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1 Introduction

In this paper all algebras considered will be commutative, non necessarily

associative and finite dimensional over an infinite field K of char(K) # 2.
Let A be an algebra over a field K. As usual in non-associative algebras

we will consider principal powers and plenary powers of an element z € A,

defined by z! = z and z™*! = z"z for n > 1 and 2l = gz, glnt1] =
zlilzlnl n > 1. If X C A, then K(X) is the vector subspace of A generated
by X.

If w: A — K is a nonzero homomorphism, then the ordered pair (A,w)
will be called a baric algebra over K and w its weight function. For z €
A, w(z) is called the weight of z. The set N = {z € A | w(z) = 0} is an
ideal of A of codimension 1. If e € A has weight 1 and e? = ¢, then e will
be called idempotent element of A.

A nth-order Bernstein algebra is a commutative baric algebra (A, w) sat-
isfying: z(**% = (w(z))?"zl**Y, for all z € A and n is the smallest one

with such property. If n = 2, that is, z[l = w(z)4zP!, then A is a 2"4-order
Bernstein algebra.

Some general results about n'*-order Bernstein are the following (see [3],
(7], [9] and [12]).

Proposition 1.1 Let (4,w) be a n**-order Bernstein algebra, then:

1. The weight homomorphism is unique.

2. The set of idempotent elements of A is
S(4) = {93["“] |z €A and w(z) = 1}.

3. Ife € A is an idempotent element, then A has a Peirce decomposition,
A=KedU. ®Z, where U= {c € A | ez = 1z}, Z, = {z €
A| L?(z) =0} and L.(z) = ez. Moreover L7(z) € U, for allz € N,
Le(z) € Z, for all z € Z..

4. U2 C Z., dim U, (and so dim Z,) does not depend on the particular
idempotent element, and we can define type (A) = (1 + r,d), where
r=dimll. andd =dm ..
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2 Preliminary results

Some general results about Derivations in n*P-order Bernstein are the fol-
lowing (see [1] and [5]).

Definition 2.1 A derwation D in an algebra A is a linear application
D: A — A that verifies D(zy) = D(z)y + zD(y) for every z,y in A.

Definition 2.2 Let A be an algebra and e € A be an idempotent element.
Then Cj. = ker L1, j > 0, where L? is the identity function on A.

Proposition 2.1 Let (A,w) be a n'P-order Bernstein algebra and e € A be
an tdempotent element. Then:

1. If D: A — A 15 a derivation then
(a) D(e) € Ue
(b) D(A) C N.
2. Ifz € A and L, is a derivation then z € U, & Cye.

The following definition appear in [3].

Definition 2.3 Let A be a commutative algebra and e € A be an idempotent
element. Let Gi.: A — A be given by: Gi1.e(a) = L¥(a) for allk > 0 and
a €A,

Grie(a®),60)) =
ki?i—l o (I_Zl A (“(rl)’ b(j—r')) Giiois (a(r”), b(l—j—r”))) s
1=0 =

J:

if 28 > | and Gk,z,e(a(’),b(s)) =0if2* <[, wherel > 2; r+s=1; k,r,s>0
and a,b € A.

n~1
We will denote G.(a,b) = G, .(a,b) = b Y ol KT AT ST AT

1=0
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Theorem 2.1 Let (A,w) be a n'M-order Bernstein algebra, ¢ € A be an
idempotent element and D: A — A be a derivation. Then D determine
and is uniquely determined by a triple (%, f, g) with i = D(e), f:Ue — U,
g: Z. — Z, linear applications verifying for everyu,u’ € U, and z, 7ez.:

D(u) = f(u) +2""'Ge(D(e), v); (1)

D(z) = g(2) = 2**'Ge(D(e), 2); (2)

1. g(wu') = f(uw)u' +uf(u')+
‘2"“‘1 [Ge(D(e), u)v’ + uGe(D(e),v) + G.(D(e), un')];

2.2 f (L7 (u2)) + g (uz — 2" L7 (uz)) = f(u)z + ug(2)+
27+1[G,(D(e), ) z—uG(D(€), z)+ Ge(D(€), uz) - 2" G (D(e), L7 (uz))];

3. 2" f (L (22)) + g (22" = 2" L} (22')) = g(2) 2" + 29() -
27+1[G(D(e), 2)2+2Gc(D(€), 2')— Ge(D(e), z2")+2" G (D(e), L2 (22))];
4. g(ez) = eg(z) + D(e)z = 2"L7 (D(e)z) .
Moreover, the application @: Der(A) — U x Endg (Ue) X Endg (Z.) such

that ¢(D) = (4, f,g) is a monomorphism of vector spaces, where Der(A) is
the set of all derivations of A.

3 Derivations

3.1 The case (U@ Z.)? C Ze

In this section we will suppose that char(K) = 0. . _
It’s known that the condition (U, & Z.)* C Z. is an invariant of the
algebra A and Z, = Z. for all ¢, ¢’ € S(A) (see [3]).

Lemma 3.1 Let (A,w) be a n'P-order Bernstein algebra and e € A be an
idempotent element such that (U.& Z.)? C Z,. Then G.(u,z) =0, L} (uz) =
0 and L?(22') =0 for allu € U, and z,%' € Z,

Proof: For all u € U, and z € Z, we have, L?(uz), L?(22") € U.N Z, s0
L2 (uz) = Lz7') = 0. By [3]; Ge(, 2) = Gpn 3.1, 2) = 0. u

7, o

By Theorem 2.1 and Lemma 3.1, we have

Proposition 3.1 Let (A,w) be a n't-order Bernstein algebra, e € A be
an idempotent element such that (U, & Z,)? C Z. and D: A — A be a
derivation. Then D determine and is uniquely determined by a triple (1, f, )
with @ = D(e) € U, f:U. — Ue, 9: Z, — Z, linear applications verifying
for every u,u’ € Ue, and 2,2’ € Z, :

D(u) = f(u) +2"*'G(D(e), u); (3)
D(z2) = g(2); (4)
L g(uv) = f(w)u' + uf(v) + 2" [Ge(D(e), u)uw’ + uGe(D(e), w)];
2. g(uz) = f(u)z + ug(2)+ 2**1G(D(e), u)z;

3. g(22) = g(2)7' + 29(7);
4. g(ez) = eg(2z) + D(e)=. s

Corollary 3.1 Let (A,w) be a nt-order Bernstein algebra, e € A be an

idempotent element such that (U, & Z.)? C Z, and D: A —s A be a deriva-
tion. Then D(Z,) C Z..

Theorem 3.1 Let Z be a finite dimensional algebra such that Z* # 0. If
there ezists n > 3 such that 2" = @ forall z € Z, then

dimg Der(Z) < d* — 2d + 2,

where d = dimy Z.

Proof: Let z € Z such that 2> # 0. We will prove that {z, 22} is linearly
independent. Given a,8 € K such that az 4+ 822 = 0. Since z["l = 0 and
2 = 22 # 0, there exists k > 2 such that 2 £ 0 and 2+ = 0. So
a7 M = g7 ;lk+1) = 0. Hence a = 8 = 0.

Let {z; = 2,23 = 2%, 23,...,24} be a basis of Z. We define the linear
functions gi3:Z — Z (i=1,...,d) and g,;: Z — Z (j = 3,...,d) given
by '
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otherwise, 0 otherwise.

. if b=+, if k=7y,
gi2(zk) ={ ; 1 Y and  gi(z) ={ - !

We have {912, ..., 942,913, - - -, 14} is a linearly independent set. More-
over if ¢ € K(g12,---,9d2, 913, ---,914) and g is a derivation, then g = 0.
Hence dimy Der(Z) < d* — (2d - 2). [

Corollary 3.2 Let (A,w) be a n'"-order Bernstein algebra of type (1+r,d)
and Z? # 0. Then Der(A) <r+r?+d* —2d+2.

Remark 1 There is an example of a 2™ -order Bernstein algebra of type
(1 4 r,d), where (U. & Z.)* C Z., eZ. = 0, Z} # 0 and dimy Der(A) =
r4r:4d®—2d+2 (see [1]).

3.2 The power-associative case

In this section we study derivation in power-associative n*P-order Bernstein
algebras. In this section we will suppose that n > 2.

An algebra A is power-associative if ziz/ = zi+i for every 7,7 > 1 and
z € A. It is known that, A is power-associative if and only if 2222 = ¢? for
all z € A.

