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ABSTRACT

This paper describes explicitly all simplicial stochastic nonregular nonexceptional
Bernstein algebras of type (3, n — 3). Consequently, the Bernstein problem of type
(3,n — 3) is settled, since the regular and exceptional cases have already been done.
© 1998 Elsevier Science Inc.

1. INTRODUCTION

In [1-4], Bernstein raised and partially solved an important problem
concerning the mathematical expression of some fundamental laws of biologi-
cal heredity. Let us, following [14] and [20], describe the statement of the
Bernstein problem.

A state of a population in any generation can be described by a stochastic
(or probabilistic) vector x = (x;)!_, so all the x, > 0 and s(x) = L;x, = L.
The set of all states is the basic simplex A"~' € R". The vertices (e,)/_, of
this simplex are types of individuals in this population. Let us denote by p;;
the probability that an individual of the type e, appears in the next genera-
tion from parents whose types are ¢; and ¢}, so p;; , > 0 and Xy p;; = 1;

moreover, p,. . = P, ., assuming that the maternal or paternal origin does
pl],k Pﬂ,k g P g1
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not play a role in the production of offspring’s types. Let the mating in the
population be at random and without selection. Then the state x’ = (2},
in the next generation will be

Xy = Zpij,kxixj (1 <k <n). (1)
ij

These formulas define a mapping V: A""! —» A"~ ! called the evolutionary
operator (e.o. for short) of the given population. A state x is called an
equilibrium if Vx = x. An evolutionary operator V is called Bernstein or
stationary (s.e.o. for short) if for every x € A" the corresponding state in
the next generation is an equilibrium, or equivalently Vi=1V.

The Bernstein problem is to describe explicitly all stationary evolutionary
operators.

The following interpretation of evolutionary operator V, given by the
formula (1), is very useful in the solution of this problem. One can define in
the space R" a commutative product

ee;= Lpgear  (1<i, j<n), (2
k

where {e,, ..., e,} is the canonical basis of R". In such a way we obtain a
commutative (nonassociative} baric algebra (A, s), where s: A > R is a
nonzero homomorphism over R. Moreover, the pair (A, s) is a simplicial
stochastic algebra (see [20, p. 150] for a general definition; we say “stochastic
algebra” for short). This means that the product of any elements x, y € A"~ !
belongs to A" '. There is a remarkable connection between the stationary
properties of an evolutionary operator and some property of the correspond-
ing algebra A: the operator V is stationary if and only if the identity

(x2) = s(x)’> (3)

holds. This means that (A, s) is a Bernstein algebra (see [13] and [15], where
identity (3) appeared for the first time; the term “Bernstein algebra” was
introduced in [18]). One of most important conclusions that can be drawn
from the preceding relation is that the Bernstein problem is equivalent to
finding, for every Bernstein algebra, all stochastic bases with their corre-
sponding multiplicative constants.

Let us remark that Bernstein algebras are not necessarily algebras with a
stochastic realization; that is, there exist Bernstein algebras such that for
every basis the simplex A, spanned by this basis, is not invariant with respect
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to the multiplication, i.e., A - A & A (see [8)]). A linearly independent set ¢ in
A is said to be stochastic if A(¢) - A($) C A(¢), where A(¢) is the simplex
spanned by the set ¢. Therefore, a Bernstein algebra is an algebra with a
stochastic realization if and only if it has a stochastic basis. Now let ® =
{e,...,e,} be a stochastic basis of a Bernstein algebra (A, o), and A, ik the
corresponding multiplicative constants, that is, e;e; = LA, 1¢;; since the
basis is stochastic, A;; ; > 0 and L;A;; , = 1; since the algebra is commuta-
tive, A;; ; = Aj; . Thus, we may consider A,;  as the hereditary coefficients
of a stationary evolutionary operator, which we denote by V. In the
following we will consider the elements of a stochastic basis indiscriminately
as vectors of the algebra or as types of the s.e.o.

ProposiTION 1.1. If ® = {e;} is a basis of a Bernstein algebra (A, w)
and wle;) =1 for all i, then the basis is stochastic if and only if the
coordinates of e; e; with respect to @ are greater or equal to 0 for all j, and

Jo-

If x€A and w(x) =1, then x? is an idempotent element. Thus, a
Bernstein algebra has at least one nonzero idempotent element. Every
nonzero idempotent element e, yields the Peirce decomposition A = Re &
U, &V, where

kero=U ®V,, Ue={x€A|ex=—;-x}, V, = {x € Alex = 0}.

It was proved in [14] that dim U, (and then dim V,) does not depend on
the choice of the idempotent element, so one can define type A = (m, 8),
where m — 1 =dim U, and 6§ = dimV, (so n = dim A = m + &). Products
between elements of U, and V, satisfy the following relations:

Utcv, uv,cu,, Vv2cu, (4)
(u2)2 =u*(u) = u® = u(uv) = u(v?) = (uv)2 =u’v?=0 (5)

for all u € U, and v € V,. On the other hand, the set of idempotent
elements is I{A) ={e + u + u?|u € U}, and if ¢ = ¢ + & + @” is another
idempotent, then

Uy={u+2umluecU}, V,={v—-21u+u*)v|veV,). (6)
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Moreover, dim U? and dim(U,V, + V,?) do not depend on the choice of
the idempotent element. So we will use the following definitions introduced
by Lyubich (see [14, 17, 20]): a Bernstein algebra in which UV, + V.2 = (0)
is called regular, and a Bernstein algebra in which U? = (0) is said to be
exceptional. Every Bernstein algebra of type (m, 6) with m — 1 or & less or
equal to 1 is regular or exceptional. Also, an algebra A where A=A is
called nuclear.

We will denote by U, the subset U, N ann U,. This subset is independent
of the idempotent considered, and it is an ideal of A. On the other hand,
A =A/U, is a Jordan-Bemnstein algebra (see [5] for general information
about U, and Jordan-Bernstein algebras).

The following basic concept of invariant linear form was introduced by
Lyubich ([14]; see [20] for more information). This is a linear form f on a
Bernstein algebra which satisfies the identity f(x?) = w(x)f(x) for all x € A.
The trivial invariant linear forms are w and zero. If |, is the set of invariant
linear forms of A, then its orthogonal is J," = (U,V, + V,?) & V,. For every
stochastic basis ® the space J, can be provided with the norm |f|| =
max{| f(x)| | x € A(P)}. Obviously, || fIl = max{| f(e,)| e, € B}, since A(P) is
the convex hull of ®. The set I; = {x € A(®)|f(x) = max{f(y): y € A(P)}
is an invariant face of A(®). We denote by " and T the invariant faces
I’ and T'_; respectively.

A s.e.0. is called regular, exceptional, or of type (m, 8) according as the
corresponding stochastic Bernstein algebra is regular, exceptional, or of type
(m, 8). A type ¢, of a s.c.o, is called vanishing if x; =0, and a s.e.o. is
degenerate if it has vanishing types. Also we call a stochastic basis degenerate
if the corresponding s.e.o. is degenerate.

Now, we recall some definitions and results due to Lyubich that are very
useful in the solution of this problem (see [20, p. 228-235] for more
information). Let V be a Bernstein evolutionary operator. Consider an
arbitrary face I' of the basis simplex A, and let C;. = Int I' N Im V (as usual,
Int I is the interior of the face I' with respect to its affine hull). The face I’
is called essential if C # (J. An essential face I is called a k-dimensional
essential face if C|- has dimension k as topological space (we say “k-essential”
for short). Let x = L7_,a;e;, @, > 0. Then the support of x, denoted by
supp(x), is the set of basis vectors (or their corresponding indices) for which
the coordinate of x is positive, i.e., i € supp(x) if and only if a; > 0. If
x € A and T is a face, then x € Int I" if and only if supp(x) = {i |e;, € T'}.
Every essential face T' is invariant, and V|I" is an operator nondegenerate of
type (mr, 8;), where mp — 1 is its topological dimension.

We can prove the following generalization of Theorem 5.7.1 of [20]
related to the case k = 0.
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LEmMMA 1.1 [11]. Let V be a Bernstein evolutionary operator of type
(m, 8). Then the number of k-essential faces is at least m —k, k =
01,....m—1.

The next lemma follows immediately from definitions.

LEmMa 1.2 Let T’ be a 0O-essential face. Then

() if T, isessentialand T NT| # &, then I CT';
(i) if T is O-essential and I N T} # &, then T = T';
(iii) if f is an invariant linear form, then f|r is a constant function.

Following [14] and [20] a linear form f on an algebra A is called
disappearing if f € (A*)* . Obviously, in this case ker f is a subalgebra
containing A®. This subalgebra is Bernstein if A is so.

A linear form f is called hyperbolic with respect to a stochastic basis
® ={e}if f=2X]_1oqef # 0 and either there exists exactly one a; # 0 or
there exists a; # 0 such that sign a; = —sign oy for all a; # 0, j # k. In
this case let us call @, the leading coefficient. The following lemma is
contained in [20, Corollary 3.7.6 and formulas 3.7.21].

LEMMA 1.3, If a linear form f is hyperbolic with respect to a stochastic
basis ® = {e,}, then there exists a stochastic basis ® of ker f. Namely, if «,
is the leading coefficient in f, then

b = {e;|a; =0} U {5, #0, j %k}, (7)
where

B [aj|ek + |ak|ej

L L (8)

ol + ]

The stochastic set ® is called external reduction of ® [20, Section 3.9].
An external kinship chain is a sequence of stochastic sets

®,, D,,... D,

such that in every pair (®,, @, , ) the set ®; ., is an external reduction of
®,. If such a kinship chain does exist for given ®, and ®,, one can say that
®, and D, are externally kin.
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LEmMMA 1.4. If ® and ¥ are externally kin stochastic bases and @ is
nondegenerate, then V is nondegenerate as well.

Proof. It is sufficient to prove the lemma for external reduction of a
stochastic basis. Let ® = _{ei} be a nondegenerate stochastic basis of a
Bernstein algebra A and @ an external reduction of ® by a linear form
f= X! |a;ef. We can assume, by a reordination of the stochastic basis, that

= =a,=0, Qg <0, a, =1.

n—1

Let x = X x,e; be an element of ker f. Then by (7) and (8)

r n—1 n—1
x= Y xe + 3 (1 - aj)xje'j + (x" + Y ajxj)en
i=1

j=r+1 j=r+1

with x, + L2} a;x; = f(x) = 0, and hence

r n—1
=Yg+ Y (1-a)x8
i=1 j=r+1
which immediately implies the lemma. [ |
For a finite sequence ® = {x, x,,..., x,} of elements of an R-algebra,

we denote by {(x,, x,,..., x,) the vector subspace spanned by ®, and by
[x,, x5, ..., x,] the convex hull of ®.

2. STOCHASTIC BASES FOR THE TYPE (3,n — 3)

Bernstein solved the Bernstein problem for n = 3. (The case n = 2 is
trivial.) For all n > 3 the Bernstein problem in the regular case and the
exceptional case was completely solved by Yu. Lyubich in a series of papers
(see the book [20] and the references there). In [7] we described explicitly all
s.e.0.’s of type (3, 2) in the nonregular and nonexceptional case and thereby
completed the solution of the problem for n = 5. Also, in [9], for all n, we
described all s.e.0.’s of type (n — 2,2) in the nonregular nonexceptional
nonnuclear case. Finally, in [10] we solved completely the Bernstein problem
for n = 6, talking into account the above-mentioned result of Lyubich and
the following one recently obtained by Grishkov.
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LEmMaA 2.1 [12).  Every nuclear s.e.o. of type (4, 2) is regular.
Thus, the following Lyubich conjecture is true for n < 6:
CONJECTURE 2.1.  Every nuclear s.e.o. is regular.

In this paper, we will describe, for all n, the stochastic bases of a
Bernstein algebra of type (3, n — 3) and with dim U, = 1. It has been proved
in [19] (see [6] for more information) that if A is a nonregular nonexceptional
Bernstein algebra of type (3, n — 3), then A® is isomorphic to the algebra
A, | (see Corollary 2.3 of [8]), i.e., A has a basis {e, u,, u,, v,} with products
nonzero e* = e, eu, = u,/2, eu, = u,/2, and u} = v,. Consequently, with
this work, the Bernstein problem for the type (3, n — 3) is completely solved.

