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ON ISOMORPHISMS AND INVARIANTS OF FINITE
DIMENSIONAL COMPLEX FILIFORM LEIBNIZ ALGEBRAS
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In this article, we propose an approach classifying a class of filiform Leibniz algebras.
The approach is based on algebraic invariants. The method allows to classify all filiform
Leibniz algebras (including filiform Lie algebras) in a given fixed dimensional case.
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1. INTRODUCTION

It is well known that the natural gradation of nilpotent Lie and Leibniz
algebras is very helpful in investigation of their structural properties. This technique
is more effective when the length of the natural gradation is sufficiently large. In
the case when it is maximal, the algebra is called filiform. For applications of this
technique, for instance, see Vergne [18], Goze et al. [10] (for Lie algebras) and
Ayupov et al. [2] (for Leibniz algebras) case.

The present article deals with a class of nonassociative algebras that
generalizes the class of Lie algebras. These algebras satisfy certain identities that
were suggested by Loday [12] and Cuvier [5]. When one uses the tensor product
instead of external product in the definition of the nth cochain, in order to prove
the differential property, that is defined on cochains, it suffices to replace the
anticommutativity and Jacobi identity by the Leibniz identity. This is one of the
motivations to appear for this class of algebras. It turned out later that they
appeared to be related in a natural way to several topics such as differential
geometry, homological algebra, classical algebraic topology, algebraic K-theory,
loop spaces, noncommutative geometry, quantum physics etc., as a generalization
of the corresponding applications of Lie algebras to these topics.

The (co)homology theory, representations, and related problems of Leibniz
algebras were studied by Cuvier [4], Loday et al. [14], Liu et al. [15], and others. A
good survey about these all and related problems is Loday et al. [13].
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The problems related to the group theoretical realizations of Leibniz algebras
are studied by Kinyon et al. [11] and others.

Deformation theory of Leibniz algebras and related physical applications of it
are initiated by Fialowski et al. [7].

Problems concerning Cartan subalgebras, solvability, and weight spaces were
studied by Albeverio et al. [1] and Omirov [16].

The notion of simple Leibniz algebra was suggested by Dzhumadil’daev et al.
[6], who obtained some results concerning special cases of simple Leibniz algebras.

The article is organized as follows. Section 2 collects basic definitions,
notations, and conventions used in the article. Section 3 is devoted to the adapted
basis and the adapted transformations. Here we mention an isomorphism criterion
from Goémez et al. [8] for filiform Leibniz algebras whose naturally gradation is non-
Lie filiform Leibniz algebra. Then we rewrite it adjusting to our purpose. The main
results of the article are in Sections 4 and 5. In Section 4 we give an algorithm
for algebraic classification of finite dimensional complex filiform Leibniz algebras
derived from the naturally graded non-Lie filiform Leibniz algebra in terms of
invariant functions (Sections 4.1 and 4.2). Section 4.3 deals with the class of filiform
Leibniz algebras whose natural gradation is a filiform Lie algebra. Here we simplify
the table of multiplication and keep track of the behavior of the structure constants
under the adapted base change. Section 5 contains implementations of the results in
some low dimensional cases.

2. PRELIMINARIES

Let V be a vector space of dimension n over an algebraically closed field
K (char K=0). Bilinear maps V x V — V form a vector space Hom(V ® V, V) of
dimensional #®, which can be considered together with its natural structure of an
affine algebraic variety over K and denoted by Alg,(K) = K". An n-dimensional
algebra L over K can be considered as an element A(L) of Alg,(K) via the
bilinear mapping A: L ® L — L defining a binary algebraic operation on L: let
{e|, e, ..., e,} be a basis of the algebra L. Then the table of multiplication of L is
represented by point (yf.‘/.) of this affine space as follows:

n
e e;) = Z yf-‘jek.
k=1

Here yf.‘j are called structure constants of L. The linear reductive group GL,(K) acts
on Alg,(K) by (g 1) (x,y) = g(i(g"'(x), g7 '(y))) (“transport of structure”). Two
algebras /, and Z, are isomorphic if and only if they belong to the same orbit under
this action.

Recall that an algebra L over a field F is called a Leibniz algebra if it satisfies
the Leibniz identity

[x, [y, 2] = [[x, y], 2] = [[x, 2], ¥], (1)

where [-, -] denotes the multiplication in L.
A skew-symmetric Leibniz algebra is a Lie algebra. In this case, (1) is just the
Jacobi identity.
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Let LB,(K) be a subvariety of Alg,(K) consisting of all n-dimensional Leibniz
algebras over K. It is stable under the above mentioned action of GL,(K). As a
subset of Alg,(K) the set LB,(K) is specified by the system of equations with respect
to structure constants yf.‘j

> (yj{ky?; - yij}z + yfky,’;?) =0, wherei,jk,m=12 ..., n
1=

The first naive way to describe LB, (K) is to solve this quadratic system with
respect to yffi, which is somewhat cumbersome. It has been done for low-dimensional
Leibniz algebras (n < 3). The complexity of the computations increases much with
increasing of dimension. Therefore, usually one has to create some appropriate
methods of investigation. However, to classify whole LB,(K) for any fixed n is a
hopeless task. Hence one considers some subclasses of LB, (K) to be classified.

Let L be a Leibniz algebra. We define the lower central series

L'=L, L[M'=[L*L], k=>1.

Definition 2.1. A Leibniz algebra L is called nilpotent if there exists s € IN such
that L* = 0.

Definition 2.2. A Leibniz algebra L is said to be filiform if dimL'(L) = n — i,
where n =dimL and 2 <i < n.

Let Lb, denote the class of all n-dimensional filiform Leibniz algebras. Clearly,
it is a subclass of nilpotent Leibniz algebras. Let L be a nilpotent Leibniz algebra
with nilindex s. Consider L, = L'/L"*', 1 <i<s—1,,andgrL =L, ® L, ®---L
Then [L;, L;] € L,,;, and we obtain the graded algebra grL.

n—1-

Definition 2.3. If a Leibniz algebra L’ is isomorphic to a filiform naturally graded
algebra grL, then L' is said to be naturally graded filiform Leibniz algebra.

Later on all algebras are supposed to be over the field of complex numbers
C and omitted products of basis vectors are supposed to be zero. The following
theorem summarizes the results of Ayupov et al. [2] and Vergne [18].

Theorem 2.1. Any complex (n+ 1)-dimensional naturally graded filiform Leibniz
algebra is isomorphic to one of the following pairwise non-isomorphic algebras:

ey, €] = €,
NGF, = [eos €] =&,
le el =€y, 1=i=n-—1,
ey, €] = €,
NGF, = [eo: €] =&,
le,,egl =€, 2<i<n-—1,
lei eo] = —[eo, €] = €11, l<i<n-1,
NGF; = [e;, e, = —[e,i e] = a(=1)""e,, l<i<n-1,
o € {0, 1} for odd n and o. = 0 for even n.



Downloaded by [The UC Irvine Libraries] at 13:00 28 September 2017

4708 RAKHIMOV AND BEKBAEV

It is clear that NGF; is a Lie algebra, but neither NGF, nor NGF, is the case.
Based on this theorem, the class of fixed dimensional filiform Leibniz algebras
can be split into three disjoint classes as follows (see Gémez et al. [8]).

Theorem 2.2. Any (n+ 1)-dimensional complex filiform Leibniz algebra admits a

basis {ey, €|, ..., e,} called adapted, such that the table of multiplication of the algebra
has one of the following forms:

[eos €] = e,

[ei eo] = €1 l<i<n-1,
FLb,,, = qlep, e/] = 0365 +agey + - +o,_ye,_; + Oe,,

lej, e1] = o3ejn + e s+ + 0, je,, I<j=<n-2,

Oy, Oy, - ., 0, 0 € C.

