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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES IN
THREE DIMENSIONS

LONG CHEN AND XUEHAI HUANG

ABSTRACT. Finite element de Rham complexes and finite element Stokes com-
plexes with varying degrees of smoothness in three dimensions are systemati-
cally constructed in this paper. Smooth scalar finite elements in three dimen-
sions are derived through a non-overlapping decomposition of the simplicial
lattice. H(div)-conforming finite elements and H (curl)-conforming finite ele-
ments with varying degrees of smoothness are devised based on these smooth
scalar finite elements. The finite element de Rham complexes with correspond-
ing smoothness and commutative diagrams are induced by these elements. The
div stability of the H(div)-conforming finite elements is established, and the
exactness of these finite element complexes is proven.

1. INTRODUCTION

Hilbert complexes are of fundamental importance in theoretical analysis and
the design of stable numerical methods for partial differential equations, as demon-
strated in works such as [2H4l[T4]. Recently, in [I7], we constructed two-dimensional
finite element complexes with varying degrees of smoothness, including finite ele-
ment de Rham and Stokes complexes, finite element elasticity complexes, and finite
element divdiv complexes. In the present work, we tackle an even more challenging
problem, that of constructing finite element de Rham and Stokes complexes with
varying degrees of smoothness in three dimensions.

Introduce the following Sobolev spaces on a domain 2 C R3

= {¢ € L*(Q) : grad ¢ € L*(R?)},
= {u € L*(Q;R?) : curlu € L*(Q;R?)},
H (grad curl, Q) = {u € L*(Q;R?) : curlu € H'(;R?)},
H'(curl, Q) = {u € H'(Q;R?) : curlu € H*(Q;R?)},
H(div,Q) = {u € L*(Q;R?) : divu € L*(Q)}.

HY(Q
H (curl, Q

—_— — ~— ~—

The de Rham complex reads as

(1) R < H'(Q) 2% H(curl, Q) <% H(div, Q) 2% £2(Q) — 0.
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The Stokes complexes read as

2) R H(Q) 2% H(gradcurl, Q) <% HY(Q;R?) 2% 12(Q) — 0,

(3) R < H2(Q) 229 H' (curl, Q) <% HY(Q;R?) L% 12(Q) — 0.
For simplicity, we assume {2 is homeomorphic to a ball and thus the de Rham
complex () and Stokes complexes ([2)-(B) are exact. That is

R = ker(grad), ker(curl) = img(grad), ker(div) = img(curl), img(div) = L*(Q).

The surjectivity of the div operator is also called the div stability.

In a recent work [32], Hu, Lin and Wu have constructed a C"™-conforming finite
element on simplexes in arbitrary dimension. We use the simplicial lattice to give
a geometric decomposition of such smooth finite elements V24 and VE® for the
scalar function spaces H'(Q) and L?(2) in Section B.2 respectively. Following our
recent work [17], we introduce the simplicial lattice T} = {a = (ao,...,a3) :
«; are non-negative integers,i = 0,...,3, and g + -+ + az = k:} The Bern-
stein basis for polynomial space P(T) is {A\* := Aj°---A3%,a € T3}, where
A= (No,...,As) is the barycentric coordinate.

An integer vector r = (r",re,rf) is called a smoothness vector if r/ > —1,
r¢ > max{2rf, 1} and 7' > max{2r¢,—1}. For a smoothness vector r, define
ro1:=max{r—1,—1} and r; := max{r, 0} applied component-wise. For integer
k > max{2r" + 1,0}, we shall derive a geometric decomposition of the polynomial
space P (T') based on a partition of the simplicial lattice ']I‘z. With such geometric
decomposition, we can give a precise characterization of the polynomial bubble
space

By (T;7) == {u € Px(T) : V/u vanishes at all vertices of T for j = 0,...,7",

V’u vanishes on all edges of T for j =0,...,7°,

and V7w vanishes on all faces of T for j =0,...,7/},
and of edge bubble By (e; r) and face bubble By (f;r). Given a triangulation Ty, we
then construct C" -continuous finite element spaces V(r) with C" -smoothness
at vertices, C" -smoothness on edges, and O’ -smoothness on faces. Here C~'-
smoothness means discontinuity. Therefore if r/ = —1, Vi(r) € L*(Q) and for
rf >0, Vi(r) c HY(Q).

Combining with the ¢ — n decomposition on subsimplexes introduced in [16], we
can further characterize the polynomial bubble spaces

Biurl(Tv,’.) — {’U c ]Bi(T”r‘) VX ’I’l|8T = 0}3
B (T.7) == {v € BYT,7) : v-mlor = 0},
and construct H (div)-conforming finite element space Vi (12) =V} (r2) N H (div, Q)

in Section B3l In Section M, we establish the discrete div stability between finite
element spaces

(4) div V¥ (py) = VE  (ry & 1).
The key is to prove the discrete div stability of bubble spaces in Section
divBEY(T; 1) = B_1(T;72 ©1)/R.
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When (@) holds, we call parameters (rq, 72 ©1, k) div stable. See ([B0]) for sufficient
conditions of parameters for such discrete div stability. In Section [£4] we further
construct H (div)-conforming finite element space V{iV(ry,73) with an inequality
constraint on the smoothness vectors r3 > r9 © 1, and prove the div stability

diVV(]:iV(’l"Q,’P:;) = Véil(’l"g) r3 > 1re O 1.

When r] > 0, V&V (ry, rg) ¢ HY(QR3) and (VEY(ry,73), VE | (r3)) is a diver-
gence free and stable finite element velocity-pressure pair for the Stokes equation.

By the aid of the degrees of freedom (DoF's) of spaces Vifg (ro) and V&V (ry, r3),
we construct H (curl)-conforming finite element space Vi (r1,72) ={v € V§¥] (r1):
curlv € V&V (ry) Nker(div)} in Section .31 When identifying DoFs, we first keep
DoFs for curlv € Vii¥(ry), combine DoFs for V3§, (r1), and eliminate linear de-
pendent ones.

Let 7 > 0,7y =179 — 1,70 > 71 © 1,73 > 15 © 1 be a sequence of smoothness
vectors. Assume (73,73, k) is div stable, and k > max{2r] + 1,2ry + 1,27} + 2,1},
we acquire the finite element de Rham complexes with various smoothness in three
dimensions in Section

. d : i
(5) RS VER(rg) E2% VS (11, m2) S0 VIV (rg, m5) T VE (r3) — 0,
and the following commutative diagram in Section

R —S > co(Q) — 220 poo(RY) —s g0 (0 R?) — Y o 00(Q) ——> 0

rad surl div 2
| I | |

R — VE (ro) —5 Vil (ry ma) < VI (1, 7) s VY (rg) — 0,
where I }%rad, vt I and T ,’;“2 are the canonical interpolation operators using the
DoF's. In Section .7l we construct the first type finite element de Rham complexes.

When rJ >0, space VIV (ry, r3) C H' (Q; R?) and Vel (r1, 7o) € H (grad curl, Q).
Therefore () becomes a finite element Stokes complex. Existing works on finite ele-
ment Stokes complexes [41] and finite element de Rham complexes [21] on simplicial
meshes are examples of ([&). On finite element de Rham and Stokes complexes not
covered by (@), we refer to [22,27,[34] for some discrete Stokes complexes based on
split meshes, whose shape functions are piece-wise polynomials. Non-conforming
discretization of Stokes complex (@) in [36] and non-conforming discretizations of
Stokes complex @) in [28[49] are conforming finite element de Rham complexes.
More divergence free Stokes finite elements on simplicial meshes can be found in
[42] and references therein. Divergence free Stokes finite elements on cubic meshes
in arbitrary dimension and macro-elements on general convex quadrilaterals in two
dimensions are designed in [43] and [44], respectively. In [7L§], finite element com-
plexes of arbitrary smoothness on cubic meshes in arbitrary dimension are con-
structed through the tensor product. Isogeometric divergence free discretizations
of Stokes equation can be found in [12]25].

The rest of this paper is organized as follows. The simplicial lattice and barycen-
tric calculus are introduced in Section[2l In Section 3] the geometric decomposition
of C"™-conforming finite elements in three dimensions and H (div)-conforming finite
elements are studied. In Section [ the div stability is proved, and smooth H (div)-
conforming finite elements are constructed. Finite element de Rham complexes
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with various smoothness are devised in Section Bl Smooth scalar finite elements in
arbitrary dimension are constructed in Appendix [Al

2. SIMPLICIAL LATTICE AND BARYCENTRIC CALCULUS

Let T'C R™ be an n-dimensional simplex with vertices vg, vy, ..., v, in general
position. That is

T_{i:A1VZO<>\Z<1,§:>\l_1},
=0 1=0

where A = (Mg, A1,...,\n) is called the barycentric coordinate, and volume of T
is non-zero. We will write T = Convex(vo, ..., v,), where Convex stands for the
convex combination. Some content of this section can be found in the book [37]
but with different notation. Here notation on subsimplexes is adapted from [5].

2.1. The simplicial lattice. For two non-negative integers | < m, we will use the
multi-index notation o € N¥ meaning o = (ag, -+, Q) with integer a; > 0.
The sum of a multi-index is |a| :== Y1, a; for « € NF™. We can also treat « as
a row vector with non-negative integer valued coordinates. We use the convention
that: a vector @ > ¢ means «; > ¢ for all components ¢ = 0, 1, ..., n. We define
A= NGO A2 for @ € N0,

A simplicial lattice, also known as the principal lattice [45], of degree k and
dimension n is a multi-index set of n + 1 components and with fixed sum k, i.e.,

v={a=(ag,ar,...,a,) EN"":|a|=ag+ a1+ +a, =k}.

An element o € T} is called a node of the lattice. It holds that

+k .
= (") - amp),

where P (T") denotes the set of real valued polynomials defined on 7' of degree less
than or equal to k. Indeed the Bernstein basis of Py(T) is

{AY = 200N A8 e TR
For a subset S C T}, we define
P (S) = span{A\*,a € S C T} }.

With such one-to-one mapping between the lattice node « and the Bernstein poly-
nomial A%, we can study properties of polynomials through the simplicial lattice.

2.2. Geometric embedding of a simplicial lattice. We can embed the simpli-
cial lattice into a geometric simplex by using «/k as the barycentric coordinate of
node a. Given « € T}, the barycentric coordinate of « is given by

@) = (ag, a1, -, ) k.

Let T be a simplex with vertices {vg,v1,...,v,}. The geometric embedding is
n
x:TE =T, z(a)= Z)\i(a)vi.
i=0
For a visual representation, please refer to Fig. [Il

A simplicial lattice T} is, by definition, an algebraic set. Through the geometric
embedding T7(T), we can use operators for the geometric simplex T' to study this
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(a) Simplicial lattice T2(T)

(b) Simplicial lattice T3(T)

FIGURE 1. Two examples of the simplicial lattices

algebraic set. For example, for a subset S C T, we use T} (S) = {a € T}, z(a) € S}
to denote the portion of lattice nodes whose geometric embedding is inside S. The
superscript ™ will be replaced by the dimension of .S when S is a lower dimensional
subsimplex.

2.3. Subsimplicial lattices. Following [5], we let A(T") denote all the subsimplices

of T, while Ay(T) denotes the set of subsimplices of dimension ¢, for 0 < ¢ < n.

o . (n+1

The cardinality of Ay(T) is 0+1
vertices of T and A, (T) = {T}.

For a subsimplex f € Ay(T) with £ =0, ..., n—1, we will overload the notation

f for both the geometric simplex and the algebraic set of indices. Namely f =

{£(0),...,f(0)y {0, 1,...,n} and
f= COHVGX(VJc(O)7 L. ,Vf(g)) S Ag(T)

). Elements of Ag(T') = {vo,...,v,} are n+1

is the (-dimensional simplex spanned by the vertices vy(gy, ..., V().

If fe Ay(T)with?¢=0,...,n—1, then f* € A,_y_1(T) denotes the subsimplex
of T opposite to f. When treating f as a subset of {0,1,...,n}, f* C{0,1,...,n}
so that fU f*=1{0,1,...,n}, i.e, f* is the complement of set f. Geometrically,

f* = COI’IVGX(Vf*(l), c.. ,Vf*(”_g)) S An,gfl(T)

is the (n — £ — 1)-dimensional simplex spanned by vertices not contained in f.

Given a subsimplex f € Ay(T) with £ =0, ..., n — 1, through the geometric
embedding f < T, we define the prolongation/extension operator E : T4 — T} as
follows:

E(a)sqy = a;,i=0,...,¢, and E(a); =0,5 & f.

For example, assume f = {1,3,4}, then for a = (ag, a1, as) € TL(f), the extension
E(a) = (0,a0,0,a1, as,...,0). The geometric embedding x(F(«)) € f justifies the
notation T%(f). On the other hand, for o € T{(T) and f € A,(T), the restriction
ay € N is defined as (ayp)i = ajg) for i = 0, ..., £. With a slight abuse of
notation, for a node oy € T%(f), we still use the same notation ay € TF(T) to
denote its extension E(ay). Then for o € T(T) and f € Ay(T) with £ =0, ...,
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n — 1, we have the following direct decomposition

(6) a = E(af) + E(ay-) = ap + ag-, and |o| = ay| + |ay-|.
Based on (@), we can write a Bernstein polynomial as
Qf (Xf*
AT =M

where Ay = Ag(0) ... Afe) € Peg1(f) is the bubble function on f.
In summary, by treating f as a set of indices, we can apply the operators U, N, *, \

o
on sets. While treating f as a geometric simplex, df, f etc. can be applied.

2.4. Distance. Given f € Ay(T), £ =0, 1, ..., n— 1, we define the distance of a
node o € T} to f as

dist(a, f) : Z Q.
1ef*
We present a geometric interpretation of dist(c, f). Set the vertex vy (o) as the origin
and embed the lattice to the scaled reference simplex k1'= Convex{0, key, ..., ke, },
where {e;,i = 1,...,n} is the canonical basis of R™. Then

linear equation
Tpe) TTpe(2) o T Tpenot) = 5,

which defines a hyper-plane in R™, denoted by L(f,s), with a normal vector 1-.
The simplex f can be thought of as the convex combination of vectors {ef(o)f(i)}f—y
Obviously 1+ - efyri) = 0 as the zero pattern is complementary to each other.
So f is parallel to the hyper-plane L(f,s). The distance dist(«, f) for a € L(f, s)
is the intercept of the hyper-plane L(f,s) and the basis vector ey(g)s(;); see Fig.
for an illustration. In particular f € L(f,0) and A;|y = 0 for ¢ € f*. Indeed
f={xeT: \(x)=0,i€e f*}.

We can extend the definition of distance to two subsimplexes. For e € Ay(T), f €
A(T), define

dist(e, f) :== min dist(a, f).
a€TY ()
It is easy to verify that: for e € A(f*), dist(e, f) = k and for e € A(f), i.e
eN f # &, then dist(e, f) = 0.

el

dist(a, f)

(a) Distance to an edge (b) Distance to a face

FIGURE 2. Distance to a subsimplex
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 61

We define the lattice tube of f with distance r as
D(f,r) ={a € Ty, dist(a, f) < r},

which contains lattice nodes at most r distance away from f. We overload the
notation

L(f,s) = {a € Ty, dist(e, f) = s},

which is defined as a plane early but here is a subset of lattice nodes on this plane.
Then

D(f,r) =Us_oL(f,s), L(f,s)=L(f" k—s).
By definition D(f, —1) = &, D(f,0) = L(f,0) = f, and L(f, k) = f*. We have the
following characterization of lattice nodes in D(f,r).

Lemma 2.1. For lattice node o € T}, and f € Ag(T), £=0,1, ..., n—1,

ae€D(f,r) < |ay
a ¢ D(f,r) <= oy

<r << |lay| >k-—r

>r <= |layf| <k—-r—1
Proof. Use the definition of dist(a, f) and the fact |a¢| + |ap-| = k. O

For each vertex v; € A¢(T),
D(Vi,"’) = {Oé € T27 ‘ai*| S T}v

which is isomorphic to a simplicial lattice T} of degree r; see the green triangle in
Fig. Bl For an (n — 1)-face f € A,_1(T), D(f,r) is a trapezoid of height r with
base f. In general for f € Ay(T), the hyper-plane L(f,r) will cut the simplex T
into two parts, and D(f,r) is the part containing f. See Fig. [ for illustration.