From now on A will be a nonexceptional Bernstein algebra with dimen-
sion of U, equal to 1 (so n = dim A > 4). A basis ¥ =
{e,u;, uy,v,0y,...,0,_3) of Ais called standard if e is an idempotent
element, u,,u, a basis of U, v,,...,v,_; a basis of V,, u, € U,, and
u? = v,. (See Propositions 3 and 4 of [6] for more information about the
standard bases.)

PrROPOSITION 2.1 [6).  Let {e, u;, uy, vy, ..., v,_,} be a standard basis of
A. Then:

(i) The basis {e, u), uy, v, ..., v, _3} is standard if and only if there exist
a, B € R* and £ € R such that v} = alu, + £u,), u,y = Bu,, v) = a’v,.
(i) Ife = e + u + u® is another idempotent of A, &t = pu, + qu,, then

{e,u,,u,.0,,...,0,_3) is a standard basis, where
u, =u; + 2pv,, Uy = u,,
v, =v 5 =1, — 2(A,p + Ayg + pypPlu
1 1° i i P 2i T KMy P )Y

for 2<i<n—3.

Some properties of the algebra A are:

(1) The subspace U? does not depend on choice of the idempotent
element and it has dimension 1. We will denote this subspace by V.

@) UP = UV, = V¢ = (0 and UV, + V2 C U,

(3 If ¥ ={e,u,uy,vy,...,0,_5} is a standard basis, then the set of
idempotent elements of A is I, = {e + au, + Bu, + a’v,|a, B € R},
and J, = {e* u}) with respect to its dual basis.
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(4) Let ® be a stochastic basis of A. Then the set {(I}‘“) li = 1,2} does
not depend on choice of a nontrivial invariant linear form f on A, and if
(m,,8,) is the type of the subalgebra A, := (F}i)), then m; < 2. On the other

hand, the set ®{" = {e, € ® | ¢, € [V} is a stochastic basis of A,.

The following lemma is a reformulation of a theorem obtained by Lyubich
(see [16).

LEMMA 2.2. Let a Bernstein algebra be exceptional and of type (2, n —
2). Then its stochastic bases are of the following forms

r—1

e =e+ Z o,

k=1
e, =e+uv_, (i=2,...,r),
s—2
€1 =et o ut A\: 0,
k=r

e, =e¢+ pu+u_, (j=r+2,...,s),

eg=e¢+ wu +v_, (I=s+1,...,n).

The element e is an idempotent, u € U, v),...,0,_, is a basis of V,, and
a, <0.
In addition, the faces [e|,..., e ) and e , |,..., e,] are O-essential, and

the vectors e; are vanishing.

Proof. Let ® = {e;} be a stochastic basis of an exceptional Bernstein
algebra A of type (2,n ~ 2). By Lemma 1.1, the simplex of this basis
contains two O-essential faces. Thus, by Lemma 1.2 and a suitable arrange-
ment of the stochastic basis we can suppose that

I =[e,...,e,] and T, =1[e ,,...,¢]

> &

are the 0-essential faces. We denote by e the element of I'Z. Then e is an

idempotent element, and there exist linearly independent vectors v,, ..., v,_;
in V, such that ¢, =e + Xi_layv, and ¢, =e + v, for i =2,...,r.
Now, as

dim((T, U T, U Upd /{Ty U Up)) = dim(T,) — 1,
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it follows that there exist vectors v,,...,v,_, in V, and v in U, such that
Uy, Vg,...,U,_y are linearly independent, e, =e + p., u + LiZ 2 qqu,,
and e;=e+ pu+o_, forj=r+2,...,s

Finally, by the relation A% c (T, UT,) we obtain that the types ¢;, for
s + 1 <1 < n, are vanishing. This completes the proof of the lemma. [ ]

COROLLARY 2.1.  Let B be a Bernstein subalgebra of A of type (2, n' — 2),
n' = dim B, such that U, and V,, are in B. Then its stochastic bases, after a
suitable reordination, are of the following form:

r
e, =e + Z a, U,
k=2

e, =e+v (i=2,....r),
n' —2

e =et p u, + Z Biv s
k=1

n'—2

€r19 =€ + Uy oly + Z YiCr s
k=1

e;=e+ puy +v,_, (j=r+3,....n").

The element e is an idempotent, u, € Uy, v, € V,, and v,,...,v, , are
linearly independent vectors in V,. The face e, ..., e ] is O-essential.

THEOREM 2.1. Let ® ={e, e,,..., e,} be a stochastic basis of A. Then
there exist &, ®,, @, three subsets of ®, and a standard basis ¥ =
{e,uy, uy, vy,...,0,_5} such that the following statements hold:

@ & N& =Tifi #j;

(i) A, and A, are O-essential faces and N A, (A, = A(D,));

Gii)) A, N A2 ={e}, A, NA’={e+u,), and A, N A =[e+u, +
£0), e +u, + &v,], where £, <0 and 1 < &,;

(v) if f is the invariant linear form that verifies f(e) = 0 and f(u,) = 1,
then f(®) > 0 and |Ifll = L;

(v) every element of ® either is a vanishing type or belongs to ®, U ®,
U P,
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Proof. We shall use induction on n = dim A. The first step of induction
is for n = 4. In Theorem 3.1 of [8] (see also Theorem 3.2 of [7]), we describe
explicitly all stochastic bases of A when dim A = 4. Also, in [7] and [10] we
describe explicitly all stochastic bases of A, when dim A =5 and when
dim A = 6 and A is nonregular respectively. Consequently, the theorem has
been proved in all the cases for n < 5.

Let n > 5. Assume that the theorem is valid for Bernstein algebras of
type (3,n’ — 3) with dim U, =1 and n’ < n. Let ® = {e,} be a stochastic
basis of A. If the stochastic basis has vanishing types, then the nonvanishing
types form a stochastic basis of a subalgebra of A that contains A* There-
fore, by the induction assumption we obtain the result. In the rest of the
proof we assume that the stochastic basis has no vanishing types. Let f be a
nontrivial invariant linear form of A (we can assume that min f(®) = 0 and
(lfll = 1) and A, the associated Bernstein subalgebras with respect to the
invariant form f. We can select the invariant linear form f such that
m, > my. Also, we can assume, by a reordering of the stochastic basis, that
A ={e,ey,....e,7, Ay =Xe, 11,€, +5,--,¢, ). We will prove that m,

(D) 1f (my, my) =(1,1) and u,,v, & A; + A,, then there exists a stan-
dard basis and a suitable arrangement of the stochastic basis such that the
coordinates of @ with respect to the standard basis are as shown in Table 1,
where ¢ +u; + v, €A, and 0 < A; < 1 for all [. By the induction assump-

TABLE 1
1 1 1 1 1 1 1 1 1 1
0 0 0 1 1 I Ay * * A,
0 0 0 Moy * * * x * oy
0 0 0 1 1 1 * * * *
@ ] 0 B; Y2
: : 0 : 0
a, 10 B
@, 41 1 Bn1+1 Yo, +2
: 0
@, -1 1 Bn2_1 Yy—1

B"z+1 Yoo+l 1
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tion and Lemma 1.3 we have that n = n, + 2 and «;, B;, and vy, are
different from zero for i = 2,...,n, — 1. Therefore, T = [ey,..., ¢, ] and
I'"=Tle, 15+ €,.5] are 0- essentlal faces. This means that F2 ~{e} c
IntT" and (T'')* = {e + u; + v} € IntT'. Now by Lemmas 1.1 and 1.2, the
face [¢,_, e,] is O-essential and also the faces [e,....e,.....e,_;, ¢,] and
[€n +1o->€n 2, €,-1,€,] are l-essential. This implies that efelel U
e, |, e,] and efHe eluvle,_|,e,], so ny=1 and n,=n, + 1.
Therefore ® ={e,e + u, + v, e + Aju; + pyu, + Bovy, € + Aju; + pyu,
+ v,0,}, but by Theorem 3.1 of [8] this basis is not stochastic.