[es €] = e,

leis eo] = €ipis 2<i<n-—1,
Sty = fLv el = Boes + Brerct ot fues
ler, e1] = ve,.
lej» er] = Bseja + Baejs + -+ Brirjens 2<j<n-2,
B3y Bys -y By € C.
leis eo] = €y l<i<n-—1,
[egs ] = —e; 11, 2<i<n-—1,
[eos €] = by e,
[eg: €] = —ey + by 1,
TLb,,, = le), e] = b e,,

le;s ;] = —[e;, ] € spancfe; jiys €ijins oo ove, |1 <i<n—3,
2<j<n—1-i},

lei e, il = —[e,_i» e;] = (_l)ibi,nﬂ’en’

where a*.,b. . € Cand b, ,_. = b whenever 1 <i<n—1,

i,j* Yi,j i,n—i

and b = 0 for even n.

The above theorem means that the natural gradation of a filiform Leibniz
algebra may be an algebra from one of NGF, for i =1, 2, 3.

3. ADAPTED BASE CHANGE AND ISOMORPHISM CRITERIA

In this section we simplify the isomorphic action of GL, (“transport of
structure”) on the class of algebras coming out from the naturally graded non-Lie
filiform Leibniz algebras. The details of the proofs can be found in Gémez et al. [8].

Let L be a filiform Leibniz algebra defined on a vector space V and
{eg, €y, ...,e,} be an adapted basis of L.
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The closed subgroup of GL(V) consisting of all linear transformation sending
one adapted basis to another is said to be adapted for the structure of L. This
subgroup is denoted by G,,. In G, we consider the following isomorphisms, called
elementary:

f(ey) = ey + aey,

fler) = e, + bey,

flei) =[f(e), fle)], 1<i<n—-12<k<n,
fley) = [f(e), flen)].

fley) = aey + bey,

first type — 1(a, b, k) =

econd type — a5y = |0 = @FDeFHO=s)e . alath) #0.
flewr) = [f(e)), flep)], l<i<n-1,
f(e;) = [f(eg). flep)]-
fleg) = e,
fle)) = ey + be,,

third type — o(b, n) =
e o = ) fel 2<i=n—1,

fles) = [f(ey). fley)].

fley) = ¢y + aey,

fle)) = ey,

flei) = [fe). fle))l,  2<i=n—-12<k<=n,
fles) = [f(ey). fley)].

fley) = aey + bey,

fle) = de; — %enq» ad # 0,

fle) =[f(e). fleg)],  2<i=n-—1,

fley) = [f(ey), fleo)]-

fourth type — y(a, k) =

fifth type — d(a, b, d) =

where a, b, d € C.

Proposition 3.1.

(a) Let f be an adapted transformation of FLb, ; then
f=r(a,, b,,n)ot(a,_,a,_;,n—1)o---01(a,, a,,2) o Hay, a,).
(b) Let f be an adapted transformation of SLb, ; then

f=oa(b,,n)on(a,, n)on(a, ;,n—1)o---on(ay,2)od(ay, a,b).



Downloaded by [The UC Irvine Libraries] at 13:00 28 September 2017

4710 RAKHIMOV AND BEKBAEV

Proposition 3.2.

(a) The transformation
1(a,, b,,n)ot(a,_y,a,_1,n—1)o---o01(ay, a,,2)

preserves the structure constants of algebras from FLbD, ;.
(b) The transformation

o-(bn? n) o n(an’ }’l) o n(an—l’ n— 1) 0---0 ’1(02’ 2)
preserves the structure constants of algebras from SLb, .

Thus the action of GL,,(V) on FLb,,, and SLb, ., can be reduced to the action
of the elementary transformations of the second and the fifth types, respectively.

The next two theorems are reformulations of the corresponding results of
Gomez et al. [8] on isomorphism criteria for filiform Leibniz algebras appearing
from the naturally graded non Lie filiform Leibniz algebras.

Introduce the following series of functions:

@, (y; 2)
= ¢t(y’ 235245 -+ -5 2y Zn+l)
t—1 P
k—1 k—1
=14z - Z ( (k — )yZsz + <k — 3) ? Z Zy3—iy Zij+l—k
k=3 i=k+2

k—1 L2
+ (k _ 4) DD Zyy3—iy Lip43—iy Lij—k T oo -

iy=k+3 iy=k+3

iy

=1\ 0 — =&
=+ ( 1 y Z Z T Z Lp3—ip 3 %ig_3H3—ig_y * * * Riy4+3—iy Cip+5-2k

iy 3=2k—2ip_4=2k—2  ij=2k—2
t ir—2 iy
k-1 .
+y Z Z T Z L 3—iy_y Rig g 43—ip_y * * * Rig+3—iy iy +4-2k o (3 2),
ipp=2k—1ip_y=2k—1  ij=2k—1

for3<tr<n.

Theorem 3.1. Two algebras L(x) and L(o) from FLb, ,, where o=
(o3, 04, ..., 00, 0), and of = (o, 0, ..., o, 0') are isomorphic if and only if there exist
complex numbers A and B such that A(A+ B) # 0 and the following conditions
hold:

]
|

, 1 B
,—F% Z;OC ) 3<t<n,

y 1 B
0 =F¢’n+1 ZH" .
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Let
¥, (y; 2)
=Y, (¥ 235 245 -+ Zu> Zuget)
1—1 t
k—1 k—1\ ,
=4 - Z <k _ ) Yerro-k + k—3 Z Zy3—iy T 1k
k=3 iy =k+2
t i
k—4_3
+CTY Y D B Lk e
iy=k+3 iy =k+3
t ir_3 iy
1 k=2
+ Gy Z Z Tt Z L43—ip 3 Cip_54+3—ig_y * * * Cip+3—i; Cij+5-2k
ipa=2k=2  i_g=2k—2  ij=2k—2

ik iy

t
—i—yk*l Z Z Z Zit3—ip_y Cig_s+3—ig_3 * * * Tip+3—i Zil+4—2k> Y (s 2),

ipp=2k—1iy_y=2k—1  ij=2k—1

where 3 <t < n,

and

lpn+l(y; Z) = Znt1-

Theorem 3.2. Two algebras L(f) and L(f') from SLb, |, where = (B3, P4, ...,
B, ), and B = (B5, By, ..., B, 7). are isomorphic if and only if there exist complex
numbers A, B, and D such that AD # 0 and the following conditions hold:

, 1 D B
ﬁzZAtzzwt<Z;ﬁ)7 3<t=<n-1,
, 1 DB B
ﬁn—mzzy‘i‘lﬁn(X,ﬁ),

and

1 (DY’ B
V= (Z) Vi (Z:b’).

Now we commence to create the classification procedure for Lb, ;.
To simplify notation let us agree that in the above case for transition
from L(o) to L(), and from L(B) to L(B) we write o = p(L,2;2) and p =

A a
v(§. 2, 5; B), respectively, where

1B\ 1 B, 1 B 1 B,
Plaa®)=\P e a?)P\ga®) P\ )

pi(x,y:2) =x'@, 5(y;2) forl<r<n-2,
Pt (X, 31 2) = X" 20,41 (1, 2),

with
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v(x,y,v52) =x'v, ,(z)  forl<t<n-3,
Vo (X, 3, 03 2) = X" 20(vz,0 + ¥, (91 2),
v (6, y,v52) = X", (0, 2),  respectively.
Here are the main properties of the operators p and v used in this article:

1°. p(1,0;-) is the identity operator;

0 1 B B . _ 1 A By+ABi+BB; . .
2% p(Az’Aa’p(Al’A_l a))_p(AlAz’ ALAy ’“)’

3. If o/ = p(%, £; o), then ac:p(A,—ﬁ;a/).

1°. v(1,0, 1; -) is the identity operator;

2v(5 2 2ol 1 1 ) = v(as AR 2 B);
3. I B =v(4, 2, 2;8,), then B=v(A, -2, 4; ).

From here on, we assume that n > 4 since there are complete classifications of
complex nilpotent Leibniz algebras of dimension at most four in Albeverio et al. [3].

4. CLASSIFICATION PROCEDURE

Definition 4.1. An action of algebraic group G on a variety X is a morphism o :
G x X —> X with:

(1) o(e, x) = x, where e is an identity element of G and x € X;
(ii) o(g, a(h, x)) = a(gh, x), forall g, h € G and x € X.

One writes gx for a(g, x) and call X a G-variety. O(x) ={ye X|3g€ G, y=
gx} is the orbit of x. A function f: X —> K is said to be invariant if f(gx) = f(x)
for all g € G and x € X.

We consider the case when G = G, and X = Lb, ;. Then the orbits with
respect to the action of G = G,, on X = Lb,,, consist of all isomorphic to each
other algebras.

4.1. Classification Algorithm and Invariants for FLb,, ,
Consider the following representation of FLb, : FLb,, , = U UF, where
U={L(x) e FLb, 123 #0} and F ={L(a) € FLb,,, :a;=0}.
Then U can be represented as a disjoint union of the subsets

={L(®)eU:a#-20} and F ={L(o2)eU:a=—203}.
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Theorem 4.1.

(1) Two algebras L() and L(&") from U, are isomorphic if and only if

203 Oy 204 oy,
P\ +22 227 ") TP\ v 202 22277 )
4 3 4% 4 3 3

whenever i =3,4,...,n— 1.
(i) For any (as, ay, ..., a, ;) € €', there is an algebra L(x) from U, such that

2
pi<%’ﬁ;a>:ai, l=3,4,,7’l_1
oy + 205 205

Proof. (i). “If” part. Let two algebras L(x) and L(o') be isomorphic. Then
there exist A,B e € such that A(A+B)#0 and o« = p(5,2; ). Hence, o =
p(A, 75 o). Consider the algebra L(«°), where o =p(4,5:0) and A=

A’ Ay’

oy+202 o0 +203) 0 _ oy ay . _ 1 By. —B . .\ _
203 BO - 4zx§ ! Then o= p(ot4+2zx§’ 20(%’ O() - p(A()’ Ay’ p(A’ A+B’ “)) -

A ByA-A¢B. s : A 2013 ByA—AgB _ %
(Ao’ AGTD) ,cx). It is easy to check that & = T and AGB) = 50
Therefore,
! /
204 oy 204 oy
Plot2027 22 %) TP\ 7202 2227
oy + 205 2o oy + 205 203
and, hence,

2013 Oty 204 oy,
Pi s 3 5 %) =P , 0 _/2; o >
oy + 205 205 oy + 205 20

foralli=3,4,...,n—1.
This procedure can be shown schematically as follows:

(Ao,Bo) 0
E — a
—1 BoA—ApB
(4,B)\, 7 (A0A™Y, BB
al

“Only if” part. Let the equalities
20 o 20, o,
pi( : 23_42;a):pi</—3/2’_4/2;a/>s i=3,4,...,n—-1
oy 4 205 205 oy + 205 205
hold. Then it is easy to see that
2 2 / /
p(__)=p<__> fori=1,2
oy + 205 205 oy + 205 205

2 N (2 % i
as well and, therefore, p(a4+2a§’ e o) = p(aﬁh,}, T o), which means that the

algebras L(x) and L(o) are isomorphic.
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(i1). The system of equations

2
m(_ﬁLagiW>:%,3ii§”—h @
oy + 205 205

where (a;,a4,...,a,_;) 1s given and o = (o3, 04, ..., 0, ,0) is unknown, has

a solution as far as for any 3<i<n-—1 in pi(ai%, 745 o) only variables
4 3 3

03, 0y, - .., 0; Ooccur and each of these equations is a linear equation with respect to
the last variable occurred in it. Hence, making each of o, the subject of (2), where

i=3,...,n—1, one can find the required algebra L(x). O

Let us now consider the isomorphism criterion for F;. This set in its turn can
be written as a disjoint union of the subsets

Vi={L(®) € F, 105 # 503} and G, ={L(2) € F, :as=>50},
and V; can be represented as a disjoint union of the subsets

U, = {L(2) € V, : o + 6a305 — 1603 # 0}  and
G, = {L(®) € V, : ag + 603005 — 1603 = 0}.

Then the isomorphism criterion for U, can be spelled out as follows.

Theorem 4.2.

(1) Two algebras L(x) and L(o) from U, are isomorphic if and only if

503 — o o + Tozos — 21af
pi o + 63005 — 16037 o3 (503 —o5)

505 — ol o + Tohols — 2105
= pi / aw 14 / /3 / ) &
o + 6ojos — 160 oy (505 — otf)

fori=4,...,n— 1L
(i) For any (ay,...,a, ) € C"*, there is an algebra L() from U, such that

—a, i=4,5,..,n—1.

l

503 — os o + Togos — 2104
i s ;&
pi o + 6005 — 1603 o3 (503 — )

Proof can be carried out with minor changing in the proof of the Theorem 4.1.
As for the subsets F, G, and G,, the isomorphism criteria for them can be
treated likewise.

4.2. Classification Algorithm and Invariants for SLb,, ,

In this section we consider SLb,,,. The classification algorithm in this case
works effectively as well. However, in this case, instead of the representation p we
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have to use the representation v (see Section 3). To illustrate it, we represent SLb,
as a union of two stable subsets:

SLb,., =UUF, 3)
where
= {L(B) : (4B3Ps — 12B3BPe + B3 (4B3Ps — 5B3) # 0}
and
= {L(B) : (4B3Bs — 12B3BuBs + B (4B3Ps — 5p3) = 0}
Theorem 4.3.

(1) Two algebras L(f) and L(f") from U are isomorphic if and only if

v.(4ﬁ§ﬁ6—12ﬁ3ﬁ4ﬁs+ﬂi B 1. >

AN TR T A

=v<4ﬂ 2By~ L2885+ B By 1 )
’ AR —5p7 2B B

whenever i = 3,4, ...,n— 1.
(i) For any (b5, by, ..., b, ;) € €', there is an algebra L(f) from U such that

4B2B — 12 : I
v,.<’83ﬁ" ﬁ3ﬁ4ﬁ§+ﬁ4’ﬁ_42,_; >=bi’ i=3,4,....n—1
4p3ps — 5P, 2p5° Bs
Proof. i). Let L(f) and L(f') be isomorphic. Then there exist A,B,D e C
such that AD # 0 and ' = v(+, £, 2; f). Consider the algebra L(p°), where p° =
(4, %o, 2o g) and

. 4B fs — SP; 5 Bi(4B5Bs — 5P3)
CTABB — 128 BB+ B 2B3(4B2Be — 12B5BuBs + B3
4B fs — 5P;

0= B @B — 128 fafis + )

Since = v(A, =2, 4; f'), then

o (ABBs —12BsBuBs+ B3 By 1\ 1 By D, -B A
P (P ) (a5 5)

A BA—AB DA
=Vv|—, . 5 .
A’ AD AD
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One can easily check that

A ABYB — 128885+ B ByA—AB _ B and | DA _ L
A 4B3Bs — 5P’ ’ AD T 2pY AD P

Therefore,

) <4ﬁ§/36 — 1285+ Pi Bs 1 ) _ (4ﬁ SBs — 128385+ 87 By 1 )
4B s — SB; 2B By Apips — 57 2R B

and

VA(4ﬂ§ﬁ6 —12B:BBs+Pi Bs 1 ) _ ( BeBs — 1283835 + 7 By 1 /)
’ 4BsBs — SB; 2B B ' Apips — 5P7 252 By

4)

foralli=3,4,...,n—1.
This procedure can be shown schematically by the following picture:

<L Bo Do
A Ag’Ag
ﬁO

A ABo—BAg DoA
)\. /(A_O’ AoD O’A(())D)'

/8/

ng @

(%

B
A

)

=

Conversely, let the equalities
N <4ﬁ§ﬁ6 — 2B, BuBs+ B By 1 ) ., ( BBy — 128388+ 7 B 1 )
’ 4B ps — 5p; 2657 By ’ 4B p5 — Sp7 T2p7 By
hold for i = 3,4, ..., n — 1. Then it is easy to see that
N (4/3%& — 2B, BuBs+ B Bi 1 ) ., ( B2Bs — 128388+ 7 By 1. )
’ 4B ps — 5p; 2B By l 4B3ps — B "2p7 By
for i =1, 2 as well and, therefore,
) <4ﬂ§ﬁ6 —L2B.BuBs+ By By 1 ) _ v( BBy — 1283885+ 57 By 1 )
4B3ps — 5pi 2B By 4B p5 — 5B7 T2p7 By

that means the algebras L(ff) and L(f’) are isomorphic.
Part ii) is similar to that of the Theorem 4.1. O

In regard to the set F, it can be split into subsets and the algorithm can be
applied with v, instead of p, by using the properties of v.

