
A is called ezceptional and when UV = V2 = 0, A is normal. These conditions
are independent of the chosen idempotent in A. Other characterizations of these
algebras can be found in [4] or [6], as well as the basic theory of Bernstein algebras,

Given an arbitrary algebra A over the fleld F. its multiplication algebra M {4)
(over F) is the subalgebra of End(A4) generated by the operators L, and R, defined
by Lo{a) = va, Ry(¢) = ax. a,x € A. In [3]. the authors proved the following
results about 3/ (A) when A is Bernstein:

{(a) M {A) is baric with weight function &. where &(L,;) = w() on the generators
L, of M (A) and the operator 2L% — L. is an idempotent of weight 1. This
operator is the projection of A onto Fe in (1). We have the decomposition
M(A) = F(2L2 = L) = (N ¢ A), where (V : A) = {0 € M(4) : old) C
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N} ={c € M(4) : woo =0} and N = kerw. Moreover, 4L, — 4L is
another idempotent of M (A), orthogonal to 2L2 — L.. The operator 4L, —4L?
is the projection of A onto U in (1), so that 4L, — 412 # 0 if and only
if ' # 0. Any element ¢ € M(A) can be decomposed in the form ¢ =
a(2L? = L)+ 3(4L, — 4L2) + 0, where 6 € N.e.3€ Fand N is the ideal of
M (A) generated by the set {L,: 2 € N}. In general, M () has not a unity,
so the projection of A onto V" in (1) does not belong to 3 (-A).

(b) For a fixed idempotent e € A, the algebra .\1(4) can be decomposed as
M(A) = F(2L2 )ef Vwhere U ={c e (N:4A):0(2L2-L.) =0} =
{oe(N:4): =0}={v,:2ecUal?} \\nhL (e) = x and v, (V) =
Oandl_{ae A): (L-L y=0}={ce (N:4):0(e) =0}. The
application ¥ : U = l, 2 5 U given by = = 1, is an 1somorphlsm of vector
spaces. In particular, dim U =dimU +dim U? and it is an invariant of A.

=

The subspaces U and V of M (A) verify the following relations

—
[
~

U2=0,0V=0Vicl.V2CV (4)

so U is an ideal of zero square and V' is a subalgebra of M{A). Consider
o € M(A) decomposed in the form ¢ = a{2L% = L)+ v + 8, where v € U
and # € V. If we denote 8 by [¢], we have, from (4}, that the mapping ¢ — [o]
is a homomorphism (of algebras) from M (A) onto V.

(d) The 1dempotent 4L, —4L% ¢ v " gives rise to the usual Peirce decomposition
of Vi V = ‘11 & ‘10 & ‘01 & 100 We can characterize the elements of ‘u
using the Peirce decomposition of 4 in the following way:

ceVie (WL, —4L)o=0(@dLl. -4 =0 o(U)C U and o(V)=0 |
oeVipe (4L, —4L?) ocando(4L, - 4LH=00(U) =0 ando(V) C U (6
oceVo & (4L, —4LYo =0ando(4L, — 4L:)=0e0(U) C Vanda(V) =0 (7
ceVpe (4, —4Lo=0(4L, —4L)) =0 o(l)=0and o(V)CV  (

o

g

Observe that 4L, — 4L? € f’u and ﬁ'jf'kl - éjkf”}l. The decomposition of M (A)
given by

M(A)=FQRIL?-L)aT V2 Vied Vo & Vio (9)
is called the _complete Peirce decomposition of M(A) relative to the idempotent
e € A. The V;; component of o € M(A) will be denoted by [o];;. Tt was proved
in [3] that the dimensions of the subspaces ‘l] in (9) are invariant under change of
idempotents in A hence we have some new invariants for A.

2  On the subspace V'

While the subspace U in (9) has a \913 51mple structure, since it is isomorphic
to I/ & [’ under the mapping 2 € U & U? = ¢, € U, the subspace ¥ reflects
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the complexity of the Bernstein algebras. The subspaces f}j in the decomposition
of M(A) given in (9) provide some information about the algebra A. The com-
ing propositions show us how. Let ¥ = ae + u+ v € A, according to (1). The
decomposition of L, relative to the direct sum given in (9) is

Le=a(2L? = L)+ §vu + (L] (10)
where [L,] = [L.]11 + (L] + [Lrlot + [Leloo with
(L = fa(dLl.-4L})+2L,L. (11)
Loio = (2LeLu— fvy) + (L, —2L,L,) (12)
Lo = L.-2LL, (13)
Lo = 0 (14

The proof of these igualities can be easily obtained using the characterizations of
the elements of f}J given above and relations (3). To exemplify, L, — 2L.L, € Voi
because (L —~2L.L,)(e} =0, (L, —2L L) U)CU?C V and (Ly=2LcLy)(V) =0.

