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ON ONE-DIMENSIONAL LEIBNIZ CENTRAL EXTENSIONS
OF A FILIFORM LIE ALGEBRA
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Abstract

The paper deals with the classification of Leibniz central extensions of a filiform Lie algebra. We choose
a basis with respect to which the multiplication table has a simple form. In low-dimensional cases
isomorphism classes of the central extensions are given. In the case of parametric families of orbits,
invariant functions (orbit functions) are provided.
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1. Introduction

Leibniz algebras were introduced by Loday [4]. A Leibniz algebra is a generalization
of a Lie algebra: a skew-symmetric Leibniz algebra is a Lie algebra. The initial
motivation of Loday to introduce this class of algebras was the search for an
‘obstruction’ to the periodicity in algebraic K -theory. Besides this purely algebraic
motivation, certain relationships with classical geometry, noncommutative geometry
and physics have recently been discovered. Leibniz algebras appear to be related in
a natural way to several topics such as differential geometry, homological algebra,
classical algebraic topology, algebraic K -theory, loop spaces, noncommutative
geometry, quantum physics and so on, as a generalization of the corresponding
applications of Lie algebras to these topics.

In 1891, Umlauf [7] initiated the study of the simplest nontrivial class of Lie
algebras. In his thesis he presented a list of Lie algebras of dimension less than ten
admitting a so-called adapted basis. (Lie algebras with this property have been called
filiform Lie algebras.) Now it is well known that up to isomorphism there is only one
such an algebra; the others are just linear deformations of it [3]. This is the filiform
Lie algebra with the composition law [·, ·] given by

µn : [ei , e0] = ei+1, 1≤ i ≤ n − 2,

with respect to the adapted basis {e0, e1, . . . , en−1}.

The research was supported by the Grant 01-12-10-978FR MOHE, Malaysia.
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206 I. S. Rakhimov and M. A. Hassan [2]

The outline of the paper is as follows. Section 2 is a brief introduction to Leibniz
algebras and central extensions. Section 3 describes the behaviour of parameters
under the isomorphism action (adapted base change). Sections 3.1–3.5 contain the
main results of the paper, consisting of complete lists of all one-dimensional Leibniz
central extensions of µn , where n = 4, . . . , 8. We distinguish the isomorphism
classes and show that they exhaust all possible cases. For parametric family cases
the corresponding invariant functions are provided. Since proofs from the five-
dimensional cases can be carried over to higher-dimensional cases by minor changes,
we have chosen to omit their proofs. All details of the omitted proofs are available
from the authors.

2. Preliminaries

Let K be an algebraically closed field of characteristic 0. A Leibniz algebra L
over K is a vector space equipped with a bilinear map [·, ·] : L × L→ L satisfying
the Leibniz identity

[x, [y, z]] = [[x, y], z] − [[x, z], y]

for all x, y, z ∈ L .
If, in addition, [x, x] = 0, for all x ∈ L , the Leibniz identity is equivalent to the

Jacobi identity. In particular, a Lie algebra is an example of a Leibniz algebra.
The centre of a Leibniz algebra L is defined as C(L)= {x ∈ L | [x, L] =

[L , x] = 0}.
Let L and L̂ be two Leibniz algebras over a field K . The Leibniz algebra L̂ is

said to be a one-dimensional central extension of L if there is a Leibniz algebra exact
sequence 0−→ Kc −→ L̂ −→ L −→ 0, where Kc is one-dimensional trivial Leibniz
algebra and the image of Kc is contained in the centre of L̂.

A Leibniz 2-cocycle on a Leibniz algebra L is a K -valued form θ satisfying the
condition

θ(x, [y, z])= θ([x, y], z)− θ([x, z], y) for all x, y, z ∈ L.

If a Leibniz 2-cocycle θ is also antisymmetric, then by definition, θ is a Lie
2-cocycle. As in the Lie algebra case, one-dimensional Leibniz central extensions of a
Leibniz algebra L are uniquely determined by a Leibniz 2-cocycle on L . If a Leibniz
2-cocycle θ is induced by a linear map ν : L→ L (that is, θ(x, y)= ν([x, y])), then
θ is said to be trivial (or a coboundary), while the corresponding one-dimensional
Leibniz central extension is also a trivial extension; that is, it is isomorphic to the
direct sum of L and K . Two Leibniz 2-cocycles θ and ϑ define the same central
extension if their difference θ − ϑ is a coboundary.

Given a Leibniz 2-cocycle θ on L , one can construct a one-dimensional Leibniz
central extension Lθ = L ⊕ Kc of L in a canonical way as follows:

[x + vc, y + wc]Lθ = [x, y]L + θ(x, y)c, x, y ∈ L , v, w ∈ K ,

where [·, ·]L is the bracket on L . Every one-dimensional Leibniz central extension of
L can be obtained in this way. The following result is known.
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PROPOSITION 2.1 [5]. There exists a one-to-one correspondence between the set of
equivalent classes of one-dimensional Leibniz central extensions of L by K and the
second Leibniz cohomology group HL2(L , K ).

In this paper we focus on one-dimensional Leibniz central extensions of the filiform
Lie algebra µn denoted here by CE(µn).

Let L be a Leibniz algebra. Define

L1
= L , Lk+1

= [Lk, L], k ≥ 1.

DEFINITION 2.2. A Leibniz algebra L is nilpotent if there exists an integer s ∈ N ,
such that

L1
⊃ L2

⊃ · · · ⊃ Ls
= {0}.

DEFINITION 2.3. A Leibniz algebra L is filiform if dim L i
= n − i , where n = dim L

and 2≤ i ≤ n.

Obviously, a filiform Leibniz algebra is nilpotent. Throughout the paper all algebras
are assumed to be over the field of complex numbers C.

3. Simplifications in CE(µn)

In this section we consider a subclass of the class of Leibniz algebras called
truncated filiform Leibniz algebras in [6], which provided the motivation to study this
case. The multiplication tables of the truncated filiform Leibniz algebras in the class
CE(µn) can be represented as follows:

[ei , e0] = ei+1, 1≤ i ≤ n − 1,
[e0, ei ] = −ei+1, 2≤ i ≤ n − 1,
[e0, e0] = b0,0en,

[e0, e1] = −e2 + b0,1en,

[e1, e1] = b1,1en,

[ei , e j ] = (−1)i−1b1,i+ j−1en, 1≤ i < j ≤ n − 1, i + j odd,
[ei , e j ] = −[e j , ei ], 1≤ i < j ≤ n − 1,
[ei , en−i ] = −[en−i , ei ] = (−1)i ben, 1≤ i ≤ n − 1, where b = 0 for even n.

The basis {e0, e1, . . . , en} is said to be adapted. Here are a few remarks about the
multiplication table above.

(1) The undefined brackets are assumed to be zero.
(2) As a result of the Leibniz identity one has

bi+1, j =−bi, j+1, 1≤ i, j ≤ n − 1, i + j 6= n,

and

b1,2i+1 = 0, 0< i <

[
n − 2

2

]
.

As an immediate consequence of these relations we get

bi+2,i = bi,i+2 = 0, (3.1)
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and

bi, j =−bi−1, j+1 = bi−2, j+2 = · · · = (−1)i−1bi−(i−1), j+(i−1)

= (−1)i−1b1, j+i−1.
(3.2)

(3) The centre of L ∈ CE(µn) is 〈en〉 and the quotient L/〈en〉 is isomorphic to µn .
Hence, one can choose a Leibniz cocycle θ on µn such that L is isomorphic
to Lθ . (The procedure is the same as in the Lie algebras case (see [2]).)

Elements of CE(µn) represented by the table above are denoted by L(α),
where

α =

{
(b0,0, b0,1, b1,1, b1,2, b1,4, . . . , b1,n−2) for even n,

(b0,0, b0,1, b1,1, b1,2, b1,4, . . . , b1,n−3, b) for odd n.

Since a truncated filiform Leibniz algebra admits an adapted basis it is sufficient to
consider only base changes sending adapted bases to adapted. This set is a subgroup
Gad of all base changes in CE(µn). A filiform Leibniz algebra is two-generated and
so a base change on it can be given as:

f (e0)=

n∑
i=0

Ai ei , f (e1)=

n∑
i=0

Bi ei .

Then one has the following proposition.

PROPOSITION 3.1. Let f ∈ Gad and L ∈ CE(µn) then f has the following form:

e′0 = f (e0)=

n∑
i=0

Ai ei ,

e′i = f (ei )=

n−1∑
k=i

Ai−1
0 Bk−i+1ei + (∗)en, 1≤ i ≤ n − 1,

e′n = f (en)= An−2
0 B1(A0 + A1b)en,

where A0 B1(A0 + A1b) 6= 0.

PROOF. It is easy to see that

e′i = f (ei )= [ f (ei−1), f (e0)]

=

n−1∑
j=i

Ai−2
0 (A0 B j−i+1 − A j−i+1 B0)e j + (∗)en, 2≤ i ≤ n − 1,

(3.3)

e′n = f (en)= [ f (en−1), f (e0)] = An−3
0 (A0 B1 − A1 B0)(A0 + A1b)en. (3.4)
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Bearing in mind that f is adapted, we get

[ f (e1), f (e2)] = b′1,2e′n = b′1,2 An−3
0 (A0 B1 − A1 B0)(A0 + A1b)en

= B0

n−1∑
i=3

(A0 Bi−2 − Ai−2 B0)ei + (∗)en.

Therefore,
B0(A0 Bi−2 − Ai−2 B0)= 0, 3≤ i ≤ n − 1.

Since f is not singular, A0 B1 − A1 B0 6= 0, and this implies that B0 = 0. 2

DEFINITION 3.2. The following types of adapted base change of L ∈ CE(µn) are
said to be elementary:

τ(a, b, c)=


τ(e0)= ae0 + be1,

τ (e1)= ce1, ac 6= 0,

τ (ei+1)= [τ(ei ), τ (e0)], 1≤ i ≤ n − 1,

σ (a, k)=


σ(e0)= e0 + aek, 2≤ k ≤ n,

σ (e1)= e1,

σ (ei+1)= [σ(ei ), σ (e0)], 1≤ i ≤ n − 1,

φ(a, k)=


φ(e0)= e0,

φ(e1)= e1 + cek, 2≤ k ≤ n,

φ(ei+1)= [φ(ei ), φ(e0)], 1≤ i ≤ n − 1,

where a, b, c ∈ C.

PROPOSITION 3.3. Let f be an adapted transformation of L ∈ CE(µn). Then it can
be represented as the composition

f = φ(Bn, n) ◦ φ(Bn−1, n − 1) ◦ · · · ◦ φ(B2, 2) ◦ σ(An, n) ◦ σ(An−1, n − 1) ◦ · · ·

◦ σ(A2, 2) ◦ τ(A0, A1, B1).

PROOF. The proof is straightforward. 2

PROPOSITION 3.4. The adapted transformation

g = φ(Bn, n) ◦ φ(Bn−1, n − 1) ◦ φ(Bn−2, n − 2)

◦ σ(An, n) ◦ σ(An−1, n − 1) ◦ · · · ◦ σ(A2, 2),

for even n, and

g = φ(Bn, n) ◦ φ(Bn−1, n − 1) ◦ σ(An, n) ◦ σ(An−1, n − 1) ◦ · · · ◦ σ(A2, 2),

for odd n, does not change the structure constants of L ∈ CE(µn).
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PROOF. Consider the transformation

σ(Ak, k)=


σ(e0)= e0 + Akek, 2≤ k ≤ n,

σ (e1)= e1,

σ (ei+1)= [σ(ei ), σ (e0)], 1≤ i ≤ n − 1.

First notice that

σ(ei )= ei + (−1)iδ(i, k)Akb1,i+k−2en, 2≤ i ≤ n − 1,

where

δ(s, t)=


1 if s + t is even,

−1 if s = n − 1,

0 otherwise.

Indeed,

[σ(ei ), σ (e j )] = [ei + (−1)iδ(i, k)Akb1,i+k−2en, e j + (−1) jδ( j, k)Akb1, j+k−2en]

= [ei , e j ].

The calculations for φ(Bn, n) and φ(Bn−1, n − 1) are handled similarly. It is worth
mentioning that for even n the transformation φ(Bn−2, n − 2) does not change the
structure constants, because in this case b = 0. 2

The next lemma keeps track of the behaviour of the structure constants of algebras
from CE(µn) under the adapted basis change.

LEMMA 3.5. Let L(α) ∈ CE(µn) and L(α′) be the image of L(α) under the action of
Gad. Then one has

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

An−2
0 B1(A0 + A1b)

, b′0,1 =
A0b0,1 + 2A1b1,1

An−2
0 (A0 + A1b)

,

b′1,1 =
B1b1,1

An−2
0 (A0 + A1b)

,

b′1,2 j =
1

An−2 j−1
0 B1(A0 + A1b)

×

(n−1∑
k=1

n−k−1∑
l=2 j

l+k 6=n

(−1)k−1 Bk Bl−2 j+1b1,k+l−1 +

n−2∑
k=1

(−1)k Bk Bn−k−2 j+1b

)
,

b′ =
B1b

A0 + A1b
.
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PROOF. Consider the product [ f (e0), f (e0)] = b′0,0 f (en). Equating coefficients of en
in it, we get

A2
0b0,0 + A0 A1b0,1 + A2

1b1,1 = b′0,0 An−2
0 B1(A0 + A1b).

Then we find

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

An−2
0 B1(A0 + A1b)

.

The product [ f (e1), f (e1)] = b′1,1 f (en) yields b′1,1 = B1b1,1/An−2
0 (A0 + A1b).

Analysing the equality

b′0,1 f (en)= [ f (e1), f (e0)] + [ f (e0), f (e1)],

we obtain b′0,1 An−2
0 B1(A0 + A1b)= A0 B1b0,1 + 2A1 B1b1,1, and this implies that

b′0,1 =
A0b0,1 + 2A1b1,1

An−2
0 (A0 + A1b)

.

From Propositions 3.3 and 3.4,

e′0 = A0e0 + A1e1,

e′1 = B1e1 + B2e2 + · · · + Bn−2en−2,

e′i =
n−1∑
k=i

Ai−1
0 Bk−i+1ei + (∗)en, 2≤ i ≤ n − 1,

e′n = An−2
0 B1(A0 + A1b)en.

Then

[e′i , e′j ] =

[n−1∑
k=i

Ai−1
0 Bk−i+1ek + (∗)en,

n−1∑
l= j

A j−1
0 Bl− j+1el + (∗)en

]

=

[n−1∑
k=i

Ai−1
0 Bk−i+1ek,

n−1∑
l= j

A j−1
0 Bl− j+1el

]

=

n−1∑
k=i

n−1∑
l= j

Ai+ j−2
0 Bk−i+1 Bl− j+1[ek, el ]

=

n−1∑
k=i

n−k∑
l= j

Ai+ j−2
0 Bk−i+1 Bl− j+1bk,len.

Hence the equality b′i, j e
′
n = [e

′

i , e′j ] gives the relation

b′i, j An−2
0 B1(A0 + A1b)= Ai+ j−2

0

n−1∑
k=i

n−k∑
l= j

Bk−i+1 Bl− j+1bk,l ,
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and implies that

b′i, j =
1

An−i− j
0 B1(A0 + A1b)

n−1∑
k=i

n−k∑
l= j

Bk−i+1 Bl− j+1bk,l .

Now use (3.2) to obtain

b′1,2 j =
1

An−2 j−1
0 B1(A0 + A1b)

×

(n−1∑
k=1

n−k−1∑
l=2 j

l+k 6=n

(−1)k−1 Bk Bl−2 j+1b1,k+l−1 +

n−2∑
k=1

(−1)k Bk Bn−k−2 j+1b

)
.

Finally, the last equality comes from [e′n−1, e′1] = b′e′n . 2

The next sections deal with the applications of the results of this section to the
classification problem of CE(µn) for n = 4, . . . , 8. We remind the reader that the
classification of all complex nilpotent Leibniz algebras in dimensions at most four has
been given before in [1].

Here, to classify algebras from the class CE(µn) in each fixed dimension we
represent CE(µn) as a disjoint union of its subsets. Some of these subsets are single
orbits and others contain infinitely many orbits. In the last case we give invariant
functions to distinguish the orbits.

To simplify calculations we introduce the following notation:

1= b2
0,1 − 4b0,0b1,1 and 1′ = b′20,1 − 4b′0,0b′1,1.

3.1. Isomorphism classes in CE(µ4). In this section we describe the isomorphism
classes of algebras from CE(µ4). According to the notation introduced above,
elements of CE(µ4) will be denoted by L(α), where α = (b0,0, b0,1, b1,1, b1,2). Note
that in this case b = 0 because n is even (see the multiplication table of CE(µn)).

THEOREM 3.6 (Isomorphism criterion for CE(µ4)). Two filiform Leibniz algebras
L(α) and L(α′) from CE(µ4) are isomorphic if and only if there exist A0, A1, B1 ∈ C
such that A0 B1 6= 0 and the following equalities hold:

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

A3
0 B1

, (3.5)

b′1,1 =
B1b1,1

A3
0

, (3.6)

b′0,1 =
A0b0,1 + 2A1b1,1

A3
0

, (3.7)

b′1,2 =
B1b1,2

A2
0

. (3.8)
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PROOF. If L(α) and L(α′) are isomorphic, then the equalities are a consequence of
Lemma 3.5.