4.3. Simplifications in TLb,, ,

In this section we treat filiform Leibniz algebras whose natural gradation is an
algebra from NGF;. This class has been denoted as TLb,,, ;. Here we clarify the table
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of multiplications of algebras from TLb, ., and investigate the behavior of structure
constants under the base change. We recall that (n + 1)-dimensional filiform Lie
algebras are in TLb, . A study of TLb,,, was initiated in Omirov et al. [17].

Proposition 4.1.

= €1 l<i<n-1,

= —C€it1> 2<i<n-—1,

TLb,,, =
e, el =by e,
epel=aj e+ + a;f;-(iﬂ“)en,l +b e, 1<i<j<n-=2,
e, el =—le; el l<i<j<n-—1,
e e, il = —le, i e] = (=1)'b; e, l<i<n-1,

)

where ai{j, b€ Cand b;, ;= Db, whenever 1 <i<n-—1,be {0, 1} for odd n and
b = 0 for even n.

Proof. LetL € TLb,,, and ¢, e, ..., e, be a basis of L. Then due to Theorem 2.2
le;, e;] € span{e, ;. , ..., e,} for any i, j # 0.
Then

[eir €] = €1 + (¥)ein + -+ (F)e,, l<i<n-1

Putting €] = e, ¢; = ¢y, e/, := [e], e;], we may assume that [e;, ey] = ¢;,, 1 <
i<n-1.
Now consider

_ i+2 i+3 n .
leg, ;] = —e;py + o €ipa T O €y e 0 e l<i<n-1.
Then we get
_ 2 i+3 n .
lei ol + [eo. €] = o en + o5 €+ + 05,6, 1 <i<n—L (6)

Note that the Leibniz identity implies that [x, y] + [y, x] € %(L), for any x, y €
L, where M(L) is the right annihilator of L. Therefore, if we multiply the both
sides of (6) from the right-hand side (n — i — 2) times by e¢,, we obtain océﬁ.z =0.
Substituting and repeating it, we get

07 =0, 2<k=<n-1-i

Applying the above to [e;, ¢;],0 < i < [F], we get [¢;, e;] = o] e,
The chain of equalities

[eos €] = [eos [ei_1s eoll = [[eos €11 €] — [[eo- €] €11

=[—e, + O(g,i—len’ e] = —lei o] = —e;py
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leads to [e;, ¢)] = —[eg. ¢;] = €,y for 2 <i<n—1, ie. [ey, x] = —[x, ¢y] for any
xe L’
We claim that
[eir e;] = e}, e l<i<j<n-1. (7

The induction by i for any j and the following chain of equalities:

e, ej+1] = [e;s [e]v el = [[e; ej]’ eo] — [[ess el ej] = (since [e;, ej] € Lz)

—[egs [e; ej]] + [[eg, €] — “(r)l,iem ej] = —[ey: [e; ej]] + [[ep, €] ej]

= —[[ey, €;], e;] + [[eg> ¢;], e;] + [[eg €], €;] = —[e;415 €] l<j=<n-1

show (7).
The above observations lead to the required table of multiplication of L €
TLb,,,. O

Let L € TLD,,,. The subspace spanned by {e,} is an ideal of L and the quotient
algebra L/{e,) is the n-dimensional filiform Lie algebra y, with the composition law

le;, e)] = ;415 i=1,2,...,n—1,

1 n—(i+j+1) . .
[ei,ej]_a[,jeiﬂ-ﬂ+-~-+a,»,j €, 1, I<i<j<n-1

Moreover, ¢, is in the center of L. Therefore, L can be considered as a Leibniz
central extension of p,,.

Lemma 4.1. Let L € TLb,,. Then

n—(i+j+k+1) n—(i+j+k+1)

Z aj,kbi,j+k+s = Z (a?,_jbi+j+s,k - a;,kbi+k+.v,j)' ®)

s=1 s=1

Proof. The Leibniz identity for ¢;, e;, and e, gives the required relations between
the structure constants. Indeed,

n—(j+k+1)
leis [ej> ex]]l = | e:s > a1 €jpes + e,

s=1

n—(i+j+k+1) n—(i+j+k+s+1)
aJ k

t
> > i jksCitjrhtstt T bi,j+k+sen> ,

s=1 =1

n—(i+j+1)
[[e;s ej]’ el = Z af,jei+j+s + bi,jen’ €k

s=1

n—(i+j+k+1) n—(i+j+k+s+1)
s t
> a;; > iy s kCitjrkrstt T Dijrsren | »

s=1 =1
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n—(i+k+1)
[[es el e;] = > a; 1 Ciirs T birens €;

s=1

n—(i+j+k+1) n—(i+j+k+s+1)
s=1 =1

N t
Z ik Z Qiyys,jCitjrkrste T bi+k+s,jen> ’

and then it implies that

n—(itj+k+1) n—(i+j+k+1)
K _ s s
> @b jiis = > (ai,jbi+j+s,k a1 biyrss ;)
s=1 s=1 O

Here are several useful remarks regarding (8) that permit much simplify the
multiplication table of TLb,, :

1. It is symmetric with respect to i, j, k (since af, = —af and b, = —b, , for any s
and ¢, except for (s, 7) = (0,0), (1, 1), (0, 1), (1, 0)).
2. In the case when (i, j, k) = (0, j, k), we get

n—(j+k+1) n—(j+k+1)

Z a;‘,kbO,j+k+s= Z (a(s),jijrs,k_af),kbk+s,j)’

s=1 s=1

where j # 0, k # 0.
3. Since aj, =0 as s # 1 and a;, = —1, we get

| 2 n—(j+k+1)
@by jian + @by jgr oo bo oy = =bjp1 i + bryr -
4. Since by, =0ast=2,...,n—2and b,, | = —1, it implies that

n—(j+k-+1)
a; =Dk — by s

fork=j+1,j+2,...,n—j—2and j=1,2,...,[%3].

Lemma 4.2. Let L € TLb, . Then

el Z( [T ©)

where 1 < i, j,k < n and yR, = [y, x] is the right multiplication operator on L.
Proof. The proof will be proceed by the induction with respect to k. Let k = 1.

Then [e;, e;,1] = [e;, [e;, eo]] = —[ei115 €;] + [[e;5 €], €], 1€, (9) holds at k = 1. This
is a base of the induction. Then the following chain of equalities lead to the claim:

[e;, ej+k+1] = e [ej-Hc’ el = [[e;s e/+k] eo] — [[e:s el ej+k]

= g(—l)k_s (lsc)[ €y IR — Z( bl S< )[ €iiirisr €1RG
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E ()

+ [ei+k+1’ e_f]R’;:l - (_1)k[ei+1+k7 el

k+1
_ vkrlos (kK1
-3 ( i

k+1 k k k
=20 (5 e R, = D0 () e e R,
s=1 5s=0

) [ei+k+l—x’ ej]Rio-
O

The following proposition specifies elements of G,, corresponding to the
structure of L € TLb, .

Proposition 4.2. Let L € TLb, ., and f be an adapted transformation of L. Then f
can be represented as follows:

fleg) = "6 = ZAiei’
i=0

fle) = e = ZBieia
i=1
fle) =€, =[fle;1), fleg)],  2=i=n,
Ay, A;, B, (i, j=1,...,n) are complex numbers, and A, B, (A, + A,b) # 0.

