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1. Introduction

Leibniz algebra is a generalization of Lie algebra. Leibniz algebras have been first introduced by
Loday in [5] as a non-antisymmetric version of Lie algebras.

The classification problem of finite-dimensional Lie algebras is fundamental and a very difficult
problem. It is split into three parts: (1) classification of nilpotent Lie algebras; (2) description of solv-
able Lie algebras with given nilradical; (3) description of Lie algebras with given radical. The third
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problem has been reduced to the description of semisimple subalgebras in the algebra of derivations
of a given solvable algebra [6]. The classification of semisimple Lie algebras has been known ever since
the works of Cartan and Killing. According to the Cartan-Killing theory the semisimple Lie algebras
can be represented as a direct sum of the classical simple Lie algebras from series A,(n > 1), B,(n >
2), Cqo(n > 3), Dy(n > 4) and five exceptional simple Lie algebras G,, F4, Eg, E7, Eg. The second
problem has been reduced to the description of orbits of certain unipotent linear groups [7]. The first
problem is most complicated. There a marked difference is noted between the structural theory of
semisimple Lie algebras and the structural theory of solvable or nilpotent Lie algebras. Just recall that
the classification of all complex Lie algebras is obtained in dimension up to 6, and nilpotent complex Lie
algebras are classified only in dimension up to 7. In more higher dimensions there are only partial clas-
sifications as subclasses of nilpotent Lie algebras. It seems the same scheme as above occurs in Leibniz
algebras case as well. The counterpart of the problem (1) has been studied in [1,8,10-15] and others.
The problem (2) for Leibniz algebras is still remaining untouched. This paper presents a progress made
inthe problem (3). It deals with the description of some classes of semisimple complex Leibniz algebras.
All algebras considered are supposed to be over the field of complex numbers C.

2. Preliminaries
This section contains necessary definitions and preliminary results.

Definition 1. An algebra L is called Leibniz algebra if for any x, y, z € L the so-called Leibniz identity

[x, v, 21l = [[x, y1, z] — [[x, z], y]
holds true.

Every Lie algebra is a Leibniz algebra, but the bracket in a Leibniz algebra need not be skew-
symmetric.

Let L be a Leibniz algebra and I = ([x, x] | x € L) be the ideal of L generated by all squares. Then I
is the minimal ideal with respect to the property that G := L/I is a Lie algebra. The quotient mapping
7 : L —> Gis a homomorphism of Leibniz algebras.

The definition of simplicity for Leibniz algebras has been suggested by Dzhumadil’daev in [3] as
algebra L having the only ideals {0}, I and L. However, in order to eschew the solvability of L, the
reasonable definition of the simplicity must be as follows.

Definition 2. Leibniz algebra L (with [L, L] # I) is said to be simple if the only ideals of L are {0}, I
and L.

Obviously, in the case when the Leibniz algebra L is Lie, the ideal I is trivial and this definition agrees
with the classical definition of simple Lie algebra.

There were two papers so far dealing with the classification of Leibniz algebras with the quotient
algebra L/I to be a Lie algebra. In the first case in [9] the quotient algebra L/I was supposed to be
isomorphic to sk, and in the second paper [2] the authors considered the case when L/I is isomorphic
to the direct sum of s, and a two-dimensional solvable Lie algebra.

We shall make use the result of [9], where simple Leibniz algebras with the quotient Lie algebra L/I
isomorphic to the classic three dimensional simple algebra sl, have been classified. It is well-known
that the algebra sk, has a basis {e, f, h} with the multiplication table

[ev h] = Zev [fv h] = _2f7 [e7f] = h9
[h,e] = —2e, [h,fl=2f, [f.e]=—h.

Here is the result of [9] which we make use in the paper.
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Theorem 3. Let L be a complex (m-+4)-dimensional simple Leibniz algebra and let I be the ideal generated
by squares in L. Assume that the quotient L/I is isomorphic to the simple Lie algebra sl,. Then there exist

a basis {e, f, h, Xg, X1, ..., Xm} of L such that non-zero products of basis vectors in L are represented as
follows:

[e, h] = 2e, [h,f1 =2f, le.fl=h,

[h,e] = —2e, [f.hl==2f, [f.e]=—h,

[xk, h] = (m — 2k)xy, 0<k<m,

[xk, f1 = Xk41, 0<ksm—1,

[xk, el = —k(m+1 —k)xg—1, 1 < k< m.

We remind that in the paper we study Leibniz algebras L with the condition L/I = sl, & R, where
R is a three dimensional solvable Lie algebra. Here we suppose that the ideal I is an irreducible sl,-
module. The case when R is a two dimensional solvable Lie algebra has been given in [2]. It is clear that
this is the most reasonable way to get examples of semisimple Leibniz algebras.

To make the combination sl @& R we need the classification of three-dimensional solvable Lie
algebras. Such a classification can be found in [4] and it is as follows.

Theorem 4. Let R be a three dimensional solvable non-split Lie algebra. Then R is isomorphic to one of the
following pairwise non-isomorphic Lie algebras

Ri:lu,wl=u, [v,w]l=av, a#0,
Ry:[uywl=u+v, [v,w]=nwv.

