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Abstract 

This paper deals with the way in which some restrictions on the structure of 
Bernstein algebras and on the multiplication algebra of a Bernstein algebra in- 
terrelate, the first class of restrictions being expressed as the vanishing of some 
products between Peirce subspaces, and the second by bounds on the dimen- 
sion of the multiplication algebra (or some of its key subspaces). The course 
of this enquiry leads to the introduction in Section 4 of some new numerical 
invariants of Bernstein algebras, namely, the dimensions of the subspaces uZk 
and Lib (V) .  
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3728 COSTA, IKEMOTO, AND SUAZO 

This paper is a natural continuation of [3], ~vllere the authors establisl~ed basic 
properties of the multiplication algebra .11(.4) of a Bernstein algebra A.  .-ill the 
notatioti and terminology used here can be found in that article, as well as the 
proofs of the results about dl ( .4 )  that we assume here. I n  this article Lye introduce 
some nee invariants for Bernstein algebras and establish some connections ivith 
other kno~vn invariants. 

\Ye recall that a baric algebra over a field F is a pair ( . A . L ) .  where .A is a not 
necessarily associative algebra over F and I. : .-I -+ F is a nonzero homomorphism: 
in this case I. is called the ~veight function of (.A,*). IIoreover. .V = kerd is a 
ta-o-sided ideal of A of codimension 1. .A baric algebra i . 4 . ~ )  is Bernstein if A is 
conlrr~utative and ( , T ~ ) ~  = - ( z ) . r2 .  for all z E .4. From now on n.e consider onl). finite 
dimensional Bernstein algebras over fields of characteristic not 2 .  Given a Bernstein 
algebra ( A . 3 ) .  the elements r 2  with & ( I )  = 1 are all the nonzero idernpotents in 
.A, and given a nonzero idempotent e ,  we have the Peirce deco~nposition relative to 
this idernpotent: 

.-I = F E  5 I ;  3 L L  ( 1 )  

n here I ;  = {I E .V : 2.re = .r) and I.r = { I  E .V : x e  = 0 ) .  I-nless necessary, n e  
omit the subscript e in [-, and I.;. The relations 

c-2 \,. [-, L r 2  l.. = 0 

as nell as the identities for u E 1. and c E I '  

hold in A.  The dimensions of ( -  and I.' in ( I )  are invariant under change of idempo- 
tents, and the pair (1 + dim IT, din1 I.'). which therefore is well defined. is called the 
t y p ~  of .A. The subspace L = (11 E IT : u l :  = 0) is an ideal of .A that is independent 
of the chosen idernpotent. Moreover, .A/L is a Bernstein .Jordan algebra, that is. 
its elenie~rts satisfy the identity ~ ~ ( ~ x )  = ( , T ~ ~ ) X .  Severtheless. the sn~allest ideal 
I of .4 such that A/I  is .Jordan is that generated by all the elements I" - ( s ) r 2 .  
.C E .4. See. for instance, [4, th. 3.4.191 or [ I ,  Section :3]. \Vlien I-' = 0 in (2 ) .  
.A is called r r c ~ p t i o r ~ ~ l  and when I'\' = L" = 0.  .-I is normnl. These conditions 
are independent of the chosen idempotent in A. Other characterizations of these 
algebras can be found in [A] or [(i], as well as the basic theory of Bernstein algebras. 

Given an arbitrary algebra .A over the field F, its multiplication algebra .\I (.A) 
(over F )  is the subalgebra of Endi.4) generated by the operators L, and R,, defined 
b L,(rc) = .rn. R,(rc) = rtr. n..r E -4. I n  [3] ,  the authors proved the following 
results about .\I(.4) when .A is Bernstein: 

( a )  .I1 ( : I )  is baric with ~veiglit function 2, where Z(L , )  = & ( z )  on the generators 
L, of .11(A) and the operator 2LZ - L, is all idempotent of n.eight I .  This 
operator is the projection of .4 onto Fc in (1) .  \Ye have the deconipositio~i 
J l ( A )  = F(2Lz - L e )  + (-1- : A ) %  Lvliere (-V : A )  = { u  E -11 (:l) : u( .4)  2 
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BERNSTEIN ALGEBRAS 3729 

S) = {a E .II(.A) : .J o o = 0) and -V = ker;. Lloreover. 4L, - 4Lt is 
another idempotent of . l I( .A),  orthogonal to 2 ~ :  - L,. The operator JL, -4Lf 
is the projection of A onto I*  in ( I ) ,  so that 4Le - 4L: # 0 if and only 
~f 1- # 0. Any element u E .1I(.A) can be decomposed In the form cr = 
n(2L; - L , )  + 3(4Le  - 1L:) + 0. where 0 E .$, a. 3 E F and -7 1s the ideal of 
.I1 (A) generated by the set {L, : x E .Y). In general. .ll(.-l) has not a unity. 
so the projection of A onto 1-  In (1) does not belong to J l  ( A ) .  