Proof. Since a filiform Leibniz algebra is 2-generated, it is sufficient to consider
the adapted action of f on the generators e, e;:

fley) = ey = ZA,-e,-, and  fle) =¢ = ZBiei.
i=0 i=0

Then f(e;) = [f(ei1), fleg)] = AG?(A 1By — AgB))e; + X7_;, 1 (¥)e;, 2 < i <n. Note
that A, # 0, (A, By — AyB,) # 0; otherwise, f(e,) =0. The condition A, B,(A, +
A,b) # 0 appears naturally since f is not singular.

Let now consider [f(e,), f(es)] = By (A By — Ay By) €5 + >_7_4(*)e;. Then for
the basis {f(e,), f(e), ..., f(e,)} to be adapted, By(A,B, — AyB;) must not be zero.
But according to the above observation, (A;B, — AyB,) # 0. Therefore, B, =0. O

The following elements of G,, are said to be elementary with respect to the
structure of L € TLb, ;:

fleg) = e,
o(b,k) =1 fle;) =e +be,, beC, 2<k<n,

fley) =[f(e), fleg)],  1<i<n—1,
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fleg) = ey +aey, aeC, 1<k<n,
w(a, k) = | fle)) = ey,

fleiy) = [f(e), fleg)], 1=i<n-—1,
fleg) = aey,

v(a,b) = { fle,) =be,, a,b e C*,

flei)) = [fe). fley))].  1=i=n—1

Proposition 4.3. Ler f be an adapted transformation of L. Then it can be represented
as a composition:

f=1(A,,n)ot(A,_,n—1)o---01(A,,2)00(B,,n)oa(B,_;,n—1)
o---00(B,,2)01(A, 1) ov(A, B)).

Proof. The proof is straightforward. |
Proposition 4.4. The transformations

8= T(An’ I’l) o I(An—l’ n— 1) ° T(AM—Z’ n— 2) o T(An—3’ n— 3) ° T(An—4’ n— 4)
od(B,,n)od(B,_,n—1)od(B,_,,n—2)oad(B,_5,n—3), ifneven,

and

g=1(A,,n)ot(A,
oo(B,,n)oad(B

n—1)o1t(A,_,,n—2)o1(A,_5,n—3)
n—1)oad(B,_,,n—2), foroddn

n—1»
do not change the structure constants of algebras from TLb,_,.

Remark. From the propositions above, one easily can see that the class TLb,,
is less yieldable to simplification of adapted transformations than the first two
classes. Nevertheless, the following lemma tracks out the behavior of some structure
constants.

Lemma 4.3. Let L and L' be filiform Leibniz algebras from TLb, , with the
parameters (by, by 1, by 1, b5, ..., biyj) and (b(,),o’ by b s by, s bf,) respectively,
where 1 < j < n — 1. Suppose that L' is obtained from L by the adapted base change.
Then

AGby o + AgA by | + Atb, |

b, =

o A3 2B (A + Ab)
b= Agby 1 +2A,by

T AT (A + Ab)

, Bb,
b1,1 =

Ay (Ag + Ab)
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Proof. Consider the product [f(e,), f(ey)] = b; o f(e,). Equating the coefficients of
e, in it, we get

A(Z)bo,o + AgA by + A%bl,l = b(/),oAgszl(Ao + A,b).

, _ A2 b00+A0A1b01+A by
Then by, = = ATTB (ot Arh)

The product [f(e)), f(el.)] = b}, f(e,) yields

b/ — Blbl,l
MU AR (A + AD)

Consider the equality

by f(e,) = [f(er). fleo)] + [f(ep). fle))].
Then by, Aj B, (Ay + Ab) = A B b, | +2A,B,b, |, and it implies that

. Agby +2A1D,,
ST AR (A + AD) O

The complete implementation of the procedure for some low dimensional cases
will be given in the next section.

5. APPLICATIONS

The objective of this section is to provide the isomorphism classes of complex
filiform Leibniz algebras Lb, for n = 5, 6.

For the computational purpose, we establish the following notations and
conventions:

Ay=oy+203, Ag=a5—503, ©,=0—0w, i=4,5 and the letters A,, A,
0,, and O with 7 (prime) denote the same expression depending on parameters
o, oy, o5, 0. Notice that A, = o, (i =4,5) as o3 = 0.

A = 4B,B; — 5B} and A’ = 4B, — SRR,

A =4by b, | — by, and A" = 4b), )b} | — bg,.

5.1. The Isomorphism Classes in FLb; and FLb,

5.1.1. Dimension 5. The class FLb; can be represented as a disjoint union
of the following subsets:

FLbs=U,JU,JU;JUu,JUsJUs J Uy,
where

U, = {L(x) € FLbs : a5 # 0, A, # 0},
= {L(x) € FLbs : 0; #0,A, =0, O, # 0},
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U, = {L(x) € FLbs : 05 #0,A, = 0, ©, = 0},
U, = {L(x) € FLbs : a3 =0, A, # 0, 0, # 0},
Us = {L(x) € FLbs: 0, =0, A, # 0, ©, = 0},
Us = {L(x) € FLbs : 05, =0, A, = 0, ©, # 0},
U, ={L(a) € FLbs: 03 =0,A, =0, 0, =0}.

Now we consider the isomorphism problem for each of these sets separately.

Proposition 5.1. Two algebras L(«) and L(«') from U, are isomorphic if and only if

o 2 OC/ 2

3 3 /
— ) O, =(—=) 6
(m) ! (M) !

The expression

can be taken as a parameter 4, and orbits from the set U; can be parameterized as
L(1,0,4), A e C.

Proposition 5.2. The subsets U,, U,, U,, Us, U, and U, are single orbits with
the representatives L(1,-2,0), L(1,-2,-2), L(0,1,0), L(0,1,1), L(0,0,1), and
L(0,0,0).

We summarize these all in the following theorem.

Theorem 5.1. Let L be a non-Lie complex filiform Leibniz algebra in FLbs. Then it
is isomorphic to one of the following pairwise non-isomorphic Leibniz algebras:

1) L(0,0,0):

f _ _ _ .
Ls = {egeg = €3, e,¢g = €1, 1 <i <3}

2) L(0,0,1):
L];, eye; = ey.
3) L(0,1,1):
Lg, epe; = ey, €6 =ey.
4) L(0,1,0):

f _
Ly, ee =ey.



Downloaded by [The UC Irvine Libraries] at 13:00 28 September 2017

4724 RAKHIMOV AND BEKBAEV

5) L(1,-2,-2):
Lgf, epe, =e3—2e,, ee =e;3—2e, ee =e,.
6) L(1,-2,0):
LJ;, eyl = €3, €6 =e3—2e,, ee =e,.
7) L(1,0,A):

S 7
Ly, eje;, =e3+ ey, ee =e;, ee =e, LcC.

5.1.2. Dimension 6. The set FLb, can be represented as a disjoint union of
its subsets as follows:

FLbs=U,JU,JUJUu,UUs U U, Uus U U, J Uy J Ui,
where

U, ={L(a) € FLbg : a3 # 0, A, # 0},

U, ={L(2) € FLby : a3 # 0, A, =0, A5 # 0, O5 # 0},
Us = {L(a) € FLbg : 03 =0, A, # 0, A5 # 0},

U, = {L(2) € FLby : a3 # 0, A, =0, A5 # 0, ©5 = 0},
Us = {L(a) € FLbg : 03 # 0, A, =0, A; = 0, O5 # 0},
U, = {L(2) € FLby : 03 =0, A, # 0, A; = 0, ©5 # 0},
U, = {L(a) € FLbg : 05 =0, A, # 0, A; =0, O5 = 0},
Us; = {L(2) € FLbg : 03 =0, A, =0, A5 # 0, ©5 # 0},
Uy = {L(2) € FLbg : 05, =0,A, =0, A5 # 0, O5 = 0},
Uy ={L(a) € FLbg : 03, = 0, A, = 0, A; = 0, O5 # 0},
U, ={L(ax) € FLbg : 0, = 0,A, =0, A; =0, O, = 0}.

