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STRUCTURE OF BERNSTEIN ALGEBRAS
R.W.K. ODONI and A.E. STRATTON

1. GENERALITIES.

Recall that A, a commutative, non-associative algebra of finite dimen-
sion over IR, is called a Bernstein algebra (see [1]) if

(xz)2 = (w(x))zxz, for all x € A
where ® : A-R is a surjective R-algebra morphism. Polarisation of the above
identity yvields

(xy) (zw)+(xz) (yw) H(xw) (zy) =-%(qu)w(Y)zw+w(x)w(z)yw+m(x)w(w)yz+

+o(z) olw)xy+o(y) o(w)xz+o(y) o(z)xw, for all x,yr,z,w €A (1)
We note that the surjectivity of ® yields a vector space direct sum decompo-
cition A = e R ® K, where K = Ker(w) is an ideal in A and e is an idem—
potent. We have w(e) = 1. Thus to exploit the above identity we can in view
of multilinearity, substitute e's and k's for the x,y,z,w without loss of in-

formation.

ITmmediate deductions from (1).

(i) Take x =k €K, y =z =w = e. We £ind that the R-linear map m : K-K,
such that m(x) = 2ex, is idempotent, that is n2 = n. Hence K 1is the vec-
tor space direct sum U @ Vv, where U = m(K), V = Ker(m).

The multilinearity of (1) now shows that we need only substitute 'u's and
v's for k's without loss of information.

If we take x =y = e, z = k1, w = k2, we obtain ﬂ(k1k2)+n(k1)ﬂ(k2) = k1k2,
which is equivalent to

2 2 v
v Ccv, uvCuU, VvV CU. (N 11)
Next take x = e, ¥y < U,r oz - u2, w = u3. We have Jacobi's identity
+ = . 1 iid a)
u1(u2u3)+u2(u3u1) u3(u1u2) 0 (1,iii,
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Take X = e, y = ul, z = u2, w = v3. We have

u1(u2v3)+u2(u1v3) = ; (1,iii,b)
Take x = e, y < uT, z = Vot W = v3. we have

u1(v2v3) =0 ; (1,iii,c)
Finally,

(xy) (zw)+(xz) (yw) +(xw) (yz) = O when X,y,z,W € K. o (1,1v)

2. IDEALS IN NUCLEAR BERNSTEIN ALGEBRAS.

Recall that a commutative, non-associative algebra is said to be nu-

clear if A==A2.

Proposition 2.1. (i) If A is Bernstein, A2 is nuclear Bernstein.

(ii) A Bernstein algebra A is nuclear if and only if v = UZ, for every

choice of e.

Proof. (i) B = A2 is a subalgebra, in fact an ideal, of A. All its elements
satisfy equation (1). Hence it is Bernstein. Moreover B = (eRﬁUQV)2= eRﬁUGUZI
since Uzggu, uv C U, VZEEU. Then B2 = eR+U+U2U+(U2)2+U2 = eR€U€U2 since
Uzuguvgu, (U2)2 _C_v2 C U, whence 82 = B. '

(ii) As in (1), A2 = em@U@bz = A, which implies V = U2. Note that A2 is
always an ideal in A, and A/A2 is a zero—algebra, that is one in which any

product xy = O. We now concentrate on nuclear Bernstein algebras..

Proposition 2.2. In a nuclear Bernstein algebra A, the ideals are A and cer-
tain vector subspaces of K with the direét sum decomposition I = u'®v',
u'cu, V' CV.
Proof. Let I # O be an ideal in A and let Né+uo+vo € I. Then le+%uo =
e(Ke+uO+v0) € eI € I, and also Ne+(1/4)uo = e(ke+%uo) € el c.I. Singe T .is
a linear space we may subtract to obtain (1/4)uo € I. Further,
de = (Xe+%uo) - %uo € 1, and Vo, = (Xe+uo+vo) - e = g € I. Then either »o0
for all members of I, or else we have e € 1. Then eU =U CUI C I, which
implies that V = U2 =gy CUI €I. Thus I contains eR, U and V¥, and so
I=a. If ) is always zero, then I &K and u #v, € I, which implies that
us Vg € I. Hence I = U'® V' where U' =UNI, V' = VN I.