(b )  For a fised Idempotent e E- .A. the algebra 31 (A) can be decomposed as 
,bI(.-l) = F(2Lg - L C )  6 r 51- where = {u E (.Y : .A) : u(2Lf  - L,) = a) = 
{u E (.I : A )  : u(<V) = 0) = {b, : x 6 1- 3 1.'). with L . = ( E )  = .r and &>(.\') = 
0 and 1.. = {a E (.I' : A) : u(2LS - L,) = 0) = {u E (S : .A) : a(€)  = 0). The 
application IJ : 1' 3 l-' + fi given by x ++ -tx is an isomorphism of ~ e c t o r  
spaces. In particular. dim = dim I' + dim 1.' and it is an in~a r i an t  of A. 

(c) The subspaces r and r of ,I1 (A) verify the following relations 

so is an ideal of zero square and I.' is a subalgebra of .U(A). Conslde: 
a E -21 (.i) decomposed In the form a = a(2Lz - L,) + y + 0, ahere  .v E L' 
and 0 E L . If we denote 0 by [a], u e  have. from (4 ) . tha t  the mapping u e [o] 
is a hornoniorphism (of algebras) from -11 (A) onto 1.. 

(d )  The - -  idempotent - 4L, - 4Lg E p-gives rise to the usual Peirce decomposition 
of L7: L7 = l i l  8 flo & rOl Ibo. We can characterize the elements of I;,, 
using the Peirce decomposition of A in the folloning nay :  

Observe that 4Le - 4Lz E vll and c,rkl C bll;cl .  The decomposition of -11 ( A )  
gi\ en by - - - - - 

-11 (A)  = ~ ( 2 L f  - L,) l7 5 ITll 6 L>o 3 b b ~  6 Lbo 

is called the complete Peirce decomposition of :11 (A) relative to the idempotent 
c E A. The I;,,, component of u E .2I(.A) will be denoted by [uIij. It Ivas proved 
in [3] that the dimensions of the subspaces rLJ in (9) are invariant under change of 
idempotents in .A hence we have some new invariants for A. 

2 On the subspace 

l\.'hlle the subspace ? in (9) has a verb simple structure, since it 1s isomorph~c 
to 1' 2 I*' under the mapping .r E I -  G ( . 2  e y, E I ' ,  the subspace I- reflects 
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3730 COSTA, IKEMOTO, AND SUAZO 

the complexity of the Bernstein algebras. The subspaces c, in the decomposition 
of M ( A )  given in ( 9 )  provide some information about the algebra .A. The com- 
ing propositions show us how. Let ,T = n e  + u + c  e .A, according to ( 1 ) .  The 
decomposition of L ,  relative to the direct sum given in ( 9 )  is 

L ,  = n ( 2 ~ 2  - L , )  + ) L-, + [L,] ( 1 0 )  

The proof of these igualities can be easily obtained using the characterizations of 
the elements of r,, given above and relations (3 ) .  To esemplify. L ,  - 2 L , L ,  E rol 
because ( L , , - 2 L , L , ) ( e )  = 0 ,  ( L , - 2 L , L , , ) ( I : )  E l T 2 S  L'and ( L , - 2 L , L , ) ( L - )  = 0 .  

The set { L ,  - 2 L ,  L ,  : rl E C 7 )  is a vector subspace of cOl and the mapping 
u E I' H L,, - 2L,L,  E Ibl  is linear. By ( T ) ,  we have L ,  - 2 L , L ,  = 0 if and only 
if ( L ,  - 2 L , L , ) ( I ' )  = 0 ,  that is, if and only if u E L .  where L = annr.l: = { u  E I-  : 
uI' = 0 ) .  So, we have the following result: 

* 

Proposition 1 The  uector subcpuce o f  Ibl  consrstrng of all operators of the form 
L ,  - 2L,L , ,  21 E I ' ,  has the same drmtnszon as C I L  an(l_so, the dzmensmn of fhrn 
subspnce of ?o;ol 1s a n  mcarrant of A. In particular. dim Ibl 2 dim I T  - dim L .  . 