Proposition 5.3. Two algebras L() and L(o) from U, are isomorphic if and only if

o3 (As + 5u34,)  o5(A§ + Sa5A%)
A3 B A7

and

3 3 @Y

0305 0705
3 3

A4 A4
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The following two expressions can be taken as parameters 4, 4,:

%3 (As 4 S034,) 1305
AZ ’ A}

and orbits in U, are parameterized as
L(1,0, 4y, 4y), A, 4y € C.
Proposition 5.4. Two algebras L(¢) and L(¢) from U, are isomorphic if and only if

Al B A?
130 002
In the set U,, the expression
Aj

3@2
;05

can be taken as a parameter and orbits from U, are parameterized as
L(1,-2,4,21-9), LeC.
Proposition 5.5. Two algebras L(¢) and L(¢) from Uy are isomorphic if and only if

3 3 @Y
%05 00

3 T B
%5 s

and the expression

3
0 O

%

can be taken as a parameter and orbits from the set U; can be represented as a
union of orbits with representatives

L(0,1,1, 4), AeC.
Proposition 5.6. Subsets U,, Us, Uy, U;, U, U, U,y and U,, are single orbits
with the representatives L(1,-2,0,0), L(1,-2,5,0), L(0,1,0,1), L(0,1,0,0),
L(0,0,1,0), L(0,0,1,1), L(0,0,0, 1), and L(0, 0, 0, 0), respectively.

Theorem 5.2. Let L be a non-Lie complex filiform Leibniz algebra in FLbg. Then it
is isomorphic to one of the following pairwise non-isomorphic Leibniz algebras:

1) L(0,0,0,0):

f :
Lg ={epeg = ey, e, = €,y 1 <i <4}
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2) L(0,0,0,1):

Lg, eye; = es.
3) L(0,0,1,1):

Lg, epe; =es5, ee; = es.

4) L(0,0,1,0):

Lé, eje; = es.
5) L(0,1,0,0):

Lé, €ye; = €4, e8] =e,, ee =eés.
6) L(0,1,0,1):
Lg, epey =e4tes, ee =ey, e =e;s.

7) L(1,-2,5,0):

L‘g, epe, = €3 — ey, e =e3—2e,+ Ses, e,e =e4—2es5, eje; = es.
8) L(1,-2,0,0):
Lg, epe) = €3 — ey, eje; =e3—2e,, e =e,—2es5, eje; = es.
9) L(0,1,1, 4):
L'g, eyl =e,+ Les, ee,=e,+es, e, =e5, LeC.
10) L(1,-2,2,24—Y5):

L'g, epe; = e3—2e,+ (21— S)es, eje; = e3 —2e4+ les, eye; = e, — 2es,

ese; = es5, LeC.
11) L(1,0, 4, 4,):
Lé, epe; = e+ Aies, eje; =e3+ lhes, e =ey 036, =e€5, A, A €C.
The Propositions 5.1, 5.3-5.5 are variation of the Theorem 4.1.

Propositions 5.2 and 5.6 can be proven by precise indication of base change leading
to the representatives.
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5.2. The Isomorphism Classes in SLb; and SLb

5.2.1. Dimension 5. It is easy to see that there is the following
representation of SLbs as a disjoint union of its subsets as follows:

SLb5:U1UU2UU3UU4UU5,

where

Uy = {L(B) € SLbs : 5 # 0,7 — 253 # 0},

Uy = {L(B) € SLbs : f5 # 0,7 — 253 = 0, B, # 0},
Us = {L(B) € SLbs : p3 =0,y # 0},

Uy = {L(B) € SLbs : 3 =0,7=0, g, =0},

Us = {L(f) € SLbs : ; =0,y =0, B, # 0}.

Proposition 5.7. Two algebras L(f) and L(f') from U, are isomorphic if and only if

y _ 7
B BY
Then orbits from the set U, can be parameterized as L(1,0, 1) 1 € C.

Proposition 5.8. Subsets U,, U;, U,, and Us are single orbits with the representatives
L(1,1,2), L(0,0,1), L(0, 1,0), and L(0, 0, 0), respectively.

Theorem 5.3. Let L be a non-Lie complex filiform Leibniz algebra in SLbs. Then it
is isomorphic to one of the following pairwise non-isomorphic Leibniz algebras:

1) L(0,0,0):

S — — .
Ly ={egey = €y, 60 = €y, 2 < i < 3}.

2) L(0,1,0):
L3, eye; = ey.
3) L(0,0,1):
L, ee =e,y.
4) L(1,1,2):
Li, eje;, =e3+ey, ee =2e, ee =e,.
5) L(1,0,2):

L, eje,=e;, ee =le, ee =e, AeC.
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5.2.2. Dimension 6. The set SLb; can be represented as a disjoint union of
its subsets

SLby = U, U, U, Ju,JusJus | Ju, U Us,

where

Uy = {L(P) € SLbs : 5 # 0,7 # 0},

U, ={L(f) € SLbs : f; #0,y=0, A # 0},

Uy ={L(f) € SLbs : 3 #0,7y=0, A =0},

Uy = {L(P) € SLbs : 3 =0, By # 0,7 # 0},

Us = {L(P) € SLbs : 3 =0, s # 0,7 =0, 5 # 0},
Us = {L(B) € SLbs : B3 =0, B4 # 0,7 =0, 5 = 0},
U; = {L(B) € SLbs : p3 =0, B, =0,y # 0},

U; = {L(2) € SLbg : f5=0,,=0,7 =0, 5 # 0},
Uy = {L(x) € SLbg: f5=0,6,=0,7=0, 5 =0}.

Proposition 5.9. Two algebras L(f) and L(f') from U, are isomorphic if and only if

2B3Bay + B3N 2B3BLY + BEA
.VZ - .V/Z '

Orbits in U, can be parameterized as L(1,0, 4, 1), 1 € C.

Proposition 5.10. Algebras L(1,0,1,0), L(1,0,0,0), L(0,1,0,1), L(0,1,1,0),
L(0,1,0,0), L(0,0,0,1), L(0,0,1,0), and L(0,0,0,0) are representatives of the
single orbits U,, Us, Uy, Us, Ug, U,, Ug, and U, respectively.

Theorem 5.4. Let L be a non-Lie complex filiform Leibniz algebra in SLbs. Then it
is isomorphic to one of the following pairwise non-isomorphic Leibniz algebras:

1) L(0,0,0,0):
Li = {egeg = ey, e;6g = €1, 2 < i < 4}.
2) L(0,0,1,0):
Li, eye; = es.
3) L(0,0,0,1):

N
Ly, ee =es.
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4) L(0,1,0,0):
Ly, eje; =e4, ee) =es.
5) L(0,1,1,0):
Ly, eje; =e,+es, ere; =es.

6) L(0,1,0,1):

Ly, eje; =e,, ee =es, ee =es.
7) L(1,0,0,0):

L, eje; =e;, ee; =ey, eze; =es.
8) L(1,0,1,0):

Ly, eje, =e;+es, ee; =e,, eze =es.

9) L(1,0,2,1):

s )
Ly, eye, =e3+ des, eje, =es, ee;=¢e,, ee =es, ALeC.

The Propositions 5.7, 5.9 are variation of the Theorem 4.3. Propositions 5.8
and 5.10 can be proven by precise indication of base change leading to the
representatives.

5.3. The Description of TLb,, n =5,6

5.3.1. 5-Dimensional Case. By virtue of Proposition 4.1, we represent
TLbs as follows:

le;s €] = €ip1s l<i=<3,
[egs €] = —e;i1s 2<i<3,
[eo, €] = by oeq

TLbs = | [eg, )] = —e, + by ey,

ler, e1] = by ey,

ler, €] = —[es, €] = by ey,
boos bo,15 by 1, by 5 € C.