For § CA, let the annihilator of § be defined by ann(s) = {a |n€a,
sa = 0, all s€g)}. For any S, ann(S) is a vector subspace of &a. In contrast

with the associative case however, ann S is not in general an ideal. However

we do have @
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Proposition 2.3. The annihilator of the kernel K of w, ann(K), is an ideal
in A, with ann(K) € K. In fact ann(k) = U'® V' with U' = UNann(U),

V' = ann(a).

Proof. (i) Let %e+uo+vo € ann K. Then for all k € K, k(xe+uo+vo) = 0 € ann(x).
Mcreover e(le+uo+vo) = e + %uo, so we need to show Xe + %uo € ann(K). We

first show that uy € ann(K). Now (2Aetu +vo)U = 0, hence u U = o

I o

%Nu+uv0 =0 for all u € U. Since U =0 for all u € U we have

0 =uu = 2u(u_u) = -u u2 by (1,iii,a). Thus for any u_., u. € U, we have

(o] (¢] 1 2
2
u_(u +u )? = e = o. ' : = 0. This impli
0(u1 2) uo(u12u2) 0. Subtracting, we have uo(u1u2) 0. This implies
uV =0 as V =1U" and hence u, € ann(K). Since we have 7\e+uo+vO € ann(K),

and u_ € ann(K), we see that ?\e“*'vo € ann(K). In particular, O = u(?\e+vo) -

= %M*uvo for all u € U. We now choose LA € U. Then (a) l5)\111+u;]vo = 0,

(b) l57\u2+uzvo = 0. Multiply (a) by u, and (b) by u, and add. wWe obtair

)\ = -13 = - i~ N7 w4
u.u, u1(u2v0) uz(u1vo) O, by (1,III,b). This last result may be written
0, and thus le = ?\e+vo € ann(K). That is,

W =cC. If M#O0O then V
e € ann(K). Then U = eU C.U ann(K} = 0, which implies K = O and ann(K) = A
¥ R. Otherwise ) =0 é.nd then e(>\e+uo+vo) = e(uo+vo) = ”iuo € ann(K) by the
above, which means that ann(K) is an ideal of A, ann(K) C K. It is obvious
from the above that Uy € ann(K) is equivalent to Uy € UNann(U), and it is

clear that V N ann(K) = ann(a).

Corollary.2.4. In a nuclear Bernstein algebra, (i) V2 C ann(K), and (ii)

+ € €
(u1v2)v3 (u1v3)v2 ann(K) for all u, €U, v, €37

Proof. (i) By (1,ii). V2 €U and by (1,iii,c) » v2 C ann(U). Thus

2

V. €U N Ann(U) € ann(K) by Proposition 2.3.

(ii) we note that (u, v )v.+(u,v_)v. € U, so it is enough to show that it

12 '3 132

'h‘l t U. ' -+ = [] "w_
annihilates Now u((u1v2)v3) u((u1v3)v2) u(u v3)+u(u v2) where

1 = , [ L— . - & o
u u1v2 u u1v3 Thus by (1,iv,b) we have u((u1v2)v3 (u1v3)v2)
= 3! -t P! = - - o PRy -
u (uv3) u (uvz) (u1v2)(uv3) (u1v3)(uv2) (u1u)(v2v3), by (1,iii) O,
since V2 C ann(K).

Our strategy now will be to quotient out ann(XK). However we first need to

check that quotienting does no damage to nuclear Bernstein algebras.

Proposition 2.5. Let A be nuclear Bernstein, let B be any IR-algebra wha=-
tever, and let ® : A= B be a non zero R-algebra morphism. Then @(A) is
nuclear Bernstein with weight function w*(®a)) = w(a) and weight kernel
K = ®K). The only idempotents of ®(A) are the various ©(e), e idempotent
in A, and for any choice of e, K =U ®V with U = ®U), V = (V). Moreover
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we have V2 = 0.

Proof. Since Ker(®) is an ideal in A, and © ¥ 0O, we have Ker(®) < K.
consequently, if ®(a') = ¥a), then a'-a €x and o(a') = w(a). It follows
that * is well defined. It is trivial that ww* : ®A) >R is a surjective
R-algebra morphism. Moreover w*(®(a)) = O, w(a) =0 and a € K are all

equivalent, and hence are equivalent to ®a) € ®K). To deal with the idem-

potents we first prove a simple lemma.

Lemma. If C 1is any Bernstein algebra, the idempotents are just the elements
e, = etutu®, where e is a fixed idempotent, u € U.

2 _ 42 2 2 _ : . :
de+tut+v then e, = Nethu+tu"+uvtv™ = Ae+u+v, which implies

Proof. If e,
RZ Ayes _ .2 2 _ . — .2 L2 o
(X¥=Ne= 0, v = u°, ur2uv+tv" = u. Since v = u, we have 2uv =v =0 by
(1,iii,a) and (iv). Thus for u # O, A = 1. Hence e, = edutu® ; Conversely,
2 :
we see that any etutu is idempotent.

Now suppose (a) is idempotent and non zero. Then (P(az-a) = 0, while

2 2,2 2
= . = . = -+ -+ + N - =
w(a) 1 ;et ; e+uo+vo Then a etu 2uOVO uo+vO Thus a -a
N (2uovo+vo)+(uo—vo) € Ker(®9), where the first bracketed term belongs to U
and the second to V. But Ker(®) C K, hence Ker(® = Ker(®) N US(Rer(®)NV).

(2)—VO € Ker(%). Hence cP(VO) = QP(ué), and
Pla) = QP(e+u0+u§) = <p(e1) where e,
nally, ®(K) = QU+). If ®u) € ®Vv) then ou) = Nv), u-v € Ker(%). Then

u € Re# (9)NU, v € Rer (PNV. This implies that ®(w) = ®(v) = O, so that

Hence 2u.v +Vi € Ker(®) and u

is idempotent in A, by the lemma. Fi-

@®K) = oU) ® V) as a vector space direct sum. It is trivial that

v C ann(K), so that ¥ =0,

3. QUOTIENTS WITH RESPECT TO ann(K).

Theorem 3.1. Let A be nuclear Bernstein and different from R. Then A/ann(K)
. . . 3 2
is a nuclear Bernstein algebra in which the identity x = o(x)x~ holds. It

: : 2
is also a Jordan algebra, that is a commutative algebra in which x (xy) =

= x(xzy) for all x,y € A.

Proof. B = A/ann(K) = ®(A) where ¢ is the natural map, so B is certainly
3 2,

nuclear Bernstein by Proposition 2.5. and to prove x = w(x)x in B we

need only show that QP(a3) = w(a)cp(az) for all a € a, that is that

a3-w(a)a2 € ann(k) for all a € n since Ker(®) = ann(K). Now if a=7\e+uo+vo




we have ®(a) = A and a2= %?e+hu +u2+2u v+v2. Hence
(O] 6] (0]

w(a)a2 = X3e + Azu + luz +2M v+ W and (2)
(e] (6] (OlNe] (e}
3 3 2 2 2 2 2 2,42 \ 2
= Net+hNu + v+ K0 A + +X ¥ +
a etk u, luovo L vy 5 u, u0+uo(uo) uo(2u0v)+uovO uv. 7\uovO
2

+2 X +X .

2 vo(uovo) vo(vo) (3)

2
On the right of (3), the term %XVO e V2 C ann(K), and u =0 by

u
0
(1,iii,a), while 2uo(uov) =0 by (1,iii,b). Further, uvg

Vo € V2 C ann(K), Vo(uovo) € ann(kx) by Proposi-

HhonwnN

0 by the Corol-

lary to Proposition 2.3, M

tion 2.3, and V(Z)vO =0 since V < ann(K). On subtraction we see that
a’-w(a)a® € ann(X), so that w
x3 = w(x)x2 for all x € B. ' » (4)
To establish the Jordan formula, we polarise (4) with respect to x :
x2y+2x(xy) = w(y)x2+2w(x)xy (5)
Then x(xzy)+2x(x(xy)) = w(y)x3+2w(x)x(xy) = W(y)w(x)x2+2w(x)x(xy).

Further, substitution of xy for y in (5) leads to xz(xy)+2x(x(xy)) =
= w(xy)x2’+'2w(x)x(xy) which gives the result .immediately.