For all Bernstein algebras of type (1 + r.5)  with r 2 1 ~v: have # 0 because 
4 L ,  - 4L: E e l l .  But the other 3 direct summands of L7 in (9) may be zero. 
according to the following propositions. 

Proposition 2 Ii'tth the prtcrous n o t u t ~ o n s ,  UY h a w  the equrcaknce b e t u w n  
(1) .A cs nornml - 
(21) I;,, = 0 .  

Proof: ( i )  + (ii): \Ye have [L,] = [L,]11 + [L,ILo + [4,Iol. for all x E .A. .As 
171' = = 0. we have [L,]lo = 0 .  and so. [L,] E r;l Lbl. which is a subalgebra 
of .\I(.-\). Then. for s l ,  . . . . .rk E A. [L,, . . . L,,] = [L,,] . . . [L,,] E rl1 3 Fol. that 
is. I.lo = Ibo = 0 .  - 
(11) + ( i ) :  If 1 io = 0 then. by ( 1 2 ) ,  for all u E l* and 1, E 1. we have 2 L , L ,  = 4 L-,, 
and L ,  = 2L,L, .  If we ebaluate on c' E I.. u e  obtain UL,'  = 2 L , L , ( r 1 )  = $ v , , ( c l )  = 
0 and l'r.' = L , ( L " )  = 2 L ,  L C ( ? ' )  = 0,  and so 1.1.. = 1.' = 0 .  rn 

Proposition 3 T h r  f o l l o u ~ ~ n g  concl~trons crboitf the B t r n s t t r n  nlgfbrn .A art eqnrr- 
c11t n  t: 

(rj .A - rs e~ceptronal  
(11) r bl  = 0 D
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BERNSTEIN ALGEBRAS 373 1 

Proof: (i) +_( i i ) :  As in the proof of the Proposition 2. it's sufficient to prove that 

[L,] E 5 Lie. .As [L,Iol(l-) E lV2 = 0, by ('i), a e  have [L,Iol = 0. 

(ii) + (i) :  For all u E l- ,  we have L, = 2L,L,, that is, uG = L, , ( l i )  = 2L,L,(l-)  = 
0 and so 1.' = 0. w 

Proposition 4 'Ilith the . ~ m e  hypothesrs, the folloulng conchtrons clre equlrcdenf: 
(1) [-(I-1.) = 0 - 
( 1 1 )  \bo = 0 

Proof: ( i )  + (ii): \Ye prove by induction on k that [L,, . . . L,,loo = 0 and that 
there esists 110 E 1- such that [L,, . . . L,,lol = L,, - 2L,L,, . The case k = 1 is 
verified using the decomposition of L ,  in (10). Suppose that [uIol = L,, - 2L,Luo 
and [uIoo = 0, for u = L,, . . . L,, . If x = ae + u + c then 

.As 17(171.') = 0. ~t follons that (L,, - 2L,Lu,)(2L,L,) = 0. So [ U L , ] ~ ~  = L;,,, - 

.ZL,LL ,,,. Moreo~er ,  [uL,]oo = [u]ol[L,]lo = (L,, - 2L,L,,)((21j,L, - iu ,)  + 
(L,  - .ZL,L,)) = 0,  because (L,, - 2L,L,,)(L, - 2L,L,)(1.') lTr2 = 0 and 
(Lo - 2L,Luo)(2LcLu - iv,) 2 l - ( I T r )  = 0. 

Corollary 1 If A = F e  + I' + 1.. 16 a Bemstezn  cdgebrcl urth I - ( C I r )  = 0 then 
dim fol = d m  I -  - dim L.  

Proof: In the proof of the previous proposition, n e  established that all the elements 
of hi have the form L, - 2L,L,, with u E I - .  L-se now Proposition 1. 