Here elements of TLbs will be denoted by L(«) = (by 1, by, by 1, by 2).
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Theorem 5.5 (Isomorphism Criterion for TLbs). Two algebras L(«) and L(o) from
TLbs are isomorphic if and only if there exist complex numbers Ay, A,, and B,: A, B, #
0, and the following conditions hold:

Ajboo + A1 Agby, + ATy

by = A3, , (10)
. Agby, +2Ab
by, = oolA3 Ll (11)
0
Blbll
b/l 1= =, (12)
s Aé
Blb12
b, = —2, (13)
1,2 Aé

Proof. Part “If”. Let L, and L, from TLbs be isomorphic: f: L, = L,. We choose

the corresponding adapted bases {e;, e, e,, €3, ¢,} and {ef, ¢}, e, €}, €} in L; and

L,, respectively. Then in these bases the algebras will be presented as L(«) and L(«').
According to Proposition 4.1 one has

ey = fleg) = Apey + Aje) + Ayey + Ases + Ayey,
(14)
¢, = f(e) = Bye; + B,e, + Bye; + Bye,.

Then we get

&, = fley) = [f(e)), fley)] = AyBiey + ABye;

+ (AgBs + A Biby | + (AB) — ABy)by ) ey,
¢ = fles) = [f(ey), f(ey)] = AiBies + (AGBy — AyA Bby 5)ey,
¢y = fles) = [f(e3), fleg)] = AyByey.

By using the table of multiplications, one finds the relation between the
coefficients by, by 1, by 1, by, and by, by |, by |, by ,. First consider the equality
[f(eo). fleo)] = by f(es), We get Eq. (1) and from the equality [f(e,), f(ey)] +
[f(eu)- f(er)] = b, fles). we have (2) and [f(e,). fle)] = b, f(e,) gives (3). Finally
the equality (4) comes out from [f(e,), f(e,)] = b} ,f(ey).

“Only if” part.

Let Egs. (1)-(4) hold. Then the base change (5) above is adapted, and it
transforms L(o) into L(«’). Indeed,

[eg, €] |:ZA191’ZA€:|

= Ao[em el + AgA[eg, €] + AgA ey, o] + A%[el .e]
= (A(z)bo,o + AgAby; + A%bl,l) ey = bZ),oA(S)BlfM = by €,
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4 4
[96’ 3/1] = |:Z Ase;, Z Biei]

i=0 i=1
= —(ApBey + AgByes + (A|Byby | + AyB by, — A Byby , + AyBy)ey)
+ B, (B 1Ay +2ABy ) e

_ ’ 3 / _ / / /
= —e; T ApBiby ey = —e; + by 1€
Using the same manner, one can prove that [e], e]] = b} ;e and [e], e;] = b, ¢,. O

Now we list all isomorphism classes of algebras from TLbs.
Represent TLbs as a disjoint union of the following subsets:
Uy = {L(2) € TLbs : by ; # 0, b, , # 0},
U, = {L(x) € TLbs : b, ; #0,b,, =0, A # 0},
Uy ={L(x) € TLbs : b, ; # 0, b, , = A =0},
U, ={L(x) € TLbs: b, ; =0, by, # 0, b, , # 0},
U5 = {L(O{) (S TLb5 N bl,l = 0, bO,l # 0, bl’z = 0},
Us = {L(®) € TLbs : by = by, =0, by, # 0, by , # 0},
U7 = {L(GC) (S TLb5 . bl,l = bo’l = 0, b0,0 # O, bl’z = O},
Us = {L(x) € TLbs : by, = by = by =0, b , # 0},
Uy ={L(x) € TLbs : by, = by = by, = b , = 0}.

Proposition 5.11.

L4
1. Two algebras L(x) and L(o') from U, are isomorphic if and only if (Z,‘—z> A =
1,1

4
bin A
(hl»1> ’
by s

4
2. For any 4 from C, there exists L(a) € U, : (m) A=

Proof. 1. “=”. Let Iz(oc) and L(o{) be isomorphic. Then due to Theorem 3.1, it
is easy to see that (bl—z) A = (bl.z) A.

b, by

. v 4 b 4 .
“«". Let the equality (ﬁ) A= <¥) A hold. Consider the base change
1,1

by
(5) above with A4, =7, 4, = -3 it

—3=, and By = x*. This changing leads L(x)
12 1,2

by

L ((Zg—j)z‘m,o, 1, 1).

S N4 4
Since (i;—f) A= (Zi—f) A then L(o) is isomorphic to L(«).

4
into L<(b‘—z) A,O,l,l). An analogous base change transforms L(o) into

2. Obvious. O
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Proposition 5.12. The subsets U,, U, Uy, Us, Uy, U, Us, and U, are single orbits
with the representatives L(1,0,1,0),L(0,0,1,0),L(0,1,0,1),L(0,1,0,0), L(1,0,
0,1),L(1,0,0,0), L(0,0,0,1), and L(0, 0,0, 0), respectively.

Theorem 5.6. Let L € TLbs. Then it is isomorphic to one of the following pairwise
non-isomorphic Leibniz algebras:

1) L(0, 4, 4):
Ly ={le, e)] = €1, 1 <i<3,[ep, ] =—e€;,,2<i <3},
leg o]l = ess [eg, 1] = —er, [eg, €] = ley, [er, €] = —[e), e;] = Zey, A€ C.
2) L(0,1,0):
Lts’ [egs o]l = eq, e, e1] = —ey, e, €] = ey.
3) L(1,0,1):
L5, [ey,e)]l=—ey+ey, [eg, 6] =€y [er, 6] =ef, 0] = ey
4) L(1,0,0):
LS, [ep.e1] =—e,+ey, [eg, €] = ey
5) L(2,1,1):
L, [ep.el=¢4 [eg.e]=—e;+4es, [e.e]=2e [ese]=—e), er]=ce,.
6) L(2,1,0):
L, [ep, el =eqr [eg, el =—ey+4des, [e,e]=2e,.
7) L(0,0,1):
LS, [ey €] = ey, [er, €] = —[eg, e] = ey, [y, 1] = —es.

5.3.2. 6-Dimensional case. TLb, can be represented by the following table
of multiplication:

le;s €] = €ip1s l<i<d4,

leg. €] = —eit1s 2<i<4,
TLb, = leo, e0] = by ges, [eo, 1] = —e; + by ye5, [e1, €] = by es,

le1, ex] = —[es, €] = by se4 + by 365,

le, es] = —[es, e1] = by es,

le, es] = —[es, €] = —[e, €3] = [e3, o] = —by 3¢,
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Elements of TLbg will be denoted here by L(x), where a« = (by, b, |, b ,,

b1,3’ b2,3)'

Theorem 5.7 (Isomorphism Criterion for TLbg). Two filiform Leibniz algebras
L(a) and L(o') from TLbg are isomorphic iff there exist Ay, A,, By, By, By € C such

that AyB (Ay + A, b, 3) # 0, and the following equalities hold:

_ AGboy + AgAibyy + Afby

P00 = AJBi(Ag+ A byy)
by, = Ao £ 2400,
' A(Ag+ Ay by3)
b, = — Bb, ’
Aj(Ag + A by3)
/ B, b,
bl,z = A% >
b, = 2 AyABibi, + AiBib 5 + (A7 (=2 B,B; + B3) + A1Bibi,) by 5 ’
’ AGB, (Ay + A,b, 3)
b, = B, b, ; .
T Ayt A Dy

The proof is similar to

that of Theorem 3.1.

