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The solution of the Bernstein problem in the regular and exceptional cases, in all
dimensions n, was made by Yu. Lyubich. A. Grishkov proved that there are no
nonregular nonexceptional nuclear Bernstein algebras of type (4,2) with stochastic
realization and therefore the Bernstein problem of type (4,2) was completely
solved by the present author (J. Algebra, to appear). The aim of this paper is to
describe explicitly all simplicial stochastic nonexceptional nonregular Bernstein
algebras of type (3, 3). Since every nonregular nonexceptional Bernstein algebra of
dimension 6 is either of type (4,2) or of type (3,3), the Bernstein problem in
dimension 6 is completely solved in this paper.  © 1996 Academic Press, Inc.

1. INTRODUCTION

In works [1-4], S. N. Bernstein raised and partially solved an important
problem concerning mathematical expression of fundamental laws of bio-
logical heredity. Let us, following [21], describe the statement of the
Bernstein problem.

The state of a population in any generation can be described by a
stochastic (or probabilistic) vector x = (x,)!_,, so all the x;, > 0 and s(x) =
¥, x; = 1. The set of all states is the basic simplex A"~ c R". The vertices
(e;)i_, of this simplex are the types of individuals in this population. Let us
denote by p;; , the probability that an individual of type e, appears in the
next generation from parents whose types are ¢; and e;, so

Pij k=0 and Zpij,k =1 (1)
k

Moreover, if the material or paternal origin does not play a role in the
production of offsprings’ types, then

Pijk = Pji,k» L,jk=12,...n. (2)
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Let the population be panmixic, i.e., the mating in it is at random. Then
in the absence of selection the state x’ = (x})”_, in the next generation
will be

X, = Zpijykxixj (L<k<n). (3)
i

These formulas define a mapping V: A"~! — A"~ called the evolutionary
operator (e.o0.) of the given population. A state x is called an equilibrium if
Vx = x. An evolutionary operator V' is called stationary if for every
x € A"~ the corresponding state in the next generation is an equilibrium,
or equivalently 12 = V.

The Bernstein problem is to describe explicitly all stationary evolution-
ary operators.

The following interpretation of evolutionary operator 1, given by the
formula (1), is very useful in the solution of this problem. One can define
in the space R"” a commutative product

¢e; = Zpij,kek (1 <i,j<n). (4)
k

In such a way we obtain a commutative (nonassociative) baric algebra A4
over R. The pair (A, s) is a simplicial stochastic algebra (see [21, p. 150] for
a general definition). This means that the product of any elements x,y €
A"~ 1 belongs to A"~ (we say “stochastic” for simplicity). This commuta-
tive algebra A4 has a nonzero homomorphism s: 4 — R. There is a
remarkable connection between the stationary properties of an evolution-
ary operator and some property of the corresponding algebra A.
The following theorem was established by Lyubich [12].

THEOREM 1.1. The operator V is stationary if and only if the identity
(x?)? = s(x)?*x? holds.

One of most important conclusions that can be drawn from the preced-
ing theorem is that the Bernstein problem is equivalent to finding, for
every Bernstein algebra, all stochastic bases with their corresponding
multiplication constants.

Let us recall some definitions and facts concerning Bernstein algebras
(see [21, 22] for more information). A Bernstein algebra (A, w) over R is a
commutative baric algebra, that is, w: A — R is a nonzero algebra homo-
morphism) satisfying the identity

(x%)" = w(x)’x? (5)

for every x € A. We remark that Bernstein algebras are not necessarily
algebras with a stochastic realization; that is, there exist Bernstein algebras
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such that for every basis the simplex A spanned by this basis is not
invariant with respect to the multiplication, i.e., A-A ¢ A (see [8]). A
linearly independent set ® in A is said to be stochastic if A(D) - A(P) C
A(®). Therefore, a Bernstein algebra is an algebra with a stochastic
realization if and only if it has a stochastic basis.

A Bernstein algebra has a nonzero idempotent element e. Every such
elements yields the Peirce decomposition 4 = Re ® U, ®© V,, where

ker(w) =U,®V,, U ={x€A/ex=3x},

e

V,={x€A/ex=0}.

We will let N =ker(w) and denote by I(A) the set of idempotent
elements.