Conversely, suppose that the equalities (3.5)–(3.8) hold. Then the following base
change is adapted and it transforms L(α) to L(α′):

e′0 = A0e0 + A1e1,

e′1 = B1e1,

e′2 = A0 B1e2 + A1 B1b1,1e4,

e′3 = A2
0 B1e3 − A1 A0 B1b1,2e4,

e′4 = A3
0 B1e4.

Indeed,

[e′0, e′0] = A2
0b0,0e4 + A0 A1(−e2 + b0,1e4)+ A1 A0e2 + A2

1b1,1e4

=
A0

2b0,0 + A0 A1b0,1 + A2
1b1,1

A3
0 B1

A3
0 B1e4 = b′0,0e′4.

Similarly, one easily can see that

[e′0, e′1] = −A0 B1e2 + A0 B1b0,1e4 + A1 B1b1,1e4

=−A0 B1e2 − A1 B1b1,1e4 + A0 B1b0,1e4 + 2A1 B1b1,1e4

=−e′2 + B1(A0b0,1 + 2A1b1,1)e4

=−e′2 + b′0,1 A3
0 B1e4 =−e′2 + b′0,1e′4

[e′1, e′1] = B2
1 b1,1e4 = A3

0 B1b′1,1e4 = b′1,1e4,

[e′1, e′2] = B2
1 A0b1,2e4 = A3

0 B1b′1,2e4 = b′1,2e4.

The other products of the basis vectors e′0, e′1, . . . , e′n are zero. 2

In order to describe the isomorphism classes of algebras from CE(µ4) we represent
it as a disjoint union of the following subsets:

U 1
4 = {L(α) ∈ CE(µ4) | b1,1 6= 0, b1,2 6= 0};

U 2
4 = {L(α) ∈ CE(µ4) | b1,1 6= 0, b1,2 = 0, 1 6= 0};

U 3
4 = {L(α) ∈ CE(µ4) | b1,1 6= 0, b1,2 =1= 0};

U 4
4 = {L(α) ∈ CE(µ4) | b1,1 = 0, b0,1 6= 0, b1,2 6= 0};

U 5
4 = {L(α) ∈ CE(µ4) | b1,1 = 0, b0,1 6= 0, b1,2 = 0};

U 6
4 = {L(α) ∈ CE(µ4) | b1,1 = b0,1 = 0, b0,0 6= 0, b1,2 6= 0};

U 7
4 = {L(α) ∈ CE(µ4) | b1,1 = b0,1 = 0, b0,0 6= 0, b1,2 = 0};

U 8
4 = {L(α) ∈ CE(µ4) | b1,1 = b0,1 = b0,0 = 0, b1,2 6= 0};

U 9
4 = {L(α) ∈ CE(µ4) | b1,1 = b0,1 = b0,0 = b1,2 = 0}.
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Here, the subset U 1
4 turns out to be a union of infinitely many orbits. The following

proposition is a description of U 1
4 .

PROPOSITION 3.7.

(1) Two algebras L(α) and L(α′) from U 1
4 are isomorphic if and only if(b′1,2

b′1,1

)4

1′ =

(
b1,2

b1,1

)4

1.

(2) For any λ from C there exists L(α) ∈U 1
4 such that (b1,2/b1,1)

41= λ.

PROOF. (1) Let L(α) and L(α′) be isomorphic. Then from Theorem 3.6 there are
complex numbers A0, A1 and B1 such that A0 B1 6= 0 and the action of the adapted
group Gad is expressed by the following system of equalities:

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

A3
0 B1

,

b′1,1 =
B1b1,1

A3
0

,

b′0,1 =
A0b0,1 + 2A1b1,1

A3
0

,

b′1,2 =
B1

A2
0

b1,2.

Then one can easily see that (b′1,2/b
′

1,1)
41′ = (b1,2/b1,1)

41.

Conversely, suppose that that the equality (b′1,2/b
′

1,1)
41′ = (b1,2/b1,1)

41 holds.
Let {e0, e1, e2, e3, e4} and {e′0, e′1, e′2, e′3, e′4} be adapted bases of L(α) and L(α′),

respectively. Then the adapted base change

f0 = A0e0 + A1e1,

f1 = B1e1,

f2 = A0 B1e2 + A1 B1b1,1e4,

f3 = A2
0 B1e3 − A1 A0 B1b1,2e4,

f4 = A3
0 B1e4,

where A0 = b1,1/b1,2, A1 =−b0,1/2b1,2 and B1 = b2
1,1/b

3
1,2, transforms L(α) to

L((b/1,2b1,1)
41, 0, 1, 1).

An analogous base change

f ′0 = A′0e′0 + A′1e′1,

f ′1 = B ′1e′1,

f ′2 = A′0 B ′1e′2 + A′1 B ′1b′1,1e′4,
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f ′3 = A′20 B ′1e′3 − A′1 A′0 B ′1b′1,2e′4,

f ′4 = A′30 B ′1e′4,

where A′0 = b′1,1/b
′

1,2, A′1 =−b′0,1/2b′1,2 and B ′1 = b/′21,1b′31,2, transforms L(α′) to

L((b′1,2/b
′

1,1)
41′, 0, 1, 1). However, by hypothesis, (b1,2/b1,1)

41= (b′1,2/b
′

1,1)
41′.

Hence L(α) and L(α′) are isomorphic.
(2) This is obvious. 2

As a consequence of this proposition the orbits in U 1
4 can be parameterized as

L(λ, 0, 1, 1), λ ∈ C.
The next proposition is a description of single orbits.

PROPOSITION 3.8. The subsets U 2
4 , U 3

4 , U 4
4 , U 5

4 , U 6
4 , U 7

4 , U 8
4 and U 9

4 are single orbits
with representatives

L(1, 0, 1, 0), L(0, 0, 1, 0), L(0, 1, 0, 1), L(0, 1, 0, 0),

L(1, 0, 0, 1), L(1, 0, 0, 0), L(0, 0, 0, 1) and L(0, 0, 0, 0),

respectively.

