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A semi simple Artinian algebra has a unit element.

Exercise. Let O} be an Artinian algebra. Show thatm/ is
semisimple iff any ideal dr; in 0V has a direct (ideal)
complement &2,‘ i.e., O\/= £'l$ £2' %'2 an ideal ofO\/ .

If Q/has an involution j and Loé‘l is j-invariant, then %‘2

is j-invariant. (Hint: decompose the unit element e in

Ol as e = ey + e, show ey unit element in %—i and j(es) = ei.).

III. Triple Systems.

wector § pace.
3.1. A unitat—d-module ¥ together with a trilinear map

;Z x ¥ x?—*?‘ (x,y,2) ¥ <xyz> 1is called a triple system.
? F-Rad ;

(p,a) VELIL Space

Examples. 1) Let ;r = ¢’ be the -d=medule of rectangular
pxg-matrices. If A,B,C €¥ , then ABtC is in?) where B
denotes the transposed of B. Since (A,B,C)w>» <ABC>: = ABtC

is trilinear, ? together with this "triple product" is a triple

system. m‘ﬁ o cmwpﬁgl)( 0@.@&@’2&,

2) IfOL is any (non associative)-¢=algeb¥a. Then
a, together with the map (x,y,z)+> <xyz> : = (xy)z is a triple
veofrr subipace

system and any .submedule-closed under (xy)z is a triple system.
\

Note: ifa, has a unit element e then xz = <xez> and the

structure of O\/as an algebra can be completely recovered from
the triple system structure onO\/ .

3) Most important examples for the situation just

0, neod o1 compley algebr

described are the following. LetUVbe a -¢—algebra and
g OV > O} an involutorial automorphism (i.e. j(ab) = j(a)j(b) ,jz
id) then O\/8 =)LX€OL FJ(x) = ex }(,s = +|, are closed under
(x,v,2) = (xy)z, but in general Ol is not a subalgebra.

( a\’ w a Sw%/nﬁgi/@ﬂ“? )
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The above ekamples'show that a theory of triple
systems of course includes a theory of algebras and "minus

spaces" of algebras relative to involutorial aﬁtomorphisms.

FOI.',S% UI/,FO ,‘WC?, we denote by <w /LQ/VLO >= <U\/W?

subspawe— .
the submedule of 7 generated by all "triple products" <uvw> ,

i 4 / Subsp ae—
ué‘u/v,véﬁo ,wéi"'o . Asubmpeduée U[/is a subsystem if

<WW W >cW, it is an ideal, if <WFF > + <FUY¥> +
i ,’w;j <l CG’)VP'&')C ﬁwm 3
<FF W >cl. A o-linear map £f:&'— ¥ is a homomorphism

of triple systems ¥, ¥', if f(<xyz>) = <f(x)f(y)£(z)>

for all'x,y,z é’-\rr . Isomorphisms and automorphisms are ‘ E-wenwas

=)

‘defined the usual way and the Ezandazd result's holéi.l (The w

proofs are the same as for algebras.) IfUL is an ideal in a

triple system ? ;» then F = V/'le together with

<(x +u/)(y + W) (z +'UL)>: = <Xyz> + W

again is a triple system.

Theorem 1. (i) ULC.? is an ideal, iff \/L_:l_.__s_ the kernel of

some homomorphism.

Gty | T 2% ¥ > ¥' is a homomorphism, then

£() 2 ¥/

kernel f

(i1i) 1f W ,4) are ideals of £ , then

Ub +/0/ = UI’/ .
Y Wnid
A triple syst’em? is called simple if <?¥'¥> + 0 and ? has
no proper ideals.

3.2. The derivatives of a triple system? are defined recursive-

1y

AR v ol _ g T g,



:/' is solvable, if :((n) =0 qux;,sdiﬁ/e n.

Av i B =
i\ gy ot of L
N\ s o masamad olowerdS

(see po G )

———— o
Py -

State and prove-the corresponding results to 1.5.
— i

If ? is Noetherian then there exists a unique maximal solvable {‘W‘Wz

N
ideal Rad Z in ¥ , the solvable radical of ¥ . Rad(?/Rad?_.) = 0, T.6)

and if Rad(:z/m) = 0 then Rad ? < UL . Powers of an element
ae '7 are defined recursively

1 J2(n+l)+1, _ 20+l

as: = a, a>

Note: Only odd power are defined.
2n+1

a€? is nilpotent, if a = 0 for some n. A subsystenw
1R,C:¥ is nil, if every element infqris nilpotent. If
(a20tly 2o+l a(2n+l)(2m+l) for all m,n > 0 and all ac ¥ ,

then there exists a unique maximal nil ideal in ?’, the nilradical

of ¥ .