(2) Let (m), m,) = (1,1) and either v, € A, + A, or u, € A, + A,. If
dim[(A, + A,) N A%] =4, then A, + A, = A, since A> CA, + A, and ®
has no vanishing types. By Lemma 1.1 the simplex A has three 0-essential
faces. It is clear by Lemma 1.2 that every 0-essential face of A is contained in
A, or A,. Thus, one of the subalgebras A,, A, contains two 0-essential faces:
but this is impossible, since the type of A, is (1, dim A; ~ 1) and therefore
dim A? = 1. If dim[(A, + A,) N A%] = 3, then by Lemma 1.3 there exists
e’ such that ® and ¢, = {el,. ., €,,,e'} are externally kin. By the induction
assumption n = n, + 1 and ¢’ = ¢,. Now [¢,] must be a 0-essential face by
Lemma 1.1. This means that e, is an idempotent element. On the other
hand, the subspace V, has dimension 1, so either V, ¢ A, or V, € A,. We
can assume that V, ¢ A,. We have

e, €A%, dim[A/(A +A?%)] =dim A, - 2

therefore by Lemma 1.3 there exists ®, = {e,,..., ¢, , ¢}, €}, ¢,} such that ®
and @, are externally kin. But induction assumption ® = ®, and A, =
(e,_,,e,_,>. Therefore, there exists a standard basis such that the coordi-
nates of the stochastic basis with respect to this standard basis are of the form
shown in Table 2, where 0 < A < 1, and by Lemma 1.3 and the induction
assumption, the scalars «;, B;, v; must be different from zero for 2 <i < n

TABLE 2
1 1 1 1 1 1
0 0 0 1 1 A
0 0 0 Hn_2 My n
0 0 0 B, Y A2
1

@, 4 1 B,_4 Yu-3 0
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TABLE 3
1 1 1 1 1 1
0 0 0 0 0 1
0 0 0 Moy o My -1 0
0 0 0 B, Y 1
a, 1 B Yo 0
a,_3 1 B._s Vn.— 3 0

— 3. Then I' =[e,...,e, 3], ' =le,_,,e,_,], and T'" =[e,] are O-es-
sential faces. We have that ee, T UT”", so T UT" and I'" U T" must be
l-essential faces. Then, e’_ e, = (e2_, + e,)/2; but this is impossible.
Therefore, we have proved that m, = 2.

In the rest of the proof we will assume that T} = [e,...,e.] T, =
le,s1e-- 0] and Ty =[e, ,y,..., ] are O-essential faces and V, N I, =
. We will consider a standard basis such that

e el e +u, €T, e+u +v, €Tl

The dimension of the subspace A; N A? is equal to 2 or 3, since m; = 2.
If dim( A, N A®) = 3, then A% C A, + A,. This implies that A = A, + 4,.
Also, we have that dim[ A/(A, + A?)] = dim A, — 1. Therefore, by Lemma
1.3 we obtain that n = n; + 1. This means that A, = {e,) and T’; = [¢,].
The element e, is an idempotent element and ¢, € A%. Now Lemmas 2.2
and 1.3 imply that n, = r + 2, and therefore there exists a standard basis
such that the coordinates of the stochastic basis ® with respect to the
standard basis are of the form shown in Table 3, where the scalars a;, B, v,
are different from zero. Thus, I', = [¢, _,, ¢,], and by Lemma 1.1 one of the
faces I', U T, T, U T, is l-essential. But this is impossible, since ee, & I’}
UT; and e?_,e, & I, U I,. Therefore, we have obtained a contradiction
that comes from the supposed condition dim(A, N A*) = 3. This implies
that dim( A, N A*) = 2.

If V& A, +A,, then dim[A/(A, + A, + AD)] = n — dim(A; + A,)
+ 1. Therefore, by Lemma 1.3 and the induction assumption, n = n, + 1.
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TABLE 4
i 1 1 1 1 1 1 1 1 1
0 0 0o 0 0 o 1 1 1A,
0 0 0 ., * £ x x *ou,
0 0 0 0 0 0 1 1 1 *
o 1 0 0 B:
: : 0 : 0 :
a, 10 0 B,
o] 0 Bri
: - E 0 :
anl -1 1 0 Bn, -1
aﬂl 1 B”l
[ S 1 Bn -3

Thus, the coordinates of the stochastic basis with respect to a suitable
standard basis are as shown in Table 4. Hence, there exists

®={ec,etu,e+u +uv,e+ A + pu, + Bv,},

0 < A < 1, such that ® and @ are externally kin. But, by Theorem 3.1 of [8],
this is impossible.