It was proved in [12] that dim U, (and then dim V/,) does not depend on
the choice of the idempotent element, so we can define type 4 = (m, §),
where m — 1 =dimU, and 6 =dimV, (so n = dim A = m + §). Prod-
ucts between elements of U, and V, satisfy the relations

U cv, vy, cu, Vzcu, (6)
(uz)2 =u?(w) =u® =u(w) = u(v?) = (ul))2 =u?v?2=0 (7)

for all u € U, and v € V,. On the other hand, I(A4) ={e + u + u® /u €
U} and if ¢ = e + u + u? is another idempotent, then

U={u+2ui/uecl}, V,={v-2u+u*)v/veV,}. (8)

Moreover dim U? and dim(U,V, + V,?) do not depend on the choice of
the idempotent element. So we will use the following definitions intro-
duced by Lyubich (see [12, 16, 21]): a Bernstein algebra in which UV, +
V2 = (0) is called regular and a Bernstein algebra in which U? = (0) is
said to be exceptional. Every Bernstein algebra of types (m, 6) with m — 1
or & less than or equal to 1 is regular or exceptional. Further, an algebra
A where A? = A is called nuclear.

We now define the basic concept of invariant linear form. This is a linear
form, f, on a Bernstein algebra which satisfies the identity

f(x*) = o(x)f(x) (9

for all x € A4 (see [21] for more information). If we denote by J, the set of
invariant linear forms of A, then its orthogonal is

If= (U, +V2) eV, (10)
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Finally, we will denote by U, the subset U, N annU,. This subset is
independent of the idempotent considered and is an ideal of 4. On the
other hand, 4 = 4 /U, is a Jordan—Bernstein algebra (see [5] for general
information about U, and Jordan—Bernstein algebras).

We call a s.e.o. regular, exceptional, or of type (m, 8) if the correspond-
ing stochastic Bernstein algebra is regular, exceptional, or of type (m, &),
respectively. So a s.e.o. is called degenerate if there exists i such that
x; = 0.

Bernstein solved the Bernstein problem for n = 3. (The case n = 2 is
trivial.) For all n > 3 the Bernstein problem in the so-called regular case
and the exceptional case was completely solved by Yu. Lyubich in a series
of papers (see also his book [21]). In [7] we solved the problem for type
(3,2) in the nonregular and nonexceptional case and therefore we solved
completely the problem for n = 5. Finally, in [10] we solved the Bernstein
problem for type (n — 2,2), for all n, in the nonregular nonexceptional
nonnuclear case.

Now, we will recall some definitions of Lyubich that are very useful in
the solution of this problem (see [21, pp. 228, 233] for more information).
Let I be a Bernstein evolutionary operator. Consider an arbitrary face I'
of the basis simplex A and let C = IntT € ImV (as usual, IntT is the
interior of the face I" with respect to its affine hull). We will call the face
I' essential if C# . An essential face I' is called a k-dimensional
essential face if C. has dimension k as topological space (we say “k-essen-
tial” for simplicity). On the other hand, if x =X/ e, o, >0 the
support of x, denoted supp(x), is the set of basis vector (or their corre-
sponding indices) for which the coefficient is positive, i.e., i € supp(x) if
and only if «; > 0.

We can prove the following generalization of Lemma 5.7.2 of [21]:

LEMMA 1.1. Let V be a Bernstein evolutionary operator of type (m, §).
Then it contains at least m — k k-dimensional essential faces, for k =
0,1,...,m — 1.

Now, we obtain the following

LEMMA 1.2. Let V be a Bernstein evolutionary operator, I and T" two
essential faces of V, and T 0-dimensional. Then T' N 1" # &, implies that
rcr.

Besides, if 1" is also 0-essential, then either ' = 1" or T N 1" = .

Proof. Let x be an element of I' N I". Since every essential face is
invariant with respect to the evolutionary operator, we have that x> € I' N
I[". Consequently, supp(x?) c T N I". On the other hand, x* € C and
therefore supp(x?) is equal to {e; /e, € T}. |
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We remark that if ® = {e,,...,e,} is a basis of a Bernstein algebra with
A;j.x the corresponding multiplication constants, i.e., e;e; = X, A;; ;e;, then
the basis is stochastic if and only if A; , > 0and X,A;, = 1for i,/ k =
1,...,n. Thus, let ® be stochastic; we can consider A; , as the hereditary
coefficients of a stationary evolutionary operator. In the following we will
take the elements of a stochastic basis as vectors of the algebra or as types
of the s.e.o. indiscriminately. Also, we will call a stochastic basis degenerate
if its corresponding s.e.o. is degenerate. A vector ¢, of the stochastic basis
is a disappearing type if x; =0 in the corresponding s.e.0., SO e, is
disappearing if and only if A,; , =0fori,j =1,...,n

LeEmMmA 1.3 [8]. If ® ={ey,...,e,} is a stochastic basis of a Bernstein
algebra, then w(e,)) =1 fori=1,...,n.