The set {L, —2L.L, : u € U} is a vector subspace of ¥p; and the mapping
v €U~ Ly ~2L.L, € Vo1 is linear. By (7), we have L, — 2L.L, = 0 if and only
if (L, =2L.L,)(U')=0, that is, if and only if u € L. where L = annpl' = {u € [ :
ul’ = 0}. So, we have the following result:

Proposition 1 The vector subspace of f’m consisting of all operators of the form
L, ~2L.L,, ueU, has the same dimension as U/L and so, the dimension of this
subspace of Vou is an invariant of A. In particular, dim ‘01 >dimU —dimL. W

For all Bernstein algebras of type (1 +7,s) with r > 1 we have Vi1 # 0 because
1L, — 4L% € Vy;. But the other 3 direct summands of V' in (9) may be zero,
according to the following propositions.

Proposition 2 With the previous notations, we have the equivalence between
(i) 4 is normal
(ll) ""10 =0.

Proof: (i) = {ii): We have [L;] = [L/11 + [Lz)io + [Lz)or, for all z € A, As
UV =V? = 0. we have [L;];0 = 0. and so. {Ll} et e Vm which is a subalgebra
of M[{A). Then. for zy,....20x € A, [Ly, ... Ly, = [Ly]...[Ls] € Ty = Top. that
is, fylo = fog = 0.

(ii) = (i): If Vo = O then. by (12). for allue 7 and v E V" we have 2L, L = %
and L, = 2L,L.. If we evaluate on ¢/ € V', we obtain uv/ = 2L. L, (¢') = 21;“ ]
0and vo' = L, (') = 2L, L (v) =0, and so UV =12 = 0.

Proposition 3 The following conditions about the Bernstein algebra A are equiv-
alent:

(1) A is exceptional

(ii) Vor = 0
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Proof: (i) = (ii): As in the proof of the Proposition 2. it’s sufficient to prove that
[Lr} € "11 & Vlg. As [LI]OI(U) Q [‘72 = 0, by (7), we have {LrJOl =0.

(i) = (i): For all u € U/, we have L, = 2L.L,, thatis, ulU = L (U) = 2L, L, (U) =

0 andso U'%2 = 0. |
Proposition 4 With the same hypothesis, the following conditions are equivalent:
() L(tvy=20
(i) Voo =0

Proof: (i) = (ii): We prove by induction on % that [L;, ...LzJoo = 0 and that
there exists ug € U such that [L,, ... Lz Jo1 = Luy — 2LeLy,. The case k = 11is
verified using the decomposition of L, in (10). Suppose that [o]o; = Ly, — 2L Ly,
and [oloo=0.foroc =Ly, ... Ls,. f 2 = ae4 u+ v then

[0L:Jor = [olor[Loin + [0loo[LeJor = (Luo = 2LeLyy)(3a(4Le = 4L2) + 2L, L.) =
)

= %Q(Luo - 2LEL110) + (Luo - 2L5Luo (QLL‘LE)

As U(UV) = 0. it follows that (Ly, — 2LcLyy)(2L,L.) = 0. So [oL ] = L%"“O -
'ZLEL%Q,’LO- .\/IOI‘GOVGT. [ULI]OO = [(T]OI[LI]IO = (Luo - 2L5Lu0)((2LeLu - %Uu) +
(L = 2L.Le)) = 0, because (Ly, = 2LeLuy)(Ly = 2Ly Le)(V) € UV? = 0 and
(Luo - QLeLuo)(.ZLeLu - %l‘"‘u) g LT(L'V) =0.

(i) = (i): If Voo = 0 then (Lz;Lzy]oo =0, for all 21,22 € A, For 2y = uy, 2 =
up € U, weget 0 =[Ly, LiyJoo = [LuJo1[Lus)io = (Luy — 2L Ly (2L Loy, — %ng)-,
that is, u;(upv) = 0, for all v € V" and so U{U'V) = 0. |

Corollary 1 If A = Fe U 3V is a Bernstein algebra with U(U'V) = 0 then
dimVp; =dim U — dim L.