Proposition 3.2. Let B be any commutative non-associative finite dimensio-

nal R-algebra, equipped with a surjective R-algebra morphism ® : B-TR, such

that x3 = w(x)xz. Then B is (as above) a Jordan algebra, in which, for

every choice of idempotent, V2 = 0 and (uv1)v +(uv2)v =0 for all u € U,

2 2

v, € V.
1
Proof. The Jordan property comes, as before, from polarisation. To derive the
Bernstein identity we polarise once to “btain
2x(xy)+x2y = 2w(x)xy+w(y)x2 (6)
. _ .2 3 2.2 _ 3,2 2 , : :
and then substitute y = x". Then 2x " x+(x )7 = 20(x)x"+0 (x)x which implies
2
2—w(x)x3+(x2)2 = 2u?(x)x2+a?(x)x .
2.2 2
(x7)

2 : ; ‘
This implies that = w (x)x , that is that B is Bernstein. On polari-

sing the relation (5) again, we have

2z(xy)2x(yz)+2(xz)y = 20(z)xyt2o(x)zyt2w(y)xz (7)
Put x =y =v, z = e. Then since eV = 0, v2 = 2v2, which implies V2 = 0.
Next put x = u, v = z = v. Then we have 2v(uv)+2uv2+2(uvhf= 0. The right

hand side is 4v(uv), hence (uv)v = 0. This polarises to (uv1)v2+(uv2)v1= o

. . . . : : 3
We will call a Bernstein algebra satisfying the identity x~ = w(x)x a redu-

ced Bernstein algebra. Relation (7) above shows that the Jacobi identity
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x(yz)+tz(xy)ty(zx) = 0, all x,y,z € K holds for any reduced Bernstein algebra.
The fact that a reduced Bernstein algebra is Jordan is very useful sin-
ce there is a vast literature on Jordan algebras, and quite a good structure
theory for them. Results for reduced nuclear Bernstein algebras A' can so-
metimes be lifted back to the corresponding general nuclear Bernstein A

from A/ann(K), as in the next section.

4. THE Kn SEQUENCE OF A NUCLEAR BERNSTEIN ALGEBRA.
Let A Dbe nuclear Bernstein. We prove :

Proposition 4.1. The subspaces Kn, defined inductively by KO =A, K, =KA =

1
=Ks...sK = KK are all ideals in A, with K C K for n 0.
n+1 n n+l — "n

Proof . Firstly, AK = (eR+U+U2)(U+UZ) = K as asserted ; K, is certainly an

1
ideal. we work by induction on n. Assume K1,. E .,Kn are ideals. Then clear=-
ly K=K 2k 2...72 Kn and, in particular, Kn =‘Un® Vn by Proposition
2.2, with U_ =UNK , B_L = VK . Since K_ is an ideal, KK €K , and so

n n n n n FI =7 n

UU ®(uv VU +VV ) C U ® . That is,
n n n n b n n

U = UyUv VU +tvv . C U (8)

n+1 n n n— n
and

= VvV .

Vn+1 UUn = n (27

We can now show that KK (= Kn+1) is an ideal. First, e(-Kn+1) = Un+1 Kn+1'
C C = C i i
Secondly, by (8), uUn+1 < uUn_ UUn Vn+1 c Kn+1' while on using (9) as well
= C C [ C . Fi oo c
we have an_}_1 uUUn C an c UVn c Un_'_‘1 < Kn+1 Finally, VUn+1 c VUn C VUn
C C C C . i

c Un+1 < Kn+1 and an+1 C vVn - Wn“—vUnH - Kn+1' which completes the
proof. '

Remark 4.2. Let u',u" € U, u € Un' Then by (1,iii,a), (u'u")un=—u'(unu")-
[} ] + = — G- . C =
u"(u u') € U(u U)+U(U U) = U(U U) = UV CUV . Thus we have VU C W S
R LA and so in fact we have the stronger recurrence relations

= + =
Un+1 UVn VVn ’ vn+1 UUn (10)

Let A be nuclear Bernstein. The ideals Kn form a decreasing chain
of vector subspaces of A, so that dim(KnH) Sdim(Kn) for all n = 1. Then
the sequence dn = dim(Kn) is a non increasing sequence of positive integers
since dim(A) 1is finite. Thus d_is constant for n> n_, and this implies

K =K = ... for n > no. Let us call this ideal X(o). It is of course

n n+1
1% .
n=1 n
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Theorem 4.3. In any nuclear Bernstein algebra A, K(®) = O. Further, if

WS A is any subspace of A satisfying Kw = W, then W = O.

