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Abstract. We discuss the long-time behavior of Andreoli's differential equation 
for genetic algebras and for Bernstein algebras and show convergence to an 
equilibrium in both cases. For a class of Bernstein algebras this equilibrium is 
determined explicitly. 
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0 Continuous time models 

Andreoli [1] introduced the differential equation 

~ : X 2 -- X, 

x ( 0 )  = y 

in the standard simplex of a genetic algebra with genetic realization to model 
the time dependence of the genotype frequencies of a population in the limiting 
case of continuously overlapping generations. While Andreoli restricted his 
attention to three-dimensional systems, Heuch [5] later considered genetic alge- 
bras of arbitrary (finite) dimension and showed that this equation can be 
solved by elementary functions; see also W6rz-Busekros [9]. 

The long-time behavior of the solutions seems to have been unknown so far 
in the general case, although it was known for special classes of algebras [9]. 
We show in this note that for any genetic algebra with genetic realization every 
solution in the standard simplex tends to a stationary point for t--* oo. 

Using different methods, we show that the same holds for Bernstein alge- 
bras (which are not necessarily genetic). 

In the remainder of this section we derive some preliminary results about 
the differential equation 2 = x 2 - x  in a real or complex commutative algebra 
A. The first one is proved in [7]: 

Lemma 0.1 Let  G(y ,  t) resp. S ( y ,  t) be the solution o f  2 = x 2 resp. 2 = x 2 - x  
with x(O) = y. Then S ( y ,  t) = e - "  G(y ,  1 - e -9 ,  wherever both sides are defined. 

Now let G(y ,  t) = ~k>~o tkgk(Y) be the Taylor series expansion about t = 0. 
From [7] it is known that the gk satisfy the recursion 
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(k + l)g, +, (y) = Dg,(y )y  2 

for all k~>0.  ( In  particular go(Y)=Y,  g l ( Y ) = y 2 ,  g z ( Y ) = y 3  and g 3 ( Y ) =  
}(2y4+yZy2) . )  The following result is not  new, we include it for sake of  
completeness: 

Theorem 0.2 With the notations above the .following is true: 

lim S(y,  t ) =  lim gk(Y), 

whenever the right hand side exis'ts. 

Proof. Let g(y):= lim g~(y). By virtue o f  Lemma 0.1 and the preceding remarks 
we have k ~ 

S ( y ,  t) = e  " ~, gk(y)(1 - - e  ,)k. 
k >~ 0 

Having in mind the identity ~,k >~ 0 (1 -- e ')~ = e '  for t >/0 we get 

and 

S( y, t) - g( y) = e ' .  ~ ( g , ( y ) - g ( y ) ) ( l - e  ')* 
k>~O 

IIs<y, t) - g ( y ) l l  ~<e " ~ Ilg,(Y) -K(y)II(  1 - e  ,)k 
k>~O 

for any norm I111 on A, Let e > 0 and 
all k > N. Then 

N 

IIS(y, t) -g (y ) lP  ~ e '- E 
k = O  

- ] - e  t ' / 2  

N e N such that  Ilg,(y) - g(Y)II < for 

gk(Y) - -  g ( Y ) I I ( l  - e 

(1 - e  ,)k. 
k = N +  I 

t), 

N o w  the second term equals e " [ ( 1 - e  o N + l / e  - t] .g <~.  For  t sufficiently 
large, the first term also will be less than e, hence HS(y, t ) - g ( y ) H  < 2s for all 
sufficiently large t. 

1 Genetic algebras with genetic realization 

Let ~ be the field o f  real or complex numbers  and A a finite dimensional 
commutat ive  K-algebra A with (left) multiplication L(x). Then A is called a 
genetic algebra if there is a nontrivial homomoph i sm ~ : A  ~ K and the co- 
efficients o f  the characteristic polynomial  o f  any t ransformat ion 
f (L(x~) . . . . .  L(x,))  only depend on ~o(xl) . . . .  , co(x,) for any polynomial  f in s 
noncommut ing  indeterminates; see [9] for the details. 

Let A be a real genetic algebra o f  dimension n + 1. A is said to have a genetic 
realization if there are coordinates x 0 , . . . ,  xn such that ~o(x) = Xo + • " • + x,, and 
the s tandard simplex 

S = { x e A ' x l  ~>0 ,~o(x )= l}  
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is closed under  the mult ipl icat ion in A. The mot iva t ion  for this is as follows; cf. 
[9] for a detailed account:  Consider  a popula t ion  with genotypes ao, . .  •, an and 
assume that  r a n d o m  mat ing of  genotypes ai and ai produces  an offspring of  
genotype ak with probabi l i ty  7ijk. Tak ing  (ao . . . . .  a,,) as the basis of  a vector  
space over  R, the 7,k serve as the structure coefficients o f  a commuta t ive  algebra.  
Genetic  realization represents the facts that  the genotype frequencies are non- 
negative and add up to 1 in any generation. 

F r o m  the definition of  a genetic algebra we have in part icular  that  the 
characterist ic roots  o f  L(x )  only depend on og(x) and thus are 2o09(x) . . . . .  
2,,eJ(x), the numbers  2o . . . . .  2,, being called the train roots of  A. As 1 is always 
a m o n g  them, we set 2o = 1. 

It is known that  genetic algebras with genetic realization satisfy 12~] <~ ½ for all 
i = 1 . . . . .  n and that  there is an idempotent  in S; cf. [9, Theorems  4.11 and 
4.14]. Using this and the fact that  the complexificat ion of  a real genetic algebra 
A permits  coordinates  such that  L(x )  is lower t r iangular  for all x ~ A and strict 
lower t r iangular  for all x ~ Ker  ~o, we have: 

There is an idempotent  co and (at  least in the complexification) a basis 
( C o , . . . ,  c,,) such that  

C~ ~ CO, 

CoC i -~- l~iC i ~ -  ~ /~OikCk f o r  1 ~< i ~< n, 
k = i + l  

GC, .= ~ 2i, c/ for l < i , j < ~ n  
I = max{ i , j }  + I 

with 2i, 2O~k, 2~jleC (cf. [9, Theorem 3.13]). Thus the Ck-Component of  x 2 for 
x = XoCo + • • • + xnc,, is 

k I k 1 

22~XoXk + 2 • ~ 20ikXoXi + ~, 2i/kXiXj 
i = l  i . j - I  

for k = l  . . . .  ,n.  
We now consider the initial value prob lem 

: ~ = x  2 - x ,  x ( 0 ) = y  w i t h ~ o ( y ) = l  ( , )  

in a genetic algebra A with genetic realization ( thus ])v~] ~< ½ for all i =  1 . . . . .  n) 
and denote the solution by S ( y ,  t). Choosing coordinates  as above,  the system 
reads as follows: 

-~o = X ~  - -  X o 
k 1 k - -1  

5Ok = #kXoXk + 2 ~ 2oikXoX i + ~ )~ijkXiX/ 
i -  1 i.j  1 

for k = 1 . . . . .  n, where /~k = 2 2 k -  1. Note  that  Re "k ~< 0 for k = 1 . . . . .  n. 
Using c o ( y ) = y 0  = 1 we get X o ( t ) =  1 for all t. The general solution can be 
written as follows: 

Lemma  1.1 Define recursively the sets A,:={/~,},  Ak , ' . = A k U { A k +  
Ak } W {ktk + I }. Then there are polynomials  p~.~, k = 1 . . . . .  n, ~ ~ Ak,  such that 

xk(t)  = ~ pk.~(t) " e ~' 
c ~ A  k 

.for k = 1 . . . .  , n. 
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Proof. For  k = 1 we have 9~ = #~x~ with solution y~ • e u't. N o w  assume k > 1. 
Using the induct ion hypothesis  we have 

~k = #kXk + 2 k~L 20ik( ~ pi~(t)e~t~ 
i= 1 \ct~A i " /I 

i , k l  ( J= ~ ( ~ A  ) + ~ )~ijk ~ Pi,,(t)e ~' " Pj, a(t)e~' • 
1 \ ~ 6 A  i /I fl i 

Expanding  and collecting terms yields 

Yck = #kXk + ~ qk,~(t)e~t + ~ rk,~(t)e ~' 
~E/lk 1 ctE'4k -- 1 + hk -- 1 

with polynomials  qk,~ and rk,~. Applying s tandard  facts abou t  linear differential 
equat ions in one variable gives the result. [] 

We now ask for the long time behavior  of  the system ( , ) .  