Remark 5. It is observed that two algebras from the class Ry with parameters @ and «’ are not
isomorphic unless car’ = 1.

Let L be a Leibniz algebra with condition L/I = sl; @ R. Then without losing generality we may
assume that the vector space L = sl 4+ I + R has a basis

{ev hafvx()vxl» .. sxm!y1sy2! .. 7yn}1
where {e, h, f} is basis in sl, {Xo, X1, ..., X} is basis in I and {y1, y2, ..., yx} is basis in R. In fact,
if L = sl + 1+ Rthen L/l = sl & R. Further, L/I = sl, & R stands for L/ = sl @& R. As |
being an irreducible module according to Theorem 3 the products of the basis vectors {e, h, f} and
{x0, X1, ..., Xy} are represented as follows
[Xk, h] = (m — 2k)xy, 0<k<
[Xk, f1 = X1, 0<k<
[xc, e] = —k(m+1 —I)xp—1, 1 <k <

As for the composition laws for the other basis vectors, introducing notations ay;, p;, Bst and ygy
for the structure constants, we write them as follows

le.h]=2e+ 3 dyg,  [hfl=2f+ 3 dyx. [efl=h+ 3y,
]:0 ]:0 ]:O

[hel = ~2¢+ > ahox. . h1 = =2f + 3 dh. [f.el = —h+ 3 dhy;
j= j= j=

m m m
[e, yil = 2 ajx;, [f,vil = X Bix, [h,yil = 2 viix;
=0 =0 =0
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However, it is not difficult to see that, with a slight correction of the basis, the table of multiplication
for the basis vectors {e, h, f} can be written as follows (for the details we refer to [9]):

[e,h] =2e, [h,fl1=2f, [e.fl=h,
[h, e] = —2e, [f, h] = =2f, [f,e] = —h.

3. Main result

This section is devoted to the description of complex finite dimensional Leibniz algebras whose
corresponding Lie algebra is isomorphic to sl @ R, where R is a three dimensional solvable Lie algebra.
Due to Theorem 4 the solvable part R can be taken from the list given there. An observation shows that
one has to consider two alternative cases: diml # 3 and diml = 3.

3.1. Case: diml # 3.
If diml # 3, then one has the following result.

Lemma 6. Let L be a Leibniz algebra corresponding to L/l = sl, @ R, where R is the solvable ideal and I
generated by squares as an irreducible sl,-module then

[512, R] =0.
Proof. It is clear that it is sufficient to prove the statement for the basis vectors

{e7f7 h} E 512 and {y15y25 . 7yﬂ} E R'
Let us consider the Leibniz identity for the triplet {e, e, y;}. Then we get

e, [e, yill = [le, e, yil — [[e, yil, e] = —[[e, yil. e] = — > ajlx;, e]
j=0
=— D> (—mj +j( — 1)ajxji—1.
j=1

m
Since [e, [e, yill = [e, 2. ;jxj] = 0, we have oj = 0 for 1 < j < mand hence, [e, yi] = ajoXo.
j=0

Analogously, considering
0= {e7 ZIBIJXJ:| =[e’ [fv yi]]z[[eaf]’ yl] _[[ea yl]vf] = [h7 yl] _aiO[XOaf] = [hv yl] — QjpX1,
j=0

we obtain [h, y;] = ajoxq.
The equality

0 = [e, [h, yill = [le, h], yil — [le, yil. h] = 2[e, yi] — aiolxo, h] = 2ajoxo — Majoxo
= ajo(2 — m)xo,

yields ajp = 0 for m # 2. Therefore, [e, y;] = [h, y;] = 0.
Consider the identity

0= [fv [ed’i]] = [[f’ e]syi] - [[f’.yi]s e] = _[hs }’1] - [[fs Yi]7 e] = _[[fs yi]v e]
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m

=—> Bilx, e] = = D (—mj +j( — 1) Byxj1.

j=0 j=1

This implies B = 0 for 1 < j < m, as aresult we get [f, yi] = BioXo.
From the identity

0 =I[f, If, yill = lIf. f1. yil — [If, yil, f1 = —IIf, yil, f1 = —Biolxo, f1 = —Biox1,
we obtain [f, y;] = 0. Therefore, [e, y;] = [f, yi]l = [h,y;] = 0. O

The following proposition describes Leibniz algebra structures on vector space L with the conditions
L/I=sl, ®RandR = R;.

Proposition 7. There exist a basis {e, h, f, xo, X1, . .., Xm, U, V, W} in L such that the non-zero Leibniz
brackets on L are given as follows

[e, h] = 2e, [h, f1=2f, le.fl=nh
[h, e] - _267 [fa h] = _2f7 [fv e] = -
[xk, h] = (m — 2k)xy, 0<k<m,
[Xk, f1 = Xpeg1, 0<k<m—1,
[xk, el = —k(m+1 —k)xp—1, 1 < k< m,
[w, e] = io dhe, w,fl= 3 dyx, [w, h] = z d %,
Jj= Jj=0 j=
[u,w] =u, [w,u] = —u, [v, w] = av,
[w, v] = —av, [w,w] = Z a’wxj, [xi, w] = ax;, 0 <i < m.

where m = diml — 1 and the omitted products are zero.