Therefore, we obtain the following

LEMMA 1.4, If ® = {e;} is a basis of a Bernstein algebra and w(e;) = 1
for all i, then the basis ® is stochastic if and only if the coordinates of e; e;,
with respect to O are either greater than or equal to 0 for all j, and j,.

2. STOCHASTIC BASIS FOR TYPE (3,3)

It can be proved that if 4 is a nonregular nonexceptional Bernstein
algebra of dimension 6, then the type of A is either (4,2) or (3,3).
(Remember that the Bernstein problem in the regular and exceptional
case was solved by Lyubich.) The type (4,2) was solved, in [10], in the
nonregular nonexceptional nonnuclear case. Also, A. Grishkov proved that
if a Bernstein algebra is of type (4,2) nuclear and stochastic, then it is
regular. Thus, the Bernstein problem for type (4,2) has been completely
solved. In this section we will describe all stochastic bases of a nonregular
nonexceptional Bernstein algebra of type (3,3) and therefore, the Bern-
stein problem will be completely solved in this paper for n = 6.

For a finite sequence ® = {x,, x,, ..., x,} of elements of a vector space
we write {x,, x,, ..., x,) as the vector subspace spanned by ® and denote
by [x,, x,,..., x,] the convex hull of ®.

LEMMA 2.1 [20]. Let A be a nonregular nonexceptional Bernstein algebra
of type (3,n — 3). If e is an idempotent element of A, then U? = (0) and
uy, cu,.

Proof. It is enough to prove that U, # (0). If 1,2 # (0), then (0) # V2
C U,. In the other case, V,> = (0) and as the algebra is nonexceptional
UV, # (0). Therefore, there exist u and v such that uv # 0. If u and uv
are linearly independent, they are a basis of U, and by (7) it follows that
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uv € U,. If u and wuv are linearly dependent, we can assume u = uv, then
u=wvel, I

An immediate consequence of the previous lemma is that if A4 is a
nonregular nonexceptional Bernstein R-algebra of type (3,n — 3), then
dim U, = 1 and type 4% = (3,1).

In the following A will be a Bernstein R-algebra of type (3,n — 3) and
with dim U, = 1. A basis ¥ = {e, uy, u,,v,,...,0,_5} of A is called stan-
dard if e is an idempotent element, u,,u, a basis of U,, v,,...,0,_5 @
basis of V,, u, € U,, and u? = v,. (See Proposition 4 of [7] for more
information about standard bases of A4.) We will denote by ; , and 0, ,
the scalars where v;v, = ¥ ,u, and uv, = 0, u, for jyk=1,...,n -3
and i = 1, 2. For every standard basis ¥, we denote by ® the scalar

Y [ Zed+ T

2<k<n—-3‘i=1,2 l<j<k
ProrosITION 2.1 [6]. Let {e;, uy, uy, Uy, ...,0,_3} be a standard basis of
A. Then
(i) a basis of A of the form {e,, uy, u,, v}, ..., v, _3} is standard if and

only if there exist o, B € R* and &£ € R suchthatu| = au, + ¢u,,u, = Bu,
and vy = a?vy;
(i) if e =e+u+ u® is another idempotent of A, u = yu, + uu,,
then the vectors
U, =u, +2vyv,, U, =u,, 0, =10,
Oi=0,—2(0,,y+ 0y, n+ O ;¥ u,, i=2,...,n-3
form a standard basis of A.

LEMMA 2.2.  Let ey, e, be two linearly independent elements of A such that
with respect to a standard basis e, = e + p U, + BU,, e, = e + u U, + v,,
and e + u, € [e,, e,]. Then the following conditions are equivalent:

(i) The set [e,, e,] is O-essential.
() B<Oand p,=1—2B0,,, pn,=1—20,, %, ,=40,,)7°
LEMMA 2.3.  Let ey, e, be two linearly independent elements of A such that

with respect to a standard basis e, = e + Au;, + wu, + A>v, + Buv,, e, = e
+ Auy + pou, + A0, + vy, and e + Auy + N, € [ey, e,]. Then the fol-
lowing conditions are equivalent:

(i) The set [e,, e,] is O-essential.

(i) B<0 and py = Buy, py = —2M0;, + Ay ,), 0y, =
=250 5.
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LEMMA 2.4. Let ey, e,, e; be three linearly independent elements of A of
weight 1 such that [e,] and [e,, e;] are O-essential, [e,, e,, e;] is 1-essential,
and e,, e; & A% Then f(e,) = f(e,) = f(ey) forall f €J, N Uy- .