Lemma 1.2 Let  y e A  such that co(y) = 1 and S( y, t) is bounded for  t ~ ~ .  Then 
S (y ,  t) converges to an idempotent. 

Proof. We may  assume that  the ground field is C. Otherwise consider the 
complexif icat ion of  A. Note  that  the real par t  o f  #k is nonpositive: Re #k ~< 0, 
and Re #k = 0 if and only if #k = 0 resp. 2~ = ½. Similarly, Re ~ ~< holds for all 
c~ 6A~, and Re 7 = 0 if and only if ~ = 0. Using (1.1), we see 

x~(t) = Pk,o(t) + ~ pk,~(t)e ~t. 

For  t --* oo, the second term tends to zero, whereas Pk,o must  be constant ,  as it is 
a polynomial  bounded  for t + oo. Thus  lim xk(t) =Pk,o for all k. It  is wel l -known 

t ~  

that  the limit c is a s ta t ionary point,  thus c °3 = c and c ¢ 0 follows f rom co(c) = 1. 

Using the fact that  S(y ,  t) + S for  all t ~> 0 whenever  y + S we get 

Theorem 1.3 Let A be a genetic algebra with genetic realization. Then for  every 
y ~ S the solution o f  Yc = x 2 -  x, x(O) = y, converges to an idempotent o f  A. 

It  would be interesting to have an explicit expression for  the limit in terms of  
the initial value. Yet  we have not been able to find such an expression. 

It  is worth  noting that  in the limiting case of  cont inuous  time the behavior  
of  the system is, in general, simpler than in the case of  discrete generations.  Fo r  
instance, the sequence of  plenary powers  in a genetic a lgebra does not  necessarily 
converge for every initial value in S; see G o n s h o r  [2] for an investigation of  the 
problem,  and also W6rz-Busekros  [9]. 

2 Bernstein algebras 

A finite dimensional commutative  K-algebra A is called a Bernstein algebra if there 
is a nontrivial homomorphi sm co : A ~ IN and the identity 

( x 2 )  2 = c o ( x ) 2 x  2 

holds in A. In terms of  genetics this models a population whose distribution of  
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genotypes is stationary after two generations, provided that there is no interac- 
tion between different generations. 

These algebras were introduced by Holgate [6]. A summary of known results 
is given in [9]. Bernstein algebras are not necessarily genetic algebras, cf. [9] for 
examples. 

In [7] the general solution of the differential equation in question and its long 
time behavior were determined for Bernstein algebras satisfying a train equation. 
Here we drop this constraint. 

Let c e A be an idempotent (which always exists) and 

A = ~ c ~ N l / 2 0 N o  

the corresponding Peirce decomposition with N~ .-= {x ~ Ker ~o:cx = ex} with 
Peirce relations N2/2 c No, No. NI/2 cNl/2 and No 2 c N1/2; cf. W6rz-Busekros 
[10]. The subspace 

J,={xzNi,2:x • N ~ / 2 = 0 }  

is of particular interest in Bernstein algebras: 

Theorem 2.1 (Hentzel and Peresi [4]) Let  A be a Bernstein algebra. 

(a) J is an ideal o f  A. 

(b) T h e  algebra A : = A / J  is a Bernstein algebra (with nontrivial homomorphisrn 
: A ~ ~ )  and a Jordan algebra, i.e. the identity 

9:3 _ ~(£)22 = 0 

holds in A. 

It should be noted that (b) is somewhat sharper than stated by Hentzel and 
Peresi: They prove that A / J  is a Bernstein and Jordan algebra, using results of 
[10] on the Peirce decomposition. The remaining assertion follows from Walcher 
[81. 

Corollary 2.2 In any Bernstein algebra 

x 3 _ co(x)x 2 ~ J  

for  all x ~ A. 

We will call J the Hentze l -Peres i - Idea l  of a Bernstein algebra A. 
In [7] the following polynomials were shown to be of some importance. 

Letting 

f l ( x )  ,= (L(x)  - ½~(x) Id) l 3(x3 - ~(x)x 2) 

for l >~ 3, the identity 

2 * 
g, (x )  - o~(x)g,_ , (x) = ~--. L +, (x) 

is satisfied for all k >~ 2. 
We now ask for the solution G(y ,  t) of ~ = x 2, x(0) = y, where y lies in the 

hyperplane H , = { y a A  :co(y)---1} in an arbitrary Bernstein algebra A. The 
following result improves Lemma 3.1 of [7]: 
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Proposition 2.3 Let y = c + u + z ~ H with u e NI/2 and z ~ No. Then 

t 2 t2 ( 2j+ ' ~ 3  
6(y, t) =y +TsS_ty ( ] + b '  tJL(zy (y). 