Proof. As it was mentioned above the products in the subspaces [sl, sl>] and [I, sl ] have the form as
the table of multiplications in Theorem 3. In addition, for the cases [R, sl>], [I, R] and [R, R] we put

[u,e] = % e, [v.e] = % @hex;, [w,e] = % e,

[uvf] alfx]» [vsf] a]ij, [va] alfx]»

[u, h] = a’ ! i [v, h] a’ ) nXis [w, h] = a’ i

[xi, u] = a’ X, [xi, v] = a’ X [xi, w] = a’ ! iXis

[, u] = z a’uxj, [u,v] = z cﬂuvxj, (W] = u+ 3 d.
j=0 j=0 =0

[v,ul = 3 dhux;, vl = 3 a,x;, v, w] = av+ 3 dhx;,
j=0 i

w,u] = —u+ % a’\',vuxj, [w,v] = —av + Z a’w‘,x], [w,w] = % a’;,l,xj.
=0 j=0

Taking the following change of basis

m m
, , ,
=u—> d,x, V=av—> d,x,
=0 j=0
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we obtain

[u,wl =u+ Za{lwxj, [w, u] = —u,

m
[v,w] =av+ z a’;,wxj, [w, v] = —av.
Jj=0

Consider the following equalities
[xi, [h, ull = [[x;, h], u]l — [[x;, ul, h] = (m — 2D)[x;, u Z aki[x, h

=(m—2i) > aixx — Z ay;(m — 2k)xg = Z ak.(m — 2i — (m — 2k))xg
k=0

k=0

m
=" 2a(k — i)x.

On the other hand, due to Lemma 6 we get [x;, [h, u]] = 0. So, a’f,i = 0 fori # k, which implies

[xi, u] = ai”»xf. In order to simplify the notation we shall write a,; instead of ai”». By using the similar
relations as above for [x;, [h, v]] and [x;, [h, w]] we get

[Xi, vl = avixi,  [xi, w] = awix;.
In virtue of the identity
[xi, [u, wll = [[xi, ul, wl — [[x;, w], ul = [auixi, w] — [awiXi, U] = GuiGwiXi — AwidyiXi = 0,
bearing in mind
m
i, [, wil = [ xi,u+ > abxi | = [, ul,
k=0
we obtain [x;, u] = 0.
By applying the similar identity as above for [x;, [v, w]] we get [x;, v] = 0.
The identity
0= [xi, [w, e]] = [[xi, w], e] — [[xi, e], w] = awilxi, e] — (=mi +i(i — 1))[xi—1, W]
= ayi(—mi+i(i — 1))xi—1 — aw,i—1(—mi + i(i — 1))Xj—1
= (—mi+i(i — 1))(aw; — Ay, i—1)Xi—1,

implies ay; = aw,i—1 = a, thatis [x;, w] = ax;, where 0 < i < m. Therefore, we obtain the only
non-zero products [x;, w] = ax; for [I, R].
Let us now treat [R, R]. Consider the identity

(lu, ul, f] = [u, [u, f1] + [[u, f], { Z fXJ:| LZ fXJ’:|

Due to
m m—1
([u, ul, f1 =D d,[x.f1= D dxj1,
j=0 j=0

along with @} = 0 forj # m we get [u, u] = aMxpm.
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Therefore, with regard for the identity
0 = [u, [u, h]] + [[u, h], u] = [[u, u], h] = ay'[Xm, h] = —may'xm,

we obtain [u, u] = 0.

Analogously, by using the Leibniz identity for [[v, v], f] and [[v, v], h] as above it is easy to see that
[v,v] =0.

Further, due to the identity

m

0=1[v, [u, fI+[lv, f1, ul = [Iv, ul, {1 = " &}, [x:, /1 = z uXj+1s

j=0
we get a"‘,u = 0 forj # m, which gives [v, u] = aj X
The identity
0 = [v, [u, h]] + [[v, h], u] = [[v, ul, h] = a} [xm, h] = —ma}; xm,
gives [v, u] = 0.
Applying again the Leibniz identity to [[u, v], f] and [[u, V], h] it is easy to see that [u, v] = 0.
It is observed that, from the chain of the following equalities
0= [w, [u, e]] + [[w, e], u] = [[w, u], e] = —[u, €],
0 = [w, [u, f11 + [[w, f1, u] = [[w, ul, f]1 = —[u, f,
0 = [w, [u, h]] + [[w, ], u] = [[w, u], h] = —[u, h],
0= [w, [v, ell + [[w, e], v] = [[w, v], e] = —a[v, €],
0= [w, [v,fIl + [Iw, f1, v] = [[w, v]. f] = —a[v, f],
0 = [w, [v, h]] + [[w, h], v] = [[w, v], h] = —«a(v, h],

we obtain [R, sl;], as:
[u,e] = [u, f] = [u, h] = [v, e]—[Vf]=[v h]=0
e] = ZG";Vexj, [w, f] = Z fx], [w, h] Z whXis
j=0