Corollary 2 ~f cb l  = 0 o r  ?lo = 0 then = 0. w 

Remark: \Ve ma) guess. from Proposltlon 4 ,  that the d ~ m e n s ~ o n  of l ( I  1') does 
not depend on the cho~ce of the Idempotent. hIoreo\er, Bernstein a lgeb~as  for n h ~ c h  
IT([-1 ) # 0 appear on]! 111 dlmens~on gleater than 6. These facts \!111 be pro\ed In 
Section 4 

3 On the di~iiension of -\I(-4) 

If A is a Bernstein algebra of type (1 + 7. s)  then evidently dim .ll(.4) < (1  + 
r + s ) ~ .  \\k prove in this section some results about the problem of estimating the 
dimension of . lI(A).  Firstly. we recall that in [3] it was proved that if A has type 
(1. s )  then dim 111 ( A )  = 1. Also in [:3] the authors have calculated J l  ( A )  when .A D
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3732 COSTA, IKEMOTO, AND SUAZO 

has type (1 + r .  0) .  In this section we are interested in the cases r # 0 and s # 0. 
Bernstein algebras of a fixed type and having multiplication algebra nith minimum 
dimension are described in this way: 

Proposition 5 If .A = F e  $ I .  % 1' 1 s  (1 B f r n ~ t e i n  (rlgebra of type (1 + r .  .s). where 
r # 0, then 

( a )  dim A1 (.A) 2 r + 2 

(b )  din1 dI(.A) = r + 2 ~f and only rf .Y2 = 0 

Proof: 

( a )  As .U(..I) = F(2Lz - L,) 6 j. p. dim = d im( l '+  1'') 2 r and 4L, - 4L: 
is a nonzero element in 1; (because I' # 0) .  we have dim JI (A)  2 2 + r .  

(b )  If .V2 = 0 then A is normal and esceptional and by Propositions 2,  3 and 4. 
= rol = Po0 = 0 and pll = F(4L ,  - 4L,2), so dim .21(.A) = r + 2. If 

?i2 # 0 then d is not normal or not exceptional, so Flo # 0 or ?ol # 0 and 
then dim 2 2. 

In the case of nuclear algebras, we can improve the bound of Proposition 5 .  
\Ye recall that .-I is nuclear if .A2 = .A or equivalently 1 - 2  = 1.' in (2) .  The Peirce 
decompos~tion of A is A = F e  l7 + 1.'. 

Proposition 6 If '4 = F e  3 IT$ 1'' 15 u nuclear Bfrnstein algebra of type (1 + r ,  s ) ,  

wrth s # 0,  then dim .\I (;I) 2 3 + r + s = 2 +dim A. 

Proof: It 's enough to prove that dim 2 2. The condition f 0 implies that 
A is not exceptional and so Pol # 0 by Proposition 3.  .As dim ?1-;1 > 1. we have 
d im?  2 2. 

Here is an a example where the equality dim .\I (A)  = 2 + dim .A of Proposition 
6 holds. 

Example: Let ..I be a (nuclear) Bernstein algebra of type ( I  + r. 1) u i th  basis 
{ F .  (11.. . . .  u p .  r},  neight function c. defined by &(e)  = 1. ~ ( u , )  = 0 ( 2  = 1,.  . . .  r )  
and d ( r )  = 0 and multiplication table 

t 2  = F ;  E U ~  = iui ( 1  = 1. .  . .. r ) :  U :  = r :  other products are zero (1.5) 

Thls algebra is normal and the Ideal L = annc I' has dimension r-1. So, d ~ m  -21 (.A) = 
2 + 2r  + 1 - ( r  - 1)  = 3 + r = 2 + dim ..I. 

Suclear algebras w t h  dim dI(.A) = 2 + dim A are cliaracter~zed as follons. 

Proposition 7 Lei d = Fe+17+172 be a nuclear Bernstern crlgebrcc of type ( l + r .  s)  
u-lth s 2 1 iuch thcrt dim 31(A) = 2 + d ~ r n  .A. Then s = 1 ctnd ..I rs rsomorphrc to 
the algtbra ( 1 5 ) .  
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BERNSTEIN ALGEBRAS 3733 

Proof: Firstly. we prove that s = 1. If u E I -  is such that u 2  # 0 then L,,-2L,Lu # 0. 
In fact. ( L ,  - 2 L , L , ) ( n )  = uZ # 0. As dim .\I(.A) = 2 +_dim .A (recalling that 
dim = dim l7 + dim lT2  and dim 2 l ) ,  we have dim l b l  = 1, that is, 
is generated by L ,  - 2L,L,. So, given x ,  y  E I', there are X I .  X 2  E F such that 
L , - 2 L , L , = X 1 ( L , - 2 L , L , )  and L , - 2 L , L , =  X 2 ( L , - 2 L , L , ) .  Then 

x y  = ( L ,  - 2 L , L , ) ( y )  = X(L, ,-  2 L , L , ) ( y )  = X1uy = 
= X 1 ( L ,  - 2 L , L , ) ( u )  = X1X2(L,  - 2L,L , , ) (u)  = x I x Z U ~ .  

This equality shows that u2 generates l" and so A has type ( 1  + r .  1).  So, there is 
a basis {t, u l . .  . ., u,. L') of A with ul = u and 1, = u2,  and its multiplicatio~~ table 
is given by 

e 2  = E :  e u ,  = i u ,  u: = X,c ( 1  = 1.. . . , r ) :  other products are zero 

where X I  # 0. If there is some 1 > 1 with A, # 0 then L,, <2L,Lu ,  and L,,, -2L,L,, 
~vould be linearly independe~~t and so, the dimension of Ib l  would be greater than 
1. Then X L  = . . . = X ,  = 0 and the algebra is isomorphic to the algebra given in 
(1.5). 

Corollary 3 For erery n > 3 there 1s u unique ( u p  t o  ~ ~ o n z o r p h l s n ~ ~ )  nuclear 
B ~ r n s t t l n  nlgcbm .-I of r l ~ n ~ e n s ~ o n  n such that d ~ m  3I( .A) = 2+dim A .  Thls  olgebm 
is of type ( n  - 1 . 1 ) .  rn 

The concepts of direct product and indecomposable baric algebras {vere intro- 
duced in [ I ]  and [2] .  The direct product of the baric algebras ( . A l . ~ l )  and ( . A 2 . i z )  
is the subalgebra .Al V A z  of .Al x A 2 ,  formed by the pairs ( a l .  ( 1 2 )  such that d l  ( a l )  = 
d 2 ( u 2 ) .  The weight function of A l  v.42 is defined by & ( a l ,  u 2 )  = ~1 ( a 1 )  = ~ ~ ( ( 1 ~ ) .  A 
baric algebra that can be ~vritten as A 1  V A 2  where A 1  and A 2  both have dimensions 
greater t11a.n or equal to 2 ,  is called decompo.sctble. Otherwise. it is indecornposc~ble. 

Corollary 4 The unique ~ndecomposc~ble nuclear B ~ r n s t e i n  ulgebru .A such thnt 
d m  .lI(.A) = 2 + dim .A has type ( 2 , l )  and 1s grren by the table: 

E 2  = t :  e u  = l u :  u2 = L.: other products are zero 
2 ( 1 6 )  

where { e .  U .  L. )  1 5  ( I  concenlent basts. ; ( e )  = 1.  ~ ( u )  = L J ( L , )  = 0 .  

Proof: bVe have seen in Corollary 3 that .A must be given by ( 1 5 ) .  If r is strictly 
greater than 1 then A will be the direct product (in baric sense) of the 3-dimensional 
algebra given in ( 1 6 )  by an algebra of type ( r . 0 ) .  

The class of normal Bernstein algebras can be characterized in several ways. 
see for instance [4. Th. 3.4.15, Th.  3.4.171. Sow, we can introduce one more 
characterization. D
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3734 COSTA, IKEMOTO, AND SUAZO 

Theorem 1 The follo~rrng condztrons on the Bernste~n algebra A = FF 5 I -  + I -  
are ~q l~ run l t  nt: 

(I) .-I 15 normal; 
(11) dim M ( A )  = 2 + 2dim 1- + dim l r2 - dim L. W 

Proof: ( i )  + (ii): \.Ye have, in general, RI(A) = F ( ~ L ; -  L , ) ~ ~ S ~ ~ I ~ ~ ~ ~ ~ ~ U ~ ~ ~ O O .  

