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DECOUPLING OF MIXED METHODS BASED ON GENERALIZED
HELMHOLTZ DECOMPOSITIONS*
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Abstract. A framework to systematically decouple high order elliptic equations into a combina-
tion of Poisson-type and Stokes-type equations is developed. The key is to systematically construct
the underling commutative diagrams involving the complexes and Helmholtz decompositions in a
general way. Discretizing the decoupled formulation leads to a natural superconvergence between
the Galerkin projection and the decoupled approximation. Examples include but are not limited to
the primal formulations and mixed formulations of the biharmonic equation, fourth order curl equa-
tion, and triharmonic equation. As a byproduct, Helmholtz decompositions for many dual spaces
are obtained.
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1. Introduction. We shall develop a framework to systematically decouple high
order elliptic equations into a combination of Poisson-type and Stokes-type equations.
The key is to systematically construct the underling commutative diagrams involving
the complexes and Helmholtz decompositions in a general way.

Differential complexes and corresponding Helmholtz decompositions play a funda-
mental role in the design and analysis of mixed finite element methods. Among many
others, the de Rham complex for the Hodge Laplacian and the elasticity complex
for the linear elasticity are two successful examples [4, 5]. A direct and useful result
of a differential complex is the Helmholtz decomposition. With this decomposition,
the kernel spaces of differential operators involved in the complex are characterized
clearly. The generalized Helmholtz decomposition of Banach spaces presented in this
paper can be regarded as a generalization of the well-known Helmholtz—Hodge de-
composition in [4]. The Helmholtz—Hodge decomposition is L?-orthogonal, while the
generalized Helmholtz decomposition is a direct sum but not necessarily orthogonal.
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Our approach is based on the following diagram:

x X x
U
(L.1) 0 p-don d. oy 0
o
Iy

YV
where the isomorphisms Jx and Jy are the inverses of the Riesz representations, and
the rest of the linear operators are all continuous but not necessarily isomorphic. The

middle complex is exact, i.e., ker(d) = img(d~), d is surjective, and d~ is injective.
A stable Helmholtz decomposition can be derived from (1.1):

(1.2) Y=d PollsllyV.

By finding the specific diagrams of (1.1), we recover several well-known Helmholtz
decompositions and discover many new Helmholtz decompositions. In particular, we
obtain Helmholtz decompositions for many dual spaces. We summarize the details of
these Helmholtz decompositions in Table 1.

TABLE 1
Ezamples of Helmholtz decomposition generated from (1.1)—(1.2).

Hilbert space Helmholtz decomposition Refs.
L?(Q) in 2D and 3D VHI(Q) &t cwtl HI(Q) [4, 29, 18]
H~1(Q) in 2D VL3(Q) &t A(curl H3(Q)) [45]
H~1(div,Q) in 2D VHL(Q) @ curl L2(Q) [14]
H~1(divdiv,;S) in 2D Ve x HY (O R?) @ wHH(Q) [40]

H(divdiv,;S) in 2D
H~2(rotrot,2;S) in 2D
H~2(div?,Q) in 2D
H~1(div,Q) in 3D
H~1(curl,Q) in 3D
H(curlcurl, (K§)') in 3D

Ve x HY (Q;R?) @ mA~TL2(Q)
eL?(;R?) @ curl curl HZ(Q)
symcurlH!(;S) & EVHZ(Q)
VH(Q) @ curl L2(2;R3)
VL3(Q) @ curl Ho(curl, )
spn~! skw HO(div, devsym) ® K§

section 2.4
section 2.5
section 2.7
section 2.2
section 2.3

section 2.6

An abstract two-term mixed formulation based on the commutative diagram (1.1)
is as follows: given g € ¥/ and f € V| find (o,u) € X x V such that

(1.3) (o,7)x + {dr,u) = (g, 7)
(do,v) = (f,v)

Under the assumption that the norm equivalence

VT1ey,
YoveV.

(1.5) 7% = 175 + lldr]ly ¥ 7eD
holds, the mixed formulation (1.3)—(1.4) is well-posed. Indeed, d is surjective from
the commutative diagram (1.1), and the norm equivalence (1.5) can guarantee the
continuity of the bilinear forms and the coercivity of (-,-)x/ on ker(d).

To discretize the inner product (o, 7)x/, we introduce ¢ = J)_(ltf € X and obtain
an equivalent but unfolded three-term formulation: find (¢, u,0) € X x V' x ¥ such
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that

(1'6) (¢7¢)X - <0a d'v + ¢> = —<f7’l)> v (w’v) € X X ‘/7
1.7 (du+¢,7)={(9,7) VTEX

Equation (1.6) is a combination of (1.4) and ¢ = Jx'o, and (1.7) follows from (1.3)
and ¢ = Jx'o.

Applying the Helmholtz decomposition (1.2) to the unfolded formulation (1.6)—
(1.7), we obtain a decoupled formulation: find w,u € V, ¢ € X, and p € P/ker d~
such that

(1.8) (w,v)y = (f,v) Yvev,
(1.9) (9. ¥)x = (d7p,¥) = (Usllyw,¥) Ve X,
(1.10) (d7q,9) = (g, d7q) Vg€ P/ker d,
(1.11) (u,x)v = (9 — ¢, IsIlvx) VxeV.

The middle system (1.9)—(1.10) of (¢, p) is now a Stokes-type system, and (1.8) and
(1.11) are usually Poisson-type equations depending on the inner product (-,-)y .
By finding the underlying complexes, we recover some recent results on the de-
coupling of
e the HHJ method for the plate problem into two Poisson equations and one
linear elasticity problem [40];
e the primal formulation of the biharmonic equation in two and three dimen-
sions into two Poisson equations and one Stokes-type equation [36, 38, 27];
e the primal formulation of the fourth order elliptic singular perturbation prob-
lem into two Poisson equations and one Brinkman problem [27];
e the primal formulation of the fourth order curl equation into two Maxwell
equations and one Stokes equation [52].
Moreover, we can get new decouplings by using the framework developed in this paper;
for example, we decouple
e the mixed formulation of the fourth order curl equation into two Maxwell
equations and one mixed formulation of the Poisson-type equation in sec-
tion 3.5;
e the primal formulation of the triharmonic equation in two dimensions into
two biharmonic equations and one tensorial Stokes equation in section 3.6;
e the mixed formulation of the triharmonic equation in two dimensions into two
biharmonic equations and one tensorial Poisson-type equation in section 3.7;
e the mth harmonic equation into two (m — 1)th harmonic equations and one
tensorial Stokes-type equation in section 3.6.

Compared to the original formulation, it is much easier to construct conforming
finite element spaces for the decoupled formulation, since the order of the system
is reduced and the finite element methods for the Stokes equation and the Poisson
equation are well developed. We shall also show a natural superconvergence between
the Galerkin projection and the approximation based on the decoupled formulation.

We are motivated by the pioneering work of such decoupling for the Reissner—
Mindlin plate model [14], which has existed since the 1980s, and a recent decomposi-
tion for the HHJ formulation of the Kirchhoff plate model [40, 47] and the biharmonic
equation in three dimensions [46]. Results can be also found for the primal formula-
tion of biharmonic equations [36, 38, 27], the primal formulation of the fourth order
curl equation [52, 11], the eigenvalue problem of biharmonic equation [54], and the
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linear second order elliptic problem in nondivergence form [28]. Viewed as the poly-
harmonic generalized Stokes problem, the mth harmonic equation was decoupled into
(2m — 2) Poisson-type problems and one generalized Stokes equation over the sym-
metric tensors by applying a split recursively in [27]. As comparison, we decouple
the mth harmonic equation into two (m — 1)th harmonic equations and one tensorial
Stokes-type equation independently, and recursively decouple into 2™~ Poisson equa-
tions and (2™~! — 1) Stokes-type equations, which is different from the decoupling in
[27] for m > 3. We can also stop the decoupling at biharmonic equations, which can
be discretized directly by many existing finite elements methods. We refer the reader
to [48, 53] for more on reducing the mth harmonic equation into lower order partial
differential equations. Our framework unifies most of those results and will lead to
many more Hodge decompositions, especially for high order elliptic equations. This
way, we can decouple the higher order partial differential equations into lower order
ones, which makes the discretization easier.

In addition, the explicit expression of the kernel space can be used to develop fast
solvers; see, for example, [33, 3, 35, 20, 21]. The Helmholtz decomposition is also a
key tool to construct the a posteriori error estimators of nonconforming and mixed
finite element methods [1, 16, 17, 19, 37, 22]. The important role of the structure
revealed in our work for designing fast solvers and the a posterior error analysis will
be explored somewhere else.

The rest of this paper is organized as follows. In section 2, we establish the
generalized Helmholtz decomposition based on the commutative diagram and give
several examples. The abstract mixed formulation and its decomposition based on
the Helmholtz decomposition are presented in section 3. In section 4, we discretize
the decoupled formulation directly illustrated by two examples. Throughout this
paper, we use “< ---” to mean that “< C'---”, where C is a generic positive constant
independent of mesh-size h, which may take different values at different appearances.
And a =~ b means a < b and b < a.

2. Generalized Helmholtz decompositions. In this section we apply the
splitting lemma of Banach spaces and Hilbert spaces to differential complexes and
obtain Helmholtz-type decompositions for several Sobolev spaces with negative index.

2.1. Background in functional analysis. We start from a short exact se-
quence

(2.1) W % U—>0.

Here the capital letters represent Banach spaces and d; (i = 1,2) are bounded linear
operators. The sequence (2.1) is exact, meaning that

ker(d;) = img(dy), img(d;) = U.

The space W can be further reduced to the quotient space W/ ker(dy) so that

— . d2 . di
0 —>W/ker(ds) Vv U 0

forms a short exact sequence in the context of group [30].
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Let U,V be two additional Banach spaces and d; : U — V' be a bounded linear
operator. Let Iyy : diU — V be a bounded linear operator and Jy : U — U be an
isomorphism satisfying the assumption

(2.2) diIy dyu = Jpu Yuel,

which can be summarized as the following commutative diagram:

WL,y 4@ 0
(2.3) T TJU
vy

To derive the generalized Helmholtz decomposition, we first recall the splitting
lemma in algebraic topology.

LEMMA 2.1 (splitting lemma in [30]). For a short exact sequence

d; do
0 U 1% 1% 0

of abelian groups the following statements are equivalent:

(a) There is a homomorphism ds : V — U such that dzd; is the identity on U.