AvA
AVAYA
AVAVAVAS
AVAVAVAVA
AVAVAVAVAVA

AVAVAVAVAVAVA
AVAVAVAVAVAVAYA

0 1

FIGURE 3. A simplicial lattice T2(7T') in two dimensions. The green
triangle contains D(vp,3). The purple trapezoid is D(f,0). The
red triangle is T2 (Q?)
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For two nodes «, 8 € T}, define the distance

1
dist(«, 8) = §||Oé — Blle, -

Two nodes a, 8 € T} are adjacent if dist(e, ) = 1. By assigning edges to all
adjacent nodes, the simplicial lattice T}} becomes an undirected graph and denoted
by G(T}). The distance of two nodes in the graph is the length of a minimal path
connecting them, where the length of a path is defined as the number of edges in
the path. Obviously the graph G(T}) is connected. Graph theory can be further
applied for the study of the lattice T} and in turn the polynomial space.

Define ¢; e N%™ as ¢;=(0,...,1,...,0) and €;;=¢; —€¢;=(0,...,1,...,—1,...,0).

Lemma 2.2. For o, 8 € T}, it holds
dist(a, 8) =1 <= B=a+¢;, forsomei,je[0:n]iH#j.
Here [0 : n] is the set {0,1,...,n}.

Proof. Notice for two non-negative integers, if o; # f;, then |a; — 8;| > 1. As
a,B € T}, we have > " ((a; — ;) = 0. The condition dist(c, ) = 1 means
Yool — Bi] = 2. So the only possibility is: «; — 3; = —1 and a; — 8; = 1 for
some 0 <i,j <nandi#j. |

Note that dist(ca, 8) is defined for two nodes while dist(c, f) is between a node
and a subsimplex. We show the two distance definitions are consistent.

Lemma 2.3. For a € T} and f € Ay(T), for£=0,1, ..., n—1, it holds

dist(a, f) = min dist(«, B).
(e, ) B €T (f) (. 5r)

Proof. For 5y € TR(f), since |B¢| = k = |ay| + |op=|, we have

. 1 1
dist(a, Br) = S (llay = Blles +lag-1) = S(1Bs] = los] +lag-]) = lay-|.
Hence
dist(a, f) < min dist(a, .
(@))€, min  dis(o.5))
Then the equality holds by choosing 8y = ay + |ay-[ef) € TR (f). |

2.5. Derivative and distance. Recall that in [5] a smooth function w is said to
vanish to order r on f if DPul; = 0 for all 8 € N¥" |3] < r. The following result
shows that the vanishing order r of a Bernstein polynomial \* on f is exactly the
distance dist(«, f).

Lemma 2.4. Let f € Ay(T) be a subsimplex of T. For o € T, 3 € N:™, then
DPXY; =0, if dist(a, f) > |A).

Proof. For a € Ty, we write \* = A} )\(fxf*. When |as-| > |3], the derivative DPA®
will contain a factor A}. with v € N'*"*~* and |y| = |as«| — [B| > 0. Therefore
DPXe|p=0as \|; =0 forie f*. O
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Denote by t;; the edge vector from v; to v;. By computing the constant direc-
tional derivative t;; - VA, by values on the two vertices, we have

1, if ¢ =1,
(7) tii V=0 —00=1¢-1, ifl=j,
0, if £ #14,3.
Lemma 2.5. Fora € T} and 0 <i# j <n,
(8) VAT vt = (ay + 1)AY — AT,
Proof. By direct calculation and formula (). ]
The normalized basis A*/a! has the constant integral
) /Téxldx_(k%!n)!m, VaeTp.

We give an explicit form for functions in P (T)NL(T) = {p € Px(T) : [, pdx = 0}.
Lemma 2.6. For k >0, it holds
P (T) N L3(T) = span{\“/a! — X\° /B! : a, 3 € TV and dist(a, §) = 1}.

Proof. By the integral formula (@), \*/a! — N\ /B! € P (T) N LE(T) for o, B € TY.
As the graph G(T}) is connected, we can find a spanning tree 7 with number of
edges equals |T}|—1=dim (P (T)NL3(T)). So {\*/al=N?/B!:[a, B] is an edge in T}
is a basis of Pr(T) N L3(T). Then the result follows as the edge of T is a subset of
G(T}) and [e, B] is an edge iff dist(a, 5) = 1 by Lemma 221 O

i B oty @ J

FIGURE 4. Velocity fields u satisfying divu = %x\a — %)\ﬂ with
B = o+ €;;. One direction is ¢;; and another is a detour through
v=oa+ey; =0+ e

Given a function p = 5 \* — é)\ﬁ , we can find two vector functions u satisfying

al
divu = p.
Lemma 2.7. Let o, 3 € T} and f = a+€;5. Then
1 1

1
iv(NATEE. ) — )\ _ )P
(10) Bla div(A*TEiE ;) = a!)\ ﬁ!)\ .
Proof. Direct calculation using div(A*T<i¢; ;) = VAT . ¢, and formula (§). See
Figure [l O
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64 LONG CHEN AND XUEHAI HUANG

Lemma 2.8. Let o, € T} and f = o+ €;5. Choose an £ € [0 : n], £ # 1,7, s.t.
v=a+ey =B +ey €TE. Then

1 1 1

1
11 —— div(\*Tet, divI\Pteet, ) = =A% — = \P.
- ey VT ) 4 S VT ) = A
Proof. By ([I0), we have
1 1 1 1 1
div(A*Tet; ) = =AY — =\7, div()\ﬁJrfzt“) — T\ _ B

May o 7! "B oA p

Then (I follows. See Figure [l O

3. SMOOTH FINITE ELEMENTS IN THREE DIMENSIONS

Previous work has constructed C™-smooth finite elements in any dimension and
a smooth H (div)-conforming element in two dimensions (see [32, Section 4.2 and
6.3]). In this section, we introduce a new approach to construct smooth finite
elements in three dimensions using the simplicial lattice introduced in the previous
section and the ¢ — n decomposition technique outlined in [I6].

3.1. A decomposition of the simplicial lattice. An integer vector r =
(r',r¢,r/) is called a smoothness vector if r/ > —1, r¢ > max{2r/, —1} and
r’ > max{2r®, —1}. It is also denoted as r = (r°,r!,72?), where the superscript
¢ = 0,1,2 represents the dimension of the subsimplex. Sometimes, to simplify

notation, we represent the vector r as a column vector.
Lemma 3.1. For ¢ =1,2, if r*~1 > 2r* > 0, the subsets

{D(fa Tl)\ [UeEAgfl(f)D(ea Tlil)] ’ f € AZ(T)}
are disjoint.
Proof. Consider two different subsimplices f, f € Ay(T),¢ = 1,2. The dimension
of their intersection is at most £ — 1. Therefore fN f C e for some e € Ay_1(f). For
example, two faces will meet on an edge and two edges will share a vertex or with an
empty intersection. Then e* C (f N f)* = f*U f*. For o € D(f,r")n D(f, rt), we
have [ae-| < [ag-| + [af.| < 2r* < r*~1. Therefore we have shown the intersection

region D(f, %) N D(f,r!) C Ueea, (p)D(e,771) and the result follows. O

Next we remove D(e,r?) from D(f,r%) for all e € A;(T) and i =0, 1, ..., £ — 1.
Lemma 3.2. Given integer m > 0, let non-negative integer array r = (r°,r!,r?)
satisfy

r2=m, r*>2r* fore=0,1.
Letk>2r"41>8m+1. For{=1,2,

-1 -1
(12) p(f,r'N U U D) =N (U U Dler)
i=0 e, (f) i=0 e€ Ay (T)
Proof. In ([I2), the relation D is obvious as A;(f) € A,(T'). To prove C, it suffices
to show for a € D(f,r%)\ [Uf;é Ueea. () D(e,ri)}7 it is also not in D(e,r?) for
e € Ay(T) and e & A;(f).
By definition,
lap-] <78 Jae| <k —r—1 foralle € Ay(f),i=0,...,0—1.
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For each e € A;(T) but e € A;(f), the dimension of the intersection e N f is at
most i — 1. It follows from rJ > 2r7*1 and k > 2r° + 1 that: when i > 0,

Tl 1t <k -1t -1,

e | =

and when i = 0, _
—rt =1

e | =

rt. We conclude that o € D(e,r?) for all e € A;(T) and ([I2)) follows. O

So || >
We are in the position to present an important partition of the simplicial lattice.
Theorem 3.3. Given integer m > 0, let non-negative integer array r = (ro, rt 7'2)
satisfy
r2=m, r*>2r* fore=0,1.
Let k > 2r° 41> 8m + 1. Then we have the following direct decomposition of the
simplicial lattice on a tetrahedron T ':

(13) THT) = Do—oDPjen, @) Se(f:7);

where
So(v,r) = D(v, ro),

-1
Se(f,r)=D(f,r'N U U Deri  L=1,2,
i=0ecA;(f
S3(T,r) = U U
1=0 feA;(T)

Consequently we have the following geometric decomposition of P (T)

(14) Pi(T) =Di_oD sen, ) Pr(Se(f7).

Proof. First we show that the sets {S¢(f, ), f € A(T),£ =0,...,3} are disjoint.
Take two vertices vi,ve € Ag(T). For a € D(vy,r°), we have o, > k — 1% As
V1 € v > > >k—r9>70+1 ie, a¢ D(vq,7°). Hence
{So(v), v € Ao(T)} are disjoint and P, e, () S0(v) is a disjoint union. By Lemma
B and [@2), we know {S¢(f,7), f € A¢(T),£=0,...,3} are disjoint.

Next we inductively prove

(15) @z O@fEA (T)S f, U U D f, for ¢ = 0,1,2.

i=0 fEA;(T)
Obviously ([I5) holds for £ = 0. Assume (3] holds for ¢ < j . Then

@g=0@f6Ai(T)Si(f’) @feA (T)S (fir) U U Der

=0 ecA;(T)

j—1
:@feAj(T) D(f,77)\ U U D(e,r") @U U D(e,r")

=0 ecA;(T) 1=0 ecA;(T)
J

:U U D(f,r%).

1=0 fEA(T)
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By induction, (IH) holds for ¢ = 0,1,2. Then (3] is true from the definition of
S3(T,r) and ([H). O

Remark 3.4. The decomposition can be naturally extended to the case r¢ = —1
by treating D(f,—1) = @. For example, when r = (=1,—1,—1), S¢(f,r) = & for
0=0,1,2, and S5(T,r) = T3.

Remark 3.5. From the implementation point of view, the index set Sy(f,7) can

be found by a logic array and set the entries as true when the distance constraint
holds.

Introduce the polynomial bubble space on T'
(16) Bi(T;7r) = Pr(Ss(T, 7)) = span{\*, o € S5(T,r)}.
By Lemma 24 we can also write
By (T;7) := {u € Py(T) : V/u vanishes at all vertices of T for j =0,...,7",
e

V’u vanishes on all edges of T for j =0,...,7°,

and V7u vanishes on all faces of T for j =0, ..., rf}.

Similarly the face bubble space on f € Aq(T)

Bk(f;(;2>):span )\?,ae'ﬂ‘i(f)\u U D(e,r%) 3,

i=0 e€A;(f)

and the edge bubble space

Bi(e;r) = span § AL = 0. HAST a e Th(e)\ | D(v,r")
vEAp(e)

In general, on the lattice plane L(f,j), the face bubble space becomes

Bro—j (f; <:Z> —J) and

srn= (520, () - 9120

j=rf+1

We provide several slides of L(f,j) and corresponding S, in Fig. Bl(b), (c), (d).

3.2. Smooth scalar finite elements in three dimensions. In this subsection,
we construct finite element spaces with smoothness parameter r = (r¥,r¢,r/),
which can be generalized to any dimension. The details of generalization are sum-
marized in Appendix [Al

For each edge e, we choose two normal vectors n{,n§ and abbreviate as n1, no.
For each face f, we choose a normal vector ny and abbreviate as m when f is clear
in the context. When in a conforming mesh 75, n{,n$ or ns depends on e or f,
not the element containing it. For face f with normal vector n, the tangential part
of vector v is denoted by II;v := v — (v-n)n and II; = I — nnT is the projection
matrix. We use the convention: j = 0, ..., —1 means no such j. Similarly no j
exists satisfying 0 < j < —1.
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re

rv

(a) A decomposition of the (b) Plane L(f,r7)
simplicial lattice

Irf

—
) (d) Plane L(f,j) for rv —
((})<Pl'a2e VL(f,z) for r¢ — re S ,7 S k—rv—1

rf <j<r’—r

FIGURE 5. Different planes L(f,j) and Sa(f, (:e) —7) (in gray).

The distance to a vertex is decreasing from " to ¢ and the distance
to an edge is from ¢ to 7.

Theorem 3.6. Let v = (r",r¢,r!) with v/ = m > —1, r® > max{2rf, —1},
r¥ > max{2r¢, —1}, and non-negative integer k > 2r¥ + 1. The shape function
space Pr(T') is determined by the DoF's

(17a) Viu(v), veAy(T),j=0,1,...,r7
u . e
(17b) W qu, e c Al(T),q S Pk*Q(TV+1)+j(€)7O <1< J <r 5
e 179
&l rY . . f
(170) 8—Jqu’ fEA2(T)’qEBk?—j(f; re —j),OSJST ’
Jony
(17d) / uqdz, q € Bg(T;r).
T

With mesh Ty, define the global C™-continuous finite element space
Vi(Th;r) ={ue C™(Q) : ulp € Pp(T) for all T € T,
and all the DoFs ([Ta)-(IZd)) are single-valued}.

Proof. Thanks to the geometric decomposition (I4)), the number of DoFs ([7al)-
(@Td) is same as dim Py (7). Take u € Px(T) and assume all the DoFs (I7al)-(I7d)
vanish. We will prove u = 0.

The vanishing DoF ([7al) implies (V/u)(v) = 0 for v € Ag(T) and 0 < j < 717,
which combined with the vanishing DoF (7)) yields (V/u)|. = 0 for e € Aq(T)
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and 0 < j < r¢ Then %7} € Bi—;(f; (;) —j) for f € Ay(T) and 0 < j < rf.

Iy
Now the vanishing DoF (I7d) indicates (Viu)|; = 0 for f € Ao(T) and 0 < j < r/.
As a result u € By (T; 7). Therefore u = 0 follows from the vanishing DoF (IZd).

Finally Vi (Ty;7) € C™(Q) since we derive (Viu)|; = 0 for f € Ao(T) and
0 < j < m by using only DoFs (I7al)-({IZd) on f. O

To emphasize Vi (Ty;7) as the discretization of H(2) or L?(Q), we will use
notation V&Y (Ty,;7) ¢ HY(Q), for / > 0, or V,?(’ﬁl;r) C L3(Q) for rf > —1,
respectively.

Remark 3.7. A basis of Px(T) dual to DoFs (I7a)-({I7d) might be computed via
a symbolical computation as follows. We compute the distance of each node «
to lower dimensional subsimplexes and use logic arrays to find S¢(T,r). Then we
evaluate DoF's for the Bernstein basis A%, «a € Sy(T,r),¢ = 0,1,2,3 to get a square
matrix ®. The matrix ® is non-singular by the unisolvence and it is indeed block
lower triangular, cf. the proof of Theorem The dual basis is then given by
&~ applied to the Bernstein basis.

Remark 3.8. When dim B (T;7) > 1, DoF (I7d)) can be changed to

/Tuqu, q € Po(T) & (B(T;7)/R),

where Bj,(T;7)/R := By (T;r) N LE(T). Similarly, when dim By (f; (:>) > 1,

v

the face DoF ffuqu,q € Bi(f; <:8>) can be changed to ff uqdS,q € Po(f) &

@5 ([0 /e
Lemma 3.9. Depending on r¥, we require
k>0 when r¥ = —1,
k>3+r° when ¥ =0,
k> max{2r" 4+ 1,3(r¢ + 1)} when r" > 1.
Then
dim By ( <ZZ)) > 1

Proof. The case rV = —1,k > 0 is trivial. The cases (r¥,r¢) = (0,—1),k > 2 and
(r',r¢) = (0,0),k > 3 can be verified directly. We only focus on the case ¥ > 1.
Recall that |z] is the nearest integer less than or equal to z and [z] is the nearest
integer greater than or equal to z. Set the node o = (|k/3], [k/3],k — |k/3] —
[k/3]). The third component as = |k/3] if mod(k,3) = 1 and [k/3] otherwise.
Then

dist(a,e;) =a; > |k/3] >r®+1, i=0,1,2,
where e; is the edge opposite to vertex v; for i = 0,1,2. We prove the distance to
vertex

dist(o, v;) = i1 + oip1 > k= [k/3] > r" +1,
where the last inequality can be derived from k > 2rV 4+ 1 when ¥ > 1. So
a € Sa(f,r). O
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The three-dimensional case is similar.

Lemma 3.10. Depending on r’, we require

k>0 when ¥ = —1,
k>44r+rf when ¥ =0,
k> max{2r’ + 1,4(rf + 1)} when r’ > 1.

Then dim By (T;r) > 1.

Proof. The case r’ = —1,k > 0is trivial. The cases (r’,r¢,7f) = (0, -1, —1),k > 2,
(r',re,rf) = (0,0,—1),k > 3, and (v",7¢,7/) = (0,0,0),k > 4 can be verified
directly. So we focus on the case r¥ > 1. The requirement & > 2rV + 1 is
asymptotically stronger. By enumerating the cases for rV and r¢, we can verify
2|k/4] 4+ (mod(k,4) —2)4y > r®+1, and 3|k/4] 4+ (mod(k,4) — 1)+ > rV + 1 when

rv > 1.
We set first a; = |k/4] for i = 0,1,2,3 and distribute the remainder mod(k, 4)
as a; < a;+1fori =0, ..., mod(k,4) — 1. By construction |a| = k. The distance

to each face f
dist(a, fir) = oy > |k/4) >/ +1, i=0,1,2,3.

The distance to an edge is the sum of two components. As some component can
get additional 1, it is bounded by

dist(a, €) > 2|k/4] + (mod(k,4) — 2) 4y > r° + 1.
Similarly the distance to a vertex is bounded by
diSt(O&7V) Z 3U€/4J + (mOd(k74) — 1)+ 2 rv + 1.

So o€ S5(T, 7). O

Next we count the dimension of the finite element space Vi (7z;7). For integers
0 <i < j <mn, recall the combinatorial formula

(18) @)+ (7 ()-01) (1)

which holds from (?) + (izl) = (7:[11) Here we understand (Z_i ) as 0. For an
n-dimensional simplex, the number (7:11) of i-dimensional faces equals the sum of
the number (?) of i-dimensional faces including vy as a vertex and the number

(111) of i-dimensional faces excluding vy.
Lemma 3.11. The dimension of Vi(Ty; ) is
3
dim Vi (Tps ) = Y Ci(k,7)|As(Th)],

=0
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where

catir) = (7 57
(k) = (k+r€—2r"—1)(re;2) - (Tegz),

k+3 43 k—2r"—1 kE+2—rf
= (75°) (75 (5 )-8
v 2_f — 9V e — 9V f
+3<T+3 r)—3(rf+1)<k g+r>+3<k g”),

03(]{7, T) = (k ;— 3) — 400(]€, ’l") — 601(/€, r) — 402(]{7, T).

Proof. By ([I8) with ¢ = 2, the number of DoFs on edge e € A1 (Ty) is

re

j=0
ré 4+ 2 ré 4+ 2
= ¢ —2r' —1 — .
(k+ ¢ —2r >(2) (3)

Applying ([I8) with ¢ = 2 again, the number of DoFs on face f € Ay(Tp,) is

rf

ZdlmBk i( (:e> —7)
3=0
of

kE+2— Y+2—3 k—2rY +re k—2r'—1+j
S[(10) (1) () )
2 2 2

7=0

k+3 k+2—rf _3 "+ 3 43 2 -7t

3 3 3 3

. k—2rY +re k—2r +¢f k—2r'—1
—3(rf+1)( ;+T)+3( 7;))J”">—3< ; >

which ends the proof. |

3.3. Smooth H(div)-conforming finite elements. For a linear space V', denote
by V3 :=V @R®. Let VIV (T;7) := V3(Tp;r) N H(div, ), where Vi (Ts;7) is the
scalar finite element space defined in Theorem Define the polynomial bubble
space

BYY(T;r) == ker(trYV) N B3 (T3 7),

where tr%V v = n - v|pr. When r/ > 0, VIV(Tsr) = V3(Thsr) € H'(Q;R?) and
BIV(T;r) = B2(T;7). When v/ = —1, V3(Tj;7) is discontinuous and to be in
H (div, ), the normal direction should be continuous.

A precise characterization of BV(T;r) with »/ = —1 is given below, where
for an integer m > —1, m := max{m, 0}, and the Iverson bracket [m = —1] =

1 ifm=
{O lf " 4 For each face f, choose two linearly independent tangent vectors
if m# —
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{t'1 , t?} and for each edge e, choose a tangent vector t.. Define
iv Y
B i) = B () @ spane) ),
B (e; 7, ) := By(e; r}) ® span{t.}.

Lemma 3.12. Consider r = (r¥,r¢, —1) with ¥ > max{2r¢, —1} and r¢ > —1.
We have

TV

(19) B (Ts | r° ) =BUT: 74 )D pen, o B (Fi74)
—1

@eeAl(T) e = —1B™ (e; 7).
Proof. For r = (—1,—1,—1), we have proved the desired decomposition in [16]

BV (T: —1) = BY(T; 0)D pen, (1B (f;0)D e, () Bi Y (€5 0).
We then consider the case ¥ > 0. By definition,

v ,rV

€ e TV e v
By (T | 7 |) =Bi(Ts [ % D ren, i Bi(f; (ri))@eemm[r = —1]Bj(e;7).
1 0
We write
,rV ,’,,V
Bt () =Butsi (1))@ (oanth ) + span{ny).

The intersection with ker(div) will keep the tangential components only. Similarly
only By (e;r") @ span{t.} is left in the ¢t — n decomposition of B} (e;r"). O

Notice that we have the relation

,rV

+ .
BY(T; | 7 |) € BEV(T; | ¢ |) € BI(T; | ¢ |)
0 -1 -1
and
BYY(T; | v |) SBRY(T: | —1]) = (ker(tr™) NPY(T)).
-1 -1

Theorem 3.13. Let r = (r%,r¢,r7) with v/ = —1, r¢ > —1, " > max{2r¢, -1},
and non-negative integer k > 2r' +1. The shape function space P3(T) is determined

by the DoFs
(20a) Viv(v), veN(T),j=0,1,...,7",

aj'U 3 . . e
(20b) ) W -qds, e€e A(T),q € Pk72(r"+1)+j(6)70 <i<j3<7re,
(200) [vmaas, qensi () € dum)

f
(20d) / v-qdz, qe€BI(T;r).
T
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With mesh T, define the global H(div)-conforming finite element space
V(T ) = {v € H(div,Q) : v|r € PY(T) for all T € Ty,
and all the DoFs ([20a)-R0d) are single-valued}.

Proof. The unisolvence of DoFs (20a)-20d) for P3(T) follows from Theorem
and decomposition ([Id). More precisely, let us first consider the case ¥ > 0,7¢ >
0,7/ = —1. Then using the DoFs for r;. = (7", 7¢,0), we know P} (T') is determined

by (20a)-([20b) and
(21) /fv~qu, q € Bi(f: (::)),feAz(T),

(22) /Tv-qdw, q € BY(T;7y).

On each face, we use the decomposition R* = span{t},t} & span{n;} and move
the tangential components into the bubble space B (T;r). Therefore only the
normal component ([20d) is left.

When 7 > 0,7¢ = —1,7f = —1, we consider the DoFs for v, = (r,0,0). That
is vertex DoF (20al), volume DoF (22), and the edge and face DoF's

(23) [v-ads. aeBiem.ceam)
(24) [o-aas. acsir (12 )€ dum)
f +

As before on each face, we move the tangential components into the bubble space
v

BV (T; ) and keep only normal component with the test function ¢ € By (f; (:e ) ).
+

On each edge e, we use the decomposition R? = span{ny,,ny,} @ span{t.} where
f1, f2 are two faces containing e. Again the tangential component Bg(e;r") ®
span{t.} is moved into the bubble space B{V(T’; 7). The normal components will be

redistributed to the two faces containing e so that By (f; (:i) )Deen, (5)Brle;rY) =

Bi(f; (;e)) for r¢ = —1, which leads to ([20d). When ¥ = —1, we can redistribute

3 components of a vector into 3 faces containing that vertex so that ([20d) still holds.
We refer to [16] Fig. 3] for an illustration. O

Example 3.14 (H(div)-conforming element). We recover the following known
H (div)-conforming finite elements:

(i) When k£ > 1, r = —1, it is the second family of Nédélec face element
(ND,(f)) [10,[40] which is Brezzi-Douglas-Marini (BDMj) [11]] in two dimen-
sions.

(ii) When k > 2, r = (0, —1, —1), it is Stenberg’s element [48§].

Remark 3.15. For space V%i"(r) with ¥ = 0, we can derive the explicit basis from
the Bernstein basis by using the geometric decomposition of the vector Lagrange
element and ¢ — n decomposition on subsimplexes, cf. [I6]. For general 7, the
explicit basis corresponding to the interior DoF ([R0d)) follows from the geometric
decomposition of the bubble functions, cf. ([[9). Basis for the boundary DoFs
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([20a))-([20d) can be modified from that of smooth scalar finite elements using the
t — n decomposition. See Remark [3.7

Corollary 3.16. Let r = (r¥,7¢, rf) with v/ = -1, r¢ > —1, " > max{2r¢, -1},
and non-negative integer k > 2r% + 1. We have the dimension formula

+ (=20 (k,74) +3[r* = —=1](k — 2r] — 1) + 3[r" = —1]) | A2

where the constant Ca(k,r) is defined in Lemma BII]

Proof. When counting the dimension, we compare Vi (7;,; ) with the continuous
element V3(T,;74). As rf = —1, the two tangential components of the face DoFs
are considered as interior DoFs and thus subtracted from coefficients of Ay(7p).
The cumulation of 4 faces tangential bubbles contributes to the increase 8Ca(k,74)
in the coefficient of As(7;,). Similarly when r¢ = —1, we add total 6 tangential edge
bubbles to the interior and redistribute the two normal components of edge bubbles
to each face. When rV = —1, the three components of the vector function at vertices
are redistributed to three faces containing that vertex. Therefore facewisely we add
3(k —2rY — 1) edge DoFs and 3 vertices DoFs. When r¢ = —1, all 3 components
of edge DoFs of a vector are removed and when r¥ = —1, all 3 components of a
vector are removed. (]

4. DIV STABILITY BETWEEN FINITE ELEMENTS SPACES

In this section, for two smoothness vectors (73, r3) with relation r3 > max{rs —
1,—1}, we aim to prove the so-called discrete div stability, i.e. the div operator is
surjective

(25) div VIV (rg, r5) = VE | (ry).

4.1. Overview. To simplify the notation, introduce r&n := max{r—n, —1} so that
the result will stagnate at —1 when r —n < —1. Additional conditions on (rs,r3, k)
are needed to establish the div stability ([25). For example, ro = 0,73 = —1 is the
notorious Stokes finite element pair for which the div stability is hard to verify
and may require conditions on the triangulation [47,[64]. While ro = —1,r3 = —1
corresponds to the div stability for the ND§€2) /BDMj, element which is relatively
easy. In all cases, the degree of polynomial £ should be large enough. We shall call
(rq, T3, k) div stable if (23] holds and summarize several examples in Table [II
When the space Vi‘il(’f‘g) contains piecewise constant function, to have the

discrete div stability, we require dim By(f; <:§>) > 1 which is ensured when
2
k> max{2ry 4+ 1,75+ 2,3(r5 + 1)} by Lemma 3.9

4.2. Div stability of bubble spaces. The essential difficulty is the div stability
of bubble spaces .

div BEY(T; 7)) = Br_1(T;r3) /R,
where By _1(T;7r3)/R = Bi_1(T;r3) N LE(T) and r3 = 75 © 1. Let us refine
the notation S¢(f,r) to Se(f,r,k) to include the degree of polynomial. When
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TABLE 1. Examples of discrete div stability for r3 =r, &1

(7"‘2'77"577“5) (r3, 78, Tg) k> Results Constraint

(ry,—1,-1) (r§,—1,—1) max{2ry + 1,75 +2} Lemma [Tl

(r3,0,=1)  (r5,—1,-1) 2ry +1 Lemma 2] 3> 1
(2a 15 O) (15 07 1) 6 Lemma T‘S Z 27‘5 —+ 1
(27 13 _1) (]-; Oa 1) 6 Corollary m T'; Z ]_77"2f =—1
(0707_1) (_17_17_1) Not valid

dim By, _1(T;73) =1, we have div B{V (T; 1) = By 1(T;73)NLE(T) as By_1(T; r3)N
L3(T) = {0}. So we only consider the case dimBy_1(T;7r3) > 1, i.e., |S3(T, 73,k —
| >2.

Similar to Lemma 2.6] we have

Bi_1(T;73)NLE(T) = span{\*/a! =N /B! : a, B € S5(T,r3, k—1),dist(c, ) = 1},
as the subgraph G(S5(T, 73,k — 1)) is connected. It suffices to prove that: given
pla, B) = A*/al = NP /Bl a,B € S3(T,r3, k —1),dist(a, §) = 1,
we can find a function
w € BIV(T;ry) st divu = p.

In the proofs of results in this subsection, by Lemma [2.2] without loss of generality,

we assume
(26) B=a+en=(w+1,0 —1,00,03).
Recall that ¢; € N%" ¢; = (0,...,1,...,0), ¢ =€ —€¢; = (0,...,1,...,—1,...,0),

and ¢, ; is the edge vector from v; to v;.

We start from a simple case 7§ = —1, rg = —1 as tangential components on edges
and faces are included in the div bubble space; see ([I9).

Lemma 4.1. Assume
>l r5=—1, rfl=-1, rs=ry01, k>max{2r]+1,r}+2}.
It holds that .
divByY(T;72) = By_1(T;73) /R.
Proof. With k > max{2r}+1,7r5+2}, by Lemma[B.I0, we can show dim B&Y (T rs)
> 1 and dimBy_(T;73) > 1. Taking u = A*t<¢; o/(Blay), by [I0) we have
dive = p. Notice that the edge div bubble function AgAi1t10 € Ho(div,T). By
writing A*T0t; o = (ASOATAS2AG) A A1ty 0, we conclude A>T, o € Ho(div, T).
We then verify a + ¢g € S3(T, 72, k) by considering the distance to vertices as

follows

dist(a + €o, v;) = dist(a, v;) + 1 >r5 +1>r) fori=1,2,3,

dist(a + €o, vo) = dist(c, vo) = dist(8,vo) + 1 > r§ +1 > r3.
We refer to Fig. [fl (Case (2)) for illustration of changing o € S5(T, 73,k — 1) to
o+ € ESS(T,’I“Q,k). O
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Next we set r§ = 0. The tangential component of edge bubbles will be excluded
from B&Y(T;75). The nodes in S3(7T, 72, k) should be away from edges which in
turn requires condition r3 > 1 stronger than the standard one r3 > 21§ > 0.

Lemma 4.2. Assume
ry>1, r5=0, rgz—l, rs=1r261, k>2ry+1.

It holds that

div BEY(T;79) = Br_1(T;7r3)/R.