By Proposition 2, Lie = 0 and so also I.bo = 0. Let I = a e  + u + E .-I. As 
L,L,(17) 1'1. = 0, we have. for normal Bernstein algebras, a particular case of 
(10): 

L I  = $ 4 4 ~ ~  - 4Lg) + (L, - 2L,L,) 

If I, = a , e  + (1% + a, ( i  = 1.. . . .  k )  then 

1 k-1  [L,, . . . L,,] = ( ; ) % I . .  . ak(4L, - 4L:) + ( r )  0 2 . .  .ak(L,,  - 2L,L,,) 

So. p = F(4L ,  - 4L:) .i. { _ E l ,  - 2L,L, : (1 E IT}. and rll = F(4L ,  - 4 L f )  has - - - 
dimension 1. Therefore dim I '  = dim(Li l  +I.bl) = 1 +dim Ibl  = 1 +dim 1- -dim L 
b! Corollary 1 to Proposition 4, and dim dI(.-I) = 2 + 2d1m I T +  dim - dim L b! 

(9) .  

(li) + ( i ) :  Let A be a Bernstein algebra such that dim .\I(.-I) = 2 + 2 d ~ r n  1- + 
dim - dim L. IVe ha\e dim ? = 1 + dim I .  - dim L. .As dim pll 2 1 (because 
4L, - 4 ~ :  E Vl1) and dim fol > dim I' - dim L n.e get din1 clo = 0. that is. .-I is 
normal, by Proposition 2. 

4 On the subspaces I-" and L;h(l') 

Let .A = F e  .f. 1- ;r I -  be a Bernstein algebra. It's knon n that the dimensions 
of the subspaces I - .  I', IT2. I.\' + I r 2  are invariant under change of idempotents in 
.-I. On the other hand. the dimension of some subspaces like I'17. 1-* depends on 
the idempotent. I n  this section we prove t n o  results concerning the invariance of 
the dimension of certain subspaces of a Bernstein algebra. obtained from the Pe~rce  
decomposit~on. Vsing the relations given in (4), it can be proved, by induction, that 

1' , r2 2 . . . _> rZt C - rZtf2 , . . . ( IS)  

here I'"+' = 17'1- and IT '  = 1'. 
Suppose non that .-I is Bernstein Jordan. It 's k n o w  that A satisfies the equation 

s3-w.(s)r2 = 0. see for instance [I. Prop.3.11. In thiscase. theelements of = ker; 
satisfy the ident i t  .r3 = 0,  and its linearization. the .Jacob1 identity nl(cr2ns) + 
(12(a3n1) + a3(clla2) = 0. Llsing ~ t ,  a e  have: 

Proposition 8 IfS 1s n iw to r  subspace of *Y then S L S J  C ST+], for all 1 .1  2 1. 

Proof: By induction on i .  If i = 1, it is the definition (SSJ = S-'+'). Suppose 
that i > 1 and 4'1' C Sr+J holds. for r < i and j > 1. .As X'S3 = ( IS1- ' ) . I - ' .  
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it's sufficient to show that ( r y ) :  E S1+J if .c E S, y E XI- '  and : E SJ.  I.sing 
the Jacob1 ~dentity and the induction hypothesis, it results that ( z y ) :  = -r(y:) - 
y(r:)  E S ( . 7 i ' - 1 S J )  + .7i1-l (XI-') X'fJ  and so, S'XJ E SZ+J ,  for all 1 . 1  > 1. 

The following result can be found also in [Fj. Prop.21. 

Corollary 5 In a finite d~mtnaronol Bernstern Jordan rtlgebra ..I = Fe $ I' 2 I - ,  
the rlrn,enston of the subspcite lr"k = 1 , 2 , .  . .) 1s miependent of the cholce of the 
rclernpottnt 1n A.  

Proof: It is sufficient to observe that if €0  is another idempotent and .A = Feo $ 

C-" I l b  is the Peirce decomposition of .-1 relative to eo then A2 = Ft + I' l Y 2  = 
Fto  % I b 3  17: and the restriction of J to  A2 has kernel = I -  5 1-2 (= 1; 5 1';). 
B) the precious lemma. *V,k = l r b  3 lTk+l (= 17,k + 17:+1), SO dim I'" = dim G, by 
induction. W 

For arbitrary subespaces S.  I' .\-. we denote by L x ( l ' )  the eubespace X I ' .  
and recursively, L:?' ( Y )  = Si,  ( I r ) .  for k > 1. Then we have: 

Corollary 6 If .A = Fe 1- + 1. 1s (1 finzte dzmtns~onctl Bernsttrn .Jordnn alge- 
bru then the d~mensron of the s~ibspnce Lt , (Lr)  is independent of the chozce of the 
rdenzpotent rn .A, for (ill k 2 1. 