(b) There is a homomorphism dy : W — V such that dady is the identity on W.

(¢) The group V is isomorphic to the direct sum of U and W, with d; corresponding
to the natural injection of U and ds to the natural projection onto W.

Apparently Banach spaces are abelian groups under addition. Then we have a
generalized Helmholtz decomposition as follows.

THEOREM 2.2. Suppose we have a short exact sequence (2.1). Assume the com-
mutative diagram (2.3) holds with all the linear operators being bounded and Jy : U —
U being an isomorphism. Then we have a stable Helmholtz decomposition,

(2.4) V= do(W/ker(ds)) & Iy d1U,

where @ means the direct sum. More precisely, for any v € ‘7, there exist w €
W /ker do and u € U such that

(2.5) ¥ = dow + Iy dyu,

(2.6) 0]l + llullo < (0]l

Proof. By assumptions, we have a short exact sequence

. N b _ Jp'd
0 —>W/ker(ds) 14 U 0.

And Iy d; forms a right inverse of J[jl d;. Thus (2.4) holds by Lemma 2.1, which is
stable as all operators involved are continuous. 0

The generalized Helmholtz decomposition (2.4) is a direct result of the splitting
lemma after finding the underlying commutative diagram (2.3). One contribution of
this paper is to construct various commutative diagrams to induce stable Helmholtz
decompositions on Sobolev spaces of negative order.
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Remark 2.3. Consider Hilbert space V with inner product (-,-)i. The quotient

space ker(d;)/ HQ(W) is isomorphic to the space of harmonic forms
§ = {5617; 4T =0, (B, dyi)y = 0 vweW}.

When the quotient space ker( al)/ag(W) is nontrivial, i.e., the sequence (2.1) is not
exact, the Helmholtz decomposition will be

V= do(W/ker(ds)) & Iy iU & .

In Theorem 2.2, the decomposition is a direct sum but not necessarily orthogonal.
Indeed, in the proof we do not use the inner product structure. We now explore the
orthogonality for Hilbert complexes. In what follows, we always denote by (-,-) the
duality pairing and reserve (-, -) for the L? inner product.

Denote by X’ the dual space of a linear space X and by 77 : Y/ — X’ the dual
of a linear operator T : X — Y defined as

(T'g,z) := (9, Tx).

When X is a Hilbert space with an inner product (-,-)x and X’ is the continuous dual
of X, by the Riesz representation theorem, we have an isomorphism Jx : X — X'
for any w € X and define Jxw € X' as

(2.7) (Jxw,v) = (w,v)x YoveX.

The induced inner product and norm for any w’,v" € X’ are given by

(2.8) (w0 ) xr = (T, I ) x = (Jxtw' o) = (W', T '),
lw'[[x = (|5 w'l|x-

Let U, V,W be Hilbert spaces. Suppose we have a short exact sequence of their
dual spaces

/ !
/ I d2 ! dl !/
(2.9) 0 —>W’/ker(ds) Vv U 0.

By Remark 2.15 in [46], the dual complex (2.9) implies the exact sequence

d ds
(2.10) 0—>U >V > W.

Then it is apparent that d}Jy d; is an isomorphism from U to U’. By taking Jy =
d} Jy di, the assumption (2.2) holds. With X (X = U, V,W) and d; (¢ = 1, 2) replaced
by X' (X =U,V,W) and d; (i = 1,2), the commutative diagram (2.3) becomes

Wy N 0

(2.11) JVT T "
a

V 1

Applying Theorem 2.2 to the commutative diagram (2.11), we recover the following
orthogonal Helmholtz decomposition.
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COROLLARY 2.4. Suppose the short exact Hilbert sequence (2.9) holds. Then we
have the (-,-)ys-orthogonal Helmholtz decomposition

(2.12) V' = dy(W'/ker(dy)) @t Jy d,U.
That is, for any v’ € V', there exist w' € W’ /ker dj and u € U such that

(2.13) v = dhw' + Jy dyu,
(2.14) NI = Il daw’ % + || Ty duullf.

Corollary 2.4 is indeed one way to express the well-known closed range theorem
[51] for Hilbert spaces and the associated orthogonal space decomposition.

In the decomposition (2.12), we need to know Jy, which involves the inner prod-
uct of Hilbert space V. Sometimes we do not exactly know the space V or do not
necessarily need to know. We give an example to illustrate this point.

Consider a dense subspace V of a larger space Y endowed with the inner product
(-,-)y. In most places in this paper, Y is the L? space for scalar or vector functions
with (-,-)y = (-, -) being the L?-inner product. We can equip V with the graph inner
product

(2.15) (w,v)y = (w,v)y + (daw, dav)w.

Or we can start from Y and define V' as the subspace of Y with || - ||y < c0. By
identifying Y’ with Y using the inner product (-,-)y, we have the rigged Hilbert
space [12, 26]

(2.16) VvcycVv.
We compute Jy : V — V' as follows: for any v € U and v € V
<JV dlu,v> = (dlu,v)v = (dlu,’U)y + (dg diu, dgv)w = (dl’u,?))y.

Thus Jy is the composition of the natural inclusions in (2.16) on d;U. On the other
hand, we can use the commutative diagram to characterize the dual space.

COROLLARY 2.5. Suppose the short exact Hilbert sequence (2.9) holds, and V is
equipped with the graph inner product (2.15). Assume we have another short exact
Hilbert sequence

S
w’ 1% U’ 0
and a commutative diagram
T v T
N
V<=

with I being the embedding operator. Then V =V’ = dy(W'/ker(d})) ® d,U.

Proof. The result immediately follows from the previous illustration, Corollary 2.4,
and Theorem 2.2. ]
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We shall present examples in what follows. Let 2 C R™,n = 2,3, be a bounded
Lipschitz domain. Denote by M the space of all n x n tensors, by S the space of all
symmetric n X n tensors, and by K the space of all skew-symmetric n X n tensors.
For any tensor 7 € M, let sym 7 := (7 + 77)/2 be the symmetric part of the tensor,
and let skw T := (7 — 77)/2 be the skew-symmetric part. Denote the deviatoric part
and the trace of the tensor 7 by dev T and tr T accordingly. We have

1
devr=7— —(tr7)I.
n

Define operator spn : R?® — M as follows: for any vector a = (a1, as,a3)T € R3, the
tensor spna € M is given by

0 —as as
spna:= | as 0 —-u
—ag ay 0

Denote by &3 the set of all permutations of (1,2,3). Define the set of symmetric third
order tensors as (cf. [48, section 2])

S(?’) = {T € (R2)3 FT1,52,03 T Tho(1)sdo(2):de) v (j17j27j3) € {172}3a o€ 63}'
The symmetric part sym 7 € S(3) of a tensor 7 € (R?)? is defined by
1
(SymT)j11j21j3 = el Z T jo(1)sdo(2):do3)
#80) 56,

for all (j1, ja, j3) € {1,2}3. We use standard notation for Sobolev spaces and boldface
letters for vector and tensor valued spaces. When we want to emphasize the spatial
dimension, we include R™ in the notation of spaces.

Recall the de Rham complexes in two dimensions,

curl div

(2.17) 0 —> Hy(Q) ——> Hy(div, Q) ——> L2(Q) —> 0,
curl div

(2.18) R —> H'(Q) —— H(div,Q) —> L*(Q) —> 0,
curl div

(2.19) 0 —> H3 3(Q) —— HTH (4 R?) ——— H3(Q) —> 0,
curl div

(2.20) R —> H*"?(Q) — H* ™ (Q;R?) —— H*(Q) —> 0,

and the de Rham complexes in three dimensions,

grad curl div

(2.21) 0—> Hy (Q)———> H(curl, Q)——> H(div, Q) LE(Q)—>0,
grad curl div

(2.22) R—s> H(Q) H (curl, Q)——— H(div, ) L*(Q)—>0,
grad curl div

(2.28) 0— Hy *(Q)———> Hy (0 R ——— H ™ (0 R ——> H3 (2)—>0

)

grad . curl div
(2.24) R—> H*t3(Q)——— H* (O R} ——— H* T (Q; R?) H*(Q)—>0,
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with s € R. In 2D, as curl is a rotation of grad operator, we could have similar
sequences by replacing curl by grad, div by rot, and H (div,(?) space by H (rot, <)
space. For example, an analogue of (2.20) is

grad rot
(2.25) R —> H*"3(Q) —— H*"(Q;R?) —— H*(Q) —> 0.

When € is simply connected with connected boundary, the L? de Rham complexes
(2.17)—(2.18) and (2.21)—(2.22) are exact [29, 4, 5], the complexes (2.20) and (2.24)—
(2.25) are exact if s is an integer, and the complexes (2.19) and (2.23) are exact if s
is a nonnegative integer [46, 25]. When () is a bounded domain star-like with respect
to a ball, the complexes (2.20) and (2.24)—(2.25) are exact for any s € R, and the
complexes (2.19) and (2.23) are exact if s is nonnegative and s — 3 is not an integer
[25, p. 301]. Hereafter, we only consider the domain © without harmonic forms; i.e.,
we always assume the bounded Lipschitz domain €2 is simply connected with the
connected boundary in this paper. It will be more sophisticated in the discretization
of decoupled formulations and in designing fast solvers and adaptive algorithms when
the nontrivial harmonic forms appear in the Helmholtz decompositions. For ease of
presentation, we use H®({) to denote H®(Q2;R") for n = 1,2, 3.

We recall the well-known L?-orthogonal Helmholtz decomposition (cf. [49, 4])

L*(Q) = VH} (Q) @t curl (HI(Q)/ ker(curl))

in two and three dimensions from the exact sequences (2.20) and (2.24) with s = —1,
and the H~'-orthogonal decomposition of H*(Q;R?) (cf. [45, Lemma 2.4])

H ' (;R?) = VL2(Q) @ A(curl HZ(Q))
from the exact sequences (2.25) with s = —2. In the following, we present several less
well-known and some new Helmholtz decompositions.
2.2. Helmholtz decomposition of H~'(div) space. For n = 2 and 3, define
H ™ '(div,Q) == {¢p € H'(Q) : divep € H1(Q)}
with squared norm [|@|3 -1 g, == [[@[I2; + [ div ]2 ;.
LEMMA 2.6. The complex

curl div
L*(Q) —— H '(div,Q) —— H Q) —> 0

is exact in both two and three dimensions.