To finish the proof of the proposition it is sufficient to derive the products

[u,w] = u, [w, u] = —u, [v, w] = av,
[w,v] = —av, [w,w] = % a’;,vxj.
=0

Owing to the identity

0 = [u, [w, f1l + [[u, f1, wl = [[u, w], f] = [u, f] + Z Il f1= Z @ X1,
j=0
we get a’,:lw = 0 forj # mand this implies that [u, w] = u + aj, Xmn.
The identity
0 = [u, [w, hl] + [[u, h], w] = [[u, w], h] = [u + @y, Xm, h] = —maj,Xm,
gives [u, w] = u.
Analogously, from [[v, w], f] and [[v, w], h] one gets [v, w] = av. O
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Let now R be isomorphic to Ry. Then one has

Proposition 8. Let R be isomorphic to Ry and diml # 3, then there exists a basis {e, h, f, xg, X1, . . .
Xm, U, v, W} of the vector space L such that the Leibniz algebra structure on L is defined as follows

le, h] = Ze, [h, ] = 2f, le,f1=h,
[h, e] = —2e, [f, hl = =2f, [f.el=—
[xk, h] = (m — 2k)xy, 0<k<m,

[xk, f1 = Xk+41, 0<k<m—1,

[xk, €] = —k(m+ 1 — k)xg—1, 1 < k < m,

[w, e] = §0 dhex;, [w, f] = i a2, [, h] = z d %,
j= j= j=
[u,wl =u+v, w,ul=—-u—v, [v,w]=v,
[w,v] = —v, [w, w] = % a’{,vxj, [xi, W] = ax;, 0 < i< m.

j=0
where m = diml — 1 and the omitted products are zero.

Proof. The compositions [sl, sl;] and [I, sl;] are obtained similarly to that of Proposition 7 and
Theorem 3, respectively. To describe [R, sl,], [I, R] and [R, R] we suppose that

[u7 e] = g‘; alll.lexja [Vs e] = g‘, a(/exj, [Ws e] = E‘, a{/vng,
Jj=0 j=0 j=0
[1.f1= 3 dy, [v.f1= 2 dlgy, [w, f] = i d .
j= j=
[,k = 3. ds. [v, h] = ﬁ d, [w, h] z d
]:
[xi, u] = .Z ., [xi, v] = Z x;, [xi, w] = Z a,x;,
J=
[uv u] = % (ILX]', [ua V] = z aluvxj’ [u7 W] =u + v + g aJIIJWXj’
=0 =0 =0
voul=3 B, vov]=3 a,x;, vowl=v+ 3 Do),
=0 =0 =0

m ; m ; m .
wul]=—-u—-v+ > (Ilwqu, [w,vl]=—v+ > alwvxj, [w,w] = X (IIWX]'.
j=0 j=0 j=0
Taking the change of basis
U=u—>dx+> dx vV=v-> d.x,
j=0 j=0 j=0

we derive
w,ul=—-u—v, [w,v]=—v.

Analogously to the proof of Proposition 7 applying the Leibniz identity to [x;, [h, ull, [x;, [h, v]]
and [x;, [h, w]] we get

[xi, u]l = ayixi,  [xi, v] = ayixi,  [x;, w] = apix;.
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Due to the identities

[xi, [v, wll = [[x;, v], w] — [[x:, w], v] = ayilxi, w] — awilx;, v] = aviawiXi — awiayix; = 0,
[xi, [v, w]] = {xi, vt ﬂ’;wxj} ;
j=0

we obtain [x;, v] = 0.
Consider the identity

[xi, [u, wl] = [[x;, ul, w] — [[x;, w], u]l = [auixi, w] — [awiXi, u] = auiawix; — awiayx; = 0.

By virtue of the relation

k=0

[xi, [u, w]] = |:Xi, ut+v+ aﬁka} =[x, ul,

we obtain [x;, u] = 0.
In such a way as in the proof of Proposition 7 considering the Leibniz identity for [x;, [w, e]],

[u, [u, f11, Tu, [u, k11, Tv, [v, 11, [v, [v, h1D, Tu, [v, F11, Tu, [v, R, [, [u, f11, v, [u, h]] we have
[xi, w] = ax;, [u,u] =0, [v,v] =0, [v,u] =0, [u,v] =0.
Applying the Leibniz identity for
([w, ul, el, [lw, ul, f1, [fw, ul, h], [[w, v], el, [[w, v, f1, [[w, v], hl,
we obtain

[u,e] = [u,fl =1[u,h] =[v,e] = [v,f]=[v, h] =0,
[w, e] = Za";vexj, [w, f] = Za"‘,vij, [w, h] = Za{mhxj,
Jj=0 j=0

=0

To end the proof of the proposition it is required to derive the following products

[u,wl=u+v, [w,ul=—-u—v, [v,w]=v,
wovl=—v, [w,wl=3 dx.
j=0

From the identity
m. m—1 .
0= [u, [w, fI1 + [[u, f1. wl = [[u, W], f1 = [+ v, f1+ D dp [xk, F1 = D dyXig1,
=0 =0

we have a’,',,w = 0forj # mandso [u, w] = u+ v+ aj, xp.
The identity
0 = [u, [w, h]] + [[u, h], w] = [[u, w], h] = [u + v + @y, Xm, h] = —may, xm,
gives [u, w] = u 4+ v.
Analogously from [[v, w], f] and [[v, w], h] we can get [v, w] = —v. O

The following theorem describes the Leibniz algebras L whose quotient L/I is isomorphic to sl &R,
where R is a three dimensional solvable Lie algebra and diml # 3.
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Theorem 9. Let L/l = sl, @ R, dimR = 3 and diml # 3. Then L is isomorphic to one of the following
pairwise non-isomorphic algebras:

Li(a,a) : [e, h] = 2e, [h, f] = 2f, le,f1=h,
[h,e] = —2e, [f.hl==2f, [f.e]=—h,
[xk, h] = (m — 2k)xy,
[xk, f1 = Xk41,

[Xk, e] = —k(m + 1 — k)xk—1, 1

[u,w] =u, w,u] = —u, [v,w]=av,
[w,v] = —av, [xi, w] = ax;, o<is<m.
Ly(a) : [e, h] = 2e, [h, f] = 2f, le, f1=h,
[h, e] = —2e, [f, hl = —2f, [f, el = —h,
[X, h] = (m — 2k)xi, 0<ks<sm,
[xk, f1 = Xk41, 0<ksm—1,
[xk, el = —k(m+1—k)xg—1, 1< k<m,
[u,w] =u+v, w,u] = —u—v, [v,w] =v,
[w,v] = —v, [xi, w] = ax;, og<i<m.

where m = diml — 1 and the omitted products are zero.

Proof. Let L be an algebra satisfying the conditions of the theorem. According to Propositions 7 and 8
there are two classes such of algebras.

Case 1. Let R be isomorphic to Ry, then there exists a basis {e, h, f, xg, X1, . . . , Xm, U, v, w} of L such
that the table of multiplications has the form:

[e, h] = 2e, [h, f]1 = 2f, le,f1=nh,
[h, e] = —2e, [f, h] = —=2f, [f,el =—h,
[Xk, h] = (m - Zk)Xk, 0 g k < m,
[kaf]:Xk-Flv ngém—l,
Xk, e] = —k(m +1 —k)xp—1, 1 <k <m,
m m . m

(w, el = Y awex;, W, f1= 3 dyx, [w, hl = 3 d,x;,

=0 j=0 j=0
[u7 W] = u’ [W7 u] = _u7 [V, W] = (XV,

m .
w,v] = —av, w, wl = ¥ dyx, [x,w]=ax;, 0<i<m.
=0

where the omitted products are zero.
It is needed to show that [w, e] = [w, f] = [w, h] = [w, w] = 0.

m
Let a # 0, then taking the change of basis, W = w — Y %ij it is not difficult to see that
=0
W, w]=0.
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By means of the identity

0 = [w, [w, h]] = [[w, w], h]—[[w, h], w] = —[[w, h], W]——Z h[xj,W]

Jj=0

wehavea’;,vh =0foro<j<m
Analogously from the identities

0= [w, [w,f1] = [[w, w], f] = [[w, f], w] = Z f[x],WJ Z fax],

0= [w, [w, el] = [[w, ], e] = [[w, e], w] = — Za%ve[x;, wl=— Za&v

we obtain a";vf = 0and a{,ve =0for0<j<m
Therefore we get the restrictions
[w,e] =[w,f]=[w,h] =[w,w] =0 for a#0.
Let a = 0. Then from the identity
(w, [w, f1] = [lw, w], f] — [Iw, f], wl,

we have

m

0= alw Xjaf] ZGIX]+17

j=0

which implies @, = 0, 0 <j < m — 1. Hence [w, w] = ayxm.
In accordance with the identity
0= [Wv [Wv h]] - [[W? W]v h] - [[Wv h]’ W] - aw[xma h] == _mavmvxma
we obtain aj;, = 0, which implies [w, w] = 0.
Applying the change of basis
1
=w— —_— X,
=i +1(1 -1

we obtain

/ e
R T

m al\'/v_el
=[w,e]—>

j=1 _mj +](] - ])

[x;, e]

(=mj +j( — D)xj—1

m m m m—1
Z Z Xf—l = zalwexf - Z yeX
j=0 j=1 j=0 j=0

So, we can suppose that

[w, e] = ajpxm, [w, h] = Z wiXis (W, f1= Z fx]

e 0Xj s

2219
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Considering the identity

[, e, h]] = [[w, e], h] — [[w, hl, e] = all[xm, h] — X" d,,[x. e]
Jj=0

m .
= —maﬁexm - zalwh(_mj +J0 — 1))xj—1
j=1

and taking into account [w, [e, h]] = 2[w, e] = 2a},x;;, we find alj, = 0 and a’;,vh =0, forj # 0.
m .
Hence, [w,e] = 0, [w, f] = 3. a’wij, [w, h] = %, xo.
j=0

The identity

[w. le. /1 = [[w, e]. fl — [w. f1. e] = — > @l el = — > o (—mj + G — 1)1
j=0 j=1
= may,Xo — Za";vf(—mj +JG = 1D)xj-1,
=

along with [w, [e, f]] = [w, h] = aa,hxo gives aa,h = ma‘l,vf and a’\;vf = 0 wherej > 2. Therefore,

[w, f] = aevfxo + a\l,vfxl.
The identity
—2[w, f] = [w, [f, h]] = [[w. 1. h] — [[w, h], f] = [yxo + alpx1, h] — mals[xo. f1.
implies

—2a9vfxo — 2a3\,fx1 = maa,fxo + all,vf(m —2)x1 — ma,}vfxl,

(m+ 2)08va0 =0= a‘(,)vf =0.

Hence, [w, f] = a‘]fo1 and [w, h] = ma,}vfxo.
It is not difficult to see that applying the change of basis

w=w-— asvfxo,
we get
W, f1 = [w.f] — ayslx0. f1 = a1 — ajxy =0,
[w', h] = [w, h] — a‘}vf[xo, h] = ma‘l,vfxo — ma‘l,vfxo =0.
Hence,
[w,e] = [w, f] = [w, h] = [w,w] =0.

Case 2. Let R be isomorphic to Ry, then according to Proposition 8 there exists a basis {e, h, f, xo, X1,
..., Xm, U, v, w} in L with the following table of multiplications
[e, h] = 2e, [h,f1=2f, [e.fl=nh,

[ha e] = —2@, [fa h] = _zfa [f7 e] = _ha
[xk, h] = (m = 2k)xk, 1 < k< m,
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[Xk, f] = Xpr1, 0<k<m—-1,
[xk, e] = —k(m + 1 = k)x¢—1, 1 <k < m,

Mﬂ=immwmm=%
J:

j=0
[w,ul = —-u—v,

m .
[w,e] = Z%) alwexj, whj
J:

[u,wl=u+v, [v,w]l=v,

m .
w, v] = —v, w, w] = 3 duxj, [xi,w]=ax;, 0<i<m.
=0

where the omitted products are zero.
The details are similar to that of Case 1. As a result we get the class L. It is easy to see that for the
different values of the parameter a one gets non-isomorphic to each other algebras. O

Remark 10. Two algebras from the class L; with parameters o and o« are not isomorphic unless
!
aa’ = 1.

3.2. Case: diml = 3.

Let L/l = sl; @ R, where dimR = 3 and diml = 3.

Again we distinguish two cases:

Let first R be isomorphic to R;. Considering the Leibniz identity we obtain the following table of
multiplication

[e, h] = 2e, (h,f1=2f, le.fl1=nh,

[h,el = —2e, [f,hl=-2f, [f.el=—h,

[x1,e] = —2x0, [x2, €] = —2x1, [x0,f] = X1,

[x1,f1 =%2,  [X0,h] = 2xo, [x2, h] = —2x,

le.ul = yixo, [f.ul = 3yixze, [h,ul = yixq,

le, vl = yaxo, [f.v]= 312%2, [h,v] = yax1, w
le,w] = ysx0, [f,w] = 33%, [h, W] = y3x1,

[u, w] = u, [v, w] = av,

[w,u] = —u, [w,v]=—av,

[0, w] = Oxo,

with the constraints

yi(1—0) =0,

[X1, w] = 0x1, [x2, W] = Oxy,

y2(e —6) =0.

Denote this class by L(y1, 2, ¥3, 6, a). Then one has

Theorem 11. Let L/l = sl, @ R, diml = 3, dimR = 3 and R be isomorphic to Ry. Then L is isomorphic to
one of the pairwise non-isomorphic algebras:

L4(1,0,0,1,c0), [(0,0,0,0,), [3(0,0,1,6, ).
Proof. LetL be an algebra satisfying the conditions of the theorem. Then as has been mentioned above

the table of multiplication of L is written as (1) with constraints
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(1 —60)=0, y(e—0)=0.
Case 1. Let 1 # 0, then & = 1. Taking the change of basis

1 V2 V3
V=—u vV=—"2u4v, W =—"2u+4+w,

4! N N

we obtain y, = y3 = 0and y; = 1. Therefore, we get L1(1, 0, 0, 1, ).
Case 2. Let y; = 0, then we have (¢ — 6) = 0.
Case 2.1. Let y» # 0, then & = «. Applying the change of basis

u’:lv, vV =u, W/=—£V+1W,
Y2 ay?2 o
one can get
le,u']=xo, [f.u']=1x [hu]=x,
[e,v]1=0, [f,v]1=0, [hV]=0,
[e,w]=0, [f,w]=0, [hw]=0,
[

[x0. W'l =xo, [x1, W] =2x1, [x2, W] =x.

Therefore, in this case L is written as L1(1, 0, 0, 1, o).
Case 2.2. Let y» = 0. If y3 = 0, then we have [,(0, 0,0, 6, «).
If 3 # 0, then taking the change of basis

X6 = V3Xo, Xg = V3X1, X; = V3X2,
we obtain L3(0, 0, 1, 6, «).
The conditions
L1(1,0,0,1, ) : [sly, R] # 0, [sly, R*] # 0,
[,(0,0,0,0, ) : [sl,,R] =0, [sl,, R*] =0,
[3(0,0,1,0, ) : [sly, R] # 0, [sl,, R*] = 0.

show that the algebras L — L3 are not pairwise isomorphic. [

From Remark 5 it follows that if ¢’ = 1, and '« = 0 then the corresponding two algebras from
the class L, are isomorphic. The analogous condition is true for algebras from the class L3.

Let us now consider the case when R is isomorphic to R, and diml = 3.

Using the Leibniz identity we find

[e, h] = 2e, [h, f1=2f, le, f1=h,

[h, e] = —2e, [f,hl=—=2f,  [f,el=—h,
[x1, e] = —2xo, [x2,e] = =2x1, [0, f] = x1,
[x1,f]1 = xa, [xo0, h] = 2xo, [x2, h] = —2x3,

[e, u] = aqxq,
[e, v] = aaxo,
[e, w] = as3xo,

[0, w] = Oxo,

1

[f, ul = 12,

[f, vl = Jaaxs,
1

[f, wl = Jasx,,

[x1, w] = 0xq,

[h, u] = ayx1,
[h, v] = aoxq,
[h, w] = a3x1,

[x2, w] = 0%y,

[u, e] = Bixo + Pox1. [u.f1 = —1Bixa, [u, h] = Boxa,
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[v, el = Bsxo + Paxi, [v.fl = —5B3x2, [v, h] = Baxa,

[w, e] = Bsxo + Pax1, [w, f1 = —3Bsxa, [w, h] = Baxa,
[u,wl=u+v+yixi +yx2, [v,wl=v+ysx1 + yaxa, (W, w] = ysx1 + ysx2
[w,u] = —u — v+ ysx1 + y6x2, [W,v] = —v + yox1 + yioX2,

Applying the change of basis u’ = u + %/fhxl + %ﬁzxz we find

(v, e] = [u + lﬁm + 1ﬁzXz 6] = [u,e] + 1ﬁ1 [x1, e] + 1/32[Xz el
’ 2 2 ’ ’ 2 ’ 2 ’
= Bixo + Box1 — B1xo — Pax1 =0,
1 1 1 1
[, f1=[u,fl+ 5,31[th] + Eﬁz[xz,f] = —5,31X2 + Eﬂlxz =0,

1 1
(v, h] = [u, h] + 5/31 [x1, h] + Eﬂz[xz, h] = Baxa — Boxa = 0.

Hence [v/,e] = [v/,f] = [v/, h] = 0.
Similarly taking the change of basis

1 1 1 1
vVi=v+ 5,33X1 + 5/‘34X2, w=w+ 5,35X1 + Eﬁzxz,

we obtain [V, e] = [V, f] = [V, h] = [w,e] = [/, f] = [W/, h] = 0.
Using the Leibniz identity we get

[u, [e, w]] = [[u, e]l, w] — [[u,w],e] = y1=%2=0

[v,[e,w]] =[[v,el,w] —[[v,w].e] = y3=ya=0

[w, [e,u]l = [[w,e],u] — [[w,ul,e] = ys=y=0

[w, [e,v]] = [[w, e],v] — [[w,v],e] = y7=y3=0

[(w, [e, w]] = [[w,e],w] — [[w,w],e] = y9=1y10=0

Therefore, we obtain the class of algebras with the table of multiplications as follows

[e, h] = 2e, [h, f1=2f, le,f1=h,
[h,e]l = =2e, [f,hl=—=2f, [f,el=—h,
[x1,e]l = —2xo, [x2, €] = —2x1, [x0,f] =x1,
[x1,f1 =% [x0, h] = 2x0,  [x2, h] = —2x;,
le,u] = arxo,  [f,ul = ja1xa, [hu] = aaxy,
le.v] = aoxo, [f.v] = joaxa, [h,v] =axi,

1
[e, w] = asxo, [f,w] = 5a3x3, [h, w] = a3xq,

[xo, w] = 6x0,  [x1, W] = 0x1, [x2, w] = 6x3,
[u,wl=u+v, [v,w]=v,
[w,u] =—u—v, [w,v] = —v,

where

a1(1—0)=0, a+oy—ao160=0. (2)
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This class of algebras is denoted by G(«q, a2, a3, 0).
It is obvious, that due to the constraints (2), we get @y = 0 and o1 (1 — 6) = 0.

Theorem 12. Let L/l = sl, @ R, diml = 3, dimR = 3 and R be isomorphic to Ry. Then L is isomorphic to
one of the following pairwise non-isomorphic algebras:

G1(1,0,0,1), G2(0,0,0,0), G3(0,0,1,6).

Proof. Case 1. Let ¢y # O then & = 1. Taking the change of basis
/ 1 ’ / a3
U=—u v=v, w=w-——u,
aq (031

wegeta; = 1,3 = 0, i.e,itisG1(1,0,0, 1).
Case 2. Let a1 = 0. If w3 = 0, then we have G,(0, 0, 0, 6).
If a3 # 0, then taking the change of basis

/ ’ /
Xo = 03Xp, X; = 0{3X1, Xy = ({3X2,

we get G3(0,0, 1, 6).
The conditions

G1(1,0,0,1) : [sh, R] # 0, [sh, R?] # 0,
G2(0,0,0,0) : [shh, Rl =0, [sh,R*] =0,
G3(0,0,1,6) : [sl,R] # 0, [sk,R?] =0.

imply that the algebras G; — Gs are not pairwise isomorphic. [J

Table 1
List of Isomorphism classes with representatives.
diml =3 diml # 3
L1(1,0,0,1, )
Ry [5(0,0,0,06, )
[3(0,0,1,0, )
Ly (e, @)
G1(1,0,0,1)
R2 GZ<O, 0; 0, 9)
G3(0,0,1,06)
Ly(a)

Table 1 presents the list of isomorphism classes of complex Leibniz algebras with L/I isomorphic
to the direct sum of sl, and a three-dimensional solvable Lie algebra.

Remark 13. For some computations in the paper we used the Mathematica software.

e We have double checked by using the Mathematica software that the algebras from Theorem 9 in
low dimensional cases for different values of the parameter a are not isomorphic to each other.
e [n finding the table of multiplications (1) we used the Mathematica software.

® On the page 2223 to show that y; = 0, fori = 1,2, ..., 10 also a computer program has been
used.
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3.3. The computer program

2225

In this section we provide a computer program that checks if two algebras from Theorem 9 are iso-
morphic. The structure constants of the given algebras are denoted by ali,j, k] and bl[i,j, k],
respectively. Here is a block scheme for the program which is followed by the program in Wolfram

Mathematica 7.

INPUT
The common dimension of the algebras.

j°

The structure constants of the algebras: af,‘ . bfj

!

Solve system of equations
with respect to elements
of the transition matrix

Check the solutions
for non singularity

no

yes

OUTPUT OUTPUT
The algebras are The algebras are
not isomorphic. isomorphic.
dim = 8; (*Dimension of the algebra*)
changebasis = Tablelc[i, j], {i, 1, dim}, {j, 1, dim}];
firstalgebra =
Tablelali, j, k], {i, 1, dim}, {3j, 1, dim}, {k, 1, dim}];
secondalgebra =
Table[b[i, j, k1, {i, 1, dim}, {j, 1, dim}, {k, 1, dim}];
(*First Algebra*)
For[i = 1, i \[LessSlantEqual] dim, i++,
For[j = 1, j <= dim, Jj++,
For[k = 1, k \[LessSlantEqual] dim, k++,
ali, j, k] := 0111;
all, 3, 11 = 2; al3, 2, 2] = 2; all, 2, 3] =1; al3, 1, 11 = -2;
al2, 3, 21 = -2; al2, 1, 31 = -1; al7, 3, 7] =1; al8, 3, 8] = -1;
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al7, 2, 8] =1; al8, 1, 71 = -1; al4, 6, 4] = 1; al4, 6, 5] = 1;
al6, 4, 4] = -1; al6, 4, 51 = -1; al[5, 6, 5] = 1; al6, 5, 5] = -1;
al7, 6, 71 = 1; al8, 6, 8] = 1;
(*Second Algebra*)
For[i = 1, i \[LessSlantEqual] dim, i++,
For([j = 1, j <= dim, Jj++,
For[k = 1, k \[LessSlantEqual] dim, k++,
bli, j, k]l := 0]11;
bl1l, 3, 1] = 2; b[3, 2, 2] = 2; b[1l, 2, 3] =1; b[3, 1, 1] = -2;
b[2, 3, 2] = -2; b[2, 1, 3] = -1; b(7, 3, 7] =1; b[8, 3, 8] = -1;
b(7, 2, 8] = 1; b[8, 1, 71 = -1; bl4, 6, 4] = 1; b4, 6, 5] = 1;
b[6, 4, 4] = -1; b[6, 4, 5] = -1; b5, 6, 5] =1; b[6, 5, 5] = -1;
b[7, 6, 7] = 2; b[8, 6, 8] = 2;
For[i = 1, i <= dim, i++,
For[j = 1, j <= dim, j++,
For[k = 1, k <= dim, k++,
expression([i, j, k] := \!I\(
\*UnderoverscriptBox [\ (\ [Sum]\), \(s = 1\), \(dim\) ]\ (
\*UnderoverscriptBox [\ (\ [Sum]\), \(m = 1\), \(dim\)I\((c[i, m]*
clj, sl*alm, s, kI)\)\)\) - \!\(
\*UnderoverscriptBox [\ (\ [Sum]\), \(p = 1\), \(dim\)I\(clp, kI*

bli, J, pI\)\)1]]

(*solve system*)
system =
Union[Select[
Flatten[Tablel[
expression(i, j, k], {i, 1, dim}, {j, 1, dim}, {k, 1, dim}]1, !
NumberQ [#] &]1;

equations =
Map[ (# == 0) &, GroebnerBasis[system, Flatten[changebasis]]];
Off[Solve::"svars"]; Off[Solve::"verif"];
listsol =
Union[Solve[
Reduce[Union[equations, {c[l, 1] \neqg 0}], Flatten[changebasis]],

Flatten[changebasis]]];

(*we compute the determinant of all solutions*)
For[u = 1, u <= Length[listsol], u++,
matriz[u_Integer] :=
Simplify[Tablel[c([i, j], {i, 1, dim}, {j, 1, dim}] /. listsol[[ull]
1;

For[u = 1, u <= Length[listsol], u++,
determinant [u_Integer] := Det[matriz[ulll;

For[u = 1, u <= Length[listsol], u++,
If[! NumberQ[determinant[u]] || determinant[u] \neg O,
Print["Isomorphic Algebras"], Print["NonIsomorphic Algebras"]]]
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