Proof: In the proof of the previous proposition, we established that all the elements
of Vo1 have the form L, ~ 2L.L,, with v € U. Use now Proposition 1. »

Corollary 2 If Vor =0 or Vig =0 then Voo = 0. ]

Remark: We may guess, from Proposition 4, that the dimension of {'({"}") does
not depend on the choice of the idempotent. Moreover, Bernstein algebras for which
U(UV) # 0 appear only in dimension greater than 6. These facts will be proved in
Section 4.

3 On the dimension of M (4)

If A is a Bernstein algebra of type (1 + r.s) then evidently dim M (4) < (1 +
r + s)2. We prove in this section some results about the problem of estimating the
dimension of M(A). Firstly, we recall that in [3] it was proved that if A has type
(1.s) then dim M (A) = 1. Also in [3] the authors have calculated }M(A) when A
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has type {1+ r,0). In this section we are interested in the cases r # 0 and s # 0.
Bernstein algebras of a fixed type and having multiplication algebra with minimum
dimension are described in this way:

Proposition 5 If A = Fe 2 U £V is a Bernstein algebra of type (1 + r.s). where
r # 0. then

(a) dim M{A) > r+2
(b) dim M({A)=r+2 ifand only if N? =0
Proof:

(a) As M(A)= F(2L2 = L) 3 U ¢ V.dim U =dim(U & U?) > r and 4L, — 412
is a nonzero element in V (because [’ # 0), we have dim M{A) > 2+ r.

(b) If N2 = 0 then A is normal and exceptional and by Propositions 2, 3 and 4,
Vio= Vo, = Voo = 0 and Vi = F(4L, = 4L2), so dim M(A) = r + 2. If
N? £ 0 then A4 is not normal or not exceptional, so Vio # 0 or Vo # 0 and
then dim 1 > 2. ]

In the case of nuclear algebras, we can improve the bound of Proposition 5.
We recall that A is nuclear if A2 = A or equivalently > = V in (2). The Peirce
decomposition of Ais A= Fe S & U2

Proposition 8 If A = Fe3U s U? is « nuclear Bernstein algebra of type (1+7,5),
with s #0, then dim M(A) >3+ r+ s =2+dim 4.

Proof: It's enough to prove that dim ¥ > 2. The condition s # 0 implies that
A is not exceptional and so Vo, # 0 by Proposition 3. As dimVj; > 1. we have
dimV > 2. |

Here is an a example where the equality dim M (4) = 2 + dim A of Proposition
6 holds.

Example: Let A be a (nuclear) Bernstein algebra of type (1 + r.1) with basis
{e.uy ..., s, v}, weight function w defined by wie) = L, w(w)) =0 (i = 1..... r)
and w(v) = 0 and multiplication table
ed=e; ey = %ui (i=1,....r) uf = v; other products are zero (13)
This algebra is normal and the ideal L = anng; I has dimension r—1. So, dim A (A) =
242r+1-(r-1)=34r=2+dim4.

Nuclear algebras with dim A/ (A4) = 2 + dim A are characterized as follows.

Proposition 7 Let A = FeZU =72 be a nuclear Bernstein algebra of type (147, 5)
with s > 1 such that dim M(A) = 2+ dim A. Then s = 1 and A is isomorphic to
the algebra (15).
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Proof: Firstly, we prove that s = 1. If u € U is such that u? # 0 then L,~2L.L, # 0.
In fact, (L, = 2L.L,)(u) = u? # 0. As dim M (A) = 2 + dim A (recalling that
dimT = dim U + dim U2 and dim V7, > 1), we have dim Vor = 1, that is, Voi
is generated by L, — 2L.L,. So, given x,y € U, there are A;,A; € F such that
L,~2L.L,=X(L,—-2L.L,)and Ly —2L.L, = Ay(Ly, —2L.L,). Then

(Ly = 2L L) (y) = MLu — 2L L) (y) = Ayuy =
M(Ly = 2LeLy) (w) = AAg(Ly — 2L.Ly) (1) = Adgu?,

Ty

This equality shows that u? generates I/? and so A has type (1 + r.1). So, there is
a basis {€,u1, ..., up,v} of A with vy = u and v = u?, and its multiplication table
is given by

e? =€ eu; = %u,' u? = A\jv {i = 1,...,7); other products are zero

where A; % 0. If there is some ¢ > 1 with A; # O then Ly, —2L.L,, and Ly, —2L.L,,
would be linearly independent and so, the dimension of V4 would be greater than
1. Then Ay = ... = A, = 0 and the algebra is isomorphic to the algebra given in
(15). ]

Corollary 3 For every n > 3 there is a unique (up to isomorphisms) nuclear
Bernstein algebra A of dimension n such that dim M(A) = 24+dim A. This algebra
is of type (n — 1.1). |

The concepts of direct product and indecomposable baric algebras were intro-
duced in [1] and [2]. The direct product of the baric algebras (A;.w;) and (A;.wp)
is the subalgebra A; V Ay of A X Az, formed by the pairs (a1, ¢2) such that wy(a;) =
wa(az). The weight function of A;V A is defined by w(ai, ag) = wi (a1} = wafaz). A
baric algebra that can be written as A; V A, where 4; and Az both have dimensions
greater than or equal to 2, is called decomposable. Otherwise, it is indecomposable.