Proof. We know ker(div)NH ~(Q) = curl(L*(Q)) from the exact sequence (2.20)
or (2.24) with s = —2. Obviously ker(div) N H ~*(div, Q) = ker(div) N H~ ().

With s = —1, it holds that divL*(Q;R") = H~'(Q), which together with
L*(Q;R™) ¢ H *(div,Q) indicates that div H ! (div, Q) = H~1(Q). u|

With this exact sequence, we build up the commutative diagram

L2(Q) 2% H(div, Q) > H-1(Q) —0

(2.26) IT TA

grad

Hy(curl, Q) <<— H}(Q)
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By Theorem 2.2, we obtain the Helmholtz decomposition in both two and three di-
mensions,

(2.27) H™'(div,Q) = VH}(Q) & curl (L*(Q)/ ker(curl)) .

In two dimensions, ker(curl) = R and thus the Helmholtz decomposition (2.27) reads
as

H™'(div,Q) = VH}(Q) @ curl L3(Q),

which has been presented in [14, Proposition 2.3]. In three dimensions, ker(curl) =
VH(Q), it becomes

H™'(div,Q) = VH}(Q) & curl (L* (4 R?)/VH(Q)) .
Applying Remark 2.15 in [46] to the short exact sequence

grad curl
0 —> H(Q) ———— Hy(curl, Q) —— L*(Q)

)

we know the dual complex

curl div
L?(Q) —— (H(curl,Q)) —— H1(Q) — 0

is also exact. Then by Corollary 2.5, we get from the commutative diagram (2.26)
that

(2.28) (Ho(curl, Q) = H™*(div, Q).

The inclusion H ™' (div,Q) C (Ho(curl,Q))’ has been proved in the book [9, p. 338]
for n = 2.

As we mentioned, Jp (e i just an identity operator on VH&(Q); thus the de-
composition (2.27) is orthogonal in the inner product (-, ) g (cum) , but not in the L?
inner product or in the H~! inner product.

2.3. Helmholtz decomposition of H~!(curl) space. Following [23], we in-
troduce the space

K§ = {¢ € Hy(curl,Q) : divg = 0} = H(curl, Q)/ grad H}

equipped with norm || - || g(cur). Noting that curl K§ = curl Ho(curl, §2), we get the
following exact sequence from the 3D de Rham complex (2.21):

curl div
0 —> K§——— H(div, Q) Li(Q) 0,

which together with Remark 2.15 in [46] implies the exactness of the dual complex

) grad ' ) curl )
0—I13(©) (Ho(div, ) (Kg)Y —> 0.

We then construct an exact sequence with dual spaces to characterize the dual
space (H(div,))’. Define

H '(curl, Q) = {¢p € H (4 R?) : curlp € H (4 R?)}

with squared norm ||¢H%rl(cur1) = ||p||%, + || curl @]|% ;.
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LEMMA 2.7. The complex

grad curl
0—>L2(Q) H '(curl, Q) (K§) 0

18 exact.

Proof. We have ker(curl) N H™!(€;R?) = grad L3(Q) by taking s = —3 in the
exact sequence (2.24). Apparently ker(curl) N H " (curl, Q) = ker(curl) N H ' (Q; R?),
which implies the exactness of the former complex.

By the Poincaré inequality on K§ [44, 34], (curl-, curl-) defines an inner product
on K§ and (curlcurl)~! : (K§) — K§ is an isomorphism. Given an f € (K§)', find
u € K§ such that curlcurlu = f in (K§)’ is the Maxwell’s equation with divergence-
free constraint. Since curl K§ ¢ H ™~ *(curl, Q), we obtain

(K§) = curlcurl K§ € curl H™*(curl, Q).
Due to (2.28),
curl H ! (curl, Q) ¢ H™'(div, Q) = (Ho(curl,Q)) C (K¢)'.
Therefore,
(2.29) (K§)' = curl H ! (curl, Q) = (Ho(curl, Q) = H™(div, Q),

as required. ]

Then we construct the commutative diagram

grad

L2(9) H ™ (curl, Q) -2 (KS) 0
(230) IT Tcurl curl
H(div, Q) < K¢

Using Theorem 2.2, the following stable Helmholtz decomposition holds:
(2.31) H '(curl, Q) = VL(Q) @ curl K§ = VL2(Q) @ curl Hy(curl, Q).
According to Corollary 2.5 and commutative diagram (2.30), it follows that
(Ho(div,Q)) = H ' (curl, Q),

and thus the decomposition (2.31) is also orthogonal in the (-, ) 7 (qiv), inner product.
A decomposition of the dual space of H{'(div,Q) := {¢p € Hy(div,Q) : dive €
Hi* (1)} was presented in [2].

2.4. Helmholtz decomposition of symmetric tensors: HHJ complex.
We now consider differential complexes involving symmetric tensor functions.

LEMMA 2.8. We have the following exact sequence:

sym curl div div
(2.32) H'(R?) ——— > L*(Q;S) ———— H2(Q) —> 0.
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Proof. The identity ker(divdiv) = img(sym curl) can be found in [37]. Thanks
to the exact sequence (2.20) with s = —1, -2,

divdivL?(Q; M) = div H ' (; R?) = H2(Q).
Noting that L?(Q;M) = L*(%S) + L*(Q;K) and divdivL?(Q;K) = 0, we achieve
divdivL?(Q;S) = divdivL?(Q; M) = H2(Q). u|

With the exact sequence (2.32) we construct the following commutative diagram:

sym curl

H' (RN 2(0;8) Y9 g—2(Q) — =0

IT TAQ
L2(;8) <Y H3(Q)

By Corollary 2.4, we recover the L?-orthogonal Helmholtz decomposition obtained
in [37, Lemma 3.1]:

L?(;S) = symcurl H' (Q; R?) @+ V2HZ(Q).
We can follow the definition of H~'(div, ) to introduce the following spaces:
H ™ '(divdiv, Q;S) := {r € L*(%;S) : divdivr € H1(Q)}

with squared norm |||, =713 + || divdivr]||?;, and

1(divdiv) *
H(divdiv,Q;S) := {T € L*(Q;S) : divdivr € L*(Q)}

with squared norm HTH%I(divdiv) = ||7|2 + || divdivT|3. We recall the Hellan—

Herrmann—Johnson (HHJ) exact sequence (cf. [21, Lemma 2.2]) and give a simple
proof here.

LEMMA 2.9. We have the following exact sequence:

sym curl divdiv
(2.33) H'(Q;R?) ——— H '(divdiv,Q;S) ——— H Q) —> 0.

Proof. We only need to prove divdivH ~*(divdiv, Q;S) = H-'(Q). By the defi-
nition of H~!(divdiv,Q;S), apparently divdivH '(divdiv,Q;S) ¢ H-'(Q). On
the other side, for each v € H-1(Q) C H~2(Q2), by the exact sequence (2.32),
there exists 7 € L?(Q;S) such that divdivr = v. Note that v € H~'(Q); thus
7 € H '(divdiv, Q;S), which indicates H'(Q) C divdivH !(divdiv,Q;S). 0

Given a scalar function v, we can embed it into the symmetric tensor space as
w(v) = vIlaxa. Since Av = divdivew(v), we have the commutative diagram in two
dimensions

sym curl div div

H'(O;R*) — H '(divdiv,Q;S) == H1(Q) ——=0
(2.34) ,T T R
H(Q;8) < Hj ()
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According to Theorem 2.2, we recover the recent Hemholtz decomposition in [40,
Theorem 3.1]:

(2.35) H~'(divdiv, Q;S) = sym curl H' (; R?) @ wHE ().

The index —1 can be further decreased to —2; see Lemma, 2.10 in the next subsection.

The generalized Hemholtz decomposition (2.35) is not orthogonal in H~(;S) or the

H'(divdiv, ;S) inner product. Indeed, 7 # (divdiv)’; thus (2.35) is derived from

Theorem 2.2 for Banach spaces rather than Corollary 2.4 for Hilbert spaces.
Smoothness of the symmetric tensor can be further increased to

HY(Q:R) Uy (div div, ;) VW 12(0) -0

] o

1 AL
H;(;S) <——— L*(Q)
which leads to the generalized Helmholtz decomposition
H(divdiv,Q;S) = symcurl H' (Q; R?) @ 1A~ L2 (Q).

2.5. Helmholtz decomposition of symmetric tensors: Linear elasticity.
Recall that the symmetric gradient e(u) = (Vu + (Vu)T)/2. Let

H?(rotrot,;S) := {r € H '(Q;S) : rot rotT € H2(Q)}

with squared norm [|7|%,_ = |72 + || rot rotT||%,.

2(rot rot) :

LEmMMA 2.10. The complex

€ rotrot
(2.36) L?(Q;R?*) —— H *(rotrot,Q;S) ——— H2(Q) —> 0

s exact.

Proof. Tt is trivial that (2.36) is a complex, i.e., rotrot o e = 0. Next we show
the exactness. For any 7 € ker(rot rot), by the exact sequence (2.25) with s = —3,
there exists v € H~1(Q2) satisfying rotT = Vv. Since Vv = rot( %, ), we have

(e (2 )

Thus 7 = ( % 8) + V¢ with ¢ € L*(;R?), which together with the fact that 7 is

symmetric means 7 = &(¢). Hence ker(rot rot) C img(e).
By the rotation of the exact sequence (2.32), rotrotL?(Q;S) = H~2(Q). Thus
H~2(Q) C rot rot H ?(rot rot, €2;S), which implies img(rot rot) = H~2(Q). d

With the complex (2.36) and the fact that A% = rot rotIcurlcurl, we have the
commutative diagram

L?(Q;R?) —== H *(rotrot, Q;S) rotrop H2(Q)——=0

(2.37) IT TAQ 5
H(div,Q;S) <2l g2(q)
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which leads to a Helmholtz decomposition:
(2.38) H %(rotrot,Q;S) = e L*(Q; R?) & curl curl HZ(Q).
Applying Corollary 2.5 to the commutative diagram (2.37), we have
(H(div, Q;S)) = H ?(rot rot, 2 S).

Therefore, the decomposition (2.38) is also orthogonal in the H(div,;S))’ inner
product.

2.6. Helmholtz decomposition of H(curlcurl, (K§)’) space. Let
Li(Q;M) := {7 € L*(4;M) : (tr7,1) = 0}.
Introduce two Hilbert spaces
H°(div,devsym) := {7 € L3(Q;M) : divT = 0,devsym T = 0}
with norm || - ||, and
H (curlcurl, (K§)') := {¢ € L*(Q;R3) : curlcurl ¢ € (K§)'}

with squared norm ”T”%-I(curlcurl,(Kg)’) = ||7]|3 + || curl cur17'||%K8)/ :
LEMMA 2.11. The complex

spn~ ! skw curl curl

H°(div,dev sym) ———— H(curl curl, (K¢)') (K§) 0

s exact.

Proof. By definition img(curl curl) = (K§)’. Next we show that ker(curl curl) =
img(spn~? skw).

Taking any 7 € H(div,devsym), set 1 = spn—' skw 7. Then we have spn =
skw 7. Noting that devsym T = 0, i.e., symT = %(tr 7)I, it holds that

1
T=symT+skwr = g(trT)I-l-Spn’l/J.

Hence by divr = 0 we obtain %V(tr‘r) = —divspnty = curle, which implies

curl curltp = 0. Thus we have img(spn~—! skw) C ker(curl curl).
On the other hand, take any 1 € ker(curlcurl). Then there exists w € L3(Q)
such that curleyp = Vw. Let

(2.39) T =spny + wl.

Obviously divr = 0, wI = sym T, and w = %tr(symr). Thus devsymT = 0; i.e.,
7 € H°(div,devsym). By applying skw to (2.39), we have spnt = skw 7, which
indicates that 1 = spn~!skw 7 € img(spn~! skw). 0

According to the proof of Lemma 2.11, we have

(2.40) H'(div,devsym) = {7 = vl +spn¢: v € L3(Q), ¢ € L*(Q;R?),divr = 0}.
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Therefore, we have the commutative diagram

spn~ ! skw curl cur
HO(div, devsym) ¥ H (curl curl, (K§)') -1l (ke 0
(241) I? 'Tcurl curl
c I c
KO KO

Applying Theorem 2.2, we get the stable Helmholtz decomposition

(2.42) H (curl curl, (K§)') = spn~! skw H"(div, dev sym) & K.

Again, this Helmholtz decomposition is not orthogonal in the H (curlcurl, (K§)) or
(K§)' inner product.

2.7. Helmholtz decomposition of H ™ ?(div®, Q) space. Denote
H2(div?, Q) := {1 € L*(?;S(3)) : divdivdivr € H3(Q)}

with squared norm ||T\|§1,2(div3) = ||7||3+] div divdivT|%,. Define E : H}(Q;R?) —
H2(div®, Q) as follows: for any 1 = (1,1)7 € H}(Q;R?), Evp := (Tjk)2x2x2 With

1
T111 = Y1, To22 = P2, T112 = T121 = T211 = §¢27 T122 = T212 = T221 = §¢1-
LEMMA 2.12. The complex

sym curl divdivdiv
H'(%;S) ———— H ?(div’,Q) ———— > H %(Q) —> 0

18 exact.

Proof. Tt is apparent that A? = divdivdivEV; thus img(div divdiv) = H2(Q).
We refer the reader to [48, Theorem 4.1 and Theorem 4.4] for ker(divdivdiv) =
img(sym curl). O

Through constructing the commutative diagram

H'(Q;8) mewl | g=2qiy®,q) dvdivdiv_pogy

v 7\A2 ’
Q; RQ) - Hg(Q)

(2.43)

U]

i

—~

we get the stable Helmholtz decomposition from Theorem 2.2:
(2.44) H2(div?,Q) = sym curl H' (Q;S) @ EVHZ(Q).

More differential complexes and Helmholtz decompositions can be obtained, and
some of them will be discussed along with the mixed formulations of elliptic systems.

3. Abstract mixed formulation and its decomposition. In this section we
present an abstract mixed formulation and use a Helmholtz decomposition to decouple
the saddle point system into several elliptic problems.
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3.1. Framework. Assume we have the exact sequence

d- d
(3.1) P X v’ 0
and the commutative diagram
X Ix X/
U
(3.2) P4y doy 0
HET TJV
~ Iy

YX=—V

where the isomorphisms Jx and Jy are given by (2.7), i.e., the inverse of the Riesz
representation operator, and the rest of the linear operators are all continuous but
not necessarily isomorphic.

By Theorem 2.2, we have a stable Helmholtz decomposition:

(3.3) Y =d PalgllyV.

We emphasize that we do not need to know either the short exact sequence at the
bottom or the space Y in a very precise form (i.e., ¥ can be reasonably enlarged to
include the image space Iy V).

3.1.1. Two-term formulation. An abstract mixed formulation based on the
commutative diagram (3.2) is as follows: given g € X' and f € V| find (o,u) € ¥ xV
such that

(3.4) (o,7)x + {dr,u) = (¢9,7) V7TE€EZ,
(3.5) (do,v) = (f,v) YveW

The bilinear form (-, -) x+ does not need to be an inner product unless we intend to
involve X and Jx in the mixed formulation. We only require that (-,-) x+ be positive
semidefinite and symmetric.

To show the well-posedness of the mixed formulation (3.4)—(3.5), we assume the
following norm equivalence:

(3.6) ITl% = Irli% + ldrll}, vV rex.

This norm equivalence is usually trivial, and it holds apparently for all the examples
in this paper. Indeed, the space ¥ is usually constructed so that (3.6) holds.

THEOREM 3.1. Assume the exact sequence (3.1), the commutative diagram (3.2),
and the norm equivalence (3.6) hold; then the mized formulation (3.4)—(3.5) is uniquely
solvable. Moreover, we have the stability result

lolls + llullv < llglls + 1 [lv-

Proof. It is trivial that the bilinear forms in the mixed formulation (3.4)—(3.5)
are continuous due to (3.6). Using (3.6) again, it is also obvious that

ITlls < I7llxr + [ld7flv = [I7lx V¥ 7 € kerd.
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By the Babuska—Brezzi theory (cf. [6, 13, 8]), it suffices to prove the inf-sup condition

dr,v
(3.7) lolly < sup L9472

YVoveV.
rex |I7lls

For each v € V, let 7 = IIgIlyv. It is apparent that
I7lls = [HeIlyolls S flvflv-.
Then, making use of the commutative diagram (3.2) and (2.7), it follows that
(dr,v) = (dlgTlyv,v) = (Jyv,v) = [|v]|%.
Hence we have
llivils < lollf = (dr,v),

which means the inf-sup condition (3.7). d

3.1.2. Unfolded three-term formulation. We derive an equivalent three-
term formulation of the mixed formulation (3.4)—(3.5) when X’ is a Sobolev space
of negative order. In this subsection, we assume the bilinear form (-,-)x- is the cor-
responding inner product of X’.

Let ¢ = Jx'o € X. By (2.8), we can rewrite (3.4) as

(1,¢) + (dr,u) = {g,7) V1€
Noting that o = Jx¢, it follows from (2.7) that
(0,9) = (Jx9,¥) = (,¥)x VY €EX.

Therefore, the mixed formulation (3.4)—(3.5) is equivalent to an unfolded three-term
formulation: find (¢, u,c) € X x V x X such that

(3-8) (9, )x — (o, dv+9) = —(f,v) + (gx,¥) V¥ ($,v) € X x V,
(3.9) (d'u+¢,7) = {(g,7) VTey,

with gx = 0. It is interesting to note that the variable o can be formally interpreted
as the Lagrange multiplier to impose the constraint I'¢) = —d’u in ¥/ if g = 0, where
I: Y — X' is the natural embedding operator. The operator equation of the mixed
formulation (3.8)—(3.9) is

Jx 0 I\ (¢ gx
(3.10) 0 0 —da|lul=[=s
r 4 o o g

According to Theorem 3.1, we immediately obtain the well-posedness of the mixed
formulation (3.8)—(3.9) for gx = 0. The well-posedness of the mixed formulation
(3.8)—(3.9) for general gx € X' is given as follows.

THEOREM 3.2. Assume the exact sequence (3.1), the commutative diagram (3.2),
and the norm equivalence (3.6) hold; then the unfolded mized formulation (3.8)—(3.9)
is uniquely solvable. Moreover, we have the stability result

[ollx + llolls + llullv < llgxllx +llglls + ([ fllv--
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Proof. We split (3.10) as a 2 x 2 block saddle point system by treating X x V as
one space and denote B=[I' d'] : X xV — ¥ as B((¢,u)) =I'¢ + d'u.

By (3.6), all the bilinear forms in the mixed formulation (3.8)—(3.9) are obviously
continuous. Let (1,v) € ker(B) N (X x V), i.e., I'y = —d’v. Due to (2.7) and the
commutative diagram (3.2), we get

o]} =(Jvv,v) = (dsIyo,v) = (Isllyv, d'v)
< sTyolsl|dvls < [Jvllv ]l d"v|s.

Noting that I’ : X — ¥’ is continuous, we have

lvllv S Tdvlls = 1T lls S 1]l

which implies the coercivity on the kernel of B.
On the other hand, for any 7 € ¥ it follows from (3.6) that

I/ d I/ d/
') 4 sup (dr,v) < sup (m, 1" + U))
Vlix  wvev IVllv T gexwev [Wllx +[vlv

Il S I7llx + [l d7flv: = sup
peX

(r
|

which is just the inf-sup condition of B. Therefore, the required result is guaranteed
by the Babuska—Brezzi theory. 0

3.1.3. Decoupled formulation. We decompose the mixed formulation (3.4)—
(3.5) using the Helmholtz decomposition (3.3). We apply the Helmholtz decomposi-
tion (3.3) to both the trial and test functions

o=d p+1lsllyw, 7= d ¢q+Ixllyy,

where p,q € P/ker d”, and w,x € V. Then, substituting them into the mixed
formulation (3.4)—(3.5), we have

(3.11) (d7p + lsllyw, Oy x) x: + (dlIsIly x, u) = (g, =y x),
(3.12) (d7p+sllyw, d q)x = (g, d"q),
(313) <dHEHVw7 ’U> = <f7 ’U>

for any x € V, g € P/ker d—, and v € V. We obtain from the commutative diagram
(3.2) and (2.7) again

<dHEHVwav> = <va7’U> = (wav)Va <dHEHVXau> = (X?u)V~

Therefore, the mixed formulation (3.11)—(3.13) is equivalent to (in backwards order)
the following: find w € V, p € P/ker d~, and u € V such that

(3.14) (w,v)y = (f,v) VYveV,
(3.15) (d7p,d7¢)x = (g9, d"q) — (Usllyw, d"q)x» VY q& P/kerd”,
(3.16) (u, \)v = (g, Isllyx) — (o, Osllyx)x: YV x €V,

where 0 = d7p + lIsllyw.