We now suppose that dim A = 6 and ® = {e;} is a stochastic basis of A.
Since dim 4% = 4 the stochastic basis has at most two disappearing types.
If ® has two disappearing types, we can assume that they are e; and eg;
then {e,, e,,e;,¢,} is a stochastic basis of 4% If @ has exactly one
disappearing type, we can assume that it is eq; then {e;,...,es} is a
stochastic basis of a subalgebra of A that contains A2, and therefore is a
stochastic basis of a Bernstein subalgebra of type (3, 2) with dim U, = 1.

By Lemma 2.1, 4% is a regular Bernstein algebra of type (3,1). As a
reformulation of a result obtained by Lyubich in [13] (see also [8]), we have
the following

THEOREM 2.1. The stochastic bases of A% have the forms

e, =e
e, =e + U,
e;=e¢+u; + ap,

e, =e + u; + avq,

where a; <0 and 1 < a,.
By Lemma 1.1 we have the following.

LEMMA 2.5.  Every stochastic basis in A, dim A = 5, contains an idempo-
tent element.

LEMMA 2.6. Every stochastic basis in A, dim A =5 contains two ele-
ments in A°.

Proof. Suppose @& = {e¢;} is a stochastic basis in A, with a unique
element in 42 By Lemma 1.1 for an arrangement of the stochastic basis
the faces [e,], [e,, e;], and [e,, e;] are O-essential, and [e, e,, ;] is 1-essen-
tial. Suppose now that e is the idempotent in [e,, e;]. Since the vectors of
® have weight 1, they are of the form e, = ¢ + z; with z; € ker(w). By
Proposition 2.1 and Lemma 2.3 there exists v, & A2 such that e, = ¢ + v,
and e; =e + Bv, and by Lemma 2.4 we obtain that e, = e + u, with
u, € U,. Also by Proposition 2.1 the idempotent of [e,, es] is of the form
e + u, + v, and therefore there exist scalars such that

e, =e+u; + wu, + av, + B,,

es=e +u; + pou, + au; + Byu,.
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Since the coordinates of the vectors ee, and ee; with respect to the
stochastic basis are greater than or equal to 0, we obtain that w, = u, = 0.
Finally, considering the coordinates of e,e;, we obtain a contradiction.

THEOREM 2.2. Let A be of dimension 5. If {e,,...,es} is a stochastic
basis of A, with at most three elements in A?, then there exist a standard basis
and an arrangement of the stochastic basis, such that the basis has one of the
two following forms:

1. The form is
e, =e+u,
e,=e+ B,
e;=e+u,

e, =e+tu + ayu,
es =e +u; + a,,,
where —1<B<0, a; <0, 1<y, 0,,=70,,=0,=0and —-1<
20,, <1
2. The form is
e, =e
e,=¢e+u,
e;=e+u, +ap, + B,
e, =e+u; + a0, + By,
es=e+u +u,,

where B,((B; — Da, — (B, — Day) # 0, the vectors of R? (0,0) and
(1,0), belong to the set [(ay, By, (a,, B,),(0,1)], and A is regular.

Proof. If A is nonregular, then the theorem was proved in [7]. In the
rest of the proof we will suppose that A4 is regular. Now we have two cases:

1. If {e;} is a stochastic basis with exactly three elements in A2, then
we can assume that e, e,, e; € A% There exists a unique element that
belongs to A2 and [e,, e;], which we denote by ¢'. The set {e,, e,, e;, €'} is a
stochastic basis of 42. By Theorem 2.1 and Lemmas 1.3 and 1.4, we obtain
the desired result.

2. If {e;} is a stochastic basis with exactly two elements in 42, then
by Lemma 1.1 after a suitable arrangement we have one of the two
following possibilities:

(@) Faces[e;],[e,],[es, 4] are 0O-essential.
(b) Faces [e;] [e,],[es, €4, e5] are 0-essential.
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(@ If ¢* is the idempotent of [e,, ¢,], then there exist v} & 4% and
B, < 0such that e; = e* + Bv5 and e, = ¢* + v}. Either e, or e, is not
in Re* + U, + V.., for otherwise there exists f, an invariant linear form
such that f(e;) < f(es) for i = 1,2,3,4, and therefore the vector e, would
be an idempotent, but this is impossible since e & A% Thus, we can
assume that e, = e* + uf + v} and e, = e* + Aul + ub + A2of with
uf & U, and u} € U,. The vector u% is different from 0, for otherwise e
would be an idempotent. Therefore the stochastic basis with respect to the
standard basis {e*, u¥, u}, v¥, v3} is of the form

e, =e* +uf +vf, e, =e" + Nuf +ul + NoF,  ey=e* + B,
e, =e* + v}, es = e* + Luf + wul + apf + B,

where B, <0 and B, # 0. Now, as the multiplication constants of the
stochastic basis are greater than or equal to 0, we obtain

ereg = py, ay <0,

e > p,=0and0 <), <1,
ee, > A=1,
e,e; > A, = 0.

Therefore, considering e = e,, we obtain by Proposition 2.1 that the basis
has the desired form.

(b) For a suitable standard basis e, = e¢* + u¥ + v¥, e, = e* + Auf
+ui + A%vf, and e; = e* + a,_,0F + B,_,v5 for i = 3,4,5. Multiplying
e, by e, we obtain that A = 1. Therefore, for e = ¢; the stochastic basis
has the form of the theorem. |I

2.1. The Degenerate Case with Two Disappearing Types

If the algebra A is nonregular and dim A = 6, then every stochastic
basis of A4 with two disappearing types has the form
e, =e
e, =e + Uy
e; =e + u + oy
e, =e+ u; + ayv,
es =e¢ + Auy + pwu, + 0,

eg =e+ Au; + uu, + Ug,
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where ® # 0 and the following inequalities hold,

a, <0, 1<a,, (11)
0<A; 0<é§ <2, (12)
—1<8+20,,., <1, (13)
0<8+2(60,,.1+ad ;) <1, (14)
8+ 9,
0< > + ()‘iel,j+1+/‘Li02,j+1)
+()‘191,i+1 + IJ’jGZ,iJrl) + U141 =1, (15)

for 6, € {m;, A, + w;}and i,j € {1,2}.

If & = {e¢;} is a stochastic basis of A4 with e; and e, the disappearing
types, then ey, e,, e, e, is a stochastic basis of A42.

By Lemma 1.4 the inequalities (11)—(15) hold.

2.2. The Degenerate Case with Exactly One Disappearing Type

If the algebra A is nonregular and dim A4 = 6, then every stochastic
basis of A4 with exactly one disappearing type has one of the following
forms:

1. If there are two integers r, s such that x, and x/ are proportional
and nondegenerate, then

e, =¢e+u,

e, =e +u; + o
e;=e + u + a0,

e, =e+ Bu,
es=¢e + 0,

eg =¢e + Aug + pu, + v;,

where ® # 0 and the following inequalities hold,

01,=">1,=17,,=0, (16)

-1<B<0; a, <0; 1< a,, (17)

0< A 0<8+2BY,; 6+20,;<2, (18)
—1<26,,,8+20,,<1; 0<8+2(6,,+ a0 ;) <1, (19)
0<6+2(A0; 5+ pub,5) + 055 <1, (20)

for6e{u, A+ u}and i €{1,2}.
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2. If there is no pair of integers r,s such that x, and x| are
proportional and nondegenerate, then

e, =¢e

e, =¢+u,
e;=e+u, + o, + B,
e, =e+u; + au, + B0,
ez=e¢+u +v,

eg =e+ Au; + pu, + vg,

where ® # 0 and the following inequalities hold,

01,="0;,="0,,=17,,=0, (21)

Bo((By = Va, = (B, — 1 ay) #0, (22)
(0,0),(1,0) € [(ay, B), (@, B),(0,1)], (23)
0< A 0<6<2; -1<6+26,,<1, (24)
0<6+2(6;, 5+ a0 ,+ By, <1, (25)
0<86+2(A0; 5+ ub, ;) + ¥3,<1, (26)

fora; =0, ;=18 {u, A+ pu},and i €(1,2,3}.

We remark that if ® = {e,,..., ¢¢} is a stochastic basis of 4 with ¢, the
unique disappearing type, then this basis has at most three elements in 42
and @' ={e,,..., e} is a stochastic basis of a subalgebra of A that
contains A?. Therefore, @' has one of the two forms of Theorem 2.2

2.3. The Nondegenerate Case (Stochastic Bases without Disappearing Types)

If A is nonregular and {e,, e,, ..., e} is a stochastic basis of A4 with the
corresponding s.e.0. nondegenerate, then there exist a standard basis and
an arrangement of the stochastic basis, such that the basis is of one of the
following three forms:

1. The formis
e,=e+u + au
e, =e¢+u + a,v,;
e;=e¢+ Bu,
e, =e+uv,
e =e+ (ly + yu;
€ = €+ MU, + U3,
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where ® # 0 and the following inequalities hold,
b1,="10,=7"0,3=170,,=0,
013 =033, W35 = 4(02,3)2;
py=1—2v0, 5, My =1-20,,,
-1<B,y<0; a, <0;  1<a,,
0 < +2B(mby, + vd,3) <2,

forB,=8,v,=v B,=v,=1and i, j (1,2}

2. The form is
e1=e+u2
e,=¢e+ B,
e;=¢+ v,

e, =e+u; + av; + y,
e =e + U, + a,v; + YU,
eg =e +u; + v,
where ® # 0 and the following inequalities hold,
01,2 = 91,3 = ‘92,3 = 191,3 = 1"\1,2 = 192,2 = lc}2,3 = 1(}3,3 =0,
72((7’1 —Da, = (v, — 1)al) # 0,
(0,0),(1,0) € [(a1,71),(a;,72),(0,1)]
-1<B8<0; -1<20,,,v,7, <1

3. The form is
e, =e+u,
e,=e+u; +au,
e; =e + u; + au,
e, =e+ Bu, + yu,
es=e+uv,
eg = e + U3,
where ® # 0 and the following inequalities hold,
01,=013="01,=03=170,,=70,3=13;3=0,
-1<B8,y<0; a, <0; 1< a,,
—-1<20,,,20,3,2(B0,, + v, ;) <1.
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(27)

(28)
(29)
(30)

(31)
(32)
(33)
(34)

(35)
(36)
(37)
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Besides, every family of the above vectors is a stochastic basis of A if it
verifies the corresponding inequalities.

Now, we will prove that these bases give us a full description of all
nondegenerate stochastic bases of A.

2.3.1. Stochastic Bases without Idempotents

Let ® = {e,} be a stochastic basis of 4 without idempotent elements. By
Lemma 1.1 (after a reordering of the stochastic basis) we have the
following properties:

() leq, el les, el les, e5] are O-essential faces and
(i) [ey, ey, €3 ¢4l 1€y, €,, €5 ¢5] are 1-essential faces.

Now, we will distinguish two cases:

1. If[e}, e,] € A% then {e,, e,, 2, eZ} is a stochastic basis of 4. By
Lemmas 2.2 and 2.3 and Theorem 2.1 we obtain that this basis belongs to
the form (1). The result is analogous if [e;, e,] or [es, e5] belongs to A2

2. If[e; e, ] & A% for i = 1,3,5, then there exists a standard basis
where

e, =e+ B,, e, =e+u; + pu, + o + Bu,,
e, =¢e+tu,, es =e + ugi, + ysUs,
e;=e+u; + pgu, + azv; + Biu,, eg =e+ ugly, + Uy,

and e +u, + v, € ez e,l, e +u, €les, el Since ee; and ee, are con-

tained in the face [e;, e,, e5, ¢,], scalars w; and w, are equal to zero.

Finally, considering the product eZeZ we obtain a contradiction.

2.3.2. Stochastic Bases with Exactly One Idempotent and One Element in A*
Reordering the basis we have the following cases:

1. Faces le,lle,, eslle,, es,e5] are O-essential. If [e;, e,,e5] is @
1-essential face, then there exists a standard basis such that

e, =e+ u,, e, =e+u; + puy, + o0 + B, + yals,
e, = e + Byv,, es = e+ uy + ugu, + asvy + BsU; + ysUs,
e;=e + vy, eg =€+ u; + peliy, + g,

where v5 =0 and [e,, es, ¢g]* = {e + u; + v,}. By Lemma 1.1 one of the
faces [e,, e5, €4, €5, 5], 4, €4, €5, €5] is a 1-essential face. Now taking the
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products ee, for k = 4,5,6, ¢}, and e,e; we see that
My = ps = pg = By = Bs = 0.

Therefore, the basis belongs to the form (2). If [e, e,, e;] is not a
l-essential face, then [e,, e;, €4, €5, 5] and [ey, ¢4, €5, €] are 1-essential
faces. We consider a suitable standard basis

e, =e+u; + vy, e, =e+ Auy + puuu, + a0 + By, + Y3,
e; = e+ By, es = e+ AUy + sty + asvy + Bsv; + ysUs,
e;=e+0,, eg =e + AUy + pgl, + 0,

where v3 = 0and e = e + A\ u; + u, + Av,. Now we obtain a contradic-
tion as the following schema shows:

ee, > Ik € {4,5,6} /p;, <0,

ee;(i =4,56) > A, =0,
e,e2 > v, € [e,, es,e]and B, = B; =0,
ee, > B R/e + Bu, € [ey, €5, 5]

2. Faces el le,, el [e,, es] are O-essential. If [e,, e,, e5] is a 1-essen-
tial face, then for a suitable standard basis

e, =e+u,, e,=e+u; + puuu, + 0, + Y05,
e, =e+ B,0,, es=e+u; + usu, + v, + 03,
e;=e+v,, eg =e + Aguy + ugl, + agy + BgUy, + Yels,

where v2 =0, e =e¢ +u, + v;,and 0 < Ay < 1. The set

(e ug,uy,05) N [ ey, €5, €]
contains exactly one vector, which we denote by ¢ =e + Au; + pu, +
Bv,. As ee,, ees, ees, and e,e3 belong to [e,, e,, e, ¢'], we conclude that
=1 wg=us=pg=p=0

and the basis belongs to the form (2). On the other hand, if [e,, ¢;, ¢, ;] iS
not a l-essential face for i equal to 2 and 4, then [e;, e, 4, ¢5] is not a
l-essential face for j equal to 2 and 4 and also either [ey, e,, e5, ¢5] OF
[e;, e4, €5, ¢6] is a 1-essential face (we will suppose that [ey, ¢,, €5, 5] iS
1-essential, the other case being analogous). For a suitable standard basis

e, =e+u +v,, e,=e+ AU, + pau, + A, + y0,,

e, =e + By,, es =e + ANy + psit, + Aju; + s,

Q
w
I

=e+0,, eg =e + Aguy + agly + Bgly,
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where 0 < Ay <1, A\, #1, B, #0, and e = e + Au; + u, + A2v,. The
set {e,, e,, 3, €2, eg} is stochastic, but by Theorem 2.2 this is impossible.

2.3.3. Nondegenerate Stochastic Bases with One Idempotent and Exactly Two
Elements in A°

Reordering the basis we have the following possibilities:

faces [e;],[e,], [ e3, €4, €5, €] are O-essential;

faces [e;],[e,] [ 3, €4, e5] are O-essential;

faces [e;],[e,] [ e3, ¢,] are O-essential;

faces [e,],[es, e,], [es, es] are O-essential and e, € A%;
faces [e,],[e,, €5, e,], [es, es] are O-essential and e, € 42,

a kr w e

1. If our basis verifies case 1, then A is regular, which is impossible.

2. When the basis verifies case 2, then with respect to a suitable
standard basis

e, =e+ Nuy +u, + Ao, e, =e+uv,,
e, =e + u; + vy, e; = e + Ug,
€3 =e + Byv, + Y305, eg = e + Aglly + pgly + agly + Yels,

where [e;, €4, e5]> ={e}, —1 <A, <1, Ay €[A,,0,1], and a5 < 0. Multi-
plying e, by e we see that us < 0. So the products e,;e, and e;e imply
A, = land Ay = ug = 0. Now considering the products of the elements of
the stochastic basis we see that A is regular, but this is impossible.

3. If the basis verifies one of the cases 3, 4, or 5, then the set
[es, eg] N ((es, e,y + A%) contains exactly one vector, which we denote by
e'. Itis clear that ¥ = {e,, e,, €5, ¢,, €'} is stochastic. Using Theorem 2.2
we can see that the basis is one of the following:

(@) The basis is

e, =e+u,, e, =€+ 0,,
e, =e¢ + u; + avq, e =e¢ + Uy + ugly + agly + yYsls,
e; =¢ + B3u,, eg =e+u; + pgu, + agly + g,

where v3 =0 and ¢ =e + u, + av,. Since ee; and ee, belong to [V], it
follows that w5 = us = 0 and so the basis is of the form (2).

(b) The basis is
e, =e¢+u +uy, e, =e + v,,
e, =e + u; + avq, e = e + ugu, + ysUs,

e;=e+ By, eg =e + ugli, + Uy,
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where v2 = 0 and ¢ = e + u,. It is clear that the basis is of the form (1).
(c) The basis is

e, =e, e, =e+u +uv,,

e, =¢e+u,, e =¢ + u; + ugv, + agv; + Bsv, + Y53,

e;=e+u; + azv; + Byv,, eg=e+u; + pgu, + v,

where ¢ =e + u, + av, + Bv,. Since e;e; and e,es belong to [V] it
follows that u; = ug = 0. Also, we can see that the algebra is regular, but
this is impossible.