PROOF. For each of the subsets above we give the corresponding base change leading
to the indicated representative.

For U 2
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2 + A1 B1b1,1e4,

e′3 = A2
0 B1e3, e′4 = A3

0 B1e4,

where

A4
0 =

1

4
, A4

1 =
b4

0,11

64b4
1,1

and B4
1 =

13

64b4
1,1

.

For U 3
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2 + A1 B1b1,1e4,

e′3 = A2
0 B1e3, e′4 = A3

0 B1e4,

where

A0 ∈ C∗, A1 =
−A0b0,1

2b1,1
and B1 =

A3
0

b1,1
.

For U 4
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2,

e′3 = A2
0 B1e3 − A0 A1 B1b1,2e4, e′4 = A3

0 B1e4,
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where

A2
0 = b0,1, A2

1 =
b2

0,0

b0,1
and B1 =

b0,1

b1,2
.

For U 5
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2, e′3 = A2
0 B1e3, e′4 = A3

0 B1e4,

where

A2
0 = b0,1, A2

1 =
b2

0,0

b0,1
and B1 ∈ C∗.

For U 6
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2,

e′3 = A2
0 B1e3 − A0 A1 B1b1,2e4, e′4 = A3

0 B1e4,

where

A3
0 = b0,0b1,2, A1 ∈ C and B3

1 =
b3

0,0

b0,0b1,2
.

For U 7
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2, e′3 = A2
0 B1e3, e′4 = A3

0 B1e4,

where

A0 ∈ C∗, A1 ∈ C and B1 =
b0,0

A0
.

For U 8
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2,

e′3 = A2
0 B1e3 − A0 A1 B1b1,2e4, e′4 = A3

0 B1e4,

where

A0 ∈ C∗, A1 ∈ C and B1 =
A2

0

b1,2
.

For U 9
4 :

e′0 = A0e0 + A1e1, e′1 = B1e1, e′2 = A0 B1e2, e′3 = A2
0 B1e3, e′4 = A3

0 B1e4,

where
A0,B1 ∈ C∗, A1 ∈ C.

This concludes the proof. 2
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3.2. Isomorphism classes in CE(µ5). Notice that in this case b = b2,3 = b1,4.
Hence, an element of CE(µ5) is L(α), with α = (b0,0, b0,1, b1,1, b1,2, b).

THEOREM 3.9 (Isomorphism criterion for CE(µ5)). Two filiform Leibniz algebras
L(α) and L(α′) from CE(µ5) are isomorphic if and only if there exist
A0, A1, B1, B2, B3 ∈ C such that A0 B1(A0 + A1b) 6= 0, and the following equalities
hold:

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

A3
0 B1(A0 + A1b)

,

b′0,1 =
A0b0,1 + 2A1b1,1

A3
0(A0 + A1b)

,

b′1,1 =
B1b1,1

A3
0(A0 + A1b)

,

b′1,2 =
B2

1 b1,2 + (B2
2 − 2B1 B3)b

A2
0 B1(A0 + A1b)

,

b′ =
B1b

A0 + A1b
.

To find the isomorphism classes in CE(µ5) we represent it as a union of the
following subsets:

U 1
5 = {L(α) ∈ CE(µ5) | b 6= 0, b1,1 6= 0};

U 2
5 = {L(α) ∈ CE(µ5) | b 6= 0, b1,1 = 0, b0,1 6= 0};

U 3
5 = {L(α) ∈ CE(µ5) | b 6= 0, b1,1 = b0,1 = 0, b0,0 6= 0};

U 4
5 = {L(α) ∈ CE(µ5) | b 6= 0, b1,1 = b0,1 = b0,0 = 0};

U 5
5 = {L(α) ∈ CE(µ5) | b = 0, b1,1 6= 0, b1,2 6= 0};

U 6
5 = {L(α) ∈ CE(µ5) | b = 0, b1,1 6= 0, b1,2 = 0, 1 6= 0};

U 7
5 = {L(α) ∈ CE(µ5) | b = 0, b1,1 6= 0, b1,2 =1= 0};

U 8
5 = {L(α) ∈ CE(µ5) | b = b1,1 = 0, b0,1 6= 0, b1,2 6= 0};

U 9
5 = {L(α) ∈ CE(µ5) | b = b1,1 = 0, b0,1 6= 0, b1,2 = 0};

U 10
5 = {L(α) ∈ CE(µ5) | b = b1,1 = b0,1 = 0, b0,0 6= 0, b1,2 6= 0};

U 11
5 = {L(α) ∈ CE(µ5) | b = b1,1 = b0,1 = 0, b0,0 6= 0, b1,2 = 0};

U 12
5 = {L(α) ∈ CE(µ5) | b = b1,1 = b0,1 = b0,0 = 0, b1,1 6= 0};

U 13
5 = {L(α) ∈ CE(µ5) | b = b1,1 = b0,1 = b0,0 = b1,1 = 0}.

Here, the subsets U 1
5 and U 5

5 turn out to be a union of infinitely many orbits. The
following propositions are descriptions of them.
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PROPOSITION 3.10.

(1) Two algebras L(α) and L(α′) from U 1
5 are isomorphic if and only if

1′b′2(
b′0,1b′ − 2b′1,1

)2 =
1b2(

b0,1b − 2b1,1
)2 .

(2) For any λ from C, there exists L(α) ∈U 1
5 such that 1b2/(b0,1b − 2b1,1)

2
= λ.

The orbits in U 1
5 are parameterized as L(λ, 0, 1, 0, 1), λ ∈ C.

PROPOSITION 3.11.

(1) Two algebras L(α) and L(α′) from U 5
5 are isomorphic if and only if(b′1,2

b′1,1

)6

1′ =

(
b1,2

b1,1

)6

1.

