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ABSTRACT

In a paper by A. Worz the dimension of the derivation algebra of a finite
dimensional Bernstein algebra is given and Bernstein algebras having a derivation
algebra of maximal dimension are characterized as those with product zero in the
kernel (trivial Bernstein algebras). This paper considers the opposite case, that is,
Bernstein algebras having a zero derivation algebra. Some conditions needed for a
Bernstein algebra to have zero derivation algebra are obtained, and some examples are
given.

INTRODUCTION

A Bernstein algebra A is a commutative algebra over a field K, char K #
2, with a weight homomorphism, that is, a nonzero homomorphism of
algebras w: A - K satisfying (x%)*> = w(x)?x® for every x in A. It is
known that a Bernstein algebra has only one weight homomorphism and
always has idempotent elements. If e is one of them, then A has a Peirce
decomposition A = Ke + U, + Z,, where U, = {x € Ker w: ex = 3x} and
Z, = {x € Ker w: ex = 0}. The relations

vy cz, UZcU, and ZZ,cU, (11)
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are satisfied. Further information about Bernstein algebras can be found in

6], [8], and [13}.

$
1L 1

DEFINITION. A derivation D of a Bernstein algebra is a linear applica-
tion D: A — A satisfying D(xy) = D(x)y + xD(y) Vx, y € A.

Then D(e) € U, and each derivation D of A defines and is defined by a
triplet (, f, g) where € U, f:U — U, and g:Z — Z are linear applica-
tions satisfying the relations:

g(uu') = f(u)u' + uf(u") Vu,u' €U, z,z' €Z,
(1)

f(uz) = f(u)z + ug(z) + 2[D(e)u]z, Vu,u’ €U, z,2' €Z,
(2)

f(z2") = 2g(2") + g(z)z' — 2{[D(e)z]z" + [D(e)z']z}. (3)

So D is defined by D(e) =u, D(u)=f(u) +2D(e)u Yu € U, and
D(z) = —2D(e)z + g(z) Vz € Z. (See [2], [5]. [7], and [9] about
derivations in Bernstein algebras.)

It is known that dim U = r, dim Z = s are invariants of the algebra (that
is to say, they don’t depend on the idempotent element ¢) and dim A =1 +
dimKerw =1+ (r + s).

The above observation lets us deduce that dimDer A < r + r2 + 52,
A. Woérz proves that the Bernstein algebras having a derivation algebra of
maximal dimension are the zero Bernstein algebras [(Ker w)?* = 0], that is,
dimDer A = r + r? + s? if and only if A is a zero Bernstein algebra.

Algebras having “many derivations” have been studied in [10] and [12]. In
[12] it is obtained as a by-product that the derivation algebra of a finite
dimensional nilpotent algebra is always nontrivial.

The aim of the present paper is to study the opposite extreme case, that
is, the case in which Der A = 0. Notice that a Bernstein algebra cannot be a
nil algebra. In fact, it has a nil ideal of codimension one. So, considering the
above-mentioned result of Rohrl and Walcher [12], the question is: Are there
Bernstein algebras with Der A = 0? In the affirmative case, what can we say
about them?
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RESULTS
DerFiNITION. U° ={u €U, : ulU, = 0}.

It was seen in [6] that for any two idempotent elements e, f of A one has
{ucel,:ulU =0={ue U ul, = O}; therefore, the definition doesn’t
depend on the idempotent element. U’ is an ideal of the algebra A with zero
product, and it is the greatest ideal of square zero contained in every U,

e < E(A).

LemMma 1. U° is invariant for any derivation D of A.

Proof. We know that D(e) €U,, so uD(e) = 0 if u €U°. So eD(u) =
D(eu) — ubD(e) = D(euw) = D(3u) = 1D(u). Therefore D(u) €U,.