Remark 3.3. When the decomposition (3.3) is orthogonal with respect to (-,-)x-
and g = 0, the second equation (3.15) will disappear.



2814 LONG CHEN AND XUEHAI HUANG

Applying the Helmholtz decomposition (3.3) to the unfolded formulation, the
decoupled mixed formulation (3.8)—(3.9) is equivalent to finding w,u € V, ¢ € X,
and p € P/ker d~ such that

(3.17) (w,v)y = (f,v) Yovev,
(3.18) (9. 9)x — (d7p,¥) = (Usllvw,¥) Vi eX,
(3.19) (d7q, ) = (g, d"q) Vg€ P/ker d,
(3:20) (u, x)v = (9 — ¢, Tsllyx) VxeV.

The middle system (3.18)—(3.19) of (¢, p) is now a Stokes-type system.
We summarize the former derivation as follows.

THEOREM 3.4. Assume the exact sequence (3.1), the commutative diagram (3.2),
and the norm equivalence (3.6) hold; then the mixed formulation (3.4)—(3.5) can be
decoupled as three elliptic equations (3.14)—(3.16) or four equations (3.17)—(3.20).

Remark 3.5. Let (-, -)s be the inner product of Hilbert space . When the space
of harmonic forms

= {TEE: dr=0, (r,d7¢)s =0 VqEP}
is nontrivial, by Remark 2.3 we have the Helmholtz decomposition
Y=d PollsllyV & %H.

Then the mixed formulation (3.4)—(3.5) can be decoupled as follows: find w,u € V,
p € P/ker d~, and r € § such that

(’LU7U)V:<f7U> VUEM
(d"p+r,d g+s)x =(g,d ¢+ s) — (IsUyw,d g+ s)x Vg€ P/kerd™,s € 9,
(u, x)v = (g, I=llyx) — (o, OeIly x) x- Vxev,

where 0 = d"p+IIsllyw+r. A similar modification can be applied to the decoupling
of the three-term formulation. In the decoupled formulation, however, the space of
harmonic forms should be identified a priori, which may not be easy for complicated
geometric domains.

In the rest of this section, we shall apply our abstract framework to several con-
crete examples. It is worth mentioning again that the norm equivalence (3.6) is trivial
for all examples except the primal formulation of the fourth order curl equation. For
this exceptional case, the norm equivalence (3.6) is the result of (2.29). Hence we will
focus on the derivation of the commutative diagrams.

3.2. The primal formulation of the biharmonic equation. Consider the
biharmonic equation with homogeneous Dirichlet boundary condition

{A2u =f in Q,

3.21
( ) u=0d,u=0 on 012,

where f € H™1(Q) and Q C R™ with n = 2,3. The primal formulation of (3.21) is to
find u € H3(2) such that

(3.22) (V2u, VZ0) = (f,v) Yo € HZ(RQ).
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We first discuss the decoupling of (3.22) in two dimensions. We recall the known
decoupling from [36, 38, 27], which fits into the framework of this paper as follows. By
the rotated version of the commutative diagram (2.26), we build up the commutative
diagram

H}(O;R?) —2> H™L(Q;R?)

grad

(3.23) L3(Q)

where we recall that
H '(rot,Q) :={p € H '(4LR?) :rotp € H1(Q)}

with norm H¢||?{_1(mt) = ||p||2; + || rot @||? ;. According to Theorem 2.2, we have
the Helmholtz decomposition

(3.24) H ™' (rot, Q) = VL2(Q) © curl H ().

The corresponding mixed formulation is to find (v,u) € H ™ *(rot, Q) x H(Q)
such that

(3.25) (v,8)_1 — (rot B,u) =0 V B € H *(rot,Q),
(3.26) (rotv,v) = (f,v) Vwve Hi(Q),

where f € H™'(Q) and (v,8)-1 := —(A7'y,8) = —(v,A7'8).
By introducing variable ¢ = —A" 'y € H(;R?), the unfolded formulation is
to find (v, u, ) € H *(rot, Q) x HA () x Hy(;R?) such that

[y

(327)  (Vo, V) + (y,cwrlo —4) = (f,v) VY (v,9) € Hy () x Ho(%R?),
(3.28) (B,curlu —¢) =0 VY B e H ' (rot, Q),

which is just the rotation form of problem (2.4) in [15].

Equation (3.28) implies ¢p = curlu, which is plugged into (3.27) by taking ¢ =
curlv with v € HZ(2), which gives the primal formulation of the biharmonic equation
(3.22) in two dimensions.

According to Theorem 3.4, the decoupled and unfolded formulation is to find
w e HYHQ), ¢ € HY(Q;R?), p € LE(Q), and u € HE () such that

(3.29) (curlw, curlv) = (f,v) Vv e Hi(Q),
(3.30) (V¢, Vo) + (divep,p) = (curlw,9p) V9 € Hy(4R?),
(3.31) (div ¢, q) =0 Y q € Li(Q),
(3.32) (curlw, curl x) = (¢, curl x) Vx€ H& (Q).

Therefore, we recover the decoupling that the primal formulation of the biharmonic
equation (3.22) in two dimensions is equivalent to two Poisson equations and one
Stokes equation [36, 38, 27].
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Such decoupling of the biharmonic equation in two dimensions can be generalized
in various ways. First, we consider the fourth order elliptic singular perturbation
problem with homogeneous Dirichlet boundary condition

(3.33) 2A% — Au=f.

If we equip space H§(€; R?) with norm (|- ||2+¢2|-|3)*/? where € > 0, the fourth order
elliptic singular perturbation problem (3.33) will be decoupled to find w € HZ(Q),
¢ € Hy (4 R?), pe L3(Q), and u € HE(Q) such that

(curlw, curlv) = (f,v) Yo e Hi(Q),
(¢,%) +(V, Vo) + (divep, p) = (curlw ¥) Ve Hy(%RY),
(div ,q) = Vg e Lj(%),
(curlwu, curl x) = (gb, curl x) Y x € Hy(Q).

Note that we derived this decoupling in 2016 independently of [27]. The second
and third equations form the Brinkman problem. The robust well-posedness of the
Brinkman problem with respect to the parameter € can be found in [43, 45, 41, 42, 50].
In [43, 45, 41], the norms of the spaces L?(Q; R?) Ne H(Q;R?) and H'(Q) N L3(Q) +
e 1L3(Q) were adopted for ¢ and p, respectively, which induced an efficient and
robust preconditioner.

We then discuss the decoupling of (3.22) in three dimensions. Based on the
commutative diagram (2.26), the primal formulation (3.22) of the biharmonic equa-
tion in three dimensions is equivalent to finding w € H3(Q), ¢ € Hé(Q;R3), p €
L*(Q;R?)/VH(Q), and u € H(Q) such that (cf. [27])

(Vw, Vv) = (f,v) Y e Hi(Q),

(V¢ Vo) + (curlep,p) = (Vw,9) V9 € Hp(4R?),
(curl ¢, q) = 0 Y g € L*((;R?)/VHY(Q),
(Vu, Vx) = (¢,Vx) ¥ x € Hy(Q).

3.3. HHJ mixed formulation. The Hellan-Herrmann—Johnson (HHJ) mixed
formulation [31, 32, 39] of the biharmonic equation (3.21) in two dimensions is to find
(o,u) € H ! (divdiv,Q;S) x H}(Q) such that
(3.34) (o,7)+ (divdivr,u) =0 VT e H Y(divdiv,Q;S),

(3.35) (divdive,v) = (f,v) Vv e HLH Q).

We recall the known decoupling from [40, 47], which fits into the framework of
this paper as follows. We construct the following commutative diagram from (2.34):

L?*(9;S)
U
HY(O;R) U Y (div div, ;) VY 1) — >0

1} ] ba

H;(;8) H;(©)

According to Theorem 3.4 and Helmholtz decomposition (2.35), the mixed for-
mulation (3.34)-(3.35) can be decoupled to find w € H}(Q), p € H'(Q;R?)/RM™",
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and u € H}(Q) such that

(3.36) (Vw, Vo) = —(f,v) Ve Hy (),
(3.37)  (symcurlp, symcurlqg) = —(ww,symcurlg) YV q € H'(Q;R?)/RM"™",
(3.38) (Vu,Vx) = (o, 7X) vV x € Hy (%),

where o = sym curlp + 7w, and

()42}

The second equation is also equivalent to the linear elasticity problem
(e(ph).e(qh)) = —(mw,e(gh)) Vq" € H'(4R?)/RM,

where rigid motion space

e ).() )

Such a decomposition was first obtained in [40] and has been recently generalized to
the mixed boundary conditions in [47]. Similarly, we can also recover the decomposi-
tion of the mixed formulation (3.34)—(3.35) in three dimensions in [46].

3.4. The primal formulation of the fourth order curl equation. Let 2 C
R3 and f € H(div, Q) with div f = 0. Consider the fourth order curl equation

(curl)u = f in €,
(3.39) dive =0 in £,

uxv=(curlu) xvr=0 on .
The primal formulation of (3.39) is to find w € Hz(curl, Q) such that
(3.40) (curl curl w, curl curlw) = (f,v) Vv € Hg(curl,Q),
where

HZ(curl,Q) := {v € L*(Q,R?) : curlw, curl curl v € L*(Q, R?),

divv =0, and v x n = (curlv) x n = 0}.

Setting up the commutative diagram from (2.30)

HY(QRY) —S> H (% R)
U
H™(curl, Q) - (K¢ 0

I’T Tcurl curl

H(div, Q) < K¢

grad

L)

the corresponding mixed formulation is to find (v, w) € H™*(curl, Q) x K§ such that

(3.41) (v,8)-1 — {curl B,u) =0 VB e H *(curl,Q),
(3.42) (curly,v) = (f,v) VvekK.
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By introducing variable ¢ and applying the Helmholtz decomposition (2.31)
¢=—-A"'y=—A " curlw + Vp) € H (4 R?),

from Theorem 3.4 the decoupled and unfolded system is to find w € K§, ¢ €
Hi(R?), p € LE(Q), and u € K such that

(3.43) (curlw, curlw) = (f,v) Ve K¢,

(3.44) (Vo,Vip) + (divep,p) = (curlw, p) V¥ op € Hy(QR?),
(3.45) (dive,q) =0 Vg€ Li(Q),
(3.46) (curlu, curl x) = (¢, curl x) v x € K§.