FIGURE 6. Two cases when rj > 1,75 = O,Tg = —1: Case (1)
ag = az = 0; Case (2) ag + a3 > 1. The dash line represents
different extension of the simplicial lattice so that lattice nodes
«, B are away from the edges in the extended lattice.

Proof. By Lemma B0 and the setting of parameters, dimBg_1(T;73) > 1.

Case 1. Consider case ag = a3 = 0 and consequently ag+ a3 = k—1. In this case,
a, B € for, and dist(a, v;) > rY; See Fig.
By Lemma 2.8, we can choose

1 1
(27) u=——XF g+ — NS5,y =aten,
M B0

and verify \etest; 5 \0Fests o € BIV(T;ry). We focus on A<ty 3 as Mtesty g is
symbolically identical. Write \*T¢¢; 3 = ()\8‘0)\?1 A9ZAS3) A1 Azt 3. As Mgty 3 €
H(div, T), we conclude A\** <3¢, 5 € H(div,T). Next we verify a+es € S3(T, ra, k).

Distance to vertices. For vertices on the plane fy12, the distance is increased by
1 as a3 — a3+ 1. Then

dist(o + €3, v;) = dist(a,v;) + 1 >r5+1=7r) fori=0,1,2.
The distance to v3 is k — 1 which is far larger than r3J:

dist(a + e3,v3) =g+ a1 +as =k —1>r}.
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Distance to edges. Similarly when computing the distance to edges not contain-
ing vg, ag — ag + 1 will increase the distance by 1:

dist(a + €3, fi;) = dist(e, fi;) +1>1>r5 =0 for i,j # 3.
When computing the distance to fy3, we use the distance to vertices on face fyio:
dist(a,vg) = a1 + ag + az = ay > ri > 0.
Then
dist(a + €3, fo3) = a1 +as = a3 > 0=r5.
The bound dist(« + €3, f13) > 0 is similar. The distance to edge fo3 is far away as
dist(a + €3, fo3) =ap+ a1 =k —1>2r5 > 0.

Case 2. Consider case ag + a3 > 1. Namely dist(a, fo1) > 1. Setting u =
A>teoty o/(Blay) and by Lemmal[27] we have divu = p. Again we have \*T<0¢, o €
H(div,T). We only need to show a+¢y € So(T, 72, k). The simplicial lattice con-
taining a + € is extended in aq direction; see Fig.

Distance to vertices. This case has been proved in Lemma Il That is
dist(a + €g, v;) = dist(o,v;) + 1 >r5+1=r] fori=1,2,3,
dist(a + €o, vo) = dist(w, vo) = dist(8,vo) + 1 > r§ + 1 =rj.

Distance to edges. We have
dist(a + €g, fij) = dist(a, fij) +1>r§4+1>1>r5=0 for 1<4i,j <3,
dist(a + €g, fo1) = aa +ag > 1> rs,
dist(a + o, foi) = dist(a, fo;) = dist(B, fo;) +1>1>r5 for i =2,3.
O

We then move to the most difficult case: the velocity is continuous and the
pressure is discontinuous. Supersmoothness on vertices and edges is added to ensure
the discrete div stability. In the following, ro > (2,1,0) and k& > 5.

Lemma 4.3. Assume
28) rI>25>2 ri>2i41>1, vl >0, rs=ro—1, k>2r)+1.
2 2 2 2 2 2

It holds that
divB;(T;ry) = By_1(T;73)/R.

Proof. By Lemma [310 and the setting of parameters, dim B;_1(T;73) > 1. With-
out loss of generality, assume 8 = a+¢p1 = (@p+1, 01— 1, g, a3) € S3(T,r3,k—1)
in the lattice for the pressure. We shall sort the nodes by the distance to the edge
fo1, i.e., the plane L(fo1,s) from s =75 to k — 1 — r§; see Fig. [0

Case 1. We first consider the case: ag = 1"5 or ag = r2f . Without loss of generality,

we discuss ag = rg in detail. To push the node into S5(T, 72, k), we need to increase
the distance to the face f3 = fp12 by one, i.e., lift the nodes one level higher in a3
direction by changing o to « + €3; see Fig. [1

We choose u by ([27). It remains to verify u € B} (T;rz), i.e., « +€3,8 + €3 €
S3(T,ra, k) C T}. We focus on o + €3 as 8 + €3 is symbolically identical.
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Distance to vertices. For a € S3(T,r3,k—1) C T}_,,i=0,1,2,

dist(a,v;) >ry <= a; <k—-1—-(ri+1)=k—-1—r] < dist(a+e3,v;) > 3.
So only v3 is left. As we assume az = rg,

dist(o + €3, v3) = k — dist(a + €3, f3) =k — (s + 1) =k — 1) — 1> 275 — ¢ > 13,

Distance to edges. For edges on the face fy12, w.l.o.g. take edge fo1, as no ag is
involved, we have the equivalence of the bound

dist(oz,fm) > ’I”§ <— agt+oa; <k-—1-— (7‘§ + 1) < dist(a + €3, f01) > 7‘;.

To estimate the distance to other edges, w.l.o.g. consider the edge fo3, we use the
bound of the distance to vertices. From

dist(a, vg) > 15 <= aq + ag + ag >y,
the fact a3 = rg, and the bound (28] on 7o, we conclude
dist(a + €3, fo3) = a1 + ag > 13 — rg >rs.
Distance to faces. Obviously the distance to f3 = fp12 is increased by 1, i.e.
dist(or+ €3, fs) =z +1 =71 +1> 1.

But other «y,i # 3, remains unchanged. We will use the bound of the distance to
edges. Again w.l.o.g. consider face fo = fp13. From

dist(a, fo1) = s+ asz > r5 =715 — 1,
the fact a3 = rg, and the bound (28] on 75, we conclude
dist(a + €3, fo) = ag > 15 —1r] —1> 7.

The last inequality is the motivation to have the stronger constraint r§ > 27"5 +1

in 29).

FIGURE 7. Different location of «, 3

In summary, for vertices and edges on the face fy12, the upper bound on the sum
of indices automatically holds as no as is involved. When estimating the distance
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to edges and faces containing v3, we use the fact a € L(fs, rg ) is in the face bubble

Sa(fs, (;g) — rg,k: —1- rg); see Fig. Bl(c).

Ty — T
3‘; IZ 042:7‘5
| —i——azzrg-i-l
|
g+ a3 =715 | |
L
a3:7'2f

20 Oé[)-‘—Oq:k—l—TS 1

FIGURE 8. On the cut plane ap + ag = r§

Case 2. Consider case ag + a3 = r5 and consequently ag + a3 =k —1—1r5. As

we have considered the case ap = rg or az = rzf in Case[ll we can further assume

g, 03 > rg +1> rg. Notice that now r§ = ag + ag > 27’5 + 2 which means if
r§ = 21"5 + 1 only, either ay or a3 = rg which is covered by Case [Il
We still choose uw by 7)) and verify « + €3, 8 + €3 € S5(T,ra, k).

Distance to vertices. Again we only need to consider the distance to vs which

is minimized when as = rg +1> rg ; see Fig.[Bl Algebraically, we have

dist(a + €3,v3) = ag + a1 + a2 > ag + a3 +r§ zk—l—rg—l—rg >y,
Distance to edges. The distance to edges fo1 and fa3 is easy to bound as as+ag =
rs:
dist(a+ €3, fo1) =as +ag+1=r5+1>r5,
dist(a+ €3, fog) =g+ a1 =k —1—1r5 > rs.

Without loss of generality consider dist(a + €3, f13) = ap + 2. From the distance
to the vertex and the fact as + ag = r5, we have the lower bound

(29) dist(a,v1) = o+ o +az >r; = ag>r;—r5.
Together with ag > T2f + 1, we have
dist(a + €3, fi13) = ap +ag > 13 — 1§ —1—7'5 +1>7rs.
Distance to faces. As we assume as, ag > 1"5, we have
dist(a + €3, fi) > rg, 1=2,3.

The lower bound (29) implies

dist(a + €3, fo) = ag > ry — 1§ > rg.

Similar to (29), dist(c, vo) > 7§ will imply the same lower bound on «; and dist(a+

€3af1) > Tg'

In summary, when considering the set L(fo1,75) N S5(T,rs, k — 1), the index is
well separated from the boundary. See the dash line in Fig.
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_ L °
ag + a3 =35 ®
B I

FIGURE 9. On the cut plane ag +ag =s>1r5+1

Case 3. Now only the case {L(fo1,5),7r5+1<s<k—1—-r5NS5(T,r3,k—1)}1is
left which implies as + ag > r§ + 1. See the middle cut plane in Fig. [1

After Case[Il we can assume ap, a3 > rg +1> rg. The node a can be on the
plane L(f123, rg ) and thus lift in a3 direction will not push it into the interior. We
choose to extend in «p direction and set u = A*T<¢; 5/(Slay). By Lemma 27
divu = p. We verify a + ¢y € S3(T, 72, k).

Distance to vertices. The trouble case is dist(« + €p,vo) as ag + 1 is closer to
vo. We will use the fact that g is closer to vy, i.e., Bg = ap + 1, and
dist(B,vo) > 1§ =k —1— o > ri,
to conclude the desired bound
dist(a+ €p,vo) = a1 + e +az =k — So > ri.

Distance to edges. For edges f;; not containing vg, no change on o, o5, and thus
dist(a, fij) >rs = a;+a; <k—1-r§—1=k—r;—1 = dist(a+eo, fij) > r5.
Consider edge fo1. By dist(«, fo1) = as + a3 > r§ + 1, we have

dist(a + €, fo1) =aa +az > 715+ 1> rs.
Consider edge fps. We use bound for

dist(B, fos3) >r§ = Po+Ps=ar+1+az3<k—-1—-r{—1=k—1—1r§,

to conclude dist(a + o, foz) > 5. The dist(a + €g, fo2) is similar.
Distance to faces. Again the distance to fj is easy as

dist(« + €o, fo) = ap + 1 >r§—|—1 :rzf.

The distance to faces fo and f3 is from the assumption g, a3 > rg +1> r{.

So we only need to check dist(« + €, f1) = a1. Again we compare with §. By
dist(8, f1) = 81 > r?{, we have
dist(a +€p, f1) =a1 =51 + 1 >r§+1:r§.

In summary, when as + a3 > r§ 4+ 1, we can choose a simple velocity field from
a to B and use the distance bound of 8 to derive the desired distance bound of «;

see Fig. O
When changing rg =0to rg = —1, we add more tangential div bubble functions

into the bubble space BgiV(T; r2) and thus the following div stability result is trivial.
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Corollary 4.4. Assume
ry>2r5 >2, r§>1, 7‘5:—1, r3=r201, k>2r;+1.
It holds that
divByY(T;72) = By_1(T;73) /R.
Proof. Noting that B} (T'; (r2)+) C BEY(T;73), we have
div B3 (T; (r2)4) C divBEY(T;75) C Br_1(T;73)/R.
By Lemma 3] divB3 (T (r2)+) = Bi_1(T;73)/R, which ends the proof. O

We integrate results in Lemmas [LTH2] Lemma 3] and Corollary £4] into The-
orem [4.9)

Theorem 4.5. Assume k > max{2ry + 1,r5 + 2},

rf>0, s>l 41>1, r3>2r5>2,
(30) o rs > 1, Ty > 2r§ > 2
2 "o lrse{0,—1}, 1Y >2r5 41,

and r3 = ro & 1. It holds that
div BEY(T;75) = Br_1(T;7r3)/R.

4.3. Div stability with equality constraint. For simplicity, hereafter we will
omit the triangulation 7; in the notation of global finite element spaces. For ex-
ample, V&V (Tp,; 7o) will be abbreviated as V&Y (ry).

Theorem 4.6. Let 7o satisfy BU) and r5 = 7o © 1. Assume k is a large enough
integer satisfying k > max{2ry + 1,75 + 2,3(r§ + 1)}. It holds that

(31) div V¥ (ry) = VE | (rs).

v
L)

7"5)) > 1 for
all f € Ax(Tp,). The condition k > 7§ + 2 is considered for case ro = (0,—1, —1).
It is obvious that divV{iv(ry) C Vﬁil(r;;) as rg =1y © 1. Forp e V,?il(’l";g) C
HTS{*‘I(Q)7 we are going to construct v = (vi,v2,v3) € ViV(ry) sit. dive = p.
To motivate the construction, consider the 1-D case. Given values pU )(m), j=0,
.., m with some non-negative integer m, to construct u satisfying v’ = p, we can
simply set w1 (z) = pU)(z), j =0, ..., m and u(z) = 0.

For vector function v, on each lower subsimplex, we will choose a different frame
and pick up one direction to assign the derivative relation.

Proof. By Lemma B9 the condition on k ensures that dim Bg(f;

Case 0. For v € Ag(Tn), we use the default Cartesian coordinate and write v =
(v1,v2,v3). When 7§ > 0, set

(32) VI (01v)(v) = Vip(v), j=0,... T
and all other DoF's are zero. Then

(33) Vi(divo)(v) = VI (01v1)(v) = Vip(v), 5=0,...,75.
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Case 1. For e € A1(Tp), we use the frame (¢, 1, n2), where ¢ is a tangential vector
of e and n1,no are two linearly independent normal vectors of e. Set edge DoF's of
v -t and v - ny to zero. Together with DoFs ([B2)) on vertices, v - t|. is determined.
Then set the DoF for v - ny by

/’U ny qds =0, q€Py ouyiny(e), if 75>0,
&t (v ny) ds _/ dip It (v-t)

——~ ——— qds — | ————= qds,
e On10nton? e Oniond e Ot Ontonl)
q € Praiyi1)4i41(e),0 <i<j<rgif r§>0.
Then by dive = 0y(v - t) + O, (v - M) + O, (v - n2) and the vanishing edge DoF's
for v - ny, we have
&’ (dive — p)

34 —
(39 e Oniony ™"

qds =0, q€Pr 1 a4y11)45(e),0<i<j<ri.

Case 2. For f € Ay(Ty,), we choose two tangential vectors ¢1, t5 and a normal vector
nys as the local frame. Set the face DoF's for v - ¢;,¢ = 1,2 as zero when rg > 0.

Together with edge and vertices DoF's in Cases [0l and [Tl the tangential component

I, for j =0, ..., r}, is determined and thus div(dJv)|; = 84 (divyv)|; is

well-defined. When 7“3{ >0, we set
/3%&(’0 -m) qgdS = /8%(1) —divyv) ¢dS,
f f

re N .
q€Bi_1_;(f; (7%) —§),5=0,...,7}.

Then by divv = 0, (v - n) + divy v, we have

v

(35) /831(divv —p)qdS =0, qgeBy_1_,(f; (rg) —4),i= O,...,rg.
f

T3

Notice that DoFs [; v-1 dS remain open as we assume dim By (f; (:ﬁ)) > 1. Recall
2
that there exists a o € H™ 2 (;R?) [24] such that divo = p. Then set
@) [wmaas= [@-maas acrine @ (iFm.
By divo = p and (34),
(37) / (dive —p)dz = / div(v —v)dz = 0.
T T
Case 3. For T € Ty, we split the DoF's as

/divqux:/pqu, q € Br_1(r3)/R,
T T

/ v-qdz =0, qcB(ry)Nker(div).
T
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By Theorem L5 the mapping div is surjective between bubble spaces. Together

with (1),
(38) /(divv —p)qdz =0, q€Br_1(rs).
T

Finally combining (33)-(35) and (B8] and the unisolvence for V£i1 (r3), we conclude
dive = p. O

Example 4.7 (Neilan’s Stokes element). We choose r2 = (2,1,0),73 = (1,0, —1)
and polynomial degree k > 6, to get a stable Stokes-pair,

(2 /1
(VEV(L L) VEZ(| 0 )
0 -1

This is the Stokes element constructed by Neilan in [4I]. The pressure element
is discontinuous on faces but continuous on edges and differentiable at vertices.
Notice that the lower bound on k is increased from 2r§ +1 =5 to 6 = 3(r§ + 1) to
include a face bubble DoF so that divu will contain piecewise constant.