For every u’ in U, we have uu ' = 0, so D(uu’) = 0 = D(wu’ +
uD(u') = D(wu' + u[f(u') + 2D(e)u']l = D(uwu', because uf(u') €
U°U = 0 and u[D(e)u'] = —[uD()u’ — (uu')D(e) = 0, using the
linearization of u®= 0.

Consequently D(u) €U, satisfies D(u)U, = 0, that is, D(u) €U°. .

Lemma 2. If Ais a Bernstein algebra that is not Jordan, then U°+ 0.

Proof. We know that there is an idempotent e for which ZZ# 0,
because A is not a Jordan algebra. If z is an element of Z, with 2> 0, it is
clear that z€U” and so U"+# 0.

We notice that for every u in U, and z in Z, the element (uz)z€U°,
because ((uz)zlu’ = —(uzXu'z) = 0. Also, zz' for every z,z’ in Z,. Con-
sequently A/U” is a Jordan-Bernstein algebra. u

LEMMA 3.  If A is a Bernstein algebra having zero devivation algebra,
then there is no element uin U with u(U+Z) = 0.

Proof. In [5] it was proved that the right multiplication R,,u€U,, is a
derivation if and only if uZ=0= (uU)Z, and that R,,z€ Z, is a derivation
if and only if 2Z = 0 = zZ* and (z,U,Z) = 0. Consequently, if 4 has only
zero derivations, it cannot have elements u in U, or z in Z, satisfying the
above conditions. If u(U +Z) = 0, then the right multiplication R, would
be a derivation.

Consequently, for each u in U’ there must exist a z in Z, with uz+ 0.
Even more, there is a zin Z, with (uz)z+# 0, because otherwise the triplet
(,0,,0;) would define a nonzero derivation of A. u
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ProPOSITION 1. If A is a Bernstein algebra having zero derivation
algebra, then A is not Jordan and so U® # 0.

Proof. In [11] inner derivations of a Jordan-Bernstein algebras were
studied, and it was seen that the dimension of the algebra of inner derivations
is always greater than or equal to r [each element # € U, defines an inner
derivation by D(e) = 34, D(u) = %u, and D(z) = —uz]. So if a Bernstein
algebra has derivation algebra zero, then it cannot be a Jordan algebra. It was
proved in [6] that a Bernstein algebra that is not Jordan has always an
idempotent e with ZZ # 0. [

THEOREM 1. If A is a Bernstein algebra having zero derivation algebra,
then Ker w is not nilpotent, that is, A is not a genetic Bernstein algebra.

Proof. Defining (Ker w)* = (Ker w)Xer @) and recursively
(Ker @)™t = (Ker o) (Ker w), we can see that (Ker w)” # 0 Vr, since, if
u, € U° we know that there exists z, in Z, with u,z; # 0 and u,z, € U’
N (Ker w), so there exists z, in Z with (u,z,)z, # 0. Following the above
process, we can find for each > 1 an element 0 # u, € U’ N (Kerw). m

COROLLARY 1. If A is a Bernstein algebra having zero derivation alge-
bra, and U? = 0 (U° = U), then for every u in U, there is a z in Z, with
(uz)z # 0.

COROLLARY 2. If A is a Bernstein algebra having zero derivation alge-
bra, then U,Z, + O for any idempotent e of A.

COROLLARY 3. If A is a Bernstein algebra having zero derivation alge-
bra, then A is not nuclear, that is, U? # Z,.

Proof. If u € U°, then uU, =0 = uU?. Therefore, if Z, = U? we
would have that uZ, = 0 Vu € U°, and R, would be a nonzero derivation.
n

We could have seen this by using the result of [3] that assures that a
nuclear Bernstein algebra (that is, U? = Z,) is genetic and applying Theorem
1 above.

LEMMA 4. If A is a Bernstein algebra having zero derivation algebra,
there cannot exist an idempotent element e with U? = 0 and Z} = 0.

Proof. If we had such an idempotent element e, then considering the
Peirce decomposition with respect to e, the triplet (0, 1, 0,) would define a
nonzero derivation of A. |
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PROPOSITION 2. If A is a Bernstein algebra having zero derivation
algebra and U = 0, then dim Z, > 1 (and consequently dim A > 4).

Proof TIn fact dim 7Z =1 im l.

Proof. In fact, dimZ = 1 imp
element of U, say # (whose determination needs r parameters, the coordi-
nates with respect to the fixed basis in U), a linear application f: U — U (for
which we need r? parameters, the r coordinates of the images of each
element in the basis of U), and a linear application g :Z — Z (given by one
parameter). The above parameters must satisfy (1), (2), and (3). In the
present case, (1) is an identity 0 = 0; (2) is equivalent to the relations
flu;z) = flu)z + u,g(z), where {u,,...,u,} is a basis of U and {z} is a
basis of Z. Each one of the above relations yields r equations (making the
coefficients of u; equal). Then the above parameters must satisfy r* homoge-
neous equations as a cansequence of (2).

Finally, (3) produces in this case r equations [ f(z?) = 2zg(z) — 2(uz)z].
In conclusion, to give a derivation D we need to find > + r + 1 parameters
satisfying r:+r homogeneous equations. As we know, there is always a
nontrivial solution, because r®> + r <r?+ r + 1. So we can always find
a nonzero derivation. [ ]

D ic aiven hyv an
127 18 given Dy an

LEMMA 5. If A is Bernstein algebra having zero derivation algebra and
U2 = 0, then there is no element z in Z, with z Ker o = 0.

Proof. Ifsucha z existed, we could define a linear application g : Z — Z,
g # 0, with Im g = Kz, and then the triplet (0,0, g) would define a

nonzero derivation.

ProposITION 3. If A is a Bernstein algebra having zero derivation
algebra and U? = 0, then dim U > 1.

Proof. If A = Ke + K(u) + K(z,, ..., z,), we can use the same argu-
ment of Proposition 2 and we see that a derivation is given by 1 + 1 + s*
parameters satisfying s equations associated with (2) [f(uz,) = f(u)z;, +
ug(z)] and 3s(s + 1) equations associated with (3) [f(z,z)) = z,g(z)) +
z].g(zi) - 2{(17zi)zj) + (ﬁzj)zi}, i <jl So it is always possiblje to determine
s? + 2 parameters (not all of them equal to zero) satisfying s + 3s(s + 1)
equations, that is, there is always a nonzero derivation. ]

ExaMPLE 1. There are Bernstein algebras with U? = 0, Der A = 0 and
minimal dimension, that is, 5. Let A = Ke + K(u,;, u,) + K(z,, z,) with the
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product given by U2 = 0, z7 = uy, 25 = u,y, 2,2, = 0, 2ju, = 0, zju, = u,,
Zolhy = Uy, 2o, = 0.

If D is a derivation given by the triplet (au, + Bu,, f, g), where
f:U > U is a linear application given by f(u,) = tju, + tyu,, flu,) =
s,u; + Syt,, and g : Z — Z is a linear application given by g(z)) = v,z; +
Y222, g(25) = 8,7, + 8,7,, they must satisfy:

(D f(z2) = f(u,) = 22,g(z,) — 4[D(e)z ]z, = 2v,u, — 4Bu,, whence

t, =2vy,, t, = —48;
fluy) = f(z3) = 2z,(z,) — 4 D(e)z,]z, = 28,u, — 4a,u,, whence

s = 4a, 5o = 28,;

0 =f(zlzz) = g(zl)Z2 + zlg(zz) - 2{[D(e)zl]z2 + [D(e)zz]zl} —
Youy + 8,u;, whence 8, = 0 = y,;
(@) 0 = flu,z,) = flu)z, + u,g(z)) = tyu, + y,u,, whence

ty, =0 =1y,;
0 = fluyz,) = fluy)z, + uyg(z,) = sju; + 8,u,, whence
s, =0=208;
fu) = flu,zy) = flu)z, +u,g(z,) = tiu; + 8,u,, whence
t,=t; +8, (8,=0) and ¢,=0;
fluy) = fluyz)) = fluy)z, + uyg(z) = s,u, + v u,, whence
$;=0 and sy=s,+7v, (y.=0).

So D =0.

Similarly, the algebra Ke + K(u,,u,) + K(z,, z,) with the product
U2 =0, 22 =u, —uy,, 22, =2u;, 23 =3uy, U3 =u), Uz =
Uy, + uy, u,z, =0, uyz, = —u, has derivation algebra equal to zero.
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ExaMPLE 2. It may be that for a Bernstein algebra A one has dim U >
2, dmZ>2 U2=0, UZ,+0+#Z2? for every idempotent element e,
but Der A # 0. For instance, the algebra A = Ke + K(u,,u,) + K(z,, z,)
with the multiplication given by U? = 0, u,z, = u,, 1,2, = u,, 4,2, =0,
Uyzy = Uy, 3% =u,, 2,2, = 0 = z; satisfies all the above conditions. It is
easy to see that dim Der A = 1, and every derivation D of A is of the form

D(e) =0, D(u,) = Bu,, D(uy) = Bu,,

D(z,) = $Bz,, and D(z,) =0.

ExaMpLE 3. Now the natural question is: Are there Bernstein algebras
with derivation algebra equal to zero and U} # 0P The answer is yes, as the
following example proves.

Let A = Ke + K(u,, uy, u;) + K(z,, 25, z3) with the product u} = z,,
u,U=uU=0=2zU, ©12,=1u,y, Uyzy = Uy, Us%y =0, U123 = Upz; =
Us2y = Uy, 28 = 0, 2,25 = Uy + Uy, 25 = Uy, 23 = Uy, 2135 = —Uy, 25323
= u, — u,. This algebra satisfies UZ = U° = Z%, and A is orthogonal,
because U2U = 0 (it is even totally orthogonal, because U?U? = 0; see [4]).

It is in fact a Bernstein algebra, because if x = @e +u + z, then
x2 = a’e + au + 2uz + 2% + u? with u® € Kz, 2uz + z% € K(uy, uy) =
U°. So (x2)? = ate + a®(au + 2uz + z?) + a®u?, since w?u=0=
uuz + z), Quz + 2)* = 0 = (1?)* = u®(Quz + z), because z,U = 0.

It is easy to see that if (#, f, g) defines a derivation, the conditions on the
product assure that # = 0, f = 0, and g = 0.

THEOREM 2. Suppose that Der A = 0 and there is an idempotent e such
that U? + 0, Z2 = 0. Then A is not orthogonal and dim A > 8.

Proof. If U? = 0, then we can consider 1, : U — U. Since U* C Z but
U? # Z, we can consider any linear application g :Z — Z satisfying g(z) =
2z if z € U? and g(Z) c U By the hypothesis, (0,1,, g) defines a
derivation.

So U? # 0, and using [4], A is not orthogonal, that is, there is no
idempotent element f for which U? = 0. In this case (3) is always satisfied,
and (1) and (2) are now

D gluu") = 2Auu’) = flwhu' + uf(u’),
(@) f(uz) = uz = flu)z + ug(z) = uz + 0, since ug(z) € ulU? C
U®=0.
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The above is always true if dim U = 2. In fact, since U? # 0, we know
that 1 € dim U° < dim U = 2; then we must have dim U° = 1. Let {¢,} be a
basis of U° that we extend to a basis {u,, u,} of U. Then it is inmediate to
prove that U =0.

If dim U = 3, then dim U° = 2 or dim U° = 1.

If dim U° = 2, we can see again that U3 = 0. (This is always true when
dim U° = dim U — 1)

If dim U° = 1, {u,} a basis of U°, there cannot exist u, & K(u,) with
u} = 0. In fact, if we had such an element, we would be able to choose a
basis {1, uy, us} of U with u? = 0 = uju, = uju; = ul, uyuy = 21, uj = z,.
Then {z,, z,} would be linearly independent, because otherwise we would
have U® = 0 and consequently Der A # 0, as we have seen before. Also
dim U? < dim Z; then dim Z > 3. For every z in Z we have u;z € U’ so
u,z = a,u,. Also (uyz)* = (uy2)® = 0; therefore wuy,z = Bu; + v,u,,

z =8 u, + pu, Butuy(uyz) = Oimplies u, = 0. Similarly u,(u,2) =0
implies y. = 0. So UZ = Ku, = U°. Using the same argument as before, we
can see that the determination of a derivation (0, f, g) needs 1 + 3 + 3 =7
parameters for f and s parameters for g satisfying the 3s relations f(u;z;) =
fu)z; + u,g(z)), and consequently 3s equations (let us remember ’that
UZ = Ku 1) together with the 6 relations and 6 equations g(u,u; ) =u, g(u )
+ u,g(u, ) [because U? = K(z,, z,)]. Consequently, we need to find 5% + 7
parameters satlsfymg 3s + 6 homogeneous equations. Since s > 3, it is
always true that s + 7 > 3s + 6, and consequently there are always nontriv-
ial solutions, that is, there are always nonzero derivations.

Finally, let us suppose that an element u of U has square equal to zero if
and only if it belongs to Kul, which implies that UZ = Ku,. If dim U? = 1,
then we would have again U = 0 and, as we know, A would have nonzero
derivations.

If dimU?% =2, then dim Z =s> 3, and in order to have a deriva-
tion (0, f, g) we would need s® + 7 parameters satisfying the 3s relations
flu;z) = f(u)z; + u,;g(z,) and consequently 3s equations (because dim
Uz = l) as well as the 3 relatlons g(u; u; ) =u, g(u )+ u, g(u ) yielding 3 X
2 equations (dim U? = 2). But 3s + 6 < s+ 7, s0 there is always a nonzero
derivation.

If dim U2% = 3, then dim Z = s > 4, and, as before, to give a derivation
(O, f, g) we need s> + 7 parameters satisfying 3s + 9 relations. As before,
there is always a nonzero derivation. [ |

The above argument assures that if there is a Bernstein algebra A with
Der A=0 and U? # 0 and Z2 = 0 for some idempotent element, then
dim U > 3, dim Z > 3, that is, dim A > 8. It can even be proved that
dim Z > 4 when dim U = 4. But is there any such algebra?
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We can suggest the following conjecture: Let A be a Bernstein algebra
with Der A = 0. Is it true that Z2 # 0 for every idempotent element? We
know that this is the case when U? = 0, but we don’t know in the case
U?2+#0.

ExaMPLE A. For each r > 2, there is a Bernstein algebra A (not
Jordan) with U? = 0, dim U = dim Z = r, and Der A = 0.

In fact, it suffices to consider the algebra A = Ke + K(u,,...,u,)
K(z,..., z,) with the product given by U? = 0, u,z, = 0, u,z;, = u, zf
u.,ziz—01f1¢]€{l2 ., T}

1

I+

ExaMPLE B. The Bemnstein algebra A = Ke + K(u,, uy, ug) +
K(z,, z,) with U% = 0, 22 = u,, 25 = us, 2,25 = 0, 4,2 = Uy, 4,2, = Uy,
uy2) = 0, uyzy = Uy, 433 = Uy = U,32, satisfies Der A = 0. In this exam-

ple dim U > dim Z and dim(UZ + Z*) < dim U.

ExampLE C. A = Ke + K(u,,u,) + K(z,, z,, z;) with the product
given by U? = 0, z} =uy, 2,5, = 00 #j), u12) = uy, 41z, = 0, 4123 = uy,
UpZ] = U, UyRy = Uy, Uy23 = 0 is a Bernstein algebra with Der A = 0. In
this example, dim Z? < dim U < dim Z.
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