(d) The basis is

e, =e +u,, e, = +u, + o +v,,
e, =e + u; + a,vq, e; = e + ysUj,
e;=e+u; + azv, + Biv,, eg =e + U,

where ¢’ = e. The basis is of the form (2).
2.3.4. Stochastic Nondegenerate Bases with One Idempotent and Exactly
Three Elements in A*

We can consider the basis with e, idempotent element and e, and e, in
A?. We denote by ¢’ the unique element in [e,, es, eg] N A% It is clear that

{e,, e,, €5, €'} is a stochastic basis of A2 and [ey, e,,...,e5]* Cle;, €,, €5, €'].
According to Theorem 2.1 we have two possibilities:
1. The basis is
e, =e, e, =€+ up + puuy, + 0y,
e, =e + Uy, e =e¢ + u; + ug, + U3,
e;=¢+u; + agv,, eg =e+u; + pgly, + aghy + Bgly + Yels,

where B;y; # 0 and ¢ = e + u; + av,. The products e,e; for i = 4,5,6
imply that w, = us = us = 0. Considering the products of the vectors of
the stochastic basis we can see that the algebra is regular, which is
impossible.

2. The basis is

e, =e+u,, e, =e + iy, + 0y,

Q
N
I

=e +u; + ay;, es =e + ugl, + g,

e;=e+u; + azu,, eg =e + uglt, + agdy + Bgy, + Yels,
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where Bgys # 0 and e’ =e. It is easy to prove that u, = us = pg = 0,
considering the products ee; for i = 4,5,6. Consequently, the basis is of

the form (3).

3. THE BERNSTEIN PROBLEM FOR TYPE (3,3)

Now we will formulate our main result about the Bernstein problem. It

is a reformulation of the previous results.

THEOREM 3.1. Let V be a nonregular nonexceptional nondegenerate sta-
tionary evolutionary operator of type (3,3). Then it has one of the following

three forms:
1. The form is
) 1
xy=———(a,s —p)p
A, — o
/ 1
xp=——"—(p— ay8)p
Gy —
Xy = By(s* —ps — A)
Xy, = By(s* —ps — A)
X5 = 7, A
Xe = 71,

where s = Y.%_,x, and p = x, + x, are invariant linear forms and

Pr=1+v0)xs+ (1 - 7,0)x, g1 = —BiXz t+ ByXy,
4> = —Y1Xs T Y2 X,
A=sp'+(p+pP +q20)q,0 + p'qin + ¢:9,9,
0<B; < B 0 <y <7, BitB,=7v1t7v.,=1
a; <0, l<a, 10l +8+Inl+0,
1< (-1 "0+ (1) B(n+ (-0 - om)) <1

(i,j=1,2).



BERNSTEIN PROBLEM 437
2. The form is

xp =x,(s + (= Byx, + Byxg)0)

xy = Byo((x; +x5)s —x;(—PBrx, + Brx3)0)
x5 = By((x; +x3)s — x3(—Byx, + Byx3)0)
X =T((v2=1p+ ays)p

X5 =T((1 = y1)p — aps)p

x5 =T((v7, = ami)s + (v1 = v2)p)p,

where s = Y8_,x; and p = x, + x5 + x¢ are invariant linear forms and

F_1=(72—1)a1—(y1—1)a2, (43)
0 < By < By; B+ B,=1; a, <0; 1< ay,, (44)
(0,0),(1,0) € [(a1, 1), (@, 72),(0,1)], (45)
—1<B,0,7,7,<1; 6 # 0; Iy, + ly,l # 0. (46)
3. The form is
/ 1
X = f(azs -p)p
a; —
, 1
Xy =—"—"—(p—s)p
a; —

xy=(s+ (BO+ yn)x, + Oxg + mxg)x,

1

xil = m(()@l +x5 +XG)S - (( BO + 7”0)354 + 0)65 + an)X3)
-B

X5 = m((x4 + x5 +x5)s — ((BO+ yn)xy + 0x5 + 1xg)x3)
-

%o = 75— ((xa T s +x0)s = ((BO+ ym)xq + 625 + m¥)xg),

where s = Y.%_,x, and p = x, + x, are invariant linear forms and

-1<B,y<0; a, <0; 1< a,, (47)
-1<6,17,B0+vyn<1, |0l+Inl+#0. (48)
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Remark. By (10) and Lemma 2.1, if 1 is a nonregular nonexceptional
s.e.0. of type (3,3), then its space of invariant linear forms, J,, has
dimension 2. Consequently if 1V belongs to one of the above three forms,
then J, = (s, p).

It remains to note that from 2.1 and 2.2 also we can describe explicitly
all nonregular nonexceptional and degenerate s.e.0.’s of type (3, 3).

We conclude that these evolutionary operators are not normal in the
sense of [21, p. 167]. This is a new support for the Lyubich conjecture [21,
p. 232]. According to the Lyubich conjecture, if V' is a normal s.e.o., then
the corresponding Bernstein algebra is regular. A nondegenerate s.e.0. I
is normal if there is no pair jj, j, such that xj and x; are proportional

and there is no pair j;, j, such that all x}’s depend only on x; + x;, x;
@i #Jy o)
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