Let (A,w) be a power-associative n*h-order Bernstein algebra. By [5] and
(12] we have the following results:

For all e € S(A), u € U,, z € Z. we have:

UeZ. CU., Z! C Z., €Z.=0, - (5)
S(A)={e+u+v’|uecl.)} . (6)

Ue = {u' 4+ 2uv' | v € U.}, Zo = {z — 2uz | z € Z.},
for all ¢ = e+ u+ u? € S(A4), where u € U.. (™
ud =0, (8)
2u(uz) = vz, (9)
2(uz)z = u2?, (10)
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u?(uz) = u(u?z) = 0, (11)
2(uz)2? = 2(uz?)z = uzd, (12)
2(uz)? + u(uz?) = (u?2)z (13)

By Theorem 2.1, and (5), (8), (9) and (10), we have

Proposition 3.2 Let (4,w) be a power-associative n't-order Bernstein al-
gebra, ¢ € A be an idempotent element and D: A — A a derivation.
Then D determine and is uniquely determined by a triple (4, f,g) with
u = D(e), f: U — U, g:Z. — Z. are linear applications verifying for
every u,u’ € U, and z,2' € Z, :

D(u) = f(u) +2D(e)u; (14)
D(z) = g(z) - 2D(e)z; (15)
1. g(uw') = f(u)u' + uf(v');
2. f(uz) = f(u)z + ug(2);
3. g(z2) = g(2)7' + zg(2").

Lemma 3.2 Let (A,w) be a power-associative n'h-order Bernstein algebra
and e € A be an idempotent element. Then Z? # 0.

Proof: Suppose that Z? = 0. By (9), (11) and (13) we have

u(uz) =0, v*(uz) =0 and (uz)? = 0.

Hence (A,w) is a Bernstein algebra (n = 1), it is a contradiction. n

Corollary 3.3 Let (A,w) be a power-associative n*M-order Bernstein algebra
of type (1+ r,d) and e € A be an idempotent element.

1. If U. # 0 then Der(A) # 0,

2. If U, =0 and ZF = 0 for some k, then Der(A) # 0.
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Proof: 1. By Proposition 3.2 we have (ﬂ,OUe,OZC) define a derivation in A
for all @ € Ue.
2. By [6, Prop.2.5], we have Der(A) # 0. .

Corollary 3.4 Let (A,w) be a power-associative nth_order Bernstein alge-
bra. If Der(A) =0, then (A,w) is not genetic algebra.

Proof: By Corollary 3.3 we have Ue = 0 and kerw = Z is not nilpotent.
Hence A is not genetic algebra. L]

By Theorem 3.1, Lemma 3.9 and Proposition 3.2 we have

Proposition 3.3 Let (A,w) be a power-associative nth_order Bernstein al-
gebra of type (1+7; d). Then Der(A) <7+ r24d?-2d+2.

Theorem 3.2 Let (A,w) be a power—associative nth-order Bernstein alge-
bra. Suppose that there exists € € A an idempotent element such that

U, =0, then A is determined, up to isomorphisms, by @ commutative power-
associative nil algebra Z of indez 2". Moreover Der(A) = Der(Z).

Proof: Let ¢ € A other idempotent element, then e = (e+ z)["“] for some
2 € Z., bute = (et z)["“] =e,so (A,w) hasan unique idempotent element
and the Peirce decomposition is unique too.

We will denote Ze = Z. Since (A,w)is power-associative nth-order Bern-
stein algebra, then 0= 1] = 22" for all z € 7 and 2" is the nil index of
Z.

Let Z be a commutative power-associative algebra of nil index 2". For
A(Z)=Ke® 7 with multiplication:

(e + 2)(de+ )= ad'e + 22 for all o, o € K and 2,2 € o

‘and the weight homomorphism &: A(Z) — K given by w(ae + 2z) = & Ve
have (A(Z),w)1s 2 power—a,ssociative nth_order Bernstein algebra.

1t is easy to see that, if Z and Z' are commutative poxver-associative
algebras of nil index 2" and Z = 7', then A(Z) = A(Z")-

Given D € Der(A). By Proposition 2.1 we have D(e) € U. and D(A) €
Kerw so D(e) = 0and D(A) C Z. Hence D|z € Der(Z). Given D € Der(Z)-
Let D': A — A be given by D'(ae +2) = D(z), then D' € Der(A).
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Theorem 3.3 Let Z be a finite dimensional jati :
, power-ass t
Reone ™ hon ociative nil algebra of
dimg Der(Z) < d* —2(k = 1)d + k(k - 1),
where d = dimg Z.
Proof: Given z € Z such that zF £ 0. Since k41 = 0, then {z #*} i
s yoeeey S

linearly independent set. Let 0=z,
of Z.

We define the linear functions gij: Z — Z(i=1..4dj=2 k)
and gi;:Z — Z TE- s D % j=k+1,...,d) given by o

...7 — Zi ift:jv “| if t=j
9ij(21) { 0 otherwise, o glj(zt):{ 0 otherwji;e

oy e S
seer Sk =% , Zk41,- - -, 2d} be a basis

We have that {ge,’} 1<igd U {glj} 1<1<k=1 is a linearly indepen-

2<5<k rr15j<d
dent set. Moreover if g € K({gij} 1<i<a U {911} 1<i<k-1 ) and g is
a derivation then g = 0. 2<ji<k k31<i<d
Hence dimy Der(Z) < d? = [2(k — 1)d = k(k = 1) .

Corollary 3.5 Let (A,w) bea power-associative nth-order Bernstein algebra

of type (1+7,d), e € A be an idempotent element and k s
of Z.. Then and k + 1 be the nil indezx

dimg Der(Z) <r+r+ d? - 2(k - 1)d+ k(k = 1).

Example 32."1 Let V be a vector space and T:V —= V be a linear function
such that T*" = 0 and TP~ #£ 0. Let U be a vector space of dimgU=r.
In the vector space A = Ke & Ug K(T,.. .,Tzn"l) we define a following}

multiplication:

(ae+u+z)(det+u + 7) = ad'e + §(o'u+ au’) + 27,

for all a0 € K, u,v' € U ond 2,7 € K(T,...,T"""") ond the weight
homomorphism w: A — K given by w(ae +u + z) = a. Then (4 gQ)
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is a power-associative n*"-order Bernstein algebra of type (1 + r,d), where
d = 2" — 1. The nil index of Z. = K(T,...,T*" ") isk+1=2". In this
case, dimg Der(A) =r+r?+d? - 2(k - 1)d+ k(k-1)=2" - 1.

Proposition 3.4 Let (A,w) be a power-associative n™-order Bernstein al-
gebra. If J is the Etherington’s ideal of A, that is, the ideal of A generated
by {22 —w(z)z | z € A}, then J = U.Z. & Z. for all idempotent element
e € A.

Proof: Let ¢ € A be an idempotent element. It is easy to see that U.Z. & Z,
is an ideal of A. If z = ae+u+2 € Awitha € K, u€ U, and z € Z,, then

—w(@)z=2uz+ v + 22 -aze U.Z. & Z..

If z € Z., for z; = z and z; = e — z we have 22 — w(z;)7; = 22 € J and
22 —w(zy)z = 24+ 22 € Jsoz € J. Forall u € U, and z € Z, we have
uz € J because J is an ideal. [ |

Corollary 3.6 Let (A,w) be a power-associative n't-order Bernstein alge-
bra. Then the dimension of U.Z, and U? + Z? are invariants.

Proof: Since dimg Z, is invariant, then by Proposition 3.4, dimg (UeZ.) is
invariant so dim (U2 + Z?) is invariant too, because (kerw)? = U.Z. & (U2 +
72). ®
Proposition 3.5 Let (A,w) be a power-associative n'"-order Bernstein al-
gebra of type (14 r,d). Then

dimg Der(A) < r+ s> 4+ r(r—s)+t2 +d(d-1t),
where s = dimg (U.Z,) and t = dimg (U2 + Z?).

Proof: By Proposition 3.2 the triple (D(e), f,g) determine a derivation if
and only if

g(un) = f(u)u' +uf(u); f(uz) = fu)z +ug(2); 9(22) = g(2)2" + z9(=");

for all u,v’ € U, and z,z' € Z.. It follows that f(U.Z.) C U.Z. and
gU+ 23y cU2 + 22
Hence, dimg Der(A) < r+s2 +r(r —s) +t2 + d(d - t). ©
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4 Inner derivations

4.1 General case

Definition 4.1 A derivation D: A — A is an inner derivation if D €
L (A), where L (A) is the Lie algebra generated by L, and R, with x € A

We will see what conditions determine that L, and L, are derivations in
a n*P-order Bernstein algebra.

Lemma 4.1 Let (A,w) be a nt*-order Bernstein algebra and e € A be an

idempotent element. If z € N verifies that © + 2ex = 0, then z = 0.

Proof: Given u € U, and z € Z, such that z = u+z then u+z4+u+2ez = 0,
sou = 0and z € Z.. Therefore z = -2L,(¢) = (-2)*L2(z) = --- =
(=2)" L¢ (z) = 0. L]

Proposition 4.1 Let (A,w) be a n'-order Bernstein algebra and ¢ € A be
an idempotent element. If @ € U, then Ly is a derivation if and only if:

¢ EUe g Cle;

2. Ud.=0;

3. (@u) ' + (Wu')u=0 for all u, v € U.. In particular (Tu)u =0 for all
u € U;

4. (Tu) z = w(uz) for allu € U, and z € Z;

In this case the triple associated to Ly is (%H, 0y, , OZC) s

Proof:  Suppose that Ly is a derivation. For all z,2’ € A we have
Lz (z2') = Lz(z)a’ + Lz (z') then w(zz’) = (Tz) 2’ + z (T2') .

If z = e and 2’ = u, we have ¢(Tu) = 0 and so Tu € Ci..

If z = ¢ and 2’ = L?!(z), we have TL2! (z) + 2¢ (WL?™' (2)) = 0
and by Lemma 4.1 TL""! (z) = 0. We will by induction that ZL?~* (z) = 0.
If k= 1 the result holds. So assume that it holds for ¥ — 1. If z = e and
g’ = L™ % (2) we have TL?~% (z) +2e (’ﬁL’:‘(c (z)) =0and soTL2~F (2) = 0.
If k= n then Tz = 0.
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Ifwetakez =uand 2’ =v' orz=vandz'=zorz=zand 2’ = 2
respectively and we consider @Z, = 0 we have 3, 4 and 5.

Conversely a calculation shows that Ly is a derivation.

Let’s see which is the triple (%, f, g) associated to Ly, u =

Since for all v € U, Tu € C;. we have 271G, (1— u)
Lu(u) = f(u) + 2" G (3%, u) we obtain f(u) = 0.

Let z € Z, since uZ, = 0, then G.(3¥,2) = 0 and by Lz(z) = g(2) -
2"+1G, (17, z), we obtain g(z) = 0. |

Lz ():%E
= and by

Proposition 4.2 Let (A,w) be a nM-order Bernstein algebra and e € A be
an idempotent element. If Z € Z,, then Ls is a derivation if and only if:

i w6 ==
23l C U
(e2) Z = € (22) for all z € Z,;

u?z = 2u (uZ) for all u, € U,;

SRR S

Z (uz) = (Zu) z + u (2%) for allu € U, and z E Ze;
6. 22z =22 (z%) for all z € Z..
In this case the triple associated to Lz s (0, Lz, L3 Zg) :

Proof: Suppose that Lz is a derivation. By Proposition 2.1, we have Z € Cj..
For all z,z’' € A we have Z(zz') = (Zz) 2’ + z (z2) .

If we take z = ¢ and z' = u, or ¢ = e and z' = z respectively and we
consider that ez = 0 we have 2 and 3.

Taking z = 2/ = u, or z = u and 2’ = 2, or z = z' = 2z, we obtain the
others. A

Conversely if we have the conditions,then a calculation shows that Lz is
a derivation.

Let’s see which is the triple (%, f, g) associated to Lz, ¥ = Lz (¢) = 0 and
Ge(0,0) =0,s0 Lz (u) = f(u) and Lz (z) = g(z) forallu e U.,z€ Z,. N
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4.2 The case (Ue® Z.)* C Z,

In this section we will suppose that char(K) = 0.

By Propositions 4.1 and 4.2, we have

Proposition 4.3 Let (A,w) be a n'P-order Bernstein algebra and e € A be
an idempotent element such that (U, & Z.)* C Z..

1. Letu € U,.. Then Ly is a derivation if and only if:
(a) Tl"Ue g Cle;
(b) Bz, = 0;

(c) (@u) v + (@u')u = 0 for all u,u’ € U,. In particular (Tu)u = 0
for all v € U;

(d) (al.) Z. = 0.
In this case the triple associated to Ly is (% u,0y,, 0 Ze) ;
2. LetZ € Z.. Then Lz 1s a derivation if and only if:
(a) €z =uz =4’z =0 for all u,€ U,;

(b) (ez) e (2Z) for all z € Z,;
(c) Z ) u(2Z) for allu e U, and z € Z,;

(d) 2°Z = 2z (2%) for all z € Z,. In particular 3° = 0.
In this case the triple associated to L is (O, Ou., L3 Ze) .

Corollary 4.1 Let (A,w) be a n'*-order Bernstein algebra and e € A be an

idempotent element such that (U, & Z.)* C Z,. If Lz is a derivation, where
zZ € Z., then

L Y22) = L2 (2)2 = G.(u, 2)2=0 forallu € U, and z € Z,.

Proof: By (3] and 2 (a) of Proposition 4.3 we have,
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n—1
0 = Gy(z; 5) &= B-ILE-= (BB LE(2)) = 27V LY (23).

1=0

By 2 (b) of the same Proposition and induction,
L¥(zz) = L¥(z)z forall k > 1 and z € Z.. (16)
By 2 (c) and (16),
uL¥(z2) = 2(uL¥(2)) for all u € U, and z € Z.. (17)

By [3],

n-1 X
Grge(t2,2) = 3 2L (LE(W)Grnelz,2) + Li(9)Gizelw, 2)) = 0,
1=0 (18)
n—1
where Go,2.¢(a,b) = 0. Linearizing (18) we have, » L27!~" (uL}{'l(Zf)) =0.
=1

Since L?~!(zz) = 0 and by (16) and (17) then G.(u,z)z = 0. v

Corollary 4.2 Let (A,w) be a n'"-order Bernstein algebra and e € A be an
idempotent element such that (U, & Z.)? C Z. and z* = 0 for all z € Z..
Then Lz s a derivation if and only if

o

1. ez=uz=u’z2=0forallueU,;

—~

ez)Z = e (2Z) for all z € Z¢;

s
3. Z(uz) =u (2%) for allu € U, and z € Z.;
4. 2*’2=0forallze Z,

Proof: By the Proposition 4.3 it’s suffices to prove that 22z = 0. Since
2> = 0, we obtain 2?2’ +22(z2') = 0 for all 2,2’ € Z, so 2’z + 2z (zZ) = 0.
Since Lz is a derivation we have 2?Z = 2z (2%) so 22z = 0. Conversely by the
Proposition 4.3 it’s suffices to prove that 2z (2Z) = 0, but this is immediate
since z2Z + 2z (2Z) = 0 and 2%z = 0. B
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Corollary 4.3 Let (A,w) be a Power-Associative nt*-order Bernstein alge-
bra and e € A be an idempotent element such that (Ue® Z.)? C Z, then

1. Lz is a derivation for all @ € U,

2. If z € Z., then Lz is a derivation if and only if 2°Z = 2z (%) for all
z € Z,.

Proof: In this case Cy, = Z., U.Z. = 0 and (wu') z = u (u'z) + o (uz) = 0,
so hold the conditions of Proposition 4.3. |

There are nt-order Bernstein algebra with (U, & Z.)? C Z. in which
there exist derivations Ly and L= non null.

Example 4.1 Let A = Ke+ K(u) + K (21, 29, z3, wy, . . . wy,) the nth —order
Bernstein algebra with product given by:

e =e, eu=1u, ew; = wiy, t=1,...,n—1, u? = z3, 7125 = 23.

Ly 1is a derivation and L,(u) = z3 # 0.

Example 4.2 Let A = Ke + I&'(z1,22,23,z4,25,w],...,wn) the n*h-order
Bernstein algebra with product given by:

2 5 TR o S - o
& —e, ew1—w1+1 (l—-l,...,n—l), 2122___23, 2123=24’ ,_125_—23,

2223 = 25, 2224 = Z3..
L, is a derivation and L,,(z,) = z4 # 0.
If (A,w) is a Bernstein algebra and L. is a derivation with z = @+Z, then

Lz and L; are derivations too. But this is not hold if (A,w) be a n*h-order
Bernstein algebra with n > 2 as show this example.

Example 4.3 Let A = Ke + K (uy uz) + K(z1, 29, 23, wy, . .oy Wy,) the nth-
order Bernstein algebra such that (U, & Z.)? C Z., with product given by:
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L,, 1sn’t a derivation because if u = oju; + aguy we obtain (uju)u =
%a%zl # 0 if ag # 0. and yet it’s suffices to make the calculations to see
that Ly, 4+, s a derivation.

Proposition 4.4 Let (A,w) be a nh_order Bernstein algebra and e € A be
an idempotent element such that (U, ® Z.)* C Z.. Ifz=u+2€ U. & Z.,
then L, is a derivation if and only if for all u,u' € U, and z,z' € Z. we
have:

1. ez =107
2. zu= Y 2'Li(ud);

2n—1
3. az= Y 2Lz LcJi(2)

where (Lo, L) = Laly—LyLa = (Lo, L)y and [La, Lilksr = [[La, Lolk, Ly),

b
i~

(wu') + 2(uwu') = (Bu)u' + (2u')u + (Zu)u’ + (Zu')u;
5. w(uz) + Z(uz) = (4u)z + (@2)u + (2u)z + (Z2)u;
6.

]

(22') + 2(22") = (w2)2' + (82')z + (22)2' + (27')=.

Proof: Suppose that L, is a derivation, then clearly we have 4, 5 and 6.
1. Since e is an idempotent element, then L. (e) = Ly(e?) = 2eL,(e) so

ez=0.
2. Since eu = fu, then 1L, (u) = L (eu) = eLz(u) + uLz(e) so
Zu = 2¢(tUu) + 2e(zu) = 2Le(au) + 2L (Zu). (19)
n—1 -
Hence zu = Y 2'Li(ud) + 2"~1L?~!(zu). By (19), L2!(zu) = 0.
1=1

3. Since L (ez) = eL(z) + zL.(e) we have Lz(z) = 2[Lg, Le)(2) +
2[Lsz, L) (2).
Considering Ly restrict to Z, then
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Lz =2[Lg, L]+ 2[L3, L.]. (20)

k
So Ly = ZQi[Lz, L. + 2k[Lﬁ, L)k for all k > 1. But

1=1

k g 5 .
(Lo LJk(z) = Yo (-1 (’T)Lf-%af:z(z)),

1

foralla € N, z € Z. and k > 1. It is easy to see that [L,, L.]2n(2) = 0 for all
z € Z, because, if 0 < < n then n < 2n - i < 2n so L2"‘i(aL‘i(4)) =0.If

2n-1

n < i< 2n we have L (z ) = 0. Hence Lﬁ_ZQ [Lz, L) 22’ [Lz, Le);

1=1

Assume now 1,...,6 true.

a) Clearly, Lo (¢) = 11 = 2eL,(e).

b) We need to prove that L,(eu) = eL,(u) 4+ uL.(e) but it is equivalent
to zZu = 2L.(@u) + 2L.(Zu).

n—1
But zu = ZQ’L’ (uw) then 2L (Zu) ZQ‘“L’“ 2211]
3=1
n—1 n—l

> 2'Li(u@i). Hence 2L, (tu) + 2Ly (3u) = 2'Li(ua) = Zu.
=2 1=1

c) Similarly to b) we prove that
2[La, Le](2) + 2[Lz, Le](2) = La(2)
that is equivalent to L (ez) = eL,(z) + zL.(e). u

Proposition 4.5 Let (A,w) be a n-order Bernstein algebra and e € A
be an idempotent element such that (U, & Z.)* C Z. and eZ, = 0. If
z=u+z€U, P Z., then

1. Lg ts a derivation if and only if for all u € U, and z € Z. we have:
(a) z2U. = 0;
(b) uZ. = 0;
(c) zu? = 2u(ug);
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(d) zZ(uz) = (du)z + (2z)u;
(e) 2% = 22(22);

2. If L, is a derivation, then 4%, 22 € Ann(Z,) and ©%+2% € Ann(4);

3. IfU?=00rU.Z. =0 or Z* =0, then L, is a derivation if and only
if Ly and L; are derivations.

Proof: 1. Suppose that L, is a derivation.

By 2 and 3 of Proposition 4.4, zu = 0 for all « € U, and %z = 0 for all
z € Z..

By (a), (b) and 4, 5, 6 of Proposition 4.4, we have

zu? = 2u(tu), Z(uz) = (Wu)z + (22)u and 222 = 22(22).
The converse is clear.

2. For u =% in (d) we have 4%z = 0 for all z € Z..
Linearizing (e ) we have 2(zZ') = 2(2'2) + Z/(22). If 2/ = Z then 2(z22) =
27% + 2(22),s0 Z z_Oforal] €2,
Lmearlzmg (c) we have z(uu') = u(uu') +u'(au). If ' = @ then z(u)
uw?. For z = Zin (d), 0 = (@u)Z + 2%u then z%u = —Z(u@). Hence (&2
)u =0 for all u € U,.

8

3. Suppose that L, is a derivation.
Then Lz and L; are derivation if and only if

La(yy') = La(y)y' + yLa(y') and Lz(yy") = La(v)y' + yLa(y'),

for all y,y’ € A.
i) Ify=y' =eitis clear. If y=-e and y’ = u or z too.
ii)lfy—y—UWehave ,
Lz(u?) = 2uLz(u) if and only if 4u? = 2u(u@). By (b), 4u® = 0. If U2 =
0 or UeZ, = 0 then u(@u) = 0. If Z2 = 0 then by (c), 2u(ui) = zu® = 0.
L;(u?) = 2uL;(u) if and only if zu? = 2u(uz). By (a),uz=0. f U2 =0
or Z2 =0 then zu? = 0. If U.Z, = 0 then by (c), zu? = 2u(@u) = 0.
iii) For y = u and y’ = z we have
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Lg(uz) = Lg(u)z+ulg(2) if and only if %(uz) = u(@z) 4 z(au). By (b),
a(u )IfU2—00rZz—0thenz(ﬂ) 0. If UcZ. = 0 then by

iz =0 =
(c), z(uit) = ui® + @(ua) = 0.

Ls(uz) = Lz(u)z + uLz(2) if and only if (uz) = u(2z) + z(3u). By (a),
zu=0. If Z2=0o0r U.Z. = 0 then 2(uz) = u(3z) = 0. If U? = 0 and by
(d), z(uz) = (Zz)u

iv) If y =y’ = z we have

L3(2?) = 2zL3(2) if and only if 422 = 2z(iiz). By (b), @22 =0 = 4=.

L;(z%) = 2zL3(z) if and only if 22?2 = 22(22). But it is the condition (e).

Suppose that Lz and L; are derivations.
For z =2+ 0 in 1 of Proposition 4.5 we have

4Ze =0, u(tu) =0 and (gu)z = 0.
For z = 04 z we have
=0, 3 =0, ¥uz) = (Feluand 22° = 22(22),
Therefore Lgy; is a derivation. =

Corollary 4.4 Let (A,w) be a n'*-order Bernstein algebra and e € A be an
idempotent element such that (U, & Z.)® C Z., eZ. = 0 and dimg U, = 1.
Then forz =4+ 2 € U, @ Z. we have L, is a derwation if and only if Ly
and Lz are derivations.

Proof: We can suppose that % # 0. Since Lj is a derivation then 4Z, = 0
so U.Z. = 0. Therefore by Proposition 4.5 we have the end of this proof. W
4.3 The power-associative case

By Propositions 4.1 and 4.2, we have

Proposition 4.6 Let (4,w) be a power-associative n'"-order Bernstein al-
gebra and € € A be an idempotent element. If u € U, and z € Z., then:

1. Lz is a derwation if and only if uZ. = 0,
In this case the triple associated is (%ﬂ., Ou, , OZQ).

2. L; is a derivation if and only if (2U.)Z. = 0 and L;|z, is a derivation.
In this case the triple associated is (0, L:|u,, Lz|z.).
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The proof of the followings results is the same as [1],

Proposition 4.7 Let (A,w) be a power-associative nth-order Bernstein al-
gebra and e € A be an idempotent element. If there exists 4 € U, such that
4Z. =0, then Ly, ts a derivation for all v’ € U,.

Theorem 4.1 Let (A,w) be a power-associative n'h-order Bernstein algebra
and e € A be an idempotent element. If v = 4+ 2, where 4 € U, and z € Z,,
then Ly is a derivation if and only if Ly and L are derivations.

5 The graded n*"-order Bernstein algebras

The proof of followings results in this section is the same as [1].

The algebra A is Z,-graded if A = Ag+ A,, where Ay, A; are subspaces
of A and A;A; C Ayy; for all 4,5 € Zj. 1t is known that, if A is Z,-graded
then Der(A) is Z,-graded too, where

Do(A) = {D € Der(A) | D(Ag) C Ao, D(A;) C Ay} and
Dy(A) = {D € Der(A) | D(Ao) C A1, D(A;1) C Ao}

Proposition 5.1 Let (A,w) be a power-associative n'"-order Bernstein al-
gebra. Then A is Zy-graded. Moreover if e € A is an idempotent element,
then Ag = Ke ® Z., Ay = U, Do(A) = {D € Der(A) | D(e) = 0} and
D1 (A) ={(@,0v.,0z,) | & € Uc}.

Corollary 5.1 Let (A,w) be a power-associative n'P-order Bernstein algebra
of type (14 r,d). Then dimg D,(A) =

We will denote by Inn (A) the set of all inner derivations of A.

Corollary 5.2 Let (A,w) be a power-associative n'P-order Bernstein alge-
bra. Then Dy(A) C Inn (A) and Inn (A) = Dy(A) & (Do(A) NInn (A)).

A commutative algebra A is a Jordan algebra if (2%y)z = 2?%(yz) for all
z,y € A.

Corollary 5.3 Let (A,w) be a Jordan n'*-order Bernstein algebra and e € A
be an idempotent element. Then:
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1. Der(A) #0,
2. If U, # 0 there exist 4 € U, such that Ly # 0.

It is known that, if A is a Jordan algebra then

k
L(A) = {L:v + Z[Lz,-, Lollk > V2,9, €4, Lyisa deriva.tion} ;
=1

- Proposition 5.2 Let (4,w) be a Jordan n'"-order Bernstein algebra and

e € A be an idempotent element. Then .
t
Do(A) Nnn (4) = {L: +Z[Lu,,L 4 D [Ley Ll | B2 1,82 1,
i=1
ui, u; € U, 2, 25,2 € Z ( 2U.)Ze = 0,Lz|z, isa derwatwn}

Corollary 5.4 Let (A,w) be a Jordan n'P-order Bernstein algebra ande € A
be an idempotent element. If U.Z, = 0, then

Inn(A) LU @{L +Z Lz,)L ]| 21,2,.2']',2;'6

=1
Ze,Ls|z, isa derivation},

- where Ly, = {L, | u € U.}.
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