Corollary 4 The unique indecomposable nuclear Bernstein algebra A such that
dim M(4) = 2+ dim A has type (2,1) and is given by the table:

2 =€ eu= 2

u; u° = v; other products are zero (16)

=

where {e,u. v} is a convenient busis, w(e) = 1. w(u) =w(v) =0.

Proof: We have seen in Corollary 3 that A must be given by (15). If r is strictly
greater than 1 then A will be the direct product (in baric sense) of the 3-dimensional
algebra given in (16) by an algebra of type (r,0). |

The class of normal Bernstein algebras can be characterized in several ways,
see for instance [4, Th. 3.4.15, Th. 3.4.17]. Now, we can introduce one more
characterization.
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Theorem 1 The following conditions on the Bernstein algebra A = Fe =7 =V’
are equivalent:

(i) A is normal:

(ii) dim M (A) = 2 + 2dim I/ + dim U2 ~ dim L. ]

Proof: (i) = (ii): We have, in general, M(4) = F(2L2~L,)30 2111 3V105 Vo1 +V00.
By Proposition 2, Vig = 0 and so also Voo = 0. Let 2 = ae+u+ v € A. As
L,L.(U') CUV = 0. we have, for normal Bernstein algebras, a particular case of
(10):

Ife=ae+u+v (i=1,...,k) then
(Le oo Ly )= (3)Fer...op(4Le —4L2) + (3) Yoz ...on(Lu, — 2L Ly,)

So. V = F(4L, — 4L?) ) {Ly = 2LeL, : v € U}, and ‘11 = F(4L. = 4L?) has
dimension 1. Therefore dim V' = dml(hl Tlm) = 1+d1m‘01 =1+dim{U -dimL
by Corollary 1 to Proposition 4, and dim M (A4) = 2 +2dim I +dim I'? = dim L by
(9).

(il) = (i): Let A be a Bernstein algebra such that dimM(4) = 2+ 2dim U +
dim U'? — dim L. We have dlm‘ =1+dimU —dim L. Asdim V) 11 > 1 (because
4L, — 412 € hl) and dim 101 > dim U — dim L we get dim ‘10 = 0. that is, A is
normal, by Proposition 2. ]

4 On the subspaces U and L#(V)

Let 4 = Fe & ' &} be a Bernstein algebra. It’s known that the dimensions
of the subspaces [',V, U2, UV 4 V? are invariant under change of idempotents in
A. On the other hand, the dimension of some subspaces like UV, 1? depends on
the idempotent. In this section we prove two results concerning the invariance of
the dimension of certain subspaces of a Bernstein algebra, obtained from the Peirce
decomposition. Using the relations given in (1), it can be proved, by induction, that

FoUD... DUt cratt o | (17)

VQU'ZQ...2("'2t§(:"2t+22.-- (lﬂ)

where [t = "Il and U = U

Suppose now that A is Bernstein Jordan. It's known that A satisfies the equation
¥ —w(2)2? = 0, see for instance [1, Prop.3.1]. In this case, the elements of ¥ = kerw
satisfy the identity @® = 0, and its linearization, the Jacobi identity a;(azas) +

az{asay) + az{ajaz) = 0. Using it, we have:
Proposition 8 If X is a vector subspace of N then X'X? C X, for all i,j > 1.

Proof: By induction on i. If i = 1, it is the definition (XYX7 = XJ/*1), Suppose
that i > 1 and XX/ C X"% holds, for r < iand j > 1. As X'.XJ = (Y XI-1) Y/,
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it’s sufficient to show that (zy)z € Xt if t € X, y € X™! and z € XJ. Using
the Jacobi identity and the induction hypot.hesis( it results tha‘t.(lv'y)z = —z(yz) —
y(zz) € X(XTIX) + XY XXJ) € X+ and so, XX/ C X forall i,j > 1.
|

Lemma l IfA = Fe3 U &V is a Bernstein Jordan algebra and Ny = U & U?
then Nf = Uk g UM, for all k > 1.

