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ABSTRACT 

This paper describes explicitly all simplicial stochastic nonregular nonexceptional 
Bernstein algebras of type (3, n - 3). Consequently, the Bernstein problem of type 
(3,n - 3) is settled, since the regular and exceptional cases have already been done. 
0 1998 Elsevier Science Inc. 

1. INTRODUCTION 

In [l-4], Bernstein raised and partially solved an important problem 
concerning the mathematical expression of some fundamental laws of biologi- 
cal heredity. Let us, following [14] and [20], describe the statement of the 
Bernstein problem. 

A state of a population in any generation can be described by a stochastic 
(or probabilistic) vector x = (xi):= 1, so all the xi > 0 and s(x) = Ci xi = 1. 
The set of all states is the basic simplex An”- ’ c R”. The vertices (ei)r=, of 
this simplex are types of individuals in this population. Let us denote by pij, k 
the probability that an individual of the type ek appears in the next genera- 
tion from parents whose types are ei and ej, so pij,k > 0 and Ck pijzk = 1; 
moreover, pij, k = pj,, k, assuming that the maternal or paternal origin does 

*Partially supported by PB94-1311-C03-01, Spain. 

LINEAR ALGEBRA AND ITS APPLICATlONS 269:17-32 (1998) 

0 1998 Elsevier Science Inc. AU rights reserved. 0024-3795/98/$19.00 
655 Avenue of the Americas, New York, NY 10010 PII soo24-3795(97)00001-3 



18 J. CARLOS GUTIlkRREZ FERNiNDEZ 

not play a role in the production of offspring’s types. Let the mating in the 
population be at random and without selection. Then the state x ’ = <x~>~= 1 
in the next generation will be 

x; = Cpij,kxixj (1 <k =G n). (1) 
i,j 

These formulas define a mapping V : A”- ’ + A”- ’ called the evolutionary 
operator (e.o. for short) of the given population. A state x is called an 
equilibrium if Vx = x. An evolutionary operator V is called Bernstein or 
stationary (s.e.0. for short) if for every x E An-l the corresponding state in 
the next generation is an equilibrium, or equivalently V2 = V. 

The Bernstein problem is to describe explicitly all stationary evolutionary 
operators. 

The following interpretation of evolutionary operator V, given by the 
formula (l), is very useful in the solution of this problem. One can define in 
the space R” a commutative product 

eiej = CPij,kek (1 < i, j Q a), 
k 

where {e,, . . . , e,} is the canonical basis of R”. In such a way we obtain a 
commutative (nonassociative) baric algebra (A, s), where s : A + R is a 
nonzero homomorphism over 0% Moreover, the pair (A, S) is a simplicial 
stochastic algebra (see [20, p. 1503 f or a general definition; we say “stochastic 
algebra” for short). This means that the product of any elements x, y E A”- ’ 
belongs to A”“- ‘. There is a remarkable connection between the stationary 
properties of an evolutionary operator and some property of the correspond- 
ing algebra A: the operator V is stationary if and only if the identity 

(x-2)” = s( g2x2 (3) 

holds. This means that (A, s) is a Bernstein algebra (see [13] and [15], where 
identity (3) app eared for the first time; the term “Bernstein algebra” was 
introduced in [IS]). One of most important conclusions that can be drawn 
from the preceding relation is that the Bernstein problem is equivalent to 
finding, for every Bernstein algebra, all stochastic bases with their corre- 
sponding multiplicative constants. 

Let us remark that Bernstein algebras are not necessarily algebras with a 
stochastic realization; that is, there exist Bernstein algebras such that for 
every basis the simplex A, spanned by this basis, is not invariant with respect 
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to the multiplication, i.e., A * A C A (see 181). A linearly independent set C$ in 
A is said to be stochastic if A(+> * A(4) C A(+), where A(+> is the simplex 
spanned by the set 4. Therefore, a Bernstein algebra is an algebra with a 
stochastic realization if and only if it has a stochastic basis. Now let Q, = 
{e 1, * * * > e,} be a stochastic basis of a Bernstein algebra (A, w), and Aij, k the 
corresponding multiplicative constants, that is, eiej = &hij kek; since the 
basis is stochastic, hij k > 0 and Ck h, k = 1; since the algebra is commuta- 
tive, hij k = hji, k. Thus, we may consider hij, k as the hereditary coefficients 
of a stationary evolutionary operator, which we denote by V,. In the 
following we will consider the elements of a stochastic basis indiscriminately 
as vectors of the algebra or as types of the s.e.o. 