Proof: Let -1- = 1 ' 4  1. and .Y1 = 1- 1 l T 2 .  The subspaces L!, ( X 2 )  are Independent 
of the cho~ce of the idempotent. so thetr dimension IS m a r l a n t  lye proke. b~ 
induction on k ,  that ~ 1 . ~  (,v2) = 5 L ~ + ' ( L ' ) .  For k = 1, .V1.V2 = ( I .  + 
l T 2 ) ( l ' V  f& l Y 2 )  = l ' (17Lr)  + r3 + 172(171.) = LZ,(17) 3 1'? because 1 2(c1.') g c3 
If Lk,, ( - Y 2 )  = rk+l 5 Lk+l (1 ' )  thpn L Z T ~ ( . Y ~ )  = (1' 3 c2) ( [ -1+2 + L b t l  c7 ( 1 7 )  = 
1-"3 + Lkt2(17) + l-217k+2 + = + L ; ? ~ ( [ . ) ,  because 1'2c"fZ C - 
1 ' I 4  C L ~ ; ~ ( L - )  and I J ~ L ~ ~ ~ ( L ' )  2 17'(."l 2 l."3, bi ( 2 )  and Proposition 8. So. 
by the prelious corollarj. a e  have that the dirnenslon of L: (1.) IS invariant unde~  
change of idempotents. 

Corollary 7 If .A = Fe I -  1-  is an cirbitrury Bernstern nlg~brc~, the rlrmen- 
stons of the subspaces L;"L~)  and for k > 1 ,  rtre intwrictnt under change of 
~den?potents. D
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3736 COSTA, IKEMOTO, AND SUAZO 

Proof: \Ye consider the Bernstein algebra 2 = .AIL. where L = annr,(l:). This 
algebra is Jordan and has the Peirce decomposition 3 = F F ;  + relative to 

7 2  k 
F = e + L .  By the previous corollaries. I = l rZk  + L and L F ( ~ )  = L:!(L') + L 
have invariant din~ensions. As IT2% L = 0 by ( 1 8 ) .  L?~.'(I,.) n L = 0 by ( 2 )  and L 
has invariant dimension. ive have the desired result. 

Proposition 9 If dim '4 5 6 then C7(I-l.) = 0 hence roo = 0 in ( 9 ) .  

Proof: Suppose I . (I71.-)  # 0 .  So, there are elements 111.  n2 E 1- and 1: E I.. such that 
u l ( u Z c )  # 0 .  Then we have { u l .  112. n l c .  11~19) linearly independent in I - .  111 fact. if 
n l u l  + nzu2 + d l  u l c  + 3 2 1 ~ 2 t ,  = 0 .  multiplying by nzt,, we obtain a l  u l ( u 2 e )  = 0 .  
hence 0 1  = 0 .  using the linearisations of identities ( 3 ) .  I n  the same way, multiplying 
by u l r ,  we get n.1 = 0 .  SIultiplying 3 1 ~ l l l .  + .32112~ = 0 by rcl we get 32 = 0 and 
so, also = 0 .  Lloreover. we have. again by linearisations of identities ( 3 ) .  that 
~ ~ ~ ( u ~ ( u ~ ( u ~ c ) ) )  = - U ~ ( U ~ ( U ~ ( ~ L ~ ~ ) ) )  = ~ u ~ ( u ~ ( u ~ c ) )  = - ~ ( u l c ) ( u l u ~ )  = 0 .  Then, 
{ u ~ ( I I ~ L , ) ,  L') is also linearly independent: if u l  ( u z  1 3 )  = Xc with X # 0 then c = 
X - l ~ l ( u ~ v )  = X - 2 ( 1 ~ 1 ( ~ i 2 ( ~ ~ 1 ( ~ ~ 2 r ) ) ) )  = 0 .  Co~~sequently. dim I: 2 4 and dim 1. 2 2 
so that dim .A 2 7 if I ; ( [ - \ - )  # 0 .  W 

Example: For the follotving Bernstein algebra of dimension 7. we have 1:(1717) # 
0: A is the vector space with basis { t .  ul. u2. u g .  114. r1. c 2 )  and multiplication table 
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