Proof: By induction on k. For k& = 1, it’s clear. If NF = ["* & U*+! then
N = NN = (UF S UMY (0 2 02) = UFF 4 0824 R0 4 U020 Using
the relations given in (17) and (18) and Proposition 8, we have that I'*[7? ¢ [#+2
and UFFIU2 C [A+3 C Uh+1, Qo, ViFD = i+l o k42, ]

The following result can be found also in [5, Prop.2].

Corollary 5 In a finite dimensional Bernstein Jordan algebra A = Fe & U 2V,
the dimension of the subspace U* (k =1,2,...) is independent of the choice of the
idempotent in A.

Proof: It is sufficient to observe that if ep is another idempotent and A = Fep &
Uy & Vo is the Peirce decomposition of A relative to eg then A2 = Fe 2 UV = U2 =
Feq=Up® U2 and the restriction of w to A% has kernel Ny = U 2 U? (= Uy 2 UZ).
By the previous lemma, NF = ['* & U (= U & Ué‘“), so dim U'* = dim U{, by
induction. ]

For arbitrary subespaces X.Y C N, we denote by Lx(Y") the subespace XY,
and recursively, Li{ﬁ'l (Y)= _\'Lfy(Y), for £ > 1. Then we have:

Corollary 6 If A = Fe 2 U &V is a finite dimensional Bernstein Jordan alge-
bra then the dimension of the subspace L{}(V) is {ndependent of the choice of the
idempotent in A, for allk > 1.

Proof: Let N = I/ 2V and N} = I' = [72. The subspaces Lfiyl (N?) are independent
of the choice of the idempotent, so their dimension is invariant. We prove, by
induction on k&, that Lﬁvl(z\’2) = "2 2 Lf,ﬁ'l(V). For k = 1, iN? = (U %
UV U =UlUV)+ U3+ UHUV) = L3 (V) & U? because U2(U'V) C U3,
If L5 (N2) = Us2 2 LEF (V) then LEFN(N?) = (U = U)(UM2 2 LiTH(V)) =
UEHS 4 LEP2(U) + URUR2 4 UPLETH(V) = UR3 4 LEF2(U), because U2UF+2 €
Uk C LEF2(V) and UZLET (V) C U2U%+! C UF3, by (2) and Proposition 8. So,
by the previous corollary, we have that the dimension of L‘[:(V) is invariant under
change of idempotents. [

Corollary 7 If A = Fe = U &V is an arbitrary Bernstein algebra, the dimen-
sions of the subspaces L¥ (V) and U, for k > 1, are invariant under change of
idempotents.
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Proof: We consider the Bernstein algebra A = A/L. where L = anng(I’). This
algebra is Jordan and has the Peirce decomposition 4 = FE£ T & ¥ relative to
€ = e + L. By the previous corollaries, T = o + L and L%ﬁ"(?) = Lf,f"(V) + L
have invariant dimensions. As I'?* N L = 0 by (18), L%?"(V) NL=0by (2)and L
has invariant dimension, we have the desired result. |

Proposition 8 [fdim A <6 then U(UV) =0 hence Voo =0 in (9).

Proof: Suppose ' (I'V) # 0. So, there are elements uy.u; € U7 and v € V" such that
up(ugr) # 0. Then we have {uy.uq. ujv, upv} linearly independent in U. In fact. if
aruy + apuy + Juge + Jhupe = 0, multiplying by upv, we obtain aju(uzr) = 0,
hence a; = 0. using the linearisations of identities (3). In the same way, multiplyving
by uyr, we get ay = 0. Multiplving Jyuiv + Juze = 0 by uy we get 3y = 0 and
so, also J; = 0. Moreover, we have, again by linearisations of identities (3). that
up (g (g (uge))) = —ug(ua{ue(yv))) = %ul(ug(ulv)) = —%(ulv)(ulug) = 0. Then,
{ui(uqav), v} is also linearly independent: if uj(ugv) = Av with A # 0 then v =
Mg (uge) = A7 2wy (ug(uy (uzr)))) = 0. Consequently, dim U > 4 and dim V' > 2
so that dim A > 7 if U(UV) # 0. .

Example: For the following Bernstein algebra of dimension 7, we have U(U'V) #
0: A is the vector space with basis {e. uy, uz, uz. 1y, v1.v2} and multiplication table

eu; = %ulz UglUz = —U Uy = Ui U L] = U3: Uty = Uy other products are zero
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