PROPOSITION 1.1. If @ = {e,} is a basis of a Bernstein algebra (A, w> 
and w(e,> = 1 f or all i, then the basis is stochastic if and only if the 
coordinates of ej,ej, with respect to @ are greater or equal to 0 for all j, and 

32. 

If x E A and w(x) = 1, then x2 is an idempotent element. Thus, a 
Bernstein algebra has at least one nonzero idempotent element. Every 
nonzero idempotent element e, yields the Peirce decomposition A = [We @ 
V, @ V,, where 

ker w = V, @ V t?, V, = {x E Alex = ix}, V, = (X EA(ex = 0). 

It was proved in [14] that dim V, (and then dim V,> does not depend on 
the choice of the idempotent element, so one can define type A = (m, 6). 
wherem-l=dimV,and6=dimV,(son=dimA=m+6).Products 
between elements of V, and V, satisfy the following relations: 

u,” c v, > v,v, = q > v,” c u,, (4) 

(2)” = U”(W) = u3 = u(uv) = u(u”) = (zm)’ = u20z = 0 (5) 

for all u E V, and v E V,. On the other hand, the set of idempotent 
elements is Z(A) = (e + u + u2 ( u E V,}, and if 2 = e + U + U2 is another 
idempotent, then 

v, = {u + 2uu 1 u E ve}, V, = (0 - 2(E + U”)v (v E Ve}. (6) 
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LEMMA 1.1 [ll]. Let V be a Bernstein evolutionary operator of type 
(m, 6). Then the number of k-essential faces is at least m - k, k = 
0, 1, . . . , m - 1. 

The next lemma follows immediately from definitions. 

LEMMA 1.2. Let r be a O-essential face. Then 

(i> if r, is essentiaE and r n r, z 0, then r c rl; 
(ii) if rl is O-essential and I- n ri # 0, then r = rl; 
(iii) if f is an invariant linear form, then f Ir is a constant function. 

Following [14] and [20] a linear form f on an algebra A is called 
disappearing if f E (A’)’ . Obviously, in this case kerf is a subalgebra 
containing A’. This subalgebra is Bernstein if A is so. 

A linear form f is called hyperbolic with respect to a stochastic basis 
@ = {e,] if f = Ct,,qe: z 0 and either there exists exactly one oI, # 0 or 
there exists (Ye # 0 such that sign aj = - sign crk for all oj # 0, j # k. In 
this case let us call ok the Zeading coefficient. The following lemma is 
contained in [20, Corollary 3.7.6 and formulas 3.7.211. 

LEMMA 1.3. If a linear form f is hyperbolic wjth respect to a stochastic 
basis Q = {e,}, then there exists a stochastic basis @ of ker f. Namely. if (Ye 
is the leading coefiicient in f, then 

6 = (ej 1 aj = O] U (Zj) aj # 0, j f k}, (7 

where 

The stochastic set 6 is called external reduction of @ [20, Section 3.91. 
An external kinship chain is a sequence of stochastic sets 

(8) 

such that in every pair (aa,, @‘k+ i> the set Qk + 1 is an external reduction of 
$. If such a kinship chain does exist for given @I and Q,, one can say that 
@, and Q,. are externally kin. 
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LEMMA 1.4. Zf @ and ‘P are externally kin stochastic bases and Q, is 
nondegenerate, then W is nondegenerate as well. 

Proof. It is sufficient to prove the lemma for external reduction of a 
stochastic basis. Let @ = ,<eJ be a nondegenerate stochastic basis of a 
Bernstein algebra A and @ an external reduction of Q, by a linear form 
f = C~=,qe*. W e can assume, by a reordination of the stochastic basis, that 

al= ‘-* =a,= 0, (Y,+1 )..., a,_1 < 0, an = 1. 

Let x = C;= 1 xiei be an element of kerf. Then by (7) and (8) 

x = i xiei + nc1 (1 - (Yj)XjZj + 

( 

n-l 

X, + C ajxj e, 
i=l j=r+1 j=r+l ! 

with x, + Cj’::+ i LYE xj = f( X> = 0, and hence 

x = c Xieci + c (1 - crj)Xj$ 
i=l j=r+l 

which immediately implies the lemma. W 

For a finite sequence @ = {xi, x2, . . . , xr} of elements of an E&algebra, 
we denote by (x1, x2,. . . , xr) the vector subspace spanned by @, and by 
[Xi> x2>..., x,.] the convex hull of Cp. 

2. STOCHASTIC BASES FOR THE TYPE (3, n - 3) 

Bernstein solved the Bernstein problem for n = 3. (The case n = 2 is 
trivial.) For all n > 3 the Bernstein problem in the regular case and the 
exceptional case was completely solved by Yu. Lyubich in a series of papers 
(see the book [20] and the references there). In [7] we described explicitly all 
s.e.o.‘s of type (3, 2) in the nonregular and nonexceptional case and thereby 
completed the solution of the problem for n = 5. Also, in [9], for all n, we 
described all s.e.o.‘s of type (n - 2,2> in the nonregular nonexceptional 
nonnuclear case. Finally, in [lo] we solved completely the Bernstein problem 
for n = 6, talking into account the above-mentioned result of Lyubich and 
the following one recently obtained by Grishkov. 
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LEMMA 2.1 [12]. Every nuclear s.e.0. of type (4, 2) is regular. 

Thus, the following Lyubich conjecture is true for n < 6: 

CONJECTURE 2.1. Every nuclear s.e.o. is regular. 

In this paper, we will describe, for all n, the stochastic bases of a 
Bernstein algebra of type (3, n - 3) and with dim U, = 1. It has been proved 
in [19] (see [6] for more information) that if A is a nonregular nonexceptional 
Bernstein algebra of type (3, n - 3) then A” is isomorphic to the algebra 
A,, i (see Corollary 2.3 of IS]), i.e., A2 has a basis {e, ul, uZ, v,] with products 
nonzero e2 = e, eu, = u1/2, euz = uJ2, and UT = vi. Consequently, with 
this work, the Bernstein problem for the type (3, n - 3) is completely solved. 

From now on A will be a nonexceptional Bernstein algebra with dimen- 
sion of U, equal to 1 (so n = dim A > 4). A basis 9 = 
I e,u,,u,,vl,v2 ,..., v,_J of A is called standard if e is an idempotent 
element, ui, us a basis of U,, vi, . . . , f-j,-3 a basis of V,, u2 E U,, and 
1,: = vi. (See P ro osi ions 3 and 4 of [6] for more information about the p t’ 
standard bases.) 

PROPOSITION 2.1 161. Let {e, ul, u2, vl, . . . , v,, _ 3) be a standard basis of 
A. Then: 

(i) The basis (e, u;, u\, 01, . . . . vh _ 3j is standard if and only if there exist 
(Y, p E R* and s E R such that u; = CY(U, + (u2), U; = /3uz, v; = a2v1. 

(ii) If Z = e + - u -I- u2 is another idempotent of A, U = pu, + 9u2, then 
{Z,C,,C,,G 1,“” 2),_3) is a standard basis, where 

6 =u,+2pu,, u2=uz, 

Ei = vi - 2 A,, p ( + A,,9 + Plip2)u2 

for 2 ’ < <z,n- 3. 

Some properties of the algebra A are: 

(1) The subspace U,” does not depend on choice of the idempotent 
element and it has dimension 1. We will denote this subspace by V,. 

(2) U,” = U,V,, = Vz = (0) and U,V, + V,” c U,. 
(3) If * = (e,u,,u2,vl ,..., u, _J is a standard basis, then the set of 

idempotent elements of A is IA = (e + oui + pu2 + (~~2)~ ) a, p E R}, 
and JA = (e*, UT > with respect to its dual basis. 
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(4 Let @ be a stochastic basis of A. Then the set (( rji)> 1 i = 1,2} does 
not depend on choice of a nontrivial invariant linear form f on A, and if 
(m,, Si> is the type of the subalg e b ra Ai := ( rji)), then m, < 2. On the other 
hand, the set G?y) = {ei E Q (e, E rji)} is a stochastic basis of Ai. 

The following lemma is a reformulation of a theorem obtained by Lyubich 
(see [161). 

LEMMA 2.2. Let a Bernstein algebra be exceptional and of type (2, n - 
2). Then its stochastic bases are of the following forms 

r-1 

e, = e+ Cffkvk, 
k=l 

e,=e+v,_l (i = 2,...,r), 

s-2 
e r+l = e+k+lu+ Cakvk, 

k=r 

ej = e + pju + vj_2 (j=r+2,...,s), 

el = e + /qu + v2_2 (I =s + l,...,n). 

The element e is an idempotent, u E U,,, vl, . . . , v,_~ is a basis of V,, and 
ayk < 0. 

In addition, the faces [e,, . . . , e,] and [e,, 1, . . . , e,] are O-essential, and 
the vectors el are vanishing. 

Proof, Let @ = {eJ b e a stochastic basis of an exceptional Bernstein 
algebra A of type (2, n - 2). By Lemma 1.1, the simplex of this basis 
contains two O-essential faces. Thus, by Lemma 1.2 and a suitable arrange- 
ment of the stochastic basis we can suppose that 

rr = [e, ,..., e,] and r, = [e,,, ,..., e,] 

are the O-essential faces. We denote by e the element of rt. Then e is an 
idempotent element, and there exist linearly independent vectors vr, . . . , v,_ 1 
in V, such that e,=e+C;,:akvk and ei=e+v,_r for i=2,...,r. 
Now, as 

dim((r, u r, u u,)/(r, u u,>) = didr,) - 1, 
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it follows that there exist vectors u,, . . . , II_ 2 in V, and u in U, such that 
Ul> v2> * *. > v,-2 are linearly independent, e,,, = e + P,.+~u + C~~~ffklkk 
and ej = e + pju + vj_2 for j = r + 2,. . . , s. 

Finally, by the relation A2 c (I?, U T2 ) we obtain that the types el, for 
s + 1 < 1 < n, are vanishing. This completes the proof of the lemma. H 

COROLLARY 2.1. Let B be a Bernstein subalgebra of A of type (2, n’ - 2), 
n’ = dim B, such that U, and V,, are in B. Then its stochastic bases, after a 
suitable reordination, are of the following form: 

e, = e+ cakvk, 
k=2 

ei = e + zli (i = 2,...,r); 

n’ - 2 
e r+ 1 =e+b%+lU2+ c Pkvk: 

k=l 

n’-2 

e r+2 = e + CL,+~U~ + c Yk’k) 
k=l 

ej = e + pju2 + vj_2 (j = r + 3,...,n’). 

The element e is an idempotent, up E U,,, v1 E V,, and vl,. ..,ontp2 are 
linearly independent vectors in V,. The face [ e, , . . . , e, 1 is O-essential. 

THEOREM 2.1. Let @ = {el, e2,. . . , e,} be a stochastic basis of A. Then 
there exist aI, a,, @‘3 three subsets of a, and a standard basis T = 
( e, ul, u2, vl,. . . , v,_~} such that the following statements hold: 

(i) ai n aj = 0$i #j; 
(ii) A1 and A, are O-essential faces and A: c A3 (A i := A(cD~)); 
(iii) AL1 n A2 = {e}, A, n A2 = {e + up}, and A3 n A” = [e + u, + 

E~v,, e + u1 + ENVY], where Ed =G 0 and 1 < Ed; 
(iv) if f is the invariant linear form that verifies f(e) = 0 nnd f(u , > = 1, 

thenf(@) > 0 and llfll = 1; 
(v) every element of @ either is a vanishing type or belongs to @, U a2 

U @,. 
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Proof. We shall use induction on n = dim A. The first step of induction 
is for n = 4. In Theorem 3.1 of [8] (see also Theorem 3.2 of [7]), we describe 
explicitly all stochastic bases of A when dim A = 4. Also, in [7] and [lo] we 
describe explicitly all stochastic bases of A, when dim A = 5 and when 
dim A = 6 and A is nonregular respectively. Consequently, the theorem has 
been proved in all the cases for n < 5. 

Let n > 5. Assume that the theorem is valid for Bernstein algebras of 
type (3,n’ - 3) with dim U, = 1 and n’ < n. Let @ = {ei j be a stochastic 
basis of A. If the stochastic basis has vanishing types, then the nonvanishing 
types form a stochastic basis of a subalgebra of A that contains A’. There- 
fore, by the induction assumption we obtain the result. In the rest of the 
proof we assume that the stochastic basis has no vanishing types. Let f be a 
nontrivial invariant linear form of A (we can assume that min f(Q) = 0 and 
Ilf II = 1) and Aj th e associated Bernstein subalgebras with respect to the 
invariant form f. We can select the invariant linear form f such that 
ml > m2. Also, we can assume, by a reordering of the stochastic basis, that 
A, = (el,e, ,..., e,,), A, = (en,+l,en,+2 ,..., enz). We will prove that m, 
= 2: 

(1) If Cm,, m,) = (1,l) and u2, o1 E A, + A,, then there exists a stan- 
dard basis and a suitable arrangement of the stochastic basis such that the 
coordinates of @ with respect to the standard basis are as shown in Table I, 
where e + u1 + o1 E A, and 0 < h, < 1 for all 1. By the induction assump- 

TABLE 1 

1 1 ... 1 1 

0 0 ... 0 1 

0 0 ... 0 CL,,+1 

0 0 ... 0 1 

a2 1 0 

ff “1 1 0 

a n,+l 

s-1 

1 . . . 1 1 1 1 . . . 1 

1 . . . 1 &+I * * .*. 4 

* . . . * * * * . . . I4 
1 . . . 1 * * . . . * 

P2 t2 

0 0 
i", r,, 

1 P n,+ 1 XL,+2 

0 
1 s.;_1 Ynlml 

Pn,+l %*+I 1 

a,, Yn-3 . 1 
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tion and Lemma 1.3 we have that n = n, + 2 and q, pi, and y, are 
different from zero for i = 2,. . . , n2 - 1. Therefore, lY = [ei, . . . , eni1 and 
I’ = [e n,+lr”‘r en_2] are O-essential faces. This means that I2 = {e] c 
Int l? and (I’)” = {e + ui + vi} c Int r’. Now by Lemmas 1.1 and 1.2, the 
face [e,_ i, e,] is O-essential and also the faces [e,, . . . , e,,, . . . , e, ,, e,l and 

e ] are l-essential. This implies that efei E I U 
tC::",l';'j'~~d2'~~1:~:'t r' U [e,,_,,e ] so n, = 1 and n2 = n, + 1. 
TherefoFe @ = {e,‘, + u1 + oi, e + A,u~~~ /_q2 + p201, e + &u, + pquz 
+ y201), but by Theorem 3.1 of [8] this basis is not stochastic. 

(2) Let (m,, m,) = (1,l) an ei d th er c, E A, + A, or uq E A, + A,. If 
dim[( A, + A,) fl A2] = 4, then A, + A, = A, since A2 C A, + A, and @ 
has no vanishing types. By Lemma 1.1 the simplex A has three O-essential 
faces. It is clear by Lemma 1.2 that every O-essential face of A is contained in 
A, or A,. Thus, one of the subalgebras A,, A, contains two O-essential faces; 
but this is impossible, since the type of Ai is (1, dim A, - 1) and therefore 
dim A: = 1. If dim[( A, + A,) n A’] = 3, then by Lemma 1.3 there exists 
e’ such that @ and @i = {e,, . . . , e,?, e’) are externally kin. By the induction 
assumption n = n2 + 1 and e’ = e,. Now [e,] must be a O-essential face by, 
Lemma 1.1. This means that e, is an idempotent element. On the other 
hand, the subspace V, has dimension 1, so either V,, C A, or V(, C A,. We 
can assume that VU C A,. We have 

e,, E A", dim[ A/( A, + A2)] = dim A, - 2; 

therefore by Lemma 1.3 there exists a, = {e,, . . . , e,,, e;, el,, e,} such that Q 
and Q2 are externally kin. But induction assumption @ = a2 and A, = 
(q2, en- 1 ). Therefore, there exists a standard basis such that the coordi- 
nates of the stochastic basis with respect to this standard basis are of the form 
shown in Table 2, where 0 < h < 1, and by Lemma 1.3 and the induction 
assumption, the scalars q, Pi, yi must be different from zero for 2 < i < YL 

TABLE 2 

1 1 . . . I 1 1 1 
0 0 ... 0 1 1 A 
0 0 . . . 0 k-2 P*n-l k 
0 0 . . . 0 P1 Yl A2 

a2 1 P2 Y2 0 

. a n-3 1 Pi R, 0 0 
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TABLE3 

1 1 . . . 1 1 1 1 
0 0 . . . 0 0 0 1 
0 0 . . . 0 I-%-2 P”-1 0 
0 

0 
. . . 0 P1 Yl 1 

ff2 1 P2 Y2 0 

an-3 1 P,, : Yn-3 0 

- 3. Then r = [e,, . . . , en-s], r’ = [en_2,en_1J, and r” = [e,] are O-es- 
sential faces. We have that ee, @ r u r", so r u r' and I’ u I”’ must be 
I-essential faces. Then, e,?_ ie, = (e,2_ r + e,)/2; but this is impossible. 
Therefore, we have proved that m, = 2. 

In the rest of the proof we will assume that rr = [e,, . . . , e,], r, = 
[e r+l, . . . . e,l, and r, = [e,,+l, . . . . e,] are O-essential faces and V, fl I’r = 
0. We will consider a standard basis such that 

e E rl, e + u2 E r,, 

The dimension of the subspace A, f~ A2 is equal to 2 or 3, since ml = 2. 
If dim(A, n A2> = 3, then A2 c A, + A,. This implies that A = A, + A,. 
Also, we have that dim[ A/CA, + A2>] = dim A, - 1. Therefore, by Lemma 
1.3 we obtain that rz = r~i + 1. This means that A, = (e, > and r, = [e,]. 
The element e, is an idempotent element and e, E A2. Now Lemmas 2.2 
and I.3 imply that rri = r + 2, and therefore there exists a standard basis 
such that the coordinates of the stochastic basis @ with respect to the 
standard basis are of the form shown in Table 3, where the scalars cxi, p,, -yi 
are different from zero. Thus, r2 = [en_2, e,], and by Lemma 1.1 one of the 
faces Ii u r,, r2 u r, is I-essential. But this is impossible, since ee, P rr 
u r, and e,“_ ie, E r2 u r,. Therefore, we have obtained a contradiction 
that comes from the supposed condition dim(A, n A2> = 3. This implies 
that dim( A, n A2> = 2. 

If V,, C A, + A,, then dim1 A/( A, -t A, + A2)] = n - dimCAr + A,) 
+ 1. Therefore, by Lemma 1.3 and the induction assumption, n = n2 + 1. 
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TABLE 4 
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I 1 ‘.. 1 1 1 ... 1 1 
0 0 ... 0 0 0 ..’ 0 1 
0 0 ‘.’ 0 &+, * ..’ * * 

0 0 ... 0 0 0 ..’ 0 1 

% 1 0 0 

0 

a, 1 0 0 
a,+1 1 0 

%-I 1 0 
%,, 

Thus, the coordinates of the stochastic basis with respect to a suitable 
standard basis are as shown in Table 4. Hence, there exists 

@ = {e, e + u2, e + u1 + 2jl, e + Au, + Pu2 + Pu,), 

0 < A < 1, such that @ and 6 are externally kin. But, by Theorem 3.1 of [8], 
this is impossible. 

At this point, we have proved that dim( A, n A’) = 2 and V, c (A, + 
A,) - A,; besides, A2 c A, + A, and n = n2, since the stochastic basis 
under consideration has no vanishing types. Hence, the coordinates of the 
stochastic basis with respect to a suitable standard basis are of the form 
shown in Table 5. The scalars q are different from zero for i = 2, . . . , n1 - 1, 
since if q = 0, then there exist two vectors in [ ek + I, e,l + 1, e,, + 2 ] such that 
these vectors jointly with the vectors ej, j # k + 1, n, + 1, n, + 2, form an 
external reduction of a’; but by Lemma 1.4 and the induction assumption, 
this is impossible. Therefore Tz = [e,, r, . . . , e,,]. On the other hand, there 
exists 

6 = {ei,e2,....e,l,i,,+,,~,,,+2}r 
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TABLE 5 

1 1 ... 1 1 
0 0 ... 0 0 
0 0 ... 0 l-%+1 
0 0 ... 0 0 

a!2 1 0 

% 1 0 
%+1 

%-1 

1 . . . 1 
0 . . . 0 
* . . . * 
0 . . . 0 

0 

1 

1 

1 1 
1 1 

p*l 
* 

P2 ;: 

p, rr 
P r+1 x+1 

P.j_l Yn[-1 
p Yn, “I 

P,-3 : Yn-3 

1 . . . 1 
1 . . . 1 
* . . . Pn 
0 . . . 0 

0 

0 

1 

1 

with &,+i = e + ui + piuz + C;L~‘&, kvk, i = 1,2, such that @ and 6 are 
externally kin. 

If there exists k with 2 < k < nl - 1 such that & = 0 or /3s,k = 0% 
then by Lemma 1.4 and the induction assumption &, k = &, k = 0. Hence, 

- ;++1> >,+2 ] is a O-essential face of A(@> or Z,,+ i and Zn,+2 are in A’. If 

I$ ik,“:+,f 
] is a O-essential face, then by Lemma 1.1 I, U [~?,~+i, Zn,+2] or 
e’ n +2] is I-essential face. We can assume, by a reordering of the 

stochastih basisland the standard basis, that the first statement is true. Since 
Ii U kIl,i~ C1+2] 
ri U tk,+i~ %,+2 

is essential, the products eZ,, + i and eZ,, +s are in 
1. This implies that ,!Ji = E.c’, = 0 and &k = &k = 0 for 

k = r + 1,. . . , nl - 
t&,+2 

1. Finally, the products (e + u~)Z~,+~ and (e + 
imply that Pi, k = &, k = 0 for k = 2,. . . , r. Therefore, in all the 

cases we obtain that Z,,+ i and Z,,, +2 are in A2 and CL; = & = 0. This 
implies that 

Pn,+1 = *** =/A,=0 p2 = . . . 
= P,,-1 = 0, 

Y2 = *-* = Y,,-1 = 0, 

which proves the theorem. 
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As a result, we also obtain 

THEOREM 2.2. Let a Bernstein algebra be of type (3, n - 3) and with 
dim U, = 1. Then its nondegenerate stochastic bases have the following form: 

e, = e + c ffkvkl 
k=2 

ei = e + vi 

s-1 

er+ 1 = e + p2u2 + c lYkvk 7 
k=r+ I 

ej = e + pju2 + v~_~ 

(i = 2,...,r), 

(j = r+ 2,...,s), 

n-3 

e s+ 1 =e+%+ C&k, 

k=s 

n-3 

es+2 = e + u1 + c Ykvk, 
k = .t 

el = e + u1 + q-z3 (I = s + 3,...,n). 

The element e is an idempotent ; u2 E V,,, vl E V,; u,, u, is a basis of U,; 
v1> 02,. . . , on_3 is a basis of V,; and ak < 0 for all k. 

The faces rl = [e,, . . . , e,] and r2 = [e,, 1, . . . , e,] are O-essential, and 
r3 = [es+,,..., e,] is invariant. In addition rt = {e], lY,2 = (e + u,}, and 
there exist two scalars ??1 < 0 and ??2 > 1 such that [e,,,, . . . , e,l IT A2 = [e 
+ ur + ??rv,, e + ur + ??2v1]. 

We conclude that all these evolutionary operators are not normal in the 
sense of [20, p. 1671. Th is is new support for the Lyubich conjecture [2O, p. 
2321. According to the Lyubich conjecture, if V is a normal s.e.o., then the 
corresponding Bernstein algebra is regular. A nondegenerate s.e.o. V is 
normal if there is no a pair jl,j2 such that xi, and xJ2 are proportional and 
there is no a pair j,,j, such that all xi’s depend only on xl, + xjz, x: (i f 
_ir, _i2). 
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