( Allowr th pof

e

using Zorns

] ExerciséﬁlProve existence and uniqueness of the nilradical. e¢uwP.7 /‘)

'3.3. Similar to the definition of left and right multipli- Laimme

cation in algebras we define bilinear maps
L,R,P: ¥ x ¥ — EthT ;, L:(x,y)v— L(x,y)R:(x,y) - R(x,y),P:
(x,y) ¥ P(x,y), by L(x,y)z = <xyz>,R(x,y)z = <zyx>,P(x,y)z =
<xzy>. Then

<xyz> = L(x,y)z = R(z,y)x = P(x,2)y.
Caution: Observe the reversed order in <xyz> = R(z,y)X.
Derivations are defined the obvious way. De End¢¥ is a
derivation of 7 B if
(3.1) D<xyz> = <(Dx)yz> + <x(Dy)z> + <xy(Dz)>
for all x,y,zéE:f ;, or equivalently

(3.2) [D,L(x;y{] = L(Dx,y) + L(x,Dy) for all x,yéE;t v
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Again @(:7) the é-module of all derivations of ¥ is a sub-

algebra of (End@7 .

Lﬁxerciﬂlf Ol is a triple system coming from an algebra

(see example 2) then any algebra derivation or homomorphism 4 f
He 1"

. . . @ . ,},ﬁle;ﬂ ﬁq n wur
is a derivation or homomorphism of the triple system. . ‘ckwﬁ/é’gwwww‘f

3.4. There is still another aspect of triple sy>stems we want
to mention, Le.t'? be an arbitrary triple system over
®,L(x,y)z = <xXyz> . Then by definition (x,y) % L(x,y) is

a bilinear map of 7x§7 into EndQ‘I . But from the definition

of the tensor product of ¢-modules, we get a unique linear map

S: 7®7F » End¥ , such that

S(xey) = L(x,y).
And obviously any linear map of 7@; ~ End¥  defines a triple
system structure on':/: .

Now we restrict to a special case. Assume? is finite
dimensional over a field F. Then +&® ¥ = End¥ , but there
are many ways to obtain this isomorphism. We assume, that A
is a non degenerate symmetric bilinear form on :Z . We define
xy*é_ End:r by

(xy*)z: = A(z,y)x
%*

It is easy to prove and is left as an exercise, x®& + Xy

defines an isomorphism (of vector spaces) -?@?' and End ¥ »
in particular |
g * .
(1) {xy ,x,yé?} generates End? . Furthermore
' *
(3.3) (1ii) trace xy = A (x,y)
e *x % *
(iii) (xy ) = yx
* * *
(iv) A(xy )B = Ax(By) for all x,y< ¥ ,A,B€End ¥

*
where A denotesthe adjoint of A relative to A.
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* *
A(S(uv )x,y) = trace uv L(x,y) = tr L(x,y)uv

2.5

As in the case of algebras (see 1.9.), associative
bilinear-forms might be useful.

There are more possibilities to define associative
bilinear forms on :'. One possible definition is as
follows: A is called associative, if |
(3.5) (i) A(<xyz>,u) = A(x,<uzy>) = A(z,<yxu>) for all
x,y,z,u(E:Z . Assume )\ ﬁon degenerate, symmetric and
associative. Then (3.5) is equivalent to
(3.5') L(x,y)" = L(y,x)iR(z,y) " = R(y,z). If AcEndF then
there exists a unique S(A)e End ¥ such that |
(3;6) trace AL(x,y) = A(S(A)x,y) (since A is non degenerate).
Next we show |
(3.7) Cs(uv’) = L(u,v)
where uv*z = Az,v)u (see (3.3)).

*

= A(<xyu>,v) = A(x,<vuy>)

= A(<uvx>,y) AL(u,v)x,y) .

(3.6) and (3.7) imply trace As(xy*) trace S(A)xy*, consequent-
ly

(3.8) trace S(A)B = trace AS(B).

Exercise: Define S'(A) by trace AR(x,y) = A(S'(A)x,y) énd

show tr S'(A)B = tr AS' (B).

IV. Associative Triple Systems.

4.1. As we have seen in example 2) of the previous chapter,
one can associate to any class of algebras a corresponding
class of triple systems by considering the triple composition

(a,b,c) » <abc> = (ab)c, where (a,b) + ab is the product in