Example 4.8 (Stenberg’s H(div)-conforming element). We choose ro=(0,—1, —1),
r3 = (—=1,—1,—1) and polynomial degree k > 2, to get a stable pair for mixed
Poisson problem,

0 -1
. 2
(VEV (L =1 VS (| =1 |))-
-1 -1
0
The H (div)-conforming element V¢V( [ —1 |) is the so-called Stenberg’s element [48].
-1
The lower bound k > 2 = 3 + 2 is to include a face bubble DoF so that divw will
contain piecewise constant. For ND,(f)/BDM;€ element, i.e. ro =r3=—1, k> 11is

enough to ensure the div stability.

4.4. Div stability with inequality constraints. We consider more general cases
with an inequality constraint on the smoothness vectors ro and r3:

ro > —1, and satisfies (B0, r3 > 19 O 1.
To define the finite element spaces and have the div stability, we further require
k> max{2ry + 1,73 +2,3(r5+1)}, k—1>2r5+1.
As r3 > 75 © 1, we have the relation Vﬁil(rg) - Vﬁil(rg © 1). By the div
stability (B1I) established for the larger space Vﬁil (r2©1), we can define a subspace
VY (g, 73) C VY (1), st div Vi (ra,73) = VE. | (r3).

Such subspace V&V (ry, 73) always exists. The difficulty is to give a finite element
definition in terms of local DoF's.

We use ND,(f)/BDMk element 7o = r3 = —1 as an example to explain the change
of DoFs. As ro = —1, no vertex and edge DoF's exist. Due to the div stability of
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the bubble space, we can write DoF's as

(300) [oenads, aerin =musi (7)) < 2
f 2
(39b) /Tdivqux, q € Pp1(T)/R =Br1(T;72) /R,
(39¢) / v-qdr, q¢€BIY(T;ry)Nker(div).
T

The range of div operator is the discontinuous P_; element. Now choose r3 >
9 © 1, we increase smoothness of divw on vertices, edges, and faces by adding

DoFs (d0a)), (@0L), and (@0d), and in turn shrink the interior moments (395)
to (@0d):

(40a) Vidivo(v), j=0,...,75,

(40b) j % qds, q€Pr 1 apyi1y14(e),0<i<j<rs,
o) oo gas. ge, () o<
(40d) /Tdivqux, q €Br_1(T;r3)/R,

(40 [o-maas. qerin =B (). € 2
(40f) /T'v ~qdz, q € BIY(T;ry) Nker(div).

DoFs (@0a)-@0d) on divwv will determine divo up to a constant and the sum of
number of these DoF's is always dimPy_1(T) — 1. The rest DoFs (@0d) and (40f)
are independent of r3. Hence the total number of DoFs remains unchanged. The
unisolvence is also easy as the modified DoF's are to determine div v.

We then explain the general case. For an edge e, we use the frame (t,n1,n2),
where t is a tangential vector of e and n1,ny are two linearly independent normal
vectors of e. For a face f, we choose two tangential vectors t1,t, and a normal
vector n as the local frame. We first add DoFs on divwv € V,?il(’l";g) to the original
DoFs (20al)-(20d), thus in the sequel, div v is considered as determined, and then
remove redundant DoF's. For example, on a face f, we write div v in the local frame

(tlatQan)
divo =0, (v-t1) + 0, (v - t2) + Op(v - n) = divy v + 0p(v - n),

where 1I; = I — nnT is the projection to the plane containing face f. If Il v is
known, then 9, (v-n) = divv—div IIyv can be determined. For normal derivatives,
exchange the ordering of derivative, i.e. write 9 (divv) = divd’v and apply the
above argument to conclude DoFs on &% (v - n) for j =1, ..., rg are redundant.
Notice that DoF on v-n, i.e. for j = 0, is still needed as div v only gives constraint
on derivatives.

The situation on edges is more complicated. We write the normal derivative as
D with a = (a1, az) € Tj(e) for j = 0,1, ..., 75. As diveo = 9y(v - t) 4 9y, (v -

n
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n1) + On, (v - n3), for each g € ']I‘]l(e), ji=0,..., rg, we can write
(41) DB (divw) = 8,DB(v - t) + 8, D2 (v - ny) + 0,, D5 (v - my).

On edge e, DoFs of D (v -t) and V/v(v) will determine the tangential component
DE(v-t)|. € Pr_;(e) and consequently 8; D2 (v-t)|.. The normal derivative of v-m;
can be written as

O, DE(v-m)=D%w-ny), a=f+e,1<|a|<ri+1>78.

Providing DoFs on D% (v-ny) for all 0 < |a| < 7§, we can then determine the third
component in {I) for certain range of lattice nodes a:

8n2D5(v~n2) =Df(v-ngy), a=F+e,a=(a,a),as>11<|a]=7<rs.

But the lattice node (a1,0) is missing, i.e., DoFs on 8) (v-ng) for j =0, 1, ...,
r5 should be still included.

We are in the position to present finite element description of Vgiv(’f‘g, r3). Take
P3(T) as the space of shape functions. The degrees of freedom are

(42a) Viv(v), i=0,...,75,
42b Vidivo(v), j=max{ry,0},...,r%,
(42b) J 2 3
(42¢) /3%1(’" ‘n2)qds, q€Py_syi1y45(e),0<j <73,
(vt o

(42d) W qds, q€Py oiyi1)44(€),0<i <5 <5,

e ON0N,

dw-n .

(42e) % qds, qe€ ]P’k_g(r;_,_l)_,_j(e), 0<i<j<rs,

e 8n18n2

8j divv . . e

(42f) /W qds, q€Pr 1 apyi1y44(e),0<i<j<rg,

e ON0Ny
(12¢) Jo-mads. acrine s (iF)m.
42h Oi(v-tr) qdS, qeBy_j(fi( 2) —4),0<j<rf =12

n J r 2

¥ 2
wn) [ o) aas, geBos () -p0<i<od
(42j) / divvgdz, q€Bi_1(rs3)/R,

T
(42k) / v-qdz, q¢cBI(ry)Nker(div)
T

for each v € Ag(T), e € A1 (T) and f € Ay(T).

Lemma 4.9. Let r3 > 1201 be two smoothness vectors and k > max{2ry+ 1,735+
2,3(r§ +1),2r3 + 2, 47{ +5,(r§ + rg +5)[r§ = 0]}. The DoF's @2) are unisolvent
for P3(T).

Proof. The number of DoFs ([@2h), (@2f)), [@21), and [@2]) to determine divv €
Véil(’f'g) is dimPy_1(T) — 1 — 4(T;;2), which is a constant independent of rj.
Hence the number of DoFs (@2al)-(42K) is also constant with respect to r3. To
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 85

count the dimension, we only need to consider case r3 = ro © 1. Now the number

of DoFs ([@2d)-([@2f]) equals that of
a‘jU 3 . . e
eW.qu’ e € Ai(T),q € Py o541)4,(€),0<i<j<rj.

As a result the number of DoFs ([@2a)-([42K) equals dim P} (7).
Take v € P3(T) and assume all the DoFs (@Za))-([@2K) vanish. The vanish-

ing DoF (42g) implies divv € L3(T). By the vanishing DoFs ([@2a)-(@2D)), (42é)
and ([#21)-[#2])), we get diveo = 0. Since divv = 0(v - t) + O, (V- M1) + Oy, (v - M2)
for each edge e and divv = 0, (v - n) + div¢(IIv) for each face f, it follows from

the vanishing DoFs ([@2al), ({2d)-([@2d), and [{#2g)-([@20L) that v € B (ry) Nker(div).
Therefore v = 0 holds from the vanishing DoF (42K]). O

A basis of VIV(ry,73) can be generated through computer programming. See
Remark [3.7] and Remark
Define global H(div)-conforming finite element space

ViV (ray,m3) = {v € L*(R?) 1wl € PUT)V T € Th,
all the DoF's (2al)-([#21) are single-valued}.

When r3 = r261, we have VI (ry, 75 61) = V&i¥(ry). Although the DoFs defining
these two finite element spaces are in different forms, from the proof of Lemma [£.9]
they can express each other by linear combinations.

When r3 > r, 61, we have

Vgiv(m, T3) g V%iv(’r‘g, ro O 1) = V%iv(’r‘g).

Namely additional smoothness on div v is imposed in space Vgi"(rg, T3).

Theorem 4.10. Let ro > —1 satisfy B0) and r3 > roS1. Assume k > max{2r)+
1,73 +2,3(r5 + 1), 20y + 2,470 +5, (15 + 7 +5)[r3 = 0]}. It holds that

(43) div V& (ry, p5) = VE' | (r3).

Proof. The condition k > max{2ry+1,3(r§+1)} ensures that dim By (f; (:ﬁ)) >1
2

for all cases except r2 = (0,—1,—1), and condition k > r¥ + 2 is required for case
ry = (0,—1,—1). The condition k > max{2ry + 2,4r] + 5, (r§ + 4 + 5)[r§ = 0]}
guarantees dim By _q(r3) > 1. It is apparent that div Vil (ry, r3) C Vé’il(’f‘g). We
are going to prove the div operator is surjective.

For p € Vﬁil(rg) C HTC{H(Q), there exists a u € HT£+2(Q;R3) such that
dive = p. Take v = (v1,v2,v3) € V&¥(ry, r3) such that all DoFs (@Za)- (42K)
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vanish except

VI(01v1)(v) = Vip(v), j=0,...,r3—1,
VI divo(v) = Vip(v), j = max{ry,0},...,r3,
& (divv) &p o
—————qds = | ————qds, €Pr_1-20 (e),0<i<j<rs,
e Ontong ™" e Ontong ™" 1 4 € Protatiin+(e) J=Ts
/v-ndS:/u~ndS,
f f
/8£(divv) qdS = / dp qds, q € Br—1-5(f; (;?é) —),0< 5 <],
f f 3
/divqux: / pqdz, q € By_1(r3)/R,
T T
for all v e Ag(Th), e € A (Th), f € Ag(Ty) and T € Ty. Then it holds dive =
p- U

Example 4.11. Taking k > 5, ro = —1, and r3 = 0, we get a stable pair for mixed
Poisson problem but with continuous displacement. That is we can construct a

subspace of ND;f) /BDM}, space with the range of div is continuous. The degree
k > 5 is to ensure dim By (T, r3) > 1.

Example 4.12 (3D Falk-Neilan Stokes element). Taking k& > 6, ro = (2, 1,0), and
r3 = (1,0,0), we get a stable Stokes-pair with continuous pressure element

2 1 1
iv 2
(V(Ii ( 1 ’ 0 )avé—l( 0 ))a
0 0 0

which is a generalization of the two-dimensional Falk-Neilan Stokes element con-
structed in [26] to three dimensions.

5. FINITE ELEMENT DE RHAM AND STOKES COMPLEXES

In this section we shall construct several finite element de Rham and Stokes
complexes.

5.1. Exactness of a complex of finite dimensional spaces.

Lemma 5.1. Let P and V; be finite-dimensional linear spaces fori =0, ..., 3 and
(44) PSSV, Sy Ay, By o

be a compler. Assume three out of the four conditions for the exactness of the
complex hold

P =V Nker(dyp),
doVo = V1 Nker(dy),
di1 V1 = Vo Nker(ds),
d2Ve = Vs,
and the dimensions satisfy
(45) dim P — dim Vy + dim V; — dim V5 4+ dim V3 = 0,
then complex [#d) is exact.
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 87

Proof. Since dimV; = dim V; Nker(d;) + dim d;V; for i = 0, 1,2, by (@3] we have

— (dim Vo Nker(dp) — dim P) + (dim V; Nker(d;) — dim dgVy)

— (dlm VQ n keI‘( dg) — dim d1V1) + (dlm Vg — dim dQVQ)

=dimP — dim Vy + dimV; — dim V5 4+ dim V3 = 0.

On the other hand, by assumption, three of four numbers dim Vy Nker(dy) —dim P,
dim V; Nker(dy) — dim dgVp, dim Vo Nker(ds) — dim d;V; and dim Vs — dim d2 Vs
are zeros. Thus all the four numbers vanish, that is

dim Vy Nker(dp) = dim P, dim V; Nker(d;) = dim dgV,

dim Vs Nker(dy) = dim dy V4, dim V3 = dim ds Vs,

as required. O

A polynomial de Rham complex on tetrahedron T is, for k > 1,

rad cur iv
(46) R 5 Pryo(T) 225 P, (T) 225 PH(T) L% Py (T) — 0.

By Lemma [B.1] the exactness of polynomial complex ([6]) can be verified by the
identity

(47) 1_(k;5)+3(k;4)_3<k;3)+<k;2>_0’
and the fact
R = ker(grad),
P}, 1 (T) Nker(curl) = grad Py (7)),
divP(T) = Pyp_1(T).
The first two are trivial and the last one can be proved by div(xPr_1(T)) =

Py_1(T).

5.2. Graft de Rham complexes. We first present an abstract definition of space
Veurl(p)) = Vi (ry) N H(curl, Q).

We call (rg,71,72,73) a valid de Rham smoothness sequence if the following se-

quence, with a sufficiently large degree k,

ra rad ur curl iv div
(48) RS VS (ro) 5 VYL (r) S5 VI (ra) S5 VEL (rs) 0

is an exact Hilbert complex. For a smoothness vector 75 > 75, we can define the
subspace

Vel (r1, #2) = {v € Vi (r1) @ curlv € VY (#) N ker(div)}.

Such space is well-defined as V{V(73) N ker(div) € V&V(ry) N ker(div) and
(rq,rl,rg,'rg) is a valid de Rham smoothness sequence implies cueri‘ﬂ( 1) =
Vdiv(ry) Nker(div).

Recall that (ra, 73, k) is called div stable pair if div V&V (ry, 73) = Vﬁil(rg) for
a sufficiently large degree k.
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88 LONG CHEN AND XUEHAI HUANG

Theorem 5.2. Assume (rg,71,72,73) s a valid de Rham smoothness sequence
and (Pg,73,k) is div stable with #o > ro, 73 > r3. Then (ro,r1,72,73) is also a
valid de Rham smoothness sequence in the sense that the following complex

~ curl div

ra rad cur ivya - 2 -
R < V28 (1g) 5% VEU (r1, 2) o ViV (g, 75) — VE_ (73) = 0

18 exact.

Proof. Exactness of (@) implies ker(div) NV (ry) = curl V§%] (ry). Then ker(div)
NV (73) C ker(div) N Vi (ry) = curl Vi (1), by which we get

ker(div) N VY (#5) = curl Vi (1, 72).

As in Vi‘ﬂ(rl, 79), only the range of curl operator is changed, the relation
Veurl (rq, o) Nker(curl) = grad V%Tg(ro) still holds. The relation div VY (g, #3) =

Vé’il(’f‘g) is from the assumption (79,73, k) is div stable. O

In Example 5.3 we shall further simplify the notation by presenting the smooth-
ness vectors only and skip the space notation which should be clear from the context.

Example 5.3. The standard de Rham complex is (0, —1, —1, —1). Take the stable
div pair 79 = (2,1,0),73 = (1,0, —1), we obtain the finite element Stokes complex

0 (-1 2\ 1
RS (o &4 ()b (1] 2% (o] =o.
0 -1 0 1

Use o = (2,1,0),73 = (1,0,0), we get another finite element Stokes complex
ending with a continuous element

0 (1 2\ /1
RS (o] 224 (—1] L (1] 2% (o] —o.
0 -1 0 0

As ViV(#y) ¢ H'(Q;R3), the space Vel (ry, 72) € H(gradewrl, Q) == {v €
H (curl,Q), curlv € H'(£2;R?)} which can be used to discretize the quad-curl prob-

lem [521[56]. Some non-conforming finite element discretizations of Stokes complex
can be found in [35[36].

5.3. H(curl)-conforming finite elements. Next we give a finite element descrip-
tion for Vi‘ﬂ(m, ry) with 79 > 71 ©1. We should keep DoF's for curlv € V%iv(’l"g),
combine DoFs for V3 4+1(7r1), and eliminate linearly dependent ones.

On edge e, we choose frame {¢t,n1,n2} and to facilitate the calculation simplify
as (g, x1,22). Then u = (ug, u1,u)T with ug = w-t,u; = u-ny,us = u-ng, and
curlu = (O1ug — dauq, Oaug — douz, dguy — O1up)T. Apply the normal derivative DY

to curlu, we obtain, for a € Tj(e), j =0, ..., 15,

49 D& curlu =(D{erthe2)y, — planaatl),

( ) n ( n 2 n 1,
(50) Dgal’a2+1)uo _ 60D7(Lal,a2)u2’
(51) aODSLahaz)ul _ Dslal—&-l@z)uo)T.

DoFs on Dy curlu are given and thus D;; curlu is considered as known on edge
e. Include DoFs on D%uq,0 < |a| < 7§, then dpD%u; is known on edge e. Linear
combination with (@), we can determine Dyus, 1 < |a] < rf,a; > 1 but 9} uo,

j =0, ..., r{ are left and thus should be included in the DoF. Linear combination
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 89

with (5I)), we can determine D%wug for 1 < |a| < r¢ with @; > 1. Linear combination
with (&0), we also know D%ug for 1 < |a| < 7§ with as > 1. So only o = (0,0) is
left. Namely DoF on ug = u - t should be included explicitly.

We then move to faces and present formulae on the normal and tangential com-
ponent of curlu. For smooth scalar function v and face f with unit normal vector
n, define surface gradient

Vv =1 (Vv) = Vv — (Opv)n.

For smooth vector function u, define surface rotation

rotju = (n x V) -u = (curlu) - n.

Clearly it holds rot ju = roty(II;u).

Lemma 5.4. On face f, for smooth enough function w, it holds that

(52) n-(V xu)=roty(Il;u),
(53) nx (Vxu)=Vi(u-n)—0,(Ilu),
(54) I (nx (Vxu)=V(du -n)—10;0/"u, j>0.

Proof. Identity (52)) is indeed the definition of rot;. By a direct computation, (G3))
follows from

nx (Vxu)=V(u-n)—0ou
=Vi(u-n)+d,(u-n)n— (0,(Il;u) 4+ 0, (u - n)n)
=Vi(u-n)—0,(Ilyu).

Exchange partial derivatives 97 with n x (V x ) to get (54). O

We always include DoF's for curlu. So by (G2) rot II;u can be determined. By
the Helmholtz decomposition of a vector function on the face, the tangential compo-

nent I1yu can be determined by rot 11y« and the moment with grad,; By 2(f; (Tl)

i
+1). The normal derivative of the normal component & (u - n), for j =0, 1, ...,
r{, will be included as DoFs. Then V(04w - n) can be computed on face. Thanks
to (B4), the normal derivative of the tangential component d?11fu can be deter-
mined.

We are in the position to present a finite element description for the space
Vel (ry, 72). Take P | (T) as the space of shape functions. The degrees of freedom
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are

(55a) Viv(v), i=0,...,77,

(55b) Vi(curlv)(v), j=max{r],0},...,75,

(55(3) /’U -tgds, q¢€ Pk—l—Qr‘l’ (6),
& (v -

(55d) /(,”—n_lfqu, g€ Py ayiy(€),0<i<j<rs,
ontond

(55e) / (v-m2)qds, q€Pr_1 9v45(e),0< 75 <rf,

(55f) / ((curlv) - m2) gds, q € Pr_opyyi1)4(e),0 <5 <73,

(55g) /W qds, q€Py ouyi1)44(€),0<i <5 <5,
e 1 2
ooy [P o e By g @0< i< <
€ 1 2
(551 Jtw-aas. ae g B (1) <.
(553) [ 2w maas. g () —ano <<l

(55K) /f fcurtv) mqas, g e Bulsi (1F))/m,

T3

(55) /f 84 (curlw) - ) qdS, g € By (f; () _p0<j<ie=12,
(55m) / (curlv) - gdz, q € B (ry) Nker(div),
T
(55n) / v-qdz, g€ gradByio(r;+1)
T

for each v € Ag(T), e € A(T) and f € Aqx(T).

Lemma 5.5. Assume k is a large enough integer satisfying k > max{2ry +1,2ry +
1,734 2,3(rs +1)}. The DoFs (G5a)-[G5n) are unisolvent for P}, (T).

Proof. Since V(curlw) is trace-free, the number of DoF (B5L) at one vertex is

(1) AT () ()
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 91

Then thanks to the proof of Lemma[L9] the sum of the number of DoFs (55h]), (B5)-

(5L and (B3K)-(E5m) is

3 dim Py, (T) — <dim[P’k_1(T) —1- 4<T2;2>) —4-12 (r2;3>

412 ry+3 19 Ty + 2 _4 ry + 2 4 Y +1
3 3 3 3
142 T4+1
(56) = 3dim Py(T) — dim Py, (T) — 3 — 12(7“1;r ) T 4(7"1 ; )
which is constant with respect to ro. Hence the sum of the number of DoF's (B5al)-
(G50l is also constant with respect to 5. It suffices to consider case ro = r1 61 to
count the dimension. Now the number of DoFs (55€)-(B50]) equals that of

(vt . L e
(57) qu& qE€Pr1-2ry4(e),0<i <, 1 <5 <rf,
€ 1 2
9 (v -
(58) Plwm2) 1 ds, qePeronssle)0<i<)<ri

i 99y~
e 87118712

As a result the number of DoFs (B5a)-(G50) equals dim P} (7).

Take v € P} ,(T) and assume all the DoFs (G5a)-(55m) vanish. The vanish-
ing DoF (B5d) implies (curlw) - n|y € L&(f) for f € Ay(T). By the vanishing
DoFs (G55a)-(550), (B51)-(G5h) and (55K)-(G5ml), we get curlv = 0.

For edge e € Aq(T') with frame {t,n1,na}, we have

curlv = curl((v - t)t + (v - n1)ng + (v - n2)nog)
=—(txV)(v-t)— (ny x V)(v-n1) — (n2 x V)(v - ng),

which combined with curlv = 0 implies

(59) (curlw) - t = Op, (v -M2) — Op, (v -m1) =0,
(60) (curlv) -y = Oy, (v - t) — Os(v - na) =0,
(61) (curlv) - mg = O¢(v-ny) — Oy, (v-t) =0.

Then it follows from the vanishing DoFs (55d)-({G5d) that (E7)-(G8]) vanish.
Similarly for face f € Ay(T) with frame {n,t;,t2}, we have

curlv = curl((v - n)n + (v - t1)t1 + (v - t2)ta)
=—(nxV)(v-n)—(t xV)(v-t1) — (t2 x V)(v - ta),

which combined with curl v = 0 implies

(curlv) -m =0, (v - t2) — Oy, (v - t1) =0,
(curlw) - t; = 0y, (v-m) — Oy (v - ta) = 0,
(curlw) - to = Op(v - t1) — O, (v-m) = 0.

Then it follows from the vanishing DoFs (551)-(55]) that
(v)f=0 for 0<j<rl.
Finally v = 0 holds from the vanishing DoF (G5nl). O
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Define the global H (curl)-conforming finite element space
Vi'fi(rl,'rg) ={ve L*(R?) :v|r € P} 1 (T) for each T € T,
and all the DoF's (B5al)-(B5]) are single-valued}.
By the proof of Lemma (5.5 we have
V?ﬂ(rl, re) C Vi‘_‘ﬂ (r1), cuerz‘_‘ﬂ(rl, re) C V‘éiv(rz, r3).
We illustrate V§ (r1, 72) C H (curl, ). First consider 5 >0. For v € V§¥|(r1,72),

DoFs (B5al)-(55h]) and (B5f)-(G54) determine (V7 (curl v))|. for edge e and j = 0, .

r5. Due to identities (B9)-([61I)), DoFs (55al) and (BE5d)-([G5d) then determine (v - t)\e
and (V7o) for j = 0, ..., r§. Finally, v € H(curl,Q) follows from DoFs (55

and (55K).

When r§ = —1, we have r§{ € {-1,0}. For v € Vz‘_‘ﬂ(rl,m) DoFs (G5a)
and (B5d)-([B5€) determine (v - t)|. for ¢ = —1 and v|. for r{ = 0. Then v €
H(curl, Q) follows from DoF's (B551) and (55K).

5.4. Finite element de Rham and Stokes complexes with decay smooth-
ness. We consider the decay smoothness sequence with lower bound —1

To, 7’1:1”‘0@1 ’I°2:’I‘1@1 T‘3:’l"2@1

We first consider the case rf =m > 2 so that r% >0. Thenr;=7r,_1—1>0
for ¢ = 1,2. The polynomial degree starts from k > 8m + 1 > 17. In the result
below, we explicitly present constraints on 72 to emphasize the space Vgi"(rg) is
continuous and in H(Q).

Lemma 5.6. Let ] > 0,75 > 2r) + 2,03 > 205 4+ 2,k > 2r§ + 3, and let 7o =
ri1+1,r1=ro+ 1,73 =1y — 1. Write
dim V25 (Thi 7o) = CoolA0(Th)| + Cor| A
dim V{4 (Ths 1) = CiolAo(Th)| + Cri| A (T,
dim V&Y (Th: 7)) = Cool Ao(Th)| + Co1|A1(Th
dimVﬁ 1(Thyr3) = C30|Ao(Th)| + Cs1|A1(Th
Then

Tn)| + Co2| Ao (Th)| + Cos| As(Th)|,
| + C12| Ao (Th)| + C13|Az(Ta)l,
| + Co2|Aa(Th)| + C23|As(Th)
(Tn) (Tw)l-

(
(
(
( | + C32| Ao(Th)| + C33|As(Th

~—_— — ~— —

(
(
(
(

—_— — ~— —

Cij = (?)C](k +2—i,7r;), 4,7=0,1,2,3,

where C;(k,r) is defined in Lemma BIIl satisfy the alternating sum identity
Coi — Cpi + Co — C3 = (=1)F,  i=0,1,2,3.

Proof. For the column of |A¢(7x)|, by Lemma BTl and {T) with k& = rJ,

ry+5 ry +4 ry +3 ry + 2
000—010-1-020—030:(23 )—3(23 )+3<23 )—(23 ):1.

For the column of |A1(73)|, by Lemma B.I1 and (7)) with &k = r§ — 1,
Co1 — Ci1 + Co1 — O3

e 4 e e 2 e 1
_(k+r§—2r;—1)[<r2; >—3<T2;3>+3(T2; )—(”J ﬂ
_<T§;—4>+3<T5;—3>_3(1"5;—2)_'_(1"26;—1)__1.
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 93

For the column of |Ay(7r)|, by Lemma B.11 and (7)),
Coz — C12 + Cag — U3z

()75
S )7
SRR

For the column of |As(7x)|, applying 7)) again,
Coz — C13+ C23 — Cs3

k+5 k+4 k+3 k+2
()05 1) () e

—6(Co1 — C11 + Ca1 — C31) — 4(Coa — Cr2 + Caa — Cs2)

This ends the proof. O

We summarize the coefficients C;; in Table

TABLE 2. Dimensions of finite element spaces

2

VER (o) VEIl(r) V() VE () XEo(-1)Cy

|A0(Tn)| Co(k+2,70) 3Co(k+1,71) 3Co(k,r2) Co(k —1,73) 1
AT Ci(k+2,70) 3C1(k+1,r1) 3Ci(k, 1) Ci(k—1,73) 1
Ao(Th)| Calk+2,m0) 3Ca(k+1,71) 3Cs(k,7a) Calk —1,7s) 1
|A3(Tn)| Cs(k+2,7r9) 3C5(k+1,71) 3Cs(k,r2) Cs(k—1,73) -1

We first consider the case r{ > 0 so that V{¥(ry) C H'(Q;R?) and present the
following finite element Stokes complex.

Theorem 5.7. Let rg > 0,75 > 27“5 + 2,75 > 2r§ + 2,k > 2ry + 3, and let
ro=r1+1,r1 =ro+ 1,73 =ry — 1. The finite element Stokes complex

rad grad cur url iv le
(62) RS VS (ro) £55 Vil (r1) <5 Vi (rg) <5 VI (rg) — 0
18 exact.
Proof. By construction (62]) is a complex, and

grad Virjg(ro) Vel (r1) N ker(curl).
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94 LONG CHEN AND XUEHAT HUANG
Thanks to @), divV{iV(ry) = V,%il(rg). By Lemma [5.6] and the Euler’s formula,
1 — dim V&2 (10) + dim V§¥ (1) — dim V¥ (o) + dim VE | (73)
=1 =180(Tu)| + |A1(Ta)| = [A2(Tn)[ + [A3(Th)| = 0.

Therefore the exactness of complex ([62)) follows from Lemma [B.11 O

We then consider the case 7§ = —1 and thus V&iv(ry) € H(div, Q) only.

Theorem 5.8. Let ry satisfy BU) with rg =—1,andletrg =7r1+1> 0,1 =
r101,r3 = 1201 be smoothness vectors. Assume k > max{2r§+1,rJ+2,3(r§+1)}.
The finite element de Rham complex

ra rad cur r iv iv
(63) RS VER(g) E% vl () S VIV (1) D5 VE (r5) — 0

15 exact.
Proof. By construction (G3]) is a complex, and
grad V%rfg(ro) = Vi‘ﬂ(rl) N ker(curl).
Thanks to @BI)), divV&v(ry) = Vﬁil(rg). Then we count the dimensions. By
comparing DoFs of V&1V (ry) and Vﬁil(rg),
dim V&Y (r5) — dim V]?il(’f‘g)

=1l (3(7%57) - (77) + AT S 9k - 25 14)

j=0

+ Ao (Tn)| dim By (f; <:‘;‘)) + [A3(Th) |(dim BEY (r2) N ker(div) — 1).
Then it follows from DoFs (B5a)-(G50) of space VU (r1) that

dim Vi (1) — dim Vi (r2) + dim VE (1)

—1aaml (3(7157) -3 (" %) + (1)

ATk = 2r) + [AL(TR)| DG+ 2)(k = 2r] +5)

§=0
+ | Ao(Tp)| dim By y2(f; (:g)) + X(r{ = 0)|A2(Tr)| dim By11(f; (;%))
1A (TR)| + 18 (T0)|(dim B (o) + 1),
As a result, by the Euler’s formula,

1 —dim Vifg(ro) + dim V§¥ (71) — dim Vi (r2) + dim Véil(’l"g)
=1—|Ao(Tn)| + |A1(Th)| — |A2(Tn)| + |A3(Tn)| = 0.

Therefore the exactness of complex (G3]) follows from Lemma [B.11 O
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 95

5.5. Finite element de Rham and Stokes complex with inequality con-
straint. We consider the most general case with inequality constraint on smooth-
ness vectors.

Theorem 5.9. Let rg > 0,71 =rg— 1,79 > 1r1 ©1,73 > r9 &1 be smoothness
vectors. Assume (r2,7r3, k) is div stable. Assume k > max{2r] + 1,2ry + 1,73 +
2,3(r5+1),2ry +2,4rf +5, (5 + 14 +5)[r3 = 0]}. Then the finite element complex
ra rad cur url iv div 2
(64) RS VETS(mg) 55 VT (r1, 7m2) 5 VEV(ro, r3) =5 VE (r3) = 0
18 exact.
Proof. By construction (64]) is a complex, and
Vil (r1, 72) Nker(curl) = V§¥] (1) Nker(curl) = grad V%rfg(ro).
Thanks to {@3), div V{iV(ry, r3) = Viil(rg). By Lemma [5] it suffices to prove
(65)  dim V25 (1) — dim V¥ (71, 7o) + dim VEY (ro, 73) — dim VE | (r3) = 1.
Through comparing DoFs, we find that dim V&Y (ry, 73) — dim Vﬁil(rg) is constant
with respect to r3, which means
dim V&Y (75, r3) — dim Vfil(rg) = dim V{V(ry) — dim Vfil(rg o1).

Similarly, since dim V{4 (r1, 72) —dim V&Y (ry) + dim Véil (r2©1) is constant with
respect to 72, we have

dim V§¥ (1, 72) — dim V¥ (r2) + dim Vﬁil(rg o1)
=dim Vi (ry) —dim V¥ (r o 1) + dimV,?il(rl O 2).
Combining the last two identities yields
— dim VU (1, 79) + dim VI (1o, 73) — dim VE | (73)
s curl : div . L2
= —dim Vi (r) + dim ViV (r1 ©1) — dim Vi, (r1 © 2).
Therefore (63)) follows from Theorem 5.7 and Theorem (.8 O

Example 5.10. Taking ro = (1,0,0), 71 =7r¢g— 1, 7o =7r1 61, r3=7r2 61 and
k > 1, we obtain the Hermite family finite element de Rham complex in [21]
A 1\ /-1
RS (o] 225 (1) & (1] &% [-1] —o.
0 -1 -1 -1

Taking ro = (2,1,0), 11 =719 — 1, ro =71 61, r3 =726 1 and k > 3, we obtain
the Argyris family finite element de Rham complex in [21]

1 0 —1
RS (1] & [ o )<l dY (—1] o
0 1 —1 ~1

Example 5.11. Taking ro = (4,2,1), 711 =7rg—1, 7o =71 — 1, 13 =7r2 61 and
k > 7, the finite element de Rham complex

AN 2\ /1
RS (2] &2 (1] <o ]S ([-1] =0
1 0 -1 -1
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96 LONG CHEN AND XUEHAI HUANG

can be used to discretize the decoupled formulation of the biharmonic equation in
three dimensions in [14, Section 3.2].

Example 5.12. Taking ro = (4,2,1), 7o = (2,1,0), 1y =ro— 1, 73 =r2 — 1 and
k > 7, we obtain the Stokes complex in [41]

4 e 2\ 1
RS o) &2 (1] L (1] 9% [ o] =0
1 0 0 -1

Remark 5.13. Based on smooth scalar finite elements in arbitrary dimension in
Appendix[Al it is doable to construct finite element de Rham complexes with various
smoothness in arbitrary dimension. However, it is difficult to prove the exactness
of the resulting finite element complexes. Recent work [27] on split meshes might
be helpful.

5.6. Commutative diagram. To construct a commutative diagram for finite el-
ement complex (64), we adjust DoFs ([7a))-(TZd)) of V%fg (ro) in consideration of

DoFs (B5a))-(G5n) of V§¥] (r1,72). We present new DoF's for V%Tg (ro) as follows:

(66a) Viu(v), j=0,...,17,
(66b) Jowads, g€ Biagale)r
0 o L e
(66¢) qusv q € Py _2mvy5(e),0 << 5,1 <5 <,
e ONj0Ny
(66d) / (grad;u) - qdS, q € grad;Byya(f; (;g))
;
(666) /a'gzuquv q € BkJrQ*j(f; <;’:§) - )71 S] S rgu
f
(661) /(grad u)-qdz, q € gradBgo(rg)
T

for each v € Ag(T), e € A1(T) and f € Ay(T).
Lemma 5.14. The DoFs (66al)-(661]) are unisolvent for Pyio(T).

Proof. By comparing DoFs (I7a)-(IZd)) and DoFs (66al)-(66f]), the number of DoF's

([66a)- ([661) equals dim Py o(T).
Assume u € Pjyo(T) and all the DoFs (G6al)-(66I) vanish. The vanishing

DoFs (66a)-(66h) imply [, ugds = 0 for ¢ € Px_g5(e). Thanks to Theorem 3.6}

we get from the vanishing DoFs (66a)) and (66d) that Viu|, = 0 for 0 < j < r§ and

e € Ay(T). Then uls € Byia(f; (Zg)) for f € Ay(T), which combined with (66d)
0

yields u|y = 0. Applying Theorem [B.6lagain, it follows from the vanishing DoF (GGe))
that dJulf =0 for 0 < j < rg, ie. u € Bria(rg). Thus u = 0 holds from the van-
ishing DoF (661)). O

Define I }glrad,f,‘i““, I8V and I hL2 as the canonical interpolation operators using
the DoF's.
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 97

Corollary 5.15. With the same setting as in Theorem 5.9, the following diagram
18 commutative.

C grad di
_—

R —=>C>(Q) Coo(; R3) — s 0o0(; R3) — Y 5 () ——> 0

rad 1 div 2
|« | [ |«

ad . :
R — > V& (1) —25 VEurl (1, 1)~ VY (19, 73) <20 VE | (173) —— 0.

Proof.

Step 1. We first prove

(67) div(I{Ve) = IF (dive) Vv e C®(Q;R?).

By comparing DoFs (ITa)-(TZd) for VL’ (rs), and DoFs ([@Za)-(@20), @20) and

@21)-[@2]) for VY (ry, r3), it suffices to prove
/ div(IVo)dz = / divedzr VT €Ty,
T T

which is an immediate result of DoF (42g).

Step 2. Next we prove
(68) curl(I¢™v) = IV (curlv) Vv € C(Q;R?).
By (IBZI) we have div(curl(If%w)) = div(IV(curlv)) = 0. By comparing DoFs

@), (@20 @), [EZE)-E2) and (@8 for Vi (rs,rs), and DoFs (553)-(G0).
(B51)- (EEI) and (BBK)-(G5m) for VU (r1,72), it sufﬁces to prove

/curl([c‘Jrl )-ndS = /(curlv)-ndS YV f € Aq(Th),
f f

which is an immediate result of DoF (Bad).
Step 3. Finally we prove
(69) grad(I8°%) = I (grad u) ¥V u € C(Q).

By (B8), we have curl(grad(I£*%u)) = curl(I¢™!(gradu)) = 0. By comparing
DoF's (B5al), (ISE)—(EEH), (B51)-[B5]) and (G5n) for ViU (r1,72), and DoFs (G6al)-

(661) for Vk+2 (rg), it suffices to prove
/&g([ﬁmdu) ds = /atuds VeeA(Th),

which is an immediate result of DoF (G6al).
Combining (67)-([69]) will end the proof. O

5.7. The first kind finite elements. Firstly, we construct the first type H(div)-
conforming finite elements for 4 satisfying [B0) and r3 > r, ©1. Take ]P’gi"i (T; R3)
= P?_|(T) + oHj_1(T) as the space of shape functions, where Hy_1(T) :=
Py_1(T)\Pr—_2(T) is the homogenous polynomial space of degree k — 1. Using the
fact div(zq) = (k + 3)q for all ¢ € Hj_1(T), we know divP‘gf‘i(T; R?) = Pr_1(T).
So, among DoFs ([@2) for V&V (ry, r3), we can keep DoFs for dive. As x - n|y is
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98 LONG CHEN AND XUEHAI HUANG

constant, the normal trace on faces remains in Pr_1(f). Also as the added subspace
only contributes to the range of div operator,

P (T3 R®) Nker(div) = P} (T) Nker(div).
We use DoFs ([@Z) for Vi, (T; 74, 1r3), denoted by DoFY, (T; 7y, 73), but increase

the DoF's for divw from k — 2 to £k — 1. Based on these observations, we propose
the following degrees of freedom:

(70a) Viv(v), i=0,...,75,
(70b) Vidivo(v), j=max{ry,0},...,r3,

100 [0, (00na)ads, 4 € Putapiny (60T <15,

9 (v - t) -
70d T dS, E]P)__TV ‘E,OS’LS S'I"e,
( ) ] anzlan%,l q q k—1-2( 2+1)+g( ) J 2
dw-n .
(70e) W ds, q€Pr_1-2¢y+1)+5(€),0<i<j<rj,
€ 1 2
& (divv o
(70f) % qds, q€Pp 1 opyi1y4 (e),0<i<j<rs,
e 37113712
T.V
(70g) [o-mads, aerne @ (F)m.
o) [ o008, geBer, (i () -po<i<rde=1e
) [ e gas gener, () -po<i<od
(709) [ divoqds, geBii)/E,
T
(70k) / v-qdz, g€ B, (ry) Nker(div)
T

for each v € Ag(T), e € A1(T) and f € Ay(T).

Lemma 5.16. Let rz > 12O 1 be two smoothness vectors. Assume k > max{2r}+
2,375 + 4,2r5 + 2,4r] + 5,35 = 0], (r§ + 7§ + 5)[r§ = 0]}. The DoFs ([0) are
unisolvent for Py (T;R?) =P}, (T) + xHy1(T).

Proof. When k = 1, we have ro = r3 = —1, and DoFs ({0)) are reduced to (70g),
which is exactly DoF's of the lowest order Raviart-Thomas element in [39,46]. Then
we consider k£ > 2.

The number of DoFs (Z0H), (Z0f), (701), and (70]) to determine divv € VE (1)
is dimPy_1(T) — 1 — 4(7"5;2). While in DoF{™, (T;ry,73), the part to determine
dive € Vﬁ;(rg) is dimPy_o(T) — 1 — 4(T;3+2). So the number of DoFs added
is dimPy_1(T) — dimPy_o(T) = dimHy_1(T") which matches the increase of the
dimension of spaces dim ngﬂ (T;R3) — dim P} _, (7).

Take v € ngv_ (T;R3) and assume all the DoFs (T0) vanish. By the proof of
Lemma L9} the vanishing DoFs (f0a)-(70j) imply dive = 0. Then v € P}_,(T).
Finally apply Lemma to conclude v = 0. O
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FINITE ELEMENT DE RHAM AND STOKES COMPLEXES 99

Define the global H(div)-conforming finite element space

Vi (ry,rs) = {v € L2 (Y R®) |y € B_ (T) + &Hy_1(T)
for each T € Ty, and all the DoFs (70) are single-valued}.

As trdiv ]P’gfv_ (T;R3) = tr4VP?_ | (T), the normal component v - n|; on each face is
still continuous. So Vziv’_(r;, r3) C H(div,Q). The tangential component is one
degree higher and the current DoF's cannot ensure the required continuity. Namely
even 1 > 0 Vzw’_(r;,rg,) ¢ H'(Q;R?). We use superscript ~ in 7, to denote
this deficiency when ro > 0. Nevertheless for £ > 2 we have

VI (7 rg) N ker(div) = VI, (79, 75) N ker(div) € C72 (;R®) 0 H™ T (Q; R?),

and thus

(71) curl V¥ (1) 79) = VIV (5, 73) N ker(div).

By construction div Viiv’_(rg, r3) C Véil(rg). Since

dim div ViV~ (7, 73) = dim ViV~ (ry , 73) — dim (Vi) (2, 73) N ker(div))

= dimViiv’_(rg, r3) — dim VY, (19, 73) + dimVﬁiQ(r;;)
= dimVéil(r;;),

it holds

(72) div VIV~ (r) rg) = VE | (13).

Next we construct the first type H(curl)-conforming finite elements for ro >
r1 61> —1. Take }P’i‘ﬂﬁ(T; R3) :=P}T) @ x HY(T) =P, (T)\ grad Hy42(T)
as the space of shape functions. Locally curl ]P’?_‘&_(T; R3) = ker(div) N P3(T)

by the polynomial de Rham complex. So we take (55) for DoF{¥](T;rq, r3) but
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100 LONG CHEN AND XUEHAI HUANG

decrease the degree of polynomial for DoF's of v. The degrees of freedom are

(73a) Viv(v), i=0,...,7],
(73b) Vi (curlw)(v), j =max{r}],0},...,75,
(73c) /v tqds, q€Pr o 2m(e),
e
o7
(73d) M dS, q € Pk—2—2’r‘{+j(e)7 0<1 S.] < ria
e Ontomy ™"
(73¢) / (v-n2)qds, q€Pr 2 914;(€),0<j<rf,

(73f) / ((curlv) - m2) gds, q € Propyi1)44(e),0 <7 <73,

0 ((curlw) - t .
(73g) /M qua q € Pk—Z(r§+l)+j(e)ﬂ 0<i< J< T2,

Intony ™"
(73h) / % qds, q€Propyi1)45(e),0<1 <5 <rj,
(73i) /f(va) -qdS, g € grad;Byi1(f; (:1) +1),
(73) [ 2w maas, aem, s ([f) -po<i<o.
w0 [(ewto)ngas, g ()
(731) /faﬁ;«curlv) t) qdS, g € By_y(f: <Z§) _p0<j<re=12
(73m) /T (curlv) - qdz, g € BEY(ry) A ker(div),
(73n) /T'u ~qdz, q€gradBrii(r1+1)

for each v € Ag(T), e € Ay(T) and f € Aq(T).

Lemma 5.17. Assume k is a large enough integer satisfying k > 0 for r1 = ro =
—1, and k > max{2r] +2,2ry+ 1,73 +2,3(r5+ 1)} for other cases. The DoFs ([[3)

are unisolvent for Pi‘jﬂﬁ(T; R?).

Proof. When k = 0, we have 71 = ro = —1, and DoFs (73) are reduced to ([73d),
which are exactly DoFs of the lowest order Nédélec element in [39]. Then we
consider k > 1.

Thanks to (B6) and the polynomial de Rham complex ([@6), the number of

DoF's (Z3D), (Z31)-(Z3h) and (Z3K)-(Z3m) is

v 2 v 1
3dimIP’k+1(T)—dimPk+2(T)_2_12<r1; >+4(r1;r )
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Hence the number of DoF's (73) is
3dim Py (T) + (3 dim Pyy1 (T) — dim Pyyo(T)) — (3 dim Py (T) — dim Py 1 (T))
=dim P}, (T) — (dim Py12(T) — dim Py (7)),

which matches the dimension of P} | (T')\ grad Hy2(T).
Take v € ]P’i‘_ﬂ (T;R3) and assume all DoFs (73)) vanish. By the proof of

Lemma [5.5] the vanishing DoFs (73al)-(73d), (30)-(73h) and (Z3K)-(73m) 1mp1y

curlv = 0. Then v € P}(T). Finally apply Lemma [5.5] to conclude v = 0.

Define the global H (curl)-conforming finite element space
Ve T (rr ) = {v € LA R3) s v|p € PYH(T) @ @ x H(T)
for each T € T, and all the DoFs (73] are single-valued}.
Apparently, P?ﬂ,— (T;R?) -t = IP’% (T') -t on each edge. Introduce the trace operator

curl

of curl as tr{""v = n x v|; on face f. Since

" (@ x q) = (¢ n)z —(x-n)q = (¢ )z~ (z-n)ll;q € Py(f;R?) +Py(f)I2
for g € P3(T), we have tr‘}url]P"“‘rl (T;R3) = Py(f;R?) + P(f)II;x. Then the
single-valued DoF's (T3a), (3d), (73) and (Z3K) ensure that the tangential compo-
nent IT ;v on each face is still continuous, which means Vk+17 (ry,r2) C H(curl, ).
The normal component is one degree higher and the current DoFs cannot ensure
the required continuity. Namely Vzljrrl_(rl_,'rg) Z H'(Q;R3) even when { > 0.
By Py _(T;R?) Nker(curl) = grad Py (T), for v € VU (17, 72) Nker(curl), it

k+1
follows v|r € grad Py y1(T) = Py (T) N ker(curl) for each T' € 7. Then for k > 1
we have
Vzlfll (77, 72) Nker(curl) = V§* (r1, 75) Nker(curl) C cr (Q;R?),
and thus
(74) grad V%T‘f(’rl +1)= Vzlﬂ’_('rl—, r9) N ker(curl).

Clearly it holds
curl V?ﬂ’f(rf, ry) C V¥ (ry, 19 © 1) Nker(div) = curl VI (r1, 72).
Since
dim curl V?ﬂ (ri,r2) = dim V?j:ll (ry,r2) — dim (V§" (rq, 72) Nker(curl))
= dlmVZ‘ﬂ (r7, 7o) — dim V" (7, 75)
+ dim curl V" (1, 75)
= dim curl V{7V (71, 72),
it holds
(75) curl V;‘ﬂ*f (ry,72) = VIV (ry, r3) Nker(div)
with r3 > ro © 1.

Example 5.18. Space V?ﬂ’f(—l, ) for k > 6 is the one constructed in [52].

O = N
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With spaces Vi~ (r; , 73) and V(]:_l:i’i(’l'f,’f'z) forrg >ri©land rg > r 01,
employing (((I)-([2) and (7)-([75]), we can construct more finite element de Rham
complexes involving these spaces:

d - L odi di 2
RS Virf?(rl +1) AN Vzljrﬂl (r],re) = VY (g, r3) =5 VE  (r3) — 0,
R S VER (py 4 1) E2% vt (g ) S VI (g eg) B VE () — 0,
R = V& () 4 1) grad, Ve (e, o) curl, VI (g, r3) A VE (r3) = 0.

6. CONCLUSION AND FUTURE WORK

We have constructed the finite element de Rham complex

(76) R S VEM () £ yeul () o) S WY (g, rg) I VE (rg) — 0,
with various smoothness at vertices, edges, and faces. Comparing with 2D results
in [17,32], the non-trivial parts are the div stability div V&V (rg, r3) = Véil (r3) and
DoFs for face elements V{1V (ry, r3) and edge elements V§%] (71, 72). In 2D [I7,32],
the div stability can be proved using the dimension count and the edge element is
simply a rotation of a face element.

The developed tools (geometric decomposition of simplicial lattice, barycentric
calculus, and the t —n decomposition) and the approach to construct finite element
spaces ViU (r1,72) and Vi¥(ry, r3) will shed light on the unified construction of
finite element Hessian, elasticity, and divdiv complexes via the Bernstein-Gelfand-
Gelfand (BGG) framework developed by Arnold and Hu [6]. Finite element Hes-
sian complexes, elasticity complexes, and divdiv complexes have been constructed
recently case by case in [I5L[18H20L29H31L[33]. Our goal is to extend the BGG con-
struction to finite element complexes and thus unify these scattered results and
produce more in a systematical way. In our recent work [I7], we have achieved this
goal in two dimensions but extension to three dimensions is non-trivial. We will
report our finding in a forthcoming paper [13].

APPENDIX A. SMOOTH FINITE ELEMENTS IN ARBITRARY DIMENSION

In a recent work [32], Hu, Lin and Wu have constructed a C"™-conforming finite
element on simplexes in arbitrary dimension. It unifies the scattered results [I[91/50]
in two dimensions, [3861,53] in three dimensions, and [55] in four dimensions.
In this appendix, we use the simplicial lattice to give a geometric decomposition
of the finite element spaces constructed in [32] and consequently give a different
construction of HLW element. The smoothness at subsimplexes is exponentially
increasing as the dimension decreases

rn=0, Thne1=m, r¢>2rp41 forl=n—-2...,0.

And the degree of polynomial k > 2rg 4+ 1 > 2™m + 1. The key in [32] is a non-
overlapping decomposition of the simplicial lattice in which each component will
be used to determine the normal derivatives on lower sub-simplexes.

Our approach is closely related to the multivariate splines on triangulations [23]
37]. For example, construction of C™ element in n = 2,3, but not arbitrary n > 2,
can be also found in the book [37, Section 8.1 for 2D and Section 18.11 for 3D].
The major difference between HLW element and the multivariate splines, which is
also the art of designing finite elements, is the choice of DoFs. In the multivariate
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splines, DoF's are chosen as function values or derivatives at some points, as the
major question studied there is the interpolation of data, while the integral form
on subsimplexes proposed in [32] enables us to prove the unisolvence easily and has
the advantage for constructing finite element de Rham complexes as we have done
in three dimensions.

A.1. Important relation. The first important relation is: for o € T}, 8 € Nt7,
we have
DPXY =0, if dist(a, f) > |A].
Namely the polynomial A* vanishes on f to order dist(c, f). See Lemma 2.4
The second one is the one-to-one mapping of the space span{)\“ = )\af A?f* ,o €
L(f,s),ie,aeTy, to B,

/ — A“f ds YayeT,_,(f),8eN"" |8 =s.
f o

See Lemma [A.4] for a proof of this statement.

A.2. Decomposition of the simplicial lattice. We explain the requirement
re_1 > 21y.

Lemma A.1. Let T be an n-dimensional simplex. For £ = 1, ..., n— 1, if
ro—1 > 21y, the subsets {D(f,re)\ [UeeAefl(f)D(e,m,l)] ,f € Au(T)} are disjoint.

Proof. Consider two different subsimplices f, f € Ay(T). The dimension of their
intersection is at most £ — 1. Therefore f N f C e for some e € Ag_1(f). Then
e* C (fNf)* = f*Uf*. For o€ D(f,re)ND(f,r¢), we have |or-| < lap|+]ap| <
2ry < r¢—1. Therefore we have shown the intersection region D(f,r¢) N D(f, re) C
Ueea,_,(f)D(e,r¢—1) and the result follows. O

Next we remove D(e,r;) from D(f,r) for alle € A;(T) and i =0, 1, ..., £—1.

Lemma A.2. Given integer m >0, let non-negative integer array r= (19,71, ...,7n)
satisfy
rn=0, The1=m, r¢>2rp41 forl=n—-2,...,0.
Letk>2rg+1>2"m+1. For{=1,...,n—1,
(17)  D(f,re)\ U U D(e,r;)| = D(f,7e)\ U U D(e,r;)
1=0ecA;(f) 1=0ecA;(T)

Proof. In (I2), the relation D is obvious as A;(f) € A,(T).

To prove C, it suffices to show for oo € D(f,r¢)\ {Uf;é Ueea, () D(e,ri)}, it is
not in D(e,r;) for e € A;(T) and e & A, (f).

By definition,
lae| <k —r;—1 forall e € Aj(f),i=0,...,0—1.
For each e € A;(T) but e € A;(f), the dimension of the intersection e N f is at
most ¢ — 1. It follows from r; > 2r;; and k > 2rg + 1 that: when ¢ > 0,

11— 1+re<k—mr—1,

love| =

and when ¢ = 0,

lae| = |aen g —r; — 1.
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S0 |aex| > 1;. We conclude that oo € D(e,r;) for all e € A;(T') and ([I2) follows. O

We are in the position to present a geometric decomposition of the simplicial
lattice and polynomial spaces. Again it is a reinterpretation of that in [32] using
the distance function introduced in Section [Bl

Theorem A.3. Given integer m > 0, let non-negative integer array r =
(ro,T1,...,Tn) Satisfy
rn =0, Tn_1=m, 1¢>2rp41 forl=n-—2,...,0.

Let k> 2rg+1 > 2"m+1. Then we have the following direct decomposition of the
simplicial lattice on an n-dimensional simplex T ':

TR (T) = @ZzO@f&AZ(T)SZ(f)?

where

So(v) = D(v,10),

Se(f) = D(f,re)\ U U D(e,ri)|, £=1,....,n—1,

i=0 ce A (f)

Sn(T) = TH(T U U D)

i=0 feA;(T)

Consequently we have the following geometric decomposition of P (T')

(78) Pu(T) = D©i—oD ren,(r)Pr(Se(f))-

Proof. First we show that the sets {S¢(f),f € A¢(T),£ = 0,...,n} are disjoint.
Take two vertices vi,ve € Ag(T). For a € D(vy,79), we have oy, > k —rg. As
vi C v} > >k—r9g>1r9+1,ie, a ¢ D(va,19). Hence
{So(v), v € Ag(T)} are disjoint and B, e, ()S0(v) is a disjoint union. By Lemma
[Adland (77), we know {S¢(f), f € Ae(T),£ =0,...,n} are disjoint.

Next we inductively prove

@Z o@feA (T U U D(f,r;) for £=0,...,n—1.

=0 feA;(T)
Obviously (&) holds for £ = 0. Assume (5] holds for ¢ < j. Then

DLoDrea,)Silh) = Dpea, Sl U U Dler)

1=0ecA;(T)
i1
= Drea,m | LU U U D) eold U Dler)
i=0e€A;(T) i=0 ecA;(T)
J
=U U o).
i=0 fEA(T)
By induction, (IH) holds for £ =0, ..., n— 1. Then ([I3) is true from the definition
of S, (T) and (IH). O
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We can write out the inequality constraints in Se(f). For £ =1, ..., n,
(79) Se(f) ={a e Ty :|ap-| <re|ae] <k—ri—1,Vee Ay(f),i=0,...,£—1}.
For a € S(f), by Lemma 31 we also have a & D(f, ;) for f € Ag(T)\{f}, i.e.
(80) laf| <k —re—1 V feA(D\{f}

From the implementation point of view, the index set Sy(f) can be found by a logic
array and set the entry as true when the distance constraint holds.

A.3. Decomposition of degree of freedoms. Recall that L(f,s) =
{a € T}, dist(cv, f) = s} consists of lattice nodes s away from f.

Lemma A.4. Let £ =0, ..., n—1 and s < ry be a non-negative integer. Given
f e A(T), let {n},n?, .. .,n;ﬁ*z} be n — £ vectors spanning the normal plane of
f. The polynomial space Pr(Se(f) N L(f,s)) is uniquely determined by DoFs

(81) / — )\af ds VaeSif) o =k—s3eN""* |8 =s.

F0
Proof. A basis of Pk(Sg(f) NL(f,s)) is {\* = )\?'f)\?f*,a € S¢(f),layp<| = s} and
thus the dimensions match (by mapping a - to 3).

We choose a basis of the normal plane {n},n?, cee n?‘z} s.t. it is dual to the
vectors {VAg«(1), VApe(2), ...}, L, Vg n; =4 fori, j=1,...,n—-"¢
Then we have the duality

ol \o e
(82) —( f ) B'd(af* 5)7 O[f*,ﬁGNl' 57 |Oéf*|:|ﬂ|:S,
an/;

which can be proved easily by induction on s. When T is the reference simplex T,
N\ = z; and V\; = —e;, (BD) is the calculus result DJ m?f* = B18(ag, B).

Assume u = anf af*)\af)\af* € Pr(Se(f) N L(f,s)). If the derivative is not
fully applied to the component /\ ", then there is a term )\;{* with |y| > 0 left and
A|f =0 for i € f*. So for any 5 € NEn—f and |B] = s,

8 u «
on ﬂ‘f = A Z Cay pAY

a€Se(f) layl=k—s
The vanishing DoF (&I implies . (f)%: L cafﬁ)\;‘f“ = 0. Hence ¢, 3 =0
[e3 i | f|=R—S
for all |af| = k —s,a € Si(f). As B is arbitrary, we conclude all coefficients
Cosropm = 0 and thus v = 0. O
For u € P(Se(f) N L(f,s)) and B € N~ with || < s, by Lemma 24
8ﬁ |f = 0. Applying the operator —\f to the direct decomposition Py (S,(f)) =

@ oPx(Se(f) N L(f,s)) will possess a block lower triangular structure and leads
to the following unisolvence result. We refer to [I7] for a clear illustration in 2D.

Lemma A.5. Let £ =0, ..., n— 1. The polynomial space P (Se(f)) is uniquely
determined by DoFs

/—)\af ds YV ae€Si(f) oy =k—s5B8eN"" |8 =55=0,...,7
;0
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Together with decomposition (78]) of the polynomial space, we obtain the follow-
ing result.

Theorem A.6 (Theorem 1.1 in [32]). Given integer m > 0, let non-negative integer
array v = (9,71, ..., n) satisfy

rn=0, Th1=m, r¢>2rp41 forl=n—2,...,0.

Let k> 2rg+1 > 2"m+ 1. Then the shape function Pr(T) is uniquely determined
by the following DoF's

(83) D%u(v) a€N"" |a| <rg,ve Ay(T),

(84) /f U2t ds aeSulf)lagl = k—s,8 €N, |5 = 5,
fen(T),t=1,....n—1,8=0,...,7y

(85) /T WA e a € Su(T).

Proof. Thanks to the decomposition (78], the dimensions match. Take u € Py (T)
satisfy all the DoF's (83)-(80]) vanish. We are going to show u = 0.

For a € S¢(f) and e € A(T) with ¢ < ¢ and e # f, by (@) and B0) we
have |aes| > r; + 1, hence 8;:‘; le = 0 for B € N'"~% with |3| < r;. Again this

By(. . -
tells us that applying the operator %| ¢ to the direct decomposition P(T) =
¥

@Zzo@feAe(T)Pk(Sf(f)) will produce a block lower triangular structure. Then

apply Lemma [AZ5] we conclude u € Py (S, (T)), which together with the vanishing
DoF (BH) gives u = 0. O

Remark A.7. For oo € S¢(f), by ([[Q) we have |a.| < k—rp_1—1foralle € Ap_1(f),
then oy > 791 + 1 — |+, and

NS NN =T e et o

Using of — (1"[_1 + 1)
Pu ., n—
/ )\ ds ﬂENl f’|6‘:S,S:O,...,Tg, Oée’]réf(z+1)(mil+1)+gs,
fanf
lae| <k—r;—1—(i+1)(re—1+1—38),Ve € Ay(f),i=0,...,£—2,
fen(D),t=1,...,n—1,

/TU/\CV dz a €Ty _(hi1)imt1)
lae| <k —r; —1—(i+1)(m+1),Veec Ay(T),i=0,...,n—2.
Namely we can remove bubble functions in the test function space.

A.4. Smooth scalar finite elements in arbitrary dimension. Given a trian-
gulation T, the finite element space is obtained by asking the DoF's depending on
the subsimplex only.

Theorem A.8 (Theorem 3.3 in [32]). Given integer m > 0, let non-negative integer
array v = (ro, 1, ..., Tn) Satisfy

rn =0, Th1=m, 1¢>2rp41 forl=n—2,...,0.
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Let k> 2rg+1>2"m+ 1. The following DoF's
(86) Du(v) aeN"" |a| <rg,v e A(Th),

(87) /—)\afds a € Su(f),|af| =k —s,BEN"F |8 =55=0,...,1
;0
feldTh),e=1,....n—1,
(88) /u)\a‘daj a€ S, (T), T €T,
T

will define a finite element space
Vi, ={ue C™ () : DoFs [BH) — ®7) are single valued, u|r € Pr(T),YT € Tp}.

Proof. Restricted to one simplex T, by Theorem [A-6] DoFs (86)-(88) will define
a function u s.t. u|p € Px(T). We only need to verify v € C™(Q). It suffices to

prove %hﬂ € Pr_i(F), foralli =0, ..., mand all F € A,,_1(T), are uniquely
determined by (IEI)—(M) on F.

Let w = - _i(F). Consider the modified index sequence r% =
(ro — 4,11 — i, ,Tn—2 — 1,0) and degree k' = k —i. Then k% r% satisfies the

condition in Theorem and we obtain a direct decomposition of T} }(F) =

D=0 Bea, St (£), where
SE¥(v) = D(v,m9 — i) N T~} (F),
SE() = (DU re =) NTRZHED [ D20 Brcam ST @) €=1,..on =2,
SE_(F) = TiZ PN (D5 D sen,r)SE ()] -
The DoF's (Ba)- (&) related to w are
Diw(v) a e N1 |a| <rg—i,ve Ao(F),

8510 ay F . lin—1—2
Aelds aeS/(f)|lap|=k—i—s,8eN" Bl =s,
fﬁnf;f J

fel(F),t=1,....n—2,8=0,...,1¢— 1,

/w)\o‘dx ac S (F),
F

where Dpw is the tangential derivative of w, n F ¢ is the normal vector of f but
tangential to F. Clearly the modified sequence r{" still satisfies constraints required
in Theorem[A.6l We can apply Theorem-W1th the shape function space Py_;(F)
to conclude w is uniquely determined on F'. Thus the result u € C™(Q) follows. O

Counting the dimension of V}, is hard and not necessary. The cardinality of S(f)
is difficult to describe due to the inequality constraints. In the implementation,
compute the distance of lattice nodes to subsimplexes and use a logic array to find

out Se(f).
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