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Abstract A postprocessing technique for mixed finite element methods for the Cahn—
Hilliard equation is developed and analyzed. Once the mixed finite element approximations
have been computed at a fixed time on a coarser space, the approximations are postprocessed
by solving two decoupled Poisson equations in an enriched finite element space (either on
a finer grid or a higher-order space) for which many fast Poisson solvers can be applied.
The nonlinear iteration is only applied to a much smaller size problem and the computa-
tional cost using Newton and direct solvers is negligible compared with the cost of the linear
problem. The analysis presented here shows that this technique remains the optimal rate of
convergence for both the concentration and the chemical potential approximations. The cor-
responding error estimate obtained in our paper, especially the negative norm error estimates,
are non-trivial and different with the existing results in the literatures.
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1 Introduction

The purpose of this paper is to study a postprocessing technique for mixed finite element
(MFE) methods for the Cahn—Hilliard equation

E;fb:—i-A(eAu—¢(u))=O, xe, t>0, (1.1)
u(x,0) = ug(x), x € Q, (1.2)

subject to the no flux boundary conditions

8—u:i(qb(u)—eAu):O, xe€ed, t>0, (1.3)
v dv
where € is a bounded domain in R? (d = 2, 3) with a sufficiently smooth boundary 9€2, v is
the outward unit normal vector along 92, € > 0 is a phenomenological constant modeling
the effect of interfacial energy, and ¢ is the derivative of a smooth double equal well potential.
A typical example of ¢ is

/ 1 5 2
o) =0 w); Pu) = Z(M -~ (1.4

The differential equation (1.1) arises in continuum models of phase separation and spinodal
decomposition, c.f. [4,8,33,35]. The field variable u is a scaled concentration of one species
in a binary mixture.

Different numerical schemes have been proposed for solving Cahn—Hilliard equation. A
main theme of the study is on the energy stable time discretization. Stabilization [37] or convex
splitting scheme [11,30,42] is general technique to obtain an energy stable discretization.
The energy stability for spectral methods is given in [26,37], for the local discontinuous
Garlerkin method in [44], for a non-conforming finite method in [48], and for the finite
difference scheme in [42]. We shall not explore more on the energy stability in this paper.

We are interested in efficient ways on enhancing the accuracy of numerical approxima-
tion to the Cahn-Hilliard equation. When the domain is rectangular, energy stable spectral
methods developed in [6,27,37] can be used with high order accuracy. For unstructured grids
of a general domain with possible complex geometry, finite element methods will be a better
choice. The main difficulty in finite element approximations of the Cahn—Hilliard equation
is that conforming finite element spaces for fourth order equations is not easy to construct
especially in three dimensions. Possible remedy is non-conforming elements [9,40,48] or dis-
continuous Galerkin methods [1,7,14,31,41,44]. Here we consider the mixed finite element
(MFE) approximation since it can give not only a numerical approximation to the concentra-
tion u but also a numerical approximation to the chemical potential w = ¢ (1) — € Au. The
mixed finite element method for solving the Cahn—Hilliard equation is, to our best knowl-
edge, first studied by Elliott et al. in [9]. The stability and the convergence of MFE for the
Cahn-Hilliard equation are further investigated in [10,12,13].

We shall apply a postprocessing technique to improve the accuracy and computational
efficiency of MFE methods for Cahn—Hilliard equations (1.1)—(1.3). The basic idea of this

@ Springer



J Sci Comput

postprocessing technique is to solve two linear elliptic problems in an enriched finite element
space (either on a finer grid or a higher-order space) once the time integration on the coarse
space is completed. The linear problem in the enriched space can be solved efficiently by fast
Poisson solvers, e.g., multigrid methods. The nonlinear iteration is only applied to a much
smaller size problem and the computational cost using Newton method and direct solvers
for inverting Jacobian matrix is negligible compared with the cost of the linear problem.
We note that the nonlinear multigrid method, e.g., [1,32,43] can also solve the nonlinear
system efficiently. Considering the fact that many fast Poisson solvers are available, the post-
processing method will thus be much easier to implement than nonlinear multigrid methods.
The analysis presented in this paper shows that this technique remains the optimal rate of
convergence for both the concentration and the chemical potential approximations.

The postprocessing technique we study here was originally developed for spectral methods
for parabolic equations in [23,24]. Later on it was extended to methods based on Chebyshev
and Legendre polynomial [15], spectral element methods [16,17], finite element methods
[17,25], and mixed finite element methods for Navier—Stokes equations [2,3,19,22]. The
analysis of fully discrete procedures can be developed along the same lines [20,21,47]. In
these works, theoretical analysis and numerical experiments show that the postprocessed
method is computationally more efficient than the method to which it is applied. On the
other hand, we observe that the postprocessing technique is mainly applied to second order
nonlinear evolutional equations like the Navier—Stokes equations and the reaction-diffusion
equations. In the original paper [23] in which the postprocessing method is introduced, the
postprocessing spectral method has been applied to fourth order problems like the Cahn—
Hilliard equation and the Kuramoto—Sivashinsky equation. At that moment, either its analysis
or its development seemed to depend heavily on the properties of the Fourier modes. The
extension to finite element methods on unstructured grids is restricted to second order equa-
tions [17,25]. The analysis in [17,25] could be applied to fourth order equations provided a
conforming finite element space is used. As we mentioned before, however, a conforming
element for fourth order equations is not easy to construct.

In this paper, we shall extend the postprocessing technique to MFE methods for the Cahn—
Hilliard equation. Unlike the postprocessing MFE applied to second order problems such as
Navier—Stokes equations, the analysis of postprocessing MFE for fourth order problems is
based on the coupled system of «# and w which is much more complex than that for second
order problems. Although the postprocessing method can be applied to fourth order problems
and the mixed methods for fourth order problems are standard, the corresponding error
estimates obtained in our paper, especially the negative norm error estimates, are non-trivial.
We generalize the error estimate in the H ! norm for the second order elliptic equations;
see, e.g. [29] and [28], to both H —!and H~2 norm for the fourth order equations.

The postprocessing method can also be regarded as a two-grid method, where the post-
processed (or fine-grid) approximation is an improvement of the previously computed
(coarse-grid) approximation [45,46]. For the evolution problem, the difference between post-
processing methods and two-grid methods is that in the postprocessing method the fine grid
computations can be done only at the final time 7 while in the two-grid methods, e.g. [34],
the fine grid computation is applied at every time step.

The rest of the paper is as follows. In Sect. 2 we describe the postprocessing methods
and present the main result. In Sect. 3 we briefly review the derivation of the Cahn—Hilliard
equation and Sobolev spaces used in the analysis. In Sect. 4 we recall some properties of
MFE methods and collect some inequalities to be used later. We prove the main result in
Sect. 5 and present a numerical example which is only of academic value in Sect. 6. More
realistic numerical tests have been presented in [49]. Finally, we give a summary.
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2 Postprocessing Mixed Finite Element Methods

In this section we describe our methods and present the corresponding error estimate.
The Cahn-Hilliard equation (1.1) with boundary condition (1.3) can be written in the
mixed formulation as

u

E—szo, xe, t>0, 2.1
¢(u) —eAu—w =0, xe, t>0, 2.2)
0 )

M_90 0, xedQ, >0, 2.3)
av av

with the initial value conditions (1.2) and w(x,0) = ¢ (ug(x)) — € Aug(x) for all x € Q.
The Cahn—Hilliard equation (1.1) arises from a gradient flow of the Ginzburg-Landau free
energy

_ € vy2
E(u) —/Q(GD(M)—I— 1Vl )dx.

The Cahn—Hilliard equation is frequently referred to as the H~! gradient flow:
u; = —grady€(u),

where the symbol “grad,” denotes a constrained gradient in a Hilbert space, defined by
fQ udx = constant. It is easy to verify the global mass conservation and energy dissipa-
tion of the model problem (1.1)—(1.3). Considering the mass conservation and u — u =
u — ﬁ fQ u dx, we may consider functions with zero average. Therefore, we assume
fQ ug(x) dx = 0. For the chemical potential w, similarly, we replace w — w with w
in the following analysis. Due to the boundary condition, the natural Sobolev space is
H! = {u e H', fQ u dx = 0}. The weak formulation is: Find u € Hl, w e Hl, such that

3 .
(a—;’ v) £ (Vw,Vu) =0 forall veH!, 2.4)
e(Vu,Vy)+ (p(u) —w, x) =0 forall x € H'. (2.5)

2.1 Standard Mixed Finite Element Methods

Let 7, h > 0, be a family of partitions of suitable domains €2;,, where the parameter # is the
maximum diameter of the elements in 7;,. For r > 2, we consider the finite element space

Shr = {vn € C(Qu)|vnpr € P! forallt € Th}.

where 7"~ denotes the space of polynomials of degree at most » — 1. Note that for the linear
finite element space, r = 2. The subspace Sy, , is defined by

Shr=1{xn € Shr: (xn, 1) = 0}.

Then the mixed finite element method for Cahn—Hillard equation reads: Find (up, wy) :
[0, T] — Sk, x Sp,r such that

0 .
(% vh) + (Vwp, Vo) =0 forall vy € Spr, 2.6)
e(Vup, Vxu) + (¢ (up) — wn, xp) =0 forall x; € Sp.r, (2.7)
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with a suitable starting approximation u, (0) € S‘h,,. For simplicity we will take uj, (0) as the
Galerkin projection of u in the analysis, although other choices are possible. Let us introduce
the standard Lz—onhogonal projection Py : L? — Sp,r and the operator Ay : Sy, — Sh.r

(Apup, vp) = (Vuy, Vop)  forall up, vy, € Sp.r. (2.8)
Then (2.6)—(2.7) can be equivalently written as
wny + €Asup + ApPyd(up) =0, 1> 0. (2.9)

By definition, A, is self-adjoint positive definite (SPD) on Sy, .. Its inverse will be denoted
by G}, and extended to L? by Gnf =GP, f for f € L?. Then, v, = Gy, f is equivalent to
Apvp, = Py f. Note that Gy, is also SPD on L? and S’h,,.. For the discrete chemical potential
wy, in (2.6)-(2.7), we have wy, = € Apup + Pr¢p(up) = —Grup,. In [9], it has been shown
that u, () is bounded in H'! independent of 7, and the following error estimate holds:

lu(®) —un @I + [w@) — wp O + u(t) —up®)lly <Ch", 0<t<T. (2.10)
2.2 Postprocessing Mixed Finite Element Methods

Given a finite element space S Hr C H', the semi-discrete mixed finite element approxima-
tion of (2.1)—(2.2) is defined as: Find (uy, wy) : [0, T]1 — Sy x Sy, such that

ad .
(%,vy) + (Vwy,Vog) =0  forall vy € Sy.r, (2.11)
e(Vup, V) + @up) —wy, xg) =0 forall xy € Sp,, (2.12)

with a suitable starting approximations ugy(0) € N wyr and wy(0) = Puoup(0)) +
eApug(0) € Sy .

We are interested in approximations at a certain time 7 > 0. The postprocessing method
is as follows:

(i) First, integrate (2.11)—(2.12) up to T to obtain the MFE approximations u g (7) and
wy (T).

(i1) Then solve the following two decoupled linear elliptic problems: Search for (uh, why =
W"(T), w"(T)) € Sy 7 x Sy, 7 satisfying

d .
S ES (%(T), vh) forall v, € Sp.z. 2.13)

e(Vu', V) = wu(T) = ¢pun (D)), xu)  forall xu € Spp.  (2.14)
The finite element space S‘h FD S H,r can be chosen as either

. the same-order finite element over a finer grid: Sh F= Sh r with7 =r, h < H, or
2 a higher-order finite element over the same grid: Sh P= =S 7 with h = H, where 7 is
defined by, for L2 norm error estimates

. | r+1, if r =3,
"TVra2, ifr>4

and, for H! norm error estimates

~
Il

r+1, if r =2,
r+2, if r>3.
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We present the error estimate below but defer the proof until Sect. 5.

Theorem 2.1 Fix T > 0, let (u, w) be the solution of (1.1)—(1.3), (uH, wH) be the MFE
approximation obtained from (2.11)—(2.12), and (" (T), wh(T)) € Sh 7 X Sh 7 be the post-
processed MFE approximation defined in (2.13)—(2.14). Suppose u € C([0, T], H") N
C2((0,T], L?) and w € L*([0,T), H) N C'((0, T1, L?). Then, for r > 2, there exists
a positive constant C > 0 such that

lw(T) —w"(T)|| < Ch" + CH™ " Dey),  1=23,4, (2.15)
lw(T) —w"(T)lly < Ch™~' + CHrmintr=2.1) (2.16)
lu(T) —u(T)|| < Ch" + CH™ Doy,  1=3,4, (2.17)
lu(T) — u(T)|y < CH' ! 4 c g Tminlr=2.1), (2.18)

Here and in the rest of the paper, §(r, 1) and Ly (1) are defined, respectively, by

[ mingr —2,13, if1=0,1,2,
S(r’l)_[min{r—2,1—2}, if | =3,4, (2.19)
and
1 if1=0,1,3,
eH(l)_[Hog(H)l, if 1 =2,4. (2.20)

We observe that the postprocessing technique applied to the linear MFE method improves
the rate of convergence of the error in the H' norm only but not in the L% norm which is
standard for postprocessing methods (see, e.g., [18,22]). Especially, we can postprocess the
MEE approximation under the same-order finite element over a finer grid to obtain

e for linear finite element

lw(T) = w" (D)l + u(T) —u" (D)1 < Ch+ H);
e for quadratic finite element

lw(T) = w" (D)1 + u(T) —u" (D) < Ch* + HY).

This theorem suggests that to achieve the same convergence rate, the postprocessing MFE
methods can spend less computation time than the standard one by spending less nonlinear

iterations. For example, for linear or quadratic elements, we can chose a coarse grid with
H=h'?

We end this section by giving the essential idea of postprocessing procedure and a sketch
of the proof of Theorem 2.1. Let us introduce the Ritz projection R, which will play a
prominent role in the understanding of the postprocessed method. For v € H', we define
Ryv € Sy 7

(VRuv, Vxn) = (Vu, V) for all yj € Sh,;.

When applied to MFE approximation of Cahn—Hilliard equation, we have
An (w"(T) = Ryw(T)) = = @a(T) = u(T), (221)
1
Ap (u"(T) = Ryu(T)) = = (i (T) = w(T) = @ (T) = p@(T))). (2:22)

Therefore the norm of the error u” — Rju, w" — Ry w will be bