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INNER DERIVATIONS IN A JORDAN-BERNSTEIN ALGEBRA

Consuelo Martinez
Departamento de Matemiticas, Universidad de Zaragoza, 50.009 Zaragoza, Spain

Introduction

The aim of this paper is to study inner derivations in a Jordan - Bernstein
algebra. The study of derivations in genetics algebras has been done recently in
quite a lot of papers. References [2] , [3] , [6] and [10] are examples of them.

In his paper [12] Schafer studies inner derivations of non-associative
algebras. If A is a non-associative algebra over a field K, L(A) denotes the Lie
transformation algebra, that is, the Lie algebra generated by the right and the left
multiplications of A. So, a derivation D of A is an inner derivation if D € L(A).

Schafer also studies in the above mentioned paper, the cases associative,
Lie,alternative and Jordan. He gets:

i) Associative case: L(A) = R(A) + L(A). If A is an associative algebra without
absolute right (left) zero divisors, then D is an inner-derivation if and only if D =
A= Ly-

ii) Lie case: L(A) = R(A). D is an inner-derivation of a Lie algebra if and only
it D=R,.

d
iii) Alternative case (char K= 2): &(A) = R(A) + L(A) + [ L(A),R(A) ].

" Partially supported by DGA n® CB - 4788
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iv) Jordan case (char K = 2): I(A) = R(A) + [ R(A),R(A) ). If A has unit
element 1, then D is an inner-derivation if and only if D = X [Ry;, Rz].

Jacobson in [8] proves that if A is a semisimple associative (Lie, alternative or
Jordan) algebra over K (char K # 2), then all the derivations of A are inner.

Schenkman proves (see [9] ) that every nilpotent Lie algebra over K has a
derivation which is not inner.

We study in this paper inner-derivations of Jordan-Bernstein algebras. These
algebras are very closed to be nilpotent Jordan algebras. They have a nilpotent
ideal , the kernel of their weight homomorphism, of codimension one. We can see
that in many cases the Jordan-Bernstein algebras have a derivation which is not
inner. It is naturel to conjecture that this is true in any case.

Previous results

DEFINITION : A commutative algebra over a field K, char K # 2, is called a
Bernstein algebra if A is a baric algebra (that is, there is a non-zero
homomorphism w: A —> K, "weight homomorphism" ) satistying the identity (x2 )2
= co(:l:)2 X Vxe A

It is known ( see [13] ) that w is unique, Ker w is an ideal of A of codimension one,
A has always an idempotent element and if e is a such idempotent ( 0 = e = e? ),
then w(e) = 1 and A has a Peirce's decomposition A = Ke +U o * Z, . where

Us={xe Kero : ex=9x}, Z,={ze Kerw: ze=0}. The following
identities are verified: U, U, © Z,.U,2,cU, and Z, Z, < U,. Forother
properties of a Bernstein algebra see [1] and [13].

If D: A—>A is a derivation, that is a linear application satisfying
D(xy) = D(x)y + xD(y) V x,y € A, then it is easily proved that D(e) e Ue and that

there are two linear applications f: U — U , g: Z — Z such that
(*) D(u)=1(u) + 2D(e)u, D(z) = -2D(e)z+g(z) Yue U, ze Z.
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Since D is a derivation, the linear applications f,g must verify the following
relations:

() guw)=fluyu'+uflu’) YuueU.
() #Huz) =f(uyz+ug(z)+2(D(eju)z VuelU, VzeZ
(ly f(zz') =g(z) ' +zg(z') - 2( (zD(e))z' + z(D(e)z')) Vzz'e Z

So, every derivation D of a Bernstein algebra defines and is defined by a
triplet (u* =D(e),f,g) withD,f and g related by (*) andf, g and u* satisfying
relations (1), (1) and (Il1).

It was proved in [5] that a Bernstein algebra A = Ke + Ue + Ze is Jordan (A

is a Jordan-Bernstein algebra) if and only if 22=0= (uz)z VuelU, VzelZ
andifandonlyif Z2 =0 V¥ f=feA.

Inner Derivations in a Jordan-Bernstein algebra

Using the above mentioned results it is clear that in Jordan-Bernstein
algebras condition (Ill) is always satisfied for every pair (f , g) of linear applications
f:U— U andg:Z—> Z, and consequently only (I) and (Il) must be considered.

By the above mentioned Schafer's result, Inn(A) = Ber(A) N T(A) and T(A) =
R(A) + [R(A),R(A)] . But [Hx'Ry] is always a derivation in a Jordan-Bernstein

algebra, so D e Inn(A) ifand only if D = Fty + L [Ry; . Ryl and Ry is a derivation.
But Hye Der(A) implies that y e Kero (see [3] ), thatis, Jue Ue.z-sze
withy =u +z. Ry € Der(A) & uZe =0= z(UeZe).
But uZe = 0 implies that Ru = [RZe'Ru] . so we can writte Inn(A) =

{R,+Z[Ry,Ry] :z€Z,2(U2)=0,x,ye Al.

Note : Rz is not generally a derivation , however HZRZ. is always a derivation

1
V z,2' e Z because Flsz. = 'Rz'nz = E[Rz i Rz.] elnn(A).

A Jordan-Bernstein algebra is a Z2 graduated algebra, A= A, + A, with A=
Uand A, =K(e) +Z (Aj A; Ay, AgA, C Ay, AjACAL). So also is Der(A).
= D (a) + D, (A) (direct sum as vector spaces) with 8 (A) = { D & Der(A) :
: =
D(A,) € A, . DA,)C A} and® (&) ={De Der(A) : D(A,) € A, .
D(A,) € A}
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Butif De 80 (A), then D(e) € AO n Ay = 0, therefore D(e) = 0.

Reciprocally, if D(e) = 0 then %D(u) = D(eu) = D(e)u + eD(u) = eD(u) , so
D(u) e U VY ueU and similarly 0 = D(ez) = eD(z), thatis, D(z)e Z Vze Z.

Consequently O, (A)={De Der(A):D(e)=0}.

fDe .Bl (A),then D(Z) € U and D(U) € Z. This implies that D(u) = 2D(e)u

and D(z) = -2D(e)z , that is, D is defined by D(e). This means that we have an
isomorphism , as vector spaces, between U and D l(A). because each element u'

in U defines a unique derivation by D(e)= u', D(u) = 2u'u and D(z) = -2u'z. It is
clear that dimK 81(A) =dim, U=r. Itis also clear that .D](A) C Inn(A). In fact, if

Du' is the derivation in .GI(A) such that D(e) = u’, then Du' =[ Rde , Du ] € Inn(A).

'SoInn(A) = &, (A) + (B, (A) N Inn(A) ).

In conclusion, a Jordan-Bernstein algebra will have a derivation not inner if
and only if there is a derivation in .00 (A) which is not inner.

If A is a Jordan-Bernstein algebra, then B = Ker o is a nil algebra (x3 =0
V x € Kerw). So it is known that Ker w is a nilpotent Jordan algebra. That is, there
is an min Z such that B™ = 0.

Since D(A) € B for every D € Der(A), it is clear that every inner derivation is
nilpotent. So ,ifD e D, is defined by the pair (f, g), it is clear that zero is the only
eigenvalue of fand g.

It is also clear that if we define UZ' = UZ and recursively UZi"'1 = (UZi)Z .

then we get a strict chain U > UZ > UZ2 ) UZ3 2D ... and there is an | such that
uZ'20and UZ*' = 0.

Also there is always an 0 # x € Ker w such that xKerw=0. If x=u+2z,
ue U, ze Z thenitis easy to see that uU =0 = uZ and zU = 0. Consequently in a
Jordan-Bernstein algebra there is always either an element u in U with uKer = 0
oran element z in Z with zKer @ = 0.

We can notice that if s = dim Z, then UZS*! = o always, by using
(uz)z' = -(uz')z for every u in U and z,2' in Z.
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CASEUZ=0

We can notice in this case that R,=0VzeZ,solnn(A)={Z [Rx; » ij] :

€ A}

Xi. Xl

f x=ae+u+2z, X=0'e+U'+2 and D=[Rx,Rx.].lhen eD=;}(au'-a'u},

1
u'D =3{au’ - a'u)u® =2D(eu* and z'D=0,s0 De .BI(A). That is, in this case
JDI(A) =Inn(A) and Inn(A)N ‘Do =0,

As we have before seen, every D in .so is associated with a pair (f,g) ,

f:U — U,g:Z—> Z linear applications satisfying (l) and (ll). But in this case
(UZ =0) (I is trivially satisfied, so it suffices to look for a pair (f,g) = (0,0)
satisfying (l) to find a derivation in ® 0 It is clear that (1U e 12) satisfies () , so

defines a derivation in .E)o. that clearly is not inner.

COROLLARY :If A is a Jordan-Bernstein algebra with Ue Ze = 0 ( for any
idempotent element e ), then A has a derivation which is not inner.

As we have seen, dim,¢ Inn(A) = rin this case and dim, Der(A) =1+ 7 +s° if

U? =0 and dimK Der(A) <r+r +s2 if U#0.

fs' = dimK u? (where U? denotes the verctor space spanded by the set of
products of two elements in U) then 1< dim .SO(A) 5l (s-s')s and bath

bounds can be reached.

1 . :
If {uy...u }is a basis of U with {u; y :i<j} 3r(r+1) linearly independent

ey
vectorsinZ (s2 5'r(r+1) ) , then dim & (A) = ? + s(s-s) (s'= Fr(r+1) ) because f

can be every linear application of U2 and g is fixed over u? by f and can associate

2.
any element of Z to a basis of a supplementary space of UcinZ.

It is clear that dim .GO(A) =1if dmU=dmZ=1.

_ Cpe e 5
If A=Ke)+ K(”ruz'“a) 5 K(zrzz) with UZ = Z°=D, u,“=u," = U, 0 '
UgUp = 2, U U, = 2, , UpUy =2, +2, then it can be seen that dimK & (A) = 1 with
Wy , :
basis the derivation defined by the pair (1,;,2 12)-
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Notice that clearly dim & ,(A) = 1 implies that Z = U?, because if Z # U? there
is always a pair (0, g) defining another derivation in & O(A).

In [4] the homotope algebra of a Jordan-Bernstein algebra is studied and it is
seen that the homotope of a Jordan-Bernstein algebra is again a Jordan-Bernstein
algebra. It is also seen that there is always an homotope algebra in which
Ug Zg = 0. So we have :

COROLLARY : Every Jordan algebra has an homotope algebra which has
derivations not inner.

CASE U2 =0

We can suppose UZ # 0, because in other case it is known by the previous
one. Inthis case,ifx=ae +u+2z, X' =a'e +u' + 2, then D=[R,.R,]actsinthe

. 1 1] ] ' L)
following way: D(e) = %(au -a'u) +3(z'v - zv') , D(u') = 2(zu*)z’ and
- 1 ' L - ' i - H
D(z*) = - 3(au’ - a'u)z® - (Z'u - zu")z*. It is clear now that D = Hu# +2 Flz. A,
where u# = 2D(e) , and clearly the pair (1 U’ 0z ) defines a derivation in A which is

not inner.

COROLLARY : If Ais a Jordan-Bernstein algebra with Ug = 0 (for any idempotent

element e) then A has a derivation D which is not inner.
Inn(A) = Ry(A) + { R, + T RzjRz; with (Uz2)Z=0} ,8,(A) = R;(A) and

B,(A) N Inn(A) = { R, + X Ry, Ry; }.

It UZ' 20 = UZ*! | itis clear that dim UZ"' > 2 and D) =0 Vv ue UZ"
andvDe .L‘JO(A) Ninn(A),D(Z) =0 and D(U) C UZ. Consequently dim .BO(A)

N Inn(A) < (r-1)(r-2). Sumarizing:
i) UZ=0,dim Inn(A) = cim &, (A) =r.
ii) If UZ # 0 = UZ?, then dim D ,(A) N Inn(A) < (r-r)r , where ¢ =dim UZ < r

and dim .&o(A) N Inn(A) = dim { Flz :Ze Z}<s, thatis, r<dimInn(A) sr+
min (s, (r-r')r').



iii) 1 UZ'#0=UZ"" with i>2 then r<dim Inn(A) < + (r-1)(r-2).

GENERAL CASE

In the general case, if UZ # 0 = UZi"_1. a pair ( 1, g) defining a derivation
De .BO(A) N Inn(A) satisfies f(U) € UZ , f(UZ‘) =0 and g(Z) C I

Example 1 : If there is an element u* e U - UZ with u*U = 0 = u*Z, then
we can complete {uy,...,u.} abasis of UZ to a basis of U with u* and the needed

elements : {u1 ,...,ur..u',...} and define the linear application f: U — U with
f(u*) = u* and flu)=0 Vuy = u* in the above basis. Then Im f C K(u*) , so
f(u)Z =t(u)U=0 foreveryuinU and f(UZ)=0. Clarly the pair (f, g = OZ ) defines
a derivation D in DO(A) which is not inner.

COROLLARY : Let A be a Jordan- Bernstein algebra. Then there is a Jordan-
Bernstein algebra A* containing A as ideal of codimension one and having
derivations not inner.

Proof:
let A=Ke +U+2Z and A*' =A@ K(u*) with the product given by:

eu’ = §1u u*U = 0 = u*Z = u*2 and the product of elements of A the same as the

productin A. So A* = K(e) + U'+ Z withZ'=2Z, U' = U + K(u") , is again a Jordan-
Bernstein algebra, and u*U' = u*Z' =0, u* ¢ U' Z'. By using the above example,

A* has derivations which are not inner.
Example 2 : If U3 = 0 (that is, u, (u2u3) =0 for every uy,us,us in U ) then

U2¢ ZorUZ =0 . Inthe second case we know that the Jordan-Bemnstein algebr‘a
has a derivation not inner. In the first one, let us suppose {24,..,2} isabasis

: 1
of U2. It can be extended to abasisofZ: { P zg }. We define f=§1U
andg:Z — Z the linear application given by g(z;)=2; i=1...t and Q(Zj) =0
j=1t+1,..s. Then (f,g) defines a derivationin & (A) which is not inner.

Other bounds for the derivation algebra

LEMMA: dim Inn(A) = Pas-s.



Proof : We have seen that a pair (f , g ) defining a derivation in
5 (A) N Inn(A) satisfies {(U) € UZ and g(2) € U®. So, if U # Z, then
dim (& ,(A) N Inn(A) ) < r(r-1) + s(s-1) and dim B l()\) = r, that is
dim Inn(A) < P+ s%-s. If U?=2Z, Dis defined by ( 1, ) , then g is fixed by f because
g(uu’) = f(u)u' + uf(u’). So dim Inn(A)sr+r(r—1)-Fsrz-rsz-s.

Using the form of Inn(A), it is clear that if { uy, ... .u }isa basis of U , and
{z4, . z, } is a basis of Z, then the following derivations generate Inn(A) :

a) The r derivations D, = [ Ry , Ry ], i = 1...r. Clearly Dj(e) =3y, .

1

D;(u) =3uu; and D,(2) = - zu;.

b) The %r(r-1) derivations Dij' [ Ry; . Ru’.] with 1 <i<j<r. Inthis case
DIj (B) = 0 ) Dij (U) = (Uui)uj - (ou-)ui = 2(uui)Uj + (Uiuj-)u » Dij (Z) = 2 (Zui)uj .

¢c) The 1gs(s-1) derivations Di-' = [ Rzi' sz] with 1 <i<j< s, and now
Dij ‘(e)=0= Dij *(z) and Dij *(u) = 2(uzi)zj.

d) The rs derivations D'ij = [ Rui £ Flzj] ,1<igr, 1)< s whele

1 . "

D‘ij (e) = fuizj . Dij (u) = (uizj)u and Dij (2) = -(uizj )z.

e) Rz1 .....Rq where {21. ....zl}isaba.tsisofz0 ={ze Z:(UZ)z=0].

Clearly the derivations D'ij are linear combinations of 01. .. » D, which

generates & ,(A). The derivations Rzy s s Flz' , Dij

B,(A) N Inn(A). So dim (B ,(A) N Inn(A) ) < s, +3(r(r-1) + 5(s-1) ).

and Dii‘ generate

If UZ = 0, then Dij -O-Dij. , t=5s and RZ-O'

If U% =0, then D =0, s0dim INN(A) ST+ 1+ 35(s-1) ST +35(s+1).

If U220+UZ,(UZ)Z=0,so0 t=s,D; =0 and dim Inn(A) < F+s+3(r-1) =

s +37(r+1).

Note: Every derivation D in the above generator system satisfies D>=0.
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PARTICULAR CASE

We will consider now a Jordan-Bernstein algebra A = Ke + U + Z with
UZ #0#U? and (UZ)Z=0.

A) Let us suppose thatdim U = 2. Thendim UZ = 1. Let { u ta basis of UZ
and {u,, ”2} a basis of U. The above means that ulz =0 and there is z, in Z with
U= Usz,, and Vze Z u, 4'.-1z Uy - Consequently u12= 0=u,u, and
“22 =2, # 0 because = 0. Since Uyz, = 0#uyz, , the set { 2.2, } are linearly
independent and dimZ 2 2.

Itis easy to seethat D ,=0, Z,=Z and R, =4, Rz,. So { Rz} is a basis
of and { Rul .Ru2 . Fl21 } is a basis of Inn(A).

It we consider { z,,2,...25} a basis of Zand g:Z —> Z the linear
application given by g(z,‘,) =2z, ,0(z)=0 if i # 2, it can be proved that the pair
(1, .9)defines a derivation in .SO(A) (that is, they satisfy (1) and (ll) ). Clearly it

is not inner.

Summarizing:
a) dimInn(A) = 3 independently of dimZ.
b) There are derivations which are not inner.
c) It dimZ = 2 there is, up to isomorphism, a unique Jordan-Bernstein algebra
satisfying these conditions. It is A = Ke + K(u1.u2) + K(z,.zz) with 22 =0 ,

1 1
d) Every derivation in  ® (A) N Inn(A) s defined by a pair (f,g) of linear
applications f:U —» UZ,g:Z — U? satistying () and (Il) and f (UZ) = 0. The
converse is not true , because =0, and g defined by g(z,) =2z, .g(zz) =0
define a derivation D, which is not inner because is linearly independent with
D, =Rz, . It can be proved that {D, ,D, } is abasisof & (A).

2 _ 2
u“=u u,‘,so,u2 =z, Uz =0z, =0, Uz, =u, U, 2z, =0,

B) Let us supposedimU=3. Then 1sdimUZ<2.

By) MdimUZ=2, let {uy,u, } abasisofUZand {u,,u, ,u,}abasis

of U. S D i =
0 u1z 0 uzz and there are z,.2, in Z such that U, =U, 2, and

Uz =UsZ, . This assures that {z, 2y} is linearly independent.



Also u, =u, =0=uu, =UU,=U,Uy, SO Ua'za"o becausg U=0.
Since UyZ,y = 0, the set {z1 12y 124 } is linearly independent and so dim Z 2 3 .
Also Uz3 =0.

For every zin Z, U, =a,u, + ﬁz u, and uz=u,z= 0, what implies that
Rz = U.ZR21 + BZRZZ' It can be proved that 012 =0= 013 = 023. So { R21 ' Rzz }is
abasis of B (A)Ninn(A) and {Ry,. Ru, . Ruy } isa basis of &8 ;(A) .
Consequently dim Inn(A) = 2+3 = 5 independently of the dimension of Z ( allways

2 3). Let us consider 1, :U U and g:Z Z the linear application given by
g(za) = Zz3 ,9(z)=0 ifi#3. Then (1U. g) defines a derivation which is not inner.

82) Ifdim UZ =1, let { u} be a basis of UZ. Then ulz =0 and there is
ue U, z e Z with u, =u,z . Let {u, yUy, Uy} be a basis of U. Then

e i
VzeZ ugz= a,u , U, z=f,u,. Sou1=-u u, =0. We will distinguish two

2 1

cases:

Case 1: B, =0 Vze Z thatis,u, 2=0 foreveryzinZ. In this case
usu, =(u2 z, )”3 --(ua z, )“z =0. Then U U= U, u, =0= u1(u2u3 ).uzu1 =
u, U, -uz(u1 u3)=0a-2u3(uzu3) and U, (u1 uz)-uau =u,u, =0.

1 32
SoU® =0.

We have seen that there are derivations of A which are not inner derivations.

We can also notice that Flz =a, Flz1 . D12 =0= Dta = D23 , SO

dim ( ®,(A) N Inn(A) ) = 1 and dim Inn(A) = 3+1 = 4.
Case 2: Thereiszwﬁhﬂzseo. Then uU=0=u,Z

lfu.z =0 if and only if Bz-o.then{ Hz1} is a basis of the set { Rz ‘ze Zo }
and u,u,® = 0 implies that u,u,? = 0 and consequently (U, )u, = 0. Similarly
u2u22 = 0 implies that u:,uz2 =0 and (uzu3 )u2 =0 . In this case U° = 0 and we
already know that A has derivations which are not inner. Again D,, =0= Dyy=
D,, andso dim( Dy(A)NInn(A)) =1 and dim Inn(A) = 3+1 = 4.



In other case, there are z,.2, in Z linearly independent such that u . =
u,z,, Uz, =0, Uz, =0 and u, = uz,. So { Ry, Rz, } is a basis of the set
{ Fiz ‘Z€ Zo }.

; €3
Clearly 012 =0= 013 and 023"0 ifand only if U°=0.

The case U° = 0 is known (in this case dim InnA = 3+2 =5 ) so we can

consider U® # 0. In this case we can suppose that “22 =2, and U, # 0. We

know that now Dza #0, but uU=0,thatis, (UZ)U=0. So Dza(e) = D,
023(1) =0 Vze Z, 023( uz) =au, Dza(us) = {Su1 , with a,f e K. This means
that D,, = aRz, + BRzz and consequently dim ( JBO(A) N inn(A)) =2 and
dim Inn(A) =5

We need distinguish the following cases:

: 2

i) U,U, , Uy° € K( z,.2, ),

2 i BLas
and u,” =2z, with {z1.22.23} linesarly

ii) u, U, € K( z, .2, ) 3 3
independent ,
2 L " L] "
iii) U, u, € K(z,.z, , 3) and Uy” =2, '
2 | i 0
iv) UyU, =2, and u” =2, with {z,.2,,2,, 24] linearly independent.

-

In all the above cases it can be proved that dim .ISO(A) 2 3, so there are

always derivations which are not inner.
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