At this point, we have proved that dim(A; N A%) = 2 and V, € (A, +
A,) — A,; besides, A>C A, + A, and n = n,, since the stochastic basis
under consideration has no vanishing types. Hence, the coordinates of the
stochastic basis with respect to a suitable standard basis are of the form
shown in Table 5. The scalars «, are different from zerofori = 2,...,n; — 1,
since if a; = 0, then there exist two vectors in [e;, |, ¢, .1, e, ,,] such that
these vectors jointly with the vectors e, j* k+1,n +1,n +2 forman
external reduction of ®; but by Lemma 1.4 and the induction assumption,
this is impossible. Therefore I', = [e,,,,..., ¢, . On the other hand, there
exists

P = [el,ez,...,enl,enﬁl,e"|+2},
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TABLE 5
1 1 1 1 1 1 1 1 1 1
0 o0 0 0 0 0 1 1 1 1
0 0 0 pyy ¥ * * * * Hon
0 0 0 0 0 0 B y, 0 0
a 1 0 B; Yo
: 0 0
a, 1 0 B, Yr
ar+l 1 Br+l 7r+l
: . : : 0
anl—l 1 B”l‘l ’Ynl—l
B., Yoy 1
Bn~3 Ya-3 1
with &, . =e +u, + piu, + L)'B; vy, i = 1,2, such that ® and ® are
externally kin.

If there exists k with 2 <k <n; — 1 such that 8, , =0 or B, ,; =0,
then by Lemma 1.4 and the induction assumption BLiy=By;=0. Hencec
[é, 1€ o, + o] is a O-essential face of A(®) or €n 41 and & €, 4+ are in A% If
[é, 41, €., +2] is a O-essential face, then by Lemma 1.1 T} U [en 11> €n 1+ Or
[, Ulé, 1, é, 1] is 1-essential face. We can assume, by a reordenng of the
stochastlc ba51s and the standard basis, that the first statement is true. Since
rule, .1 e, €, .ol is essential, the products e, ,, and eé, ., are in
F v [en +1> €, + 2] This implies that u, = u, =0 and B = ,32 ; = 0 for
k=r+1,...,n — 1. Finally, the products (e + uz)en +1 and (e +

Uy)é, 4o 1mply that Bk =B =0 for k = 2,..., r. Therefore, in all the
cases we obtain that ¢, ., and €,,42 are in A2 and w; = py = 0. This
implies that

Mp 11 = 70 = My =0 By = - =Bnl—1 =0,
Y2 = 0T Yy-1 T 0,

which proves the theorem. [ |
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As a result, we also obtain

THEOREM 2.2. Let a Bernstein algebra be of type (3,n - 3) and with
dim U, = 1. Then its nondegenerate stochastic bases have the following form:

,
e, =e+ Z U,

k=2
e, =e+u, (i=2,...,r),

1 1

s—1

€1 =€t Moty + Z A0,
k=r+1

€, =€+ wuy +v,_, (j=r+2,...,98),
n—3
e =etu + Y B,
k=s
n—3
e,9=etu + Z Yk
k=g

e;=e+tu +u_, (I=s+3,....n).

The element e is an idempotent; u, € U,, v, € V,; uy, u, is a basis of U,;

V), Uy, ..., 0,_5 is a basis of V,; and a; < 0 for all k.

The faces Ty = [e,,...,e J and T, =[e,,,,..., e, are 0-essential, and
Iy =le,,1,...,e,] is invariant. In addition T} = {e}, T3 = {e + u,}, and
there exist two scalars €, < 0 and €, > 1 such that [e,,,,...,e, ] N A* = e

+u, + €v,e+u + el

We conclude that all these evolutionary operators are not normal in the
sense of [20, p. 167]. This is new support for the Lyubich conjecture (20, p.
232]. According to the Lyubich conjecture, if V is a normal s.e.o., then the
corresponding Bernstein algebra is regular. A nondegenerate s.e.o. V is
normal if there is no a pair j;, j, such that x and xj are proportional and
there) is no a pair j,, j, such that all x7's depend only on x] +x}, x} (i #
Jis J2
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