- -  f = O  • 

Proof. From the definition of the Hentzel Peresi-Ideal it follows that 

(L(y)  - ½e)(y)Id)w = L(z)w 

for w e J and y = c + u + z e H like above. By virtue of  Corollary 2.2 we 
therefore get f t (y )  = L(z) t 3f3(y) for all l >/3 and y e l l .  Thus, by induction we 
have 

+ { , ~-.2 k I L(z) k 2)f3 (Y)" 
gz(y) = y2 \1~=2 

Using this and the Taylor series expansion of G(y,  t) show the results. 

Of  course, we also want to investigate the long time behavior here: 

Lemma 2.4 Let  y ~ H. Then lira gk ( Y) exists. 
k ~  

Proof. Let y = c + u + z be the decomposition o f y  e H with u ~ Nn2 and z e No, 
furthermore ]l" 1[ be any norm on A. We denote the corresponding operator 
norm on End A by the same symbol. Using standard arguments and results cited 
above, we get for k ~> 2 

l 1 

[[gk + t(Y) -- gk(Y)11 ~< • []gk +, i(Y) - gk +t ~ ~ (Y)[1 
i 0 

I 1 2k+l i l 

= z  ° ,= (k+l_ i ) ! t lA+,  ,+,(Y)]I 

lZl 2 k+t ~ l 
,=o (k + T ~ i !  rlL(z)" + ' - ' -%(Y)  tl 

l 1 , ' ) k + l  i 1 

,=oE (k + liL(z)ll  +'-' 2llf (y)ll 

Now let c, M > 0 be constants such that ]IA(w)II c and IlL(z)II M, whence 

(l l 2k+t i I ( k  + l - i)! ) Ilgk +,(Y) - gk(Y)I[ <~ \i~_O Mk  + ' - i  2 . C 

C Z2_.~ 2 k + t - i  M k+t i 

- 2Me=o (k + l - -~) !  

Applying Cauchy's criterion shows convergence. [] 

Without any further work we get from Theorem 0.2 

Theorem 2.5 Let  A be a Bernstein algebra and S (y ,  t) the solution o f  2 = x z -  x 
for  x(O) = y, o)(y) = 1. Then lira S(y ,  t) exists and is idempotent. 

t ~ o ~  
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We remark that by virtue of Lemma 0.1 and Proposition 2.3 it follows that 

lira gk (Y) - Y 2 ~ j 
k ~ ct_, 

for all y ~ H. In the general case, it again seems difficult to express the limit in 
closed form. This, however, does not apply to the special case of Bernstein 
algebras satisfying A2=  A. Due to a theorem of Grishkov [3], this condition 
implies that N..=Ker co is nilpotent (and A is genetic). 

Proposition 2.6 Let A be a Bernstein algebra satisfving A 2= A. Then 

lim S(y,  t) = y 3 

for y ~ H .  

Proof. The Peirce relations cited above imply 

A 2 = ~c ®N2/2 • Ni/2. 

Note that N2/2 c No. Thus A 2 A if and only if No = 2 = N1/2. By definition of the 
Hentzel-Peresi-Ideal J .  N,,2 = {0}, but J .  N2.2 = {0} also holds, as follows from 
linearizing the relation u 3 = 0 for all u ~Nl/2;cf. [9, Theorem 9.6]. Putting pieces 
together, A 2= A implies J .  N = {0}. Applying this to the formula for gz(y) in 
the proof  of (2.3) we see 

g](3') = y~ + f_+(y) = y~ 

for l ~> 3 and y EH. Lemma 0.1 not completes the proof. [] 

(Incidentally, the proof  of Proposition 2.6 shows that the identityf4(y) = 0 holds 
in every Bernstein algebra satisfying A 2= A.) 

Note that if we consider a sequence of discrete generations, each of  them 
generated by its predecessor, the corresponding limit equals (by the defining 
property of Bernstein algebras) y2 instead of y3 for all y e H. 
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