According to (3.45)(3.46), we have curlu = ¢ € H}(Q;R?). Note that
(V, Vi) = (curl ¢, curl i) + (div ¢, div ).
Thus we get from (3.44)

(curl curl w, curl curl v) = (curl w, curl v)

for any v € K§ satisfying curlv € Hj(Q;R3). Combined with (3.43), the decou-
pled formulation (3.43)—(3.46) is equivalent to the primal formulation (3.40) of the
fourth order curl equation. The decoupling (3.43)—(3.46) is also presented in [52]
independently and is based on a different approach there.

Therefore, we can solve the four curl problem by solving two Maxwell’s equations
and one Stokes equation. The Maxwell’s equation with divergence-free constraint
can be further decoupled into one vector Poisson equation and one scalar Poisson
equation [23].

3.5. The mixed formulation of the fourth order curl equation. A mixed
formulation of the fourth order curl equation (3.39) is to find ¢ € H (curl curl, (K§))
and u € K§ such that

(3.47) (¢, 7)) + {(curlcurlep,u) =0 V 4 € H(curlcurl, (K§)'),
(3.48) (curlcurl p,v) = (f,v) Vv e K.

The following commutative diagram is designed from (2.41):

L?(Q;R?)
U
spn— ! skw curl cur
H(div, devsym) — a H (curl curl, (K§)) lewd o (KEY 0
I'T 'Tcurlcurl
K¢ ! K¢

Applying Theorem 3.4 and Helmholtz decomposition (2.42), the mixed formulation
(3.47)—(3.48) of the fourth order curl equation is equivalent to finding w € K§, o €
H'(div,devsym), and w € K§ such that

(3.49) (curlw, curlv) = (f, v) Vv e K¢,

(3.50) (skwo,skwT) = —(spnw,skw7) V7€ H°(div,devsym),

(3.51) (curlu, curl x) = —(¢, x) v x € K¢,



DECOUPLING BASED ON HELMHOLTZ DECOMPOSITIONS 2819

where ¢ = spn~! skw o + w.
By (2.40), let & = pI +spna. Then (3.50) is equivalent to finding a € L*(€; R?),
p € L3(Q), and p € H (% R?) such that
(@,B8) + (VI +spnB,Vp) = —(w,B) Ve L*(%UR?),y € L§(Q),
(pI +spna,Vq) =0 Y q € Hy(;RY).
Again, both (3.49) and (3.51) are Maxwell’s equations.

3.6. The primal formulation of the triharmonic equation. Consider the
triharmonic equation with homogeneous Dirichlet boundary condition

—Au=f in ,
(3.52)
u=0,u=0,,u=0 on 0,

where f € H=%(Q) with O C R?. The primal formulation of (3.52) is to find u €
H3(Q) such that

(3.53) (V3u, V30) = (f,v) Yove H3RQ).
In view of the following commutative diagram derived from (2.37),

HY(Q;S) —2 > H'(;S)

U
L*(Q;R?) —> H2(rotrot, % S) 2% H-2(Q) —=0
I'T TN
Ho(div, 2;S) <UL g2(Q)
the corresponding mixed formulation is to find (v,u) € H ™ ?(rotrot, ;'S) x H3(Q)
such that
(3.54) (v,8)-1 — (rotrotB,u) =0 V B € H *(rotrot,Q;S),
(3.55) (rotroty,v) = (f,v) Yov € HZ(Q).
By introducing a variable and applying the Helmholtz decomposition (2.38),
¢=—-A"'y=—-A"Ye(p) + curlcurlw) € H{(Q;S),

from Theorem 3.4, the decoupled system is to find w € HZ(Q), ¢ € H(%S), p €
L*(Q;R?)/RM, and u € HZ(Q) such that

(3.56) (curlcurl w, curl curlv) = (f,v) Vv e H3 (),

(3.57) (V, V) + (divep, p) = (curlcurlw,vp) V9 € HH(Q;S),
(3.58) (divep,q) =0 V g € L*(;R?)/RM,
(3.59) (curlcurlu, curlcurl x) = (¢, curl curl ) Y x € H3(Q).

It is evident that the primal formulation (3.53) of the triharmonic equation is
equivalent to two biharmonic equations and one Stokes equation (cf. (3.56)—(3.59)),
which is different from the decoupling in [27]. These equations can be discretized di-
rectly, since there exist many finite elements for discretizing the biharmonic equations
in the literature.

Recursively applying the decomposition, we can decouple the mth harmonic equa-
tion A™u = f with homogeneous Dirichlet boundary condition, i.e., u € HJ*(€?), into
a sequence of Poisson and Stokes equations.
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3.7. The mixed formulation of the triharmonic equation. A mixed for-
mulation of the triharmonic equation (3.52) in two dimensions is to find (o,u) €
H%(div®, Q) x HZ(Q) such that

(3.60) (o, 7) + (divdivdivr,u) =0 Ve H?(div?,Q),
(3.61) (divdivdive,v) = (f,v) Vv e HZ(Q).

Due to (2.43), we construct the commutative diagram

L*(4S(3))

U
H'(Q;8) 2 g—24iv3, Q) H2(Q) — =0
= ﬁ‘AQ

AR <Y H2(Q)

div divdiv
_—

Hg

—~

Then, according to Theorem 3.4 and the Helmholtz decomposition (2.44), the mixed
formulation (3.60)—(3.61) of the triharmonic equation is equivalent to finding w €
H3(Q), ¢ € H'(Q;S), and u € HZ(Q) such that

(3.62) (Aw, Av) = (f,v) Vv e H3 (),
(3.63) (sym curlg, sym curly) = —(EVw,symcurly) Vo € H'(Q;S),
(3.64) (Au, Ay) = —(o, EVX) vV x € Hj (9),

where o = sym curlg + EVw.

4. Discretization based on decoupled formulation. In this section, we will
consider discretization based on the decoupled formulation. By decoupling the fourth
order equation into second order equations, we can use well-known conforming fi-
nite element spaces. Furthermore, we can easily derive the superconvergence to the
Galerkin projections without any mesh conditions, which is not known in the litera-
ture.

4.1. Decoupled discretization of HHJ formulation. Let f € L?(Q), V},, C
H}(Q), and P;, ¢ H'(Q;R?). The discrete method based on formulation (3.36)-
(3.38) is to find wy, € Vi, p, € Pyp/RM™", and u;, € Vj, such that

(41) (th, V’l}h) = —(f, Uh) Yooy € V}“
(4.2) (sym curlp,,, sym curlg, ) = —(wwy,symcurlg,) V q, € P,/RM"™",
(43) (V'U/}“ VXh) = (U'h77"Xh) v Xh S Vh7

where o), = sym curlp, + Twy,.
Define projection P$* : H'(Q;R?) — Pj,/RM™" by

(sym curlP}°p, sym curlg,,) = (sym curlp, sym curlg,,).
Similarly, denote by med the H' orthogonal projection onto Vj,. Let

o} :=symcurlP;’p + wwy,.



DECOUPLING BASED ON HELMHOLTZ DECOMPOSITIONS 2821

LEMMA 4.1. Let (w,p,u) be the solution of HHJ mized formulation (3.36)—(3.38)
and (wp, pp,, up) be the solution of (4.1)-(4.3). We then have the estimates

w—wp|; < inf |lw—wv
| h|1 ~ U}LEV}L| h|17

[ symeurl(Py’p —py)llo + [l = anllo < lw = wallo,

d
|Pfra u—uplt Slp —ppllo + lw — wrllo.

Proof. Subtracting (4.1)—(4.3) from (3.36)—(3.38), we get the error equations

(V(w —wp), V) =0 Voo € Vi,

(sym curl(P§’p — p,,),symcurlg,) = (w(w, — w),symcurlg,) Y q, € P;,/RM™",
(V(PE™u — up), Vi) = (00 — o, 7x1) V Xn € Vh.

Then all the error estimates hold by standard argument. ]

Furthermore, assume

(4.4) lw = willo S P°lw —wili, [P = pyllo S h°llsymcurl(p — py)]o,
where 6 € (1/2,1] is the regularity constant depending on the shape of Q. This
assumption can be proved by the duality argument (cf. [24, 10]).

THEOREM 4.2. Let (w,p,u) be the solution of HHJ mized formulation (3.36)-
(3.38) and (wp, pp,, up) be the solution of (4.1)—(4.3). We then have the estimates

[lsymcurl(p — py)llo + |l —onllo $ inf |[symcurl(p —q,)|lo + inf |w—wvpl1,
a4, P VR EVh

—up)y < inf Ju— inf 1(p — inf |w — 1.
u—unly S inf fu vh|1+thgph||symcur (P —ap)llo+ inf fw—wvnls

Moreover if assumption (4.4) is true, we have the improved error estimates

(45 svmewrl(Pyp—pylo+ o —oulo SH it fw =y,

h h
(4.6) |P}fradu —upl1 < h® inf [lsymcurl(p — q;,)llo + h® inf [w — vpl1.
q,€Py v EVE

Proof. The first two error estimates can be derived from Lemma 4.1 and the
Poincaré inequality. We can acquire (4.5)—(4.6) from Lemma 4.1 and (4.4). |

Remark 4.3. The error estimates (4.5)—(4.6) are superconvergent if we use equal
order finite element spaces for Vj, and Pj,.

4.2. Decoupled discretization for biharmonic equation. Now we discretize
formulation (3.29)—(3.32) using more general finite element spaces.

Let f € L?(Q), Vi, € HJ(Q), X, € Hy(;R?), and P, C LZ(Q). The discrete
method based on formulation (3.29)—(3.32) is to find wp,up € Vi, ¢, € X}, and
pn € Py such that

(4.7 (curlwp, curlvy) = (f,vp) Y o, € V.
(4.8) (Vo Vipy,) + (div ey, pr) = (curlwn, ¢py,) V9, € Xy,
(4.9) (div @y, qn) =0 v qn € P,
(4.10) (curlup, curl xp) = (¢p,,curlxp)  V xn € Vi
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We assume (X, Py) is a stable finite element pair for the Stokes equation (cf. [8,
7]); i.e., the following inf-sup condition holds:

div ),
(4.11) lanllo < sup GV ¥Pnidn)

\ qn € Py.
pres,  |Unh

To analyze the discrete method (4.7)—(4.10), we rewrite it as a mixed finite element
method

a’(¢h7uh;’l/]h7vh) +b(¢havh;ph7wh) = ( avh) v (whavh) S Xh X Vh7
b(Pr, uni gny Xn) =0 V (qn: Xn) € Pp X Vi,

where

a(@p, un; Yy, vn) == (Vy,, Vipy),
b(¢h7 Ups q}HXh) = (le ¢h7qh) - (¢ha Curth) + (CuI‘l Uh,CllI‘l Xh)

LEMMA 4.4. Assume the inf-sup condition (4.11); the following inf-sup condition
holds:

b .
412)  lanlo+ bl < sup  APmUnidnXn)

V' (qns Xn) € P X Vp.
(Y 0n)€Snx Vi Pl + o1

Proof. Tt is easy to see that

ol = sup Corlvmcurdyn) o B, Uh n, X
v, €V |Uh‘1 - (P, 01)ESR X Vi ‘wiz‘l + |Uh‘1

It follows from (4.11) and the Poincaré inequality that

||qh||0§ sup (dlv’lphaqh): sup b(1/’h70;Qh7Xh)+(¢h70ur1Xh)
S SR LA $,E, ¥l

b(vy, Uk Gn, Xn
S |Xh|1 + sup M
(ron)eSuxVi | Palt + o)1

Therefore, the inf-sup condition (4.12) will be derived by combining the last two
inequalities. o

THEOREM 4.5. Let (w, ¢, p,u) be the solution of the mized formulation (3.29)—
(3.32), and let (wp, @p,ph,un) € Vi X Xp X Pp x V}, be the solution of the discrete
method (4.7)—~(4.10). Assume both Vi, and X, are H* conforming, the inf-sup con-
dition (4.11) holds, and the discrete spaces are consistent with respect to the mized
formulation (3.29)—(3.32); then
(4.13)  [lw —wnlls + [|¢ = @plls + lp = pallo + lu — ualx
4.14) < inf ||w-— + inf — + inf — + inf ||lu — o1
(4.14) S nf [w—xnll o @ — ¥ullx oinf, P = anllo ,inf | nllt

Moreover, if

(4.15) 16— dullo < 1° (||¢— ol + it p— tho) ,
qnEPy

then
(4.16)

PEady ol <O inf |lw — + inf - + inf - .
PE = unly 0 ing o= xala+ ot 16—l + ot o= anl
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Proof. For any (1,,vy) € X, x V}, satisfying

b(Yh, ns qny Xn) =0V (qn, Xn) € Prn X Vi,

we have

(¢, curl xp) = (curlop, curl xp) ¥V xp € Vi,

which implies

lonlt < l[Yullo S [¥nl1-

Thus

[9ul3 + lvall S [Wuli = a(y, vn; ¥y, vn).

Combining the above with the inf-sup condition (4.12), we will obtain the error es-
timate (4.13) by the mixed finite element method theory in [8], and (4.16) can be
derived using the similar argument adopted in section 4.1. ]

(1]

(5]

(6]

REFERENCES

>

. ALONSO, Error estimators for a mized method, Numer. Math., 74 (1996), pp. 385-395,
https://doi.org/10.1007/s002110050222.

. AMROUCHE, P. G. CIARLET, AND P. CIARLET, JR., Weak wvector and scalar potentials:
Applications to Poincaré’s theorem and Korn’s inequality in Sobolev spaces with neg-
ative exponents, Anal. Appl. (Singap.), 8 (2010), pp. 1-17, https://doi.org/10.1142/
S0219530510001497.

. N. ArNoOLD, R. S. FALK, AND R. WINTHER, Multigrid in H(div) and H(curl), Numer. Math.,
85 (2000), pp. 197-217, https://doi.org/10.1007/PL0O0005386.

D. N. ArNoLD, R. S. FALK, AND R. WINTHER, Finite element exterior calculus, homological
techniques, and applications, Acta Numer., 15 (2006), pp. 1-155, https://doi.org/10.1017/
S0962492906210018.

D. N. ArNoLD, R. S. FALK, AND R. WINTHER, Finite element exterior calculus: From Hodge
theory to numerical stability, Bull. Amer. Math. Soc. (N.S.), 47 (2010), pp. 281-354, https:
//doi.org/10.1090/S0273-0979-10-01278-4.

I. BABUSKA AND A. K. Aziz, Survey lectures on the mathematical foundations of the finite
element method, in The Mathematical Foundations of the Finite Element Method with
Applications to Partial Differential Equations (Univ. Maryland, Baltimore, MD, 1972),
Academic Press, New York, 1972, pp. 1-359.

D. Borri, F. Brezzl, L. F. DEMKowicz, R. G. DURAN, R. S. FALK, AND M. FORTIN, Mized
Finite Elements, Compatibility Conditions, and Applications, Lecture Notes in Math. 1939,
Springer-Verlag, Berlin, 2008, https://doi.org/10.1007/978-3-540-78319-0.

D. Borri, F. BrEzzl, AND M. FORTIN, Mized Finite Element Methods and Applications,
Springer, Heidelberg, 2013, https://doi.org/10.1007/978-3-642-36519-5.

D. BRAESS, Finite Elements: Theory, Fast Solvers, and Applications in Elasticity Theory,
3rd ed., Cambridge University Press, Cambridge, UK, 2007, https://doi.org/10.1017/
CBO09780511618635.

S. C. BRENNER AND L. R. ScorT, The Mathematical Theory of Finite Element Methods, 3rd
ed., Springer, New York, 2008, https://doi.org/10.1007/978-0-387-75934-0.

S. C. BRENNER, J. SUN, AND L.-Y. SUNG, Hodge decomposition methods for a quad-curl problem
on planar domains, J. Sci. Comput., 73 (2017), pp. 495-513, https://doi.org/10.1007/
$10915-017-0449-0.

H. BrEzis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Universi-
text, Springer, New York, 2011, https://doi.org/10.1007/978-0-387-70914-7.

F. BrEzzl, On the existence, uniqueness and approximation of saddle-point problems arising
from Lagrangian multipliers, Rev. Frangaise Automat. Informat. Recherche Opérationnelle
Sér. Rouge, 8 (1974), pp. 129-151.

F. BrREZZ1 AND M. FORTIN, Numerical approzimation of Mindlin-Reissner plates, Math. Comp.,

47 (1986), pp. 151-158, https://doi.org/10.2307/2008086.

Q

g


https://doi.org/10.1007/s002110050222
https://doi.org/10.1142/S0219530510001497
https://doi.org/10.1142/S0219530510001497
https://doi.org/10.1007/PL00005386
https://doi.org/10.1017/S0962492906210018
https://doi.org/10.1017/S0962492906210018
https://doi.org/10.1090/S0273-0979-10-01278-4
https://doi.org/10.1090/S0273-0979-10-01278-4
https://doi.org/10.1007/978-3-540-78319-0
https://doi.org/10.1007/978-3-642-36519-5
https://doi.org/10.1017/CBO9780511618635
https://doi.org/10.1017/CBO9780511618635
https://doi.org/10.1007/978-0-387-75934-0
https://doi.org/10.1007/s10915-017-0449-0
https://doi.org/10.1007/s10915-017-0449-0
https://doi.org/10.1007/978-0-387-70914-7
https://doi.org/10.2307/2008086

2824

LONG CHEN AND XUEHAI HUANG

[15] F. BrEzzl, M. FORTIN, AND R. STENBERG, Error analysis of mized-interpolated elements for

[16]

(17]

M.

—

Reissner-Mindlin plates, Math. Models Methods Appl. Sci., 1 (1991), pp. 125-151, https:
//doi.org/10.1142/S0218202591000083.

C. CARSTENSEN, A unifying theory of a posteriori finite element error control, Numer. Math.,

100 (2005), pp. 617-637, https://doi.org/10.1007/s00211-004-0577-y.

C. CARSTENSEN AND S. BARTELS, Each averaging technique yields reliable a posteriori er-

ror control in FEM on wunstructured grids. 1. Low order conforming, mnonconform-
ing, and mized FEM, Math. Comp., 71 (2002), pp. 945-969, https://doi.org/10.1090/
S0025-5718-02-01402-3.

C. CARSTENSEN, S. BARTELS, AND S. JANSCHE, A posteriori error estimates for nonconforming

finite element methods, Numer. Math., 92 (2002), pp. 233-256, https://doi.org/10.1007/
s002110100378.

C. CARSTENSEN AND J. Hu, A unifying theory of a posteriori error control for nonconforming

finite element methods, Numer. Math., 107 (2007), pp. 473-502, https://doi.org/10.1007/
s00211-007-0068-z.

. CHEN, Multigrid Methods for Constrained Minimization Problems and Application to Saddle
Point Problems, preprint, https://arxiv.org/abs/1601.04091, 2016.

. CHEN, J. Hu, AND X. HUANG, Multigrid methods for Hellan—Herrmann—Johnson mized
method of Kirchhoff plate bending problems, J. Sci. Comput., 76 (2018), pp. 673-696,
https://doi.org/10.1007/s10915-017-0636-z.

. CHEN, J. Hu, X. HUANG, AND H. MAN, Residual-based a posteriori error estimates for sym-
metric conforming mized finite elements for linear elasticity problems, Sci. China Math.,
61 (2018), pp. 973-992, https://doi.org/10.1007/s11425-017-9181-2.

. CHEN, Y. Wu, L. ZHONG, AND J. ZHOU, Multigrid preconditioners for mized finite element
methods of vector Laplacian, J. Sci. Comput., (2018), pp. 1-28, https://doi.org/10.1007/
s10915-018-0697-7.

P. G. CIARLET, The Finite Element Method for Elliptic Problems, North—Holland, Amster-

dam, 1978; Classics Appl. Math. 40, SIAM, Philadelphia, 2002, https://doi.org/10.1137/
1.9780898719208.

COSTABEL AND A. MCINTOSH, On Bogovskii and regularized Poincaré integral operators
for de Rham complexes on Lipschitz domains, Math. Z., 265 (2010), pp. 297-320, https:
//doi.org/10.1007/s00209-009-0517-8.

=

R. DE LA MBYADRID MODINO, Quantum Mechanics in Rigged Hilbert Space Language, Ph.D.

thesis, Universidad de Valladolid, Valladolid, Spain, 2001.

D. GALLISTL, Stable splitting of polyharmonic operators by generalized Stokes systems, Math.

Comp., 86 (2017), pp. 2555-2577, https://doi.org/10.1090 /mcom/3208.

D. GaLLisTL, Variational formulation and numerical analysis of linear elliptic equations in

nondivergence form with Cordes coefficients, SIAM J. Numer. Anal., 55 (2017), pp. 737—
757, https://doi.org/10.1137/16M1080495.

V. GIraULT AND P.-A. RAVIART, Finite FElement Methods for Navier-Stokes Equa-

tions: Theory and Algorithms, Springer-Verlag, Berlin, 1986, https://doi.org/10.1007/
978-3-642-61623-5.

A. HATCHER, Algebraic Topology, Cambridge University Press, Cambridge, UK, 2002.
K. HELLAN, Analysis of Elastic Plates in Flexure by a Simplified Finite Element Method,

Acta Polytechnica Scandinavica Civil Engrg. Building Construct. Ser. 46, Norges tekniske
vitenskapsakademi, Trondheim, Norway, 1967.

. R. HERRMANN, Finite element bending analysis for plates, J. Engrg. Mech. Div., 93 (1967),
pp. 49-83.

R. HIPTMAIR, Multigrid method for H(div) in three dimensions, Electron. Trans. Nu-

mer. Anal., 6 (1997), pp. 133-152, http://etna.mcs.kent.edu/vol.6.1997/pp133-152.dir/
pp133-152.html.

R. HIPTMAIR, Finite elements in computational electromagnetism, Acta Numer., 11 (2002),

pp. 237-339, https://doi.org/10.1017/S0962492902000041.

R. HIPTMAIR AND J. XU, Nodal auziliary space preconditioning in H(curl) and H(div) spaces,

SIAM J. Numer. Anal., 45 (2007), pp. 2483-2509, https://doi.org/10.1137/060660588.

. Huang, X. HuANG, AND J. XU, An Efficient Poisson-Based Solver for Biharmonic Equations
Discretized by the Morley Element Method, Tech. report, 2012.

. HuaNg, X. HUANG, AND Y. XU, Convergence of an adaptive mized finite element method
for Kirchhoff plate bending problems, SIAM J. Numer. Anal., 49 (2011), pp. 574-607,
https://doi.org/10.1137/090773374.

X. HuaNG, New Finite Element Methods and Efficient Algorithms for Fourth Order Elliptic

Equations, Ph.D. thesis, Shanghai Jiao Tong University, Shanghai Shi, China, 2010.


https://doi.org/10.1142/S0218202591000083
https://doi.org/10.1142/S0218202591000083
https://doi.org/10.1007/s00211-004-0577-y
https://doi.org/10.1090/S0025-5718-02-01402-3
https://doi.org/10.1090/S0025-5718-02-01402-3
https://doi.org/10.1007/s002110100378
https://doi.org/10.1007/s002110100378
https://doi.org/10.1007/s00211-007-0068-z
https://doi.org/10.1007/s00211-007-0068-z
https://arxiv.org/abs/1601.04091
https://doi.org/10.1007/s10915-017-0636-z
https://doi.org/10.1007/s11425-017-9181-2
https://doi.org/10.1007/s10915-018-0697-7
https://doi.org/10.1007/s10915-018-0697-7
https://doi.org/10.1137/1.9780898719208
https://doi.org/10.1137/1.9780898719208
https://doi.org/10.1007/s00209-009-0517-8
https://doi.org/10.1007/s00209-009-0517-8
https://doi.org/10.1090/mcom/3208
https://doi.org/10.1137/16M1080495
https://doi.org/10.1007/978-3-642-61623-5
https://doi.org/10.1007/978-3-642-61623-5
http://etna.mcs.kent.edu/vol.6.1997/pp133-152.dir/pp133-152.html
http://etna.mcs.kent.edu/vol.6.1997/pp133-152.dir/pp133-152.html
https://doi.org/10.1017/S0962492902000041
https://doi.org/10.1137/060660588
https://doi.org/10.1137/090773374

39]

[40]

[41]

[42]

[43]
[44]

[45]

[46]

DECOUPLING BASED ON HELMHOLTZ DECOMPOSITIONS 2825

C. JOHNSON, On the convergence of a mized finite-element method for plate bending problems,
Numer. Math., 21 (1973), pp. 4362, https://doi.org/10.1007/BF01436186.

W. KRrReENDL, K. RAFETSEDER, AND W. ZULEHNER, A decomposition result for biharmonic
problems and the Hellan-Herrmann-Johnson method, Electron. Trans. Numer. Anal., 45
(2016), pp. 257282, http://etna.math.kent.edu/volumes/2011-2020/vol45/abstract.php?
vol=45&pages=257-282.

K.-A. MARDAL, J. SCHOBERL, AND R. WINTHER, A Uniform inf-sup Condition with Applica-
tions to Preconditioning, preprint, https://arxiv.org/abs/1201.1513, 2012.

K. A. MARDAL, X.-C. TA1, AND R. WINTHER, A robust finite element method for Darcy—
Stokes flow, SIAM J. Numer. Anal., 40 (2002), pp. 1605-1631, https://doi.org/10.1137/
S0036142901383910.

K.-A. MARDAL AND R. WINTHER, Uniform preconditioners for the time dependent Stokes prob-
lem, Numer. Math., 98 (2004), pp. 305-327, https://doi.org/10.1007/s00211-004-0529-6.

P. MoNK, Finite Element Methods for Mazwell’s Equations, Oxford University Press, New
York, 2003, https://doi.org/10.1093/acprof:0s0/9780198508885.001.0001.

M. A. OLSHANSKII, J. PETERS, AND A. REUSKEN, Uniform preconditioners for a parameter
dependent saddle point problem with application to generalized Stokes interface equations,
Numer. Math., 105 (2006), pp. 159-191, https://doi.org/10.1007/s00211-006-0031-4.

D. PAuLy AND W. ZULEHNER, On Closed and Ezxact Grad-grad- and div-Div-Complexes, Corre-
sponding Compact Embeddings for Tensor Rotations, and a Related Decomposition Result
for Biharmonic Problems in 3D, https://arxiv.org/abs/1609.05873, 2016.

K. RAFETSEDER AND W. ZULEHNER, A decomposition result for Kirchhoff plate bending prob-
lems and a new discretization approach, SIAM J. Numer. Anal., 56 (2018), pp. 1961-1986,
https://doi.org/10.1137/17M1118427.

M. SCHEDENSACK, A new discretization for mth-Laplace equations with arbitrary polyno-
mial degrees, STAM J. Numer. Anal., 54 (2016), pp. 2138-2162, https://doi.org/10.1137/
15M1013651.

H. voN HELMHOLTZ, On integrals of the hydrodynamic equations that correspond to vortex
motions, Journal fiir die reine und angewandte Mathematik, 55 (1858), pp. 25-55.

X. XiE, J. Xu, AND G. XUE, Uniformly-stable finite element methods for Darcy-Stokes-
Brinkman models, J. Comput. Math., 26 (2008), pp. 437-455.

] K. YosIDA, Functional Analysis, 6th ed., Springer-Verlag, Berlin, 1980.

S. ZHANG, Mized schemes for quad-curl equations, ESAIM Math. Model. Numer. Anal., 52
(2018), pp. 147-161, https://doi.org/10.1051 /m2an/2018005.

S. ZHANG, Regular decomposition and a framework of order reduced methods for fourth
order problems, Numer. Math., 138 (2018), pp. 241-271, https://doi.org/10.1007/
s00211-017-0902-x.

S. ZHANG, Y. X1, AND X. J1, A multi-level mized element method for the eigenvalue problem of
biharmonic equation, J. Sci. Comput., 75 (2018), pp. 1415-1444, https://doi.org/10.1007/
s10915-017-0592-7.


https://doi.org/10.1007/BF01436186
http://etna.math.kent.edu/volumes/2011-2020/vol45/abstract.php?vol=45&pages=257-282
http://etna.math.kent.edu/volumes/2011-2020/vol45/abstract.php?vol=45&pages=257-282
https://arxiv.org/abs/1201.1513
https://doi.org/10.1137/S0036142901383910
https://doi.org/10.1137/S0036142901383910
https://doi.org/10.1007/s00211-004-0529-6
https://doi.org/10.1093/acprof:oso/9780198508885.001.0001
https://doi.org/10.1007/s00211-006-0031-4
https://arxiv.org/abs/1609.05873
https://doi.org/10.1137/17M1118427
https://doi.org/10.1137/15M1013651
https://doi.org/10.1137/15M1013651
https://doi.org/10.1051/m2an/2018005
https://doi.org/10.1007/s00211-017-0902-x
https://doi.org/10.1007/s00211-017-0902-x
https://doi.org/10.1007/s10915-017-0592-7
https://doi.org/10.1007/s10915-017-0592-7

	Introduction
	Generalized Helmholtz decompositions
	Background in functional analysis
	Helmholtz decomposition of bold0mu mumu H=H=subsection=H=H=H=H-1(div) space
	Helmholtz decomposition of bold0mu mumu H=H=subsection=H=H=H=H-1(curl) space
	Helmholtz decomposition of symmetric tensors: HHJ complex
	Helmholtz decomposition of symmetric tensors: Linear elasticity
	Helmholtz decomposition of bold0mu mumu H=H=subsection=H=H=H=H(curlcurl, (K0c)') space
	Helmholtz decomposition of bold0mu mumu H=H=subsection=H=H=H=H-2(div3, ) space

	Abstract mixed formulation and its decomposition
	Framework
	Two-term formulation
	Unfolded three-term formulation
	Decoupled formulation

	The primal formulation of the biharmonic equation
	HHJ mixed formulation
	The primal formulation of the fourth order curl equation
	The mixed formulation of the fourth order curl equation
	The primal formulation of the triharmonic equation
	The mixed formulation of the triharmonic equation

	Discretization based on decoupled formulation
	Decoupled discretization of HHJ formulation
	Decoupled discretization for biharmonic equation

	References