Represent TLb, as a union of the following subsets:

U, = {L(a) € TLb; :
U, = {L(a) € TLb, :
U, = {L(2) € TLb :
U, = {L(2) € TLb; :
Us = {L(2) € TLb; :
Uy = {L(2) € TLb; :
U, = {L(2) € TLb, :
Us = {L(2) € TLb :
Uy = {L(2) € TLb, :
Uy, = {L(x) € TLby :
U,, = {L(a) € TLb; :
U, ={L(x) € TLby :
U, = {L(2) € TLb :
Uy, = {L(a) € TLb; :
U = {L(a) € TLb; :

by 3 #0, b, # 0},

by;#0,b,=0,by, # 0},

by3 #0,b ) =by; =0,b,,#0,by # 0},
by3 #0,b; ) =by; =0,b,,#0,by = 0},
byy #0,b,) =by; =by3=0,by# UB
by; # 0,6, = byy =by="Dbyo= 0},

by = 0, by, # 0,0,, # 0},
byy=0,b,#0,b,=0,b, # 0},
byy=0,b,#0,b, =0by; =0,byy# 0},
byy =0, by, #0,b, =by, =by= 0},
byy=0b,=0,b, #0,b ;#0},
byy=b,=0,b,#0,b;=0A%# 0},
by;=b,=0,b,,#0,b;=A= 0},
by;=b1,=0,=0,by, #0,b;# 0},
byy=0b,=b,=0,by,#0,b ;= UB
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Ui = {L(2) € TLbg : by 3 = b1, = by ; = by =0, by # 0, by 3 # 0},
Uiy = {L(2) € TLbg : by 5 = b, = by ; = by =0, by # 0, by 3 =0},
Uiy = {L(2) € TLbg : by 3 = b, = by ; = by = by =0,b, 5 # 0},
Ug = {L(2) € TLbg : by 3 = by, = by, = by = by = b3 =0}
Proposition 5.13.

1. Two algebras L(a) and L(«') from U, are isomorphic if and only if
b 2 b 2
( : 2,3, : ) A = ( 2,3 ) A,
20y = bhy 1 by 5 2by 1 — by by

(201, — b5 3b5,) 02 (2611 — by sby,) B3,

12 1,04 - 2 14
b2,3b1,1 b2,3b1,1

and

2. For any A, 2, € C, there exists L(a) € U;:

3
< by 5 )2 A (2b1,1 - b2,3b0,1) b?,z
2by = by, by 5 g b3 3bi |

,
= J,.

Then orbits from the set U, can be parameterized as L (1,,0,1,1,,0,1),
s 29 € C.
Proposition 5.14.
1. Two algebras L(o) and L(«') from U, are isomorphic if and only if

(bé)l B b,2,3b6,0)4 b/?,Z _ (b(),l - b2,3b0,0)4 b?Z

3 5 - 3 5
b5 50’5, b3 305,

(bo‘l—bz.sbo,o)z‘b?_z =
—_— = A

2. For any 1 € C, there exists L(a) € U,: P
2,370,1

Therefore, orbits from U, can be parameterized as L (0, 1,0, 4,0, 1), 1 € C.
Proposition 5.15.
1. Two algebras L(a) and L(«') from U, are isomorphic if and only if

4b(,),0b/léf2 -2 b;,3b6,lb;2,2 + bf}b;,l — 4b0,0b?,2 - 2b1,3b0,1b]2,2 + b%,3b],l

’ 2 2
b1,2b1,1 b1,2b1,1

and

(Boa by = by 3b1))" (Boabls —bysbys)

/13 - 3
bl,zbl,l bl,Zbl,l
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2. For any 1y, 2, € C, there exists L(a) € Us:

2
(bO,lb%j - b1,3b1,1)
bl,Zb?,l

4 b0,0b‘]‘,Z -2 bl,3b0,1b%,2 + b%jbl,l
b1,2b%,1

:)vl, = /L2.

Orbits from Uy can be parameterized as L (4, 2,,1,1,0,0), 4;, 2, € C.
Proposition 5.16.

1. Two algebras L(a) and L(o') from Uy are isomorphic if and only if

(2 bé),Ob/lz,Z B b/1,3b(/),1)3 (2 b(),()b%l - bl,??bO,])3

/3 14 - 3 14
bl,zbo,l b1,2b0,1

2. For any 1 € C, there exists L(o) € Us:

(2 bo,ob%,z - b1,3bo,1)3 .

3 14 -
bl,ZbO,l

The orbits from the set Uy can be parameterized as L (1, 1,0,1,0,0), 1 € C.

Proposition 5.17.

1. Two algebras L(a) and L(&') from U,, are isomorphic if and only if

(&)6& = <b>6A.
bl,l bl,l

2. For any / € C, there exists L(a) € U,;:

b\
(_) A=
by,
The orbits from Uy, can be parameterized as L (1,0,1,0,1,0), 41 € C.

Proposition 5.18. The subsets Us, U,, Us, Ug, Uy, Uy, Uy, Uz, Uyy, Uss, Uy, U,
and U,y are single orbits with the representatives L(1,0,0,1,0,1), L(0,0,0,1,0,1),
L(1,0,0,0,0,1), L(0,0,0,0,0,1),L(1,0,0,1,0,0),L(0,0,0,1,0,0), L(1, 0, 1, 0,
0,0), L(0,0,1,0,0,0), L(0,1,0,0,1,0), L(0,1,0,0,0,0), L(1,0,0,0, 1,0), L(1, 0,
0,0,0,0),L(0,0,0,0,1,0), and L(0,0,0,0, 0,0), respectively.

Theorem 5.8. Let L be a complex filiform Leibniz algebra in TLbg. Then it is
isomorphic to one of the following pairwise non-isomorphic Leibniz algebras:

1) L0, 4y, 4, 4y):

Ly ={le, e)] = €1, 1 <i <4, [ep, e] = —e;y,2 <i <4},
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[eg: €] = es, [eg, e1] = —er, [ey, e)] = Aies, [er, 1] = —[ey, €3]

= les+Aes, les, el =—[e, 5] =dyes, 4,7, €C, 4 #0.
2) L(0, 4, 4,0):

Lt@ [eg, €g] = €5, [eg, 1] = —es, [er, 1] = —[e, &3] = Zey,

[er, e1] = [es5. 1] = —[e), 5] = Zes, 4 € C.

3) L(0,1,0,0):

Ly, [eg, o] =[er, e)] =es5, [eg, €] = —e,.
4) L0, 7 0):
Lg, [eg. el = es. [eg, e)] = —e; + des, [y, /] = —[e), e;] = ey,
[e5, €] = —[e), e5] = des, A€ C.
5) L(1,0,1,—2):
Lt6’ [eg: €] = es, [eg, e1] = —ey +es, [ey, ] = —[e, e;] = €4 — 2es,
les, e] = —[e1, es] = es.
6) L(1,0,0,1):
Ly, [ep. el =5, [eg. e] = —ey+es5, [e 0] = —[e), ] =es.
7) L(1,0,0,0):
Lg, [eg, o] =5, [eg, €] = —e; + 5.
8) L(1.72.2,0):
Lg, e o] = es, [egs el = —ey + Jes, [eg, €] = Pes,
ler, )] = —le1, e] = dey, [e3, 6] =—[e), e3] = Zes, 2 €C".
9) L(4,4,0,1):
Lg, [eg. el = es. [eg, e)] = —e; +des, [ef, )] =4es, [y, €]

= —ler, er] = es.
10) L(4,4,0,0):

Ly, ey eg] = es, [eg, €] = —ey +4des, [eg, e] = 4des.
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11) L(0,0,1,0):

Lé’ [egs €o] =[e5, €] =—[ey, es]=es, [ey, e;]=—e3, [ey, €] =— [}, ;] =e,.

12) L(0,0,0,1):

Lis’ legs eo] = €2, €] = —[e), ea] = €5, [eg, €] = —e,.

As we have mentioned before the class TLb, contains n-dimensional
filiform Lie algebras. The sets Ug, U, in the 5-dimensional case and the sets
U,, Ug, Uy, Uyg, Uy in the 6-dimensional case represent Lie cases. Our classification
here agreed with the classification of 5- and 6-dimensional filiform Lie algebras in
Gomez et al. [9].

CONCLUSION

The methods and algorithms of this article are applicable to any fixed
dimensional case. They have been implemented in dimensions at most 9, and
complete lists of all isomorphism types of algebras from Lb, (n =5,6,7,8,9) are
obtained.
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