(2) For any λ from C there exists L(α) ∈U 5
5 such that (b1,2/4b1,1)

61= λ.

The orbits in U 5
5 are parameterized as L(λ, 0, 1, 1, 0), λ ∈ C.

PROPOSITION 3.12. The subsets U 2
5 , U 3

5 , U 4
5 , U 6

5 , U 7
5 , U 8

5 , U 9
5 , U 10

5 , U 11
5 , U 12

5 , and
U 13

5 are single orbits with representatives

L(0, 1, 0, 0, 1), L(1, 0, 0, 0, 1), L(0, 0, 0, 0, 1), L(1, 0, 1, 0, 0),

L(0, 0, 1, 0, 0), L(0, 1, 0, 1, 0), L(0, 1, 0, 0, 0), L(1, 0, 0, 1, 0),

L(1, 0, 0, 0, 0), L(0, 0, 0, 1, 0) and L(0, 0, 0, 0, 0),

respectively.

3.3. Isomorphism classes in CE(µ6). The section deals with the classification of
CE(µ6). It is easy to see here that b2,3 =−b1,4.

THEOREM 3.13 (Isomorphism criterion for CE(µ6)). Two filiform Leibniz algebras
L(α) and L(α′), α = (b0,0, b0,1, b1,1, b1,2, b1,4) and α′ = (b′0,0, b′0,1, b′1,1, b′1,2, b′1,4),
from CE(µ6) are isomorphic if and only if there exist A0, A1, B1, B2, B3 ∈ C such
that A0 B1 6= 0 and the following equalities hold:

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

A5
0 B1

,

b′1,1 =
B1b1,1

A5
0

,

b′0,1 =
A0b0,1 + 2A1b1,1

A5
0

,
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b′1,2 =
1

A4
0 B1

(B2
1 b1,2 + (2B1 B3 − B2

2 )b1,4),

b′1,4 =
B1

A2
0

b1,4.

The set CE(µ6) is represented as a union of the following subsets

U 1
6 = {L(α) ∈ CE(µ6) | b1,1 6= 0, b1,4 6= 0};

U 2
6 = {L(α) ∈ CE(µ6) | b1,1 6= 0, b1,4 = 0, b1,2 6= 0};

U 3
6 = {L(α) ∈ CE(µ6) | b1,1 6= 0, b1,4 = b1,2 = 0, 1 6= 0};

U 4
6 = {L(α) ∈ CE(µ6) | b1,1 6= 0, b1,4 = b1,2 =1= 0};

U 5
6 = {L(α) ∈ CE(µ6) | b1,1 = 0, b0,1 6= 0, b1,4 6= 0};

U 6
6 = {L(α) ∈ CE(µ6) | b1,1 = 0, b0,1 6= 0, b1,4 = 0, b1,2 6= 0};

U 7
6 = {L(α) ∈ CE(µ6) | b1,1 = 0, b0,1 6= 0, b1,4 = b1,2 = 0};

U 8
6 = {L(α) ∈ CE(µ6) | b1,1 = b0,1 = 0, b0,0 6= 0, b1,4 6= 0};

U 9
6 = {L(α) ∈ CE(µ6) | b1,1 = b0,1 = 0, b0,0 6= 0, b1,4 = 0, b1,2 6= 0};

U 10
6 = {L(α) ∈ CE(µ6) | b1,1 = b0,1 = 0, b0,0 6= 0, b1,4 = b1,2 = 0};

U 11
6 = {L(α) ∈ CE(µ6) | b1,1 = b0,1 = b0,0 = 0, b1,4 6= 0};

U 12
6 = {L(α) ∈ CE(µ6) | b1,1 = b0,1 = b0,0 = b1,4 = 0, b1,2 6= 0};

U 13
6 = {L(α) ∈ CE(µ6) | b1,1 = b0,1 = b0,0 = b1,4 = b1,2 = 0}.

PROPOSITION 3.14.

(1) Two algebras L(α) and L(α′) from U 1
6 are isomorphic if and only if(b′1,4

b′1,1

)8

1′3 =

(
b1,4

b1,1

)8

13.

(2) For any λ from C there exists L(α) ∈U 1
6 such that (b1,4/b1,1)

813
= λ.

The orbits in U 1
6 can be parameterized as L(λ, 0, 1, 0, 1), λ ∈ C.

PROPOSITION 3.15.

(1) Two algebras L(α) and L(α′) from U 2
6 are isomorphic if and only if(b′1,2

b′1,1

)8

1′ =

(
b1,2

b1,1

)8

1.

(2) For any λ from C there exists L(α) ∈U 2
6 such that (b1,2/b1,1)

81= λ.

Then orbits in U 2
6 can be parameterized as L(λ, 0, 1, 1, 0), λ ∈ C.
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PROPOSITION 3.16. The subsets U 3
6 , U 4

6 , U 5
6 , U 6

6 , U 7
6 , U 8

6 , U 9
6 , U 10

6 , U 11
6 , U 12

6 , and
U 13

6 are single orbits with representatives

L(1, 0, 1, 0, 0), L(0, 0, 1, 0, 0), L(0, 1, 0, 0, 1), L(0, 1, 0, 1, 0),

L(0, 1, 0, 0, 0), L(1, 0, 0, 0, 1), L(1, 0, 0, 1, 0), L(1, 0, 0, 0, 0),

L(0, 0, 0, 0, 1), L(0, 0, 0, 1, 0) and L(0, 0, 0, 0, 0),

respectively.

3.4. Isomorphism classes in CE(µ7). From the interrelations between bi, j (see the
multiplication table of CE(µn)) we get b2,5 =−b3,4 = b, b2,3 =−b1,4. Hence L(α),
where α = (b0,0, b0,1, b1,1, b1,2, b1,4, b), designates an element of CE(µ7).

THEOREM 3.17 (Isomorphism criterion for CE(µ7)). Two filiform Leibniz algebras
L(α) and L(α′) from CE(µ7) are isomorphic if and only if there exist A0, A1, Bi ∈ C,
1≤ i ≤ 5, such that A0 B1(A0 + A1b) 6= 0, and the following equalities hold:

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

A5
0 B1(A0 + A1b)

,

b′0,1 =
A0b0,1 + 2A1b1,1

A5
0(A0 + A1b)

,

b′1,1 =
B1b1,1

A5
0(A0 + A1b)

,

b′1,2 =
B2

1 b1,2 + (2B1 B3 − B2
2 )b1,4 + (2B2 B4 − 2B1 B5 − B3

3 )b

2A4
0 B1(A0 + A1b)

,

b′1,4 =−
B1b1,4 + (2B1 B3 − B2

2 )b

A2
0 B1(A0 + A1b)

,

b′ =
Bb

A0 + A1b
.

The class CE(µ7) is represented as a union of the following subsets.

U 1
7 = {L(α) ∈ CE(µ7) | b 6= 0, b1,1 6= 0};

U 2
7 = {L(α) ∈ CE(µ7) | b 6= 0, b1,1 = 0, b0,1 6= 0};

U 3
7 = {L(α) ∈ CE(µ7) | b 6= 0, b1,1 = b0,1 = 0, b0,0 6= 0};

U 4
7 = {L(α) ∈ CE(µ7) | b 6= 0, b1,1 = b0,1 = b0,0 = 0};

U 5
7 = {L(α) ∈ CE(µ7) | b = 0, b1,4 6= 0, b1,1 6= 0};

U 6
7 = {L(α) ∈ CE(µ7) | b = 0, b1,4 6= 0, b1,1 = 0, b0,1 6= 0};

U 7
7 = {L(α) ∈ CE(µ7) | b = 0, b1,4 6= 0, b1,1 = b0,1 = 0, b0,0 6= 0};

U 8
7 = {L(α) ∈ CE(µ7) | b = 0, b1,4 6= 0, b1,1 = b0,1 = b0,0 = 0};
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U 9
7 = {L(α) ∈ CE(µ7) | b = b1,4 = 0, b1,2 6= 0, b1,1 6= 0};

U 10
7 = {L(α) ∈ CE(µ7) | b = b1,4 = 0, b1,2 6= 0, b1,1 = 0, b0,1 6= 0};

U 11
7 = {L(α) ∈ CE(µ7) | b = b1,4 = 0, b1,2 6= 0, b1,1 = b0,1 = 0, b0,0 6= 0};

U 12
7 = {L(α) ∈ CE(µ7) | b = b1,4 = 0, b1,2 6= 0, b1,1 = b0,1 = b0,0 = 0};

U 13
7 = {L(α) ∈ CE(µ7) | b = b1,4 = b1,2 = 0, b1,1 6= 0, 1 6= 0};

U 14
7 = {L(α) ∈ CE(µ7) | b = b1,4 = b1,2 = 0, b1,1 6= 0, 1= 0};

U 15
7 = {L(α) ∈ CE(µ7) | b = b1,4 = b1,2 = b1,1 = 0, b0,1 6= 0};

U 16
7 = {L(α) ∈ CE(µ7) | b = b1,4 = b1,2 = b1,1 = b0,1 = 0, b0,0 6= 0};

U 17
7 = {L(α) ∈ CE(µ7) | b = b1,4 = b1,2 = b1,1 = b0,1 = b0,0 = 0}.

PROPOSITION 3.18.

(1) Two algebras L(α) and L(α′) from U 1
7 are isomorphic if and only if(

b′

2b′1,1 − b′0,1b′

)2

1′ =

(
b

2b1,1 − b0,1b

)2

1.

(2) For any λ from C there exists L(α) ∈U 1
7 such that (b/(2b1,1 − b0,1b))21= λ.

Then orbits in U 1
7 can be parameterized as L(λ, 0, 1, 0, 0, 1), λ ∈ C.

PROPOSITION 3.19.

(1) Two algebras L(α) and L(α′) from U 5
7 are isomorphic if and only if(b′1,4

b′1,1

)10

1′3 =

(
b1,4

b1,1

)10

13.

(2) For any λ from C there exists L(α) ∈U 5
7 such that (b1,4/b1,1)

1013
= λ.

Then orbits in U 5
7 can be parameterized as L(λ, 0, 1, 0, 1, 0), λ ∈ C.

PROPOSITION 3.20.

(1) Two algebras L(α) and L(α′) from U 9
7 are isomorphic if and only if(b′1,2

b′1,1

)10

1′3 =

(
b1,2

b1,1

)10

13.

(2) For any λ from C there exists L(α) ∈U 9
7 such that (b1,2/b1,1)

1013
= λ.

Then orbits in U 9
7 can be parameterized as L(λ, 0, 1, 1, 0, 0), λ ∈ C.
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PROPOSITION 3.21. The subsets U 2
7 , U 3

7 , U 4
7 , U 6

7 , U 7
7 , U 8

7 , U 10
7 , U 11

7 , U 12
7 , U 13

7 , U 14
7 ,

U 15
7 , U 16

7 , and U 17
7 are single orbits with representatives

L(0, 1, 0, 0, 0, 1), L(1, 0, 0, 0, 0, 1), L(0, 0, 0, 0, 0, 1), L(0, 1, 0, 0, 1, 0),

L(1, 0, 0, 0, 1, 0), L(0, 0, 0, 0, 1, 0), L(0, 1, 0, 1, 0, 0), L(1, 0, 0, 1, 0, 0),

L(0, 0, 0, 1, 0, 0), L(1, 0, 1, 0, 0, 0), L(0, 0, 1, 0, 0, 0), L(0, 1, 0, 0, 0, 0),

L(1, 0, 0, 0, 0, 0) and L(0, 0, 0, 0, 0, 0),

respectively.

3.5. Isomorphism classes in CE(µ8). It is easy to see that b1,4 =−b3,2, b1,6 =

b3,4 = b5,2 and b = 0. An element of CE(µ8) is denoted by L(α), where α =
(b0,0, b0,1, b1,1, b1,2, b1,4, b1,6).

THEOREM 3.22 (Isomorphism criterion for CE(µ8)). Two filiform Leibniz algebras
L(α) and L(α′) from CE(µ8) are isomorphic if and only if there exist A0, A1, Bi ∈ C,
1≤ i ≤ 5, such that A0 B1 6= 0 and the following equalities hold:

b′0,0 =
A2

0b0,0 + A0 A1b0,1 + A2
1b1,1

A7
0 B1

,

b′0,1 =
2A1b1,1 + A0b0,1

A7
0

,

b′1,1 =
B1b1,1

A7
0

,

b′1,2 =
B2

1 b1,2 + (2B1 B3 − B2
2 )b1,4 + (2B1 B5 − 2B2 B4 + B2

3 )b1,6

A6
0 B1

,

b′1,4 =
B2

1 b1,4 + (2B1 B3 − B2
2 )b1,6

A4
0 B1

,

b′1,6 =
B1b1,6

A2
0

.

The class CE(µ8) is represented as a union of the following subsets.

U 1
8 = {L(α) ∈ CE(µ8) | b1,6 6= 0, b1,1 6= 0};

U 2
8 = {L(α) ∈ CE(µ8) | b1,6 6= 0, b1,1 = 0, b0,1 6= 0};

U 3
8 = {L(α) ∈ CE(µ8) | b1,6 6= 0, b1,1 = b0,1 = 0, b0,0 6= 0};

U 4
8 = {L(α) ∈ CE(µ8) | b1,6 6= 0, b1,1 = b0,1 = b0,0 = 0};

U 5
8 = {L(α) ∈ CE(µ8) | b1,6 = 0, b1,4 6= 0, b1,1 6= 0};

U 6
8 = {L(α) ∈ CE(µ8) | b1,6 = 0, b1,4 6= 0, b1,1 = 0, b0,1 6= 0};

U 7
8 = {L(α) ∈ CE(µ8) | b1,6 = 0, b1,4 6= 0, b1,1 = b0,1 = 0, b0,0 6= 0};
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U 8
8 = {L(α) ∈ CE(µ8) | b1,6 = 0, b1,4 6= 0, b1,1 = b0,1 = b0,0 = 0};

U 9
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = 0, b1,2 6= 0, b1,1 6= 0};

U 10
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = 0, b1,2 6= 0, b1,1 = 0, b0,1 6= 0};

U 11
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = 0, b1,2 6= 0, b1,1 = b0,1 = 0, b0,0 6= 0};

U 12
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = 0, b1,2 6= 0, b1,1 = b0,1 = b0,0 = 0};

U 13
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = b1,2 = 0, b1,1 6= 0, 1 6= 0};

U 14
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = b1,2 = 0, b1,1 6= 0, 1= 0};

U 15
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = b1,2 = b1,1 = 0, b0,1 6= 0};

U 16
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = b1,2 = b1,1 = b0,1 = 0, b0,0 6= 0};

U 17
8 = {L(α) ∈ CE(µ8) | b1,6 = b1,4 = b1,2 = b1,1 = b0,1 = b0,0 = 0}.

The following propositions describe U 1
8 , U 5

8 and U 9
8 .

PROPOSITION 3.23.

(1) Two algebras L(α) and L(α′) from U 1
8 are isomorphic if and only if(b′1,6

b′1,1

)12

1′5 =

(
b1,6

b1,1

)12

15.

(2) For any λ from C there exists L(α) ∈U 1
8 such that (b1,6/b1,1)

1215
= λ.

Orbits in U 1
8 can be parameterized as L(λ, 0, 1, 0, 0, 1), λ ∈ C.

PROPOSITION 3.24.

(1) Two algebras L(α) and L(α′) from U 5
8 are isomorphic if and only if(b′1,1

b′1,4

)4 1
1′
=

(
b1,1

b1,4

)4 1
1
.

(2) For any λ from C there exists L(α) ∈U 5
8 such that (b1,1/b1,4)

4(1/1)= λ.

The parametrization of orbits in U 5
8 can be viewed as L(λ, 0, 1, 0, 1, 0), λ ∈ C.

PROPOSITION 3.25.

(1) Two algebras L(α) and L(α′) from U 9
8 are isomorphic if and only if(b′1,2

b′1,1

)12

1′ =

(
b1,2

b1,1

)12

1.

(2) For any λ ∈ C there exists L(α) ∈U 9
8 such that (b1,2/b1,1)

121= λ.

The set of orbits in U 9
8 can be parameterized as L(λ, 0, 1, 1, 0, 0), λ ∈ C.
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PROPOSITION 3.26. The subsets U 2
8 , U 3

8 , U 4
8 , U 6

8 , U 7
8 , U 8

8 , U 10
8 , U 11

8 , U 12
8 , U 13

8 , U 14
8 ,

U 15
8 , U 16

8 , and U 17
8 are single orbits with representatives

L(0, 1, 0, 0, 0, 1), L(1, 0, 0, 0, 0, 1), L(0, 0, 0, 0, 0, 1), L(0, 1, 0, 0, 1, 0),

L(1, 0, 0, 0, 1, 0), L(0, 0, 0, 0, 1, 0), L(0, 1, 0, 1, 0, 0), L(1, 0, 0, 1, 0, 0),

L(0, 0, 0, 1, 0, 0), L(1, 0, 1, 0, 0, 0), L(0, 0, 1, 0, 0, 0), L(0, 1, 0, 0, 0, 0),

L(1, 0, 0, 0, 0, 0) and L(0, 0, 0, 0, 0, 0),

respectively.
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