Proof. Suppose first that the theorem is true for reduced nuclear Bernstein
algebras, and let A be any nuclear Bernstein algebra. Then by section 3,
A/ann(K) 1is reduced. The sequence %K), (CP(K))Z,...,CP(K)n+1 = (P(K)(CP(K))nr
..., where © : A->A/ann(K) is the natural map, converges finitely to O.
That is ¢KK)N = 0 for some N. Now since ¢ is a homomorphism, it follows
by induction that (P(K)n = QXKn) for all n. Hence ¢(KN) = 0, that is

K. € ann(K). But then K = KKN € K{ann(K)) = 0. It remains to prove the

N Nt+1
theorem for reduced algebras. If A is reduced it is a Jordan algebra in
which x3 = w(x)xz. Then K is also Jordan, and x3 = 0 in K. A theorem

of albert ([2], pp. 91-97) shows that if in a Jordan algebra J, each ele-
ment is nilpotent, then there exists a ¢ >0 such that any product of ¢
elements of J, no matter how associated, is ©O. Note that the Jordan iden-
tity xz(xy) = x(xzy) implies that the powers of a given element x genera-
te an associative algebra, so that the concept of nilpotence makes sense. It
follows from Albert's theorem that KM =0 for some M = 1, and thus we have

shown that K(®©) = 0 in all nuclear Bernstein algebras. Finally, if W = KW,

then W = KW = K(KW) = K(K(KwW)) = ... = O, since KM = 0 for some Il.
Corollary 4.4. If dim(K) = x, then K1+% = 0.

proof. If, for some n, K =K then K = K(K ), which implies K_ = O
A n+1 n n n n

by Theorem 4.3. Thus the non zero Kn are strictly decreasing, dim(K1) < W

. < . & e 4 =
dim(K,) = wn=1, dim(K,) = u=2,...,dim(K ) = O.

5. FURTHER PROPERTIES OF Kn IN THE REDUCED CASE.

In a reduced Bernstein algebra A, the recurrence relations (10) above
=Uv ., V =UU , n =1, since V2 = 0 in these algebras.
+1 n n+1 n 5

2
For small n we have U1 = U, V1 =U =V, U2 = UV, V2 =U =V, 03 = UV,

V3 = U(uv) ; U4 = u(u(uv)), V4 = y(uv). In fact we have, in general, by in-

duction :

reduce to Un

. . = - = = =
- - — s e s . o o
Proposition 5.1. For n 1, V2n_1 V2n Uu(u(u (uv) Y U2n U2n—1

= Ug(Uu(U...(UV)...), where there are 2n-2 U factors in the first product, and

2n-1 in the second.
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Proposition 5.2. Let S be any vector subspace of K, with Kn+1 € s CcK
i B 0

for some n = 1. Then S is an ideal in A if and only if S = (UNS)B(VNS).

Proof. If S = (UNS)B(VNS) = U'@', then eS =U' C S, and KS SHE SK S
S, hence § is an ideal. If S 1is an ideal, then § = (UNS)®(VNS) by pro-

position 2.2.

Remark 5.3. In the above Proposition, there is no requirement that A should
be reduced.
We can use Proposition 5.1. and 5.2 to obtain a convenient basis for A,

giving rise to a multiplication table that has a particularly attractive form

when A -is reduced. We observe that Kn and Kn+1 either have the same U~
part or the same V-part. If the U-parts are equal, Un+1 = Un' we choose an
ascending chain

50 - ¢ cs!M ... csf® ok

n n+1 n n n
of vector subspace s(l), increasing in dimension by 1 at each stage and of
the form U &Y. 1f v =v  then we take s'I) =u'P)ov . 1f botn

n+1 n n+1 n n n n+1 :

Un = Un+1 and Un = Vn+1 then Kn+1

= Kn+1, by Theorem 4.2. By this process we obtain :

=K =K(K_ ) with implies that K = 0
n n n

Theorem 5.3. If A 1is ‘a reduced nuclear Bernstein algebra, then there exists
a chain of ideals IO =0 CI1 cC... C Im = A, in which dim Ir =r, 0<r<m,

and such that the sequence Kn is embedded in the chain of In.

Corollary 5.4. For each a in A, let Ra be the linear map A-A such that

X +¥xa for all x in A. Then there exists a basis of A "such that the ma-
trices representing the maps Ra with respect to this basis are all simulta-

neously upper triangular.

Proof. We use the chain Io C I1 C ..., of Theorem 5.3. Let i1 be a basis

for I1, which has dimension 1. Next choose i2 such that i1,i2 is a basis

for Iz, choose i3 such that i1'i2'i3 is a basis for 13 and so on. Since

each I is an ideal we have Ra(Ir) =al C1I  forall a in A, 0% 5

dim A. Thus with respect to the basis i 1 seees im of A, each Ra cor=

G
responds to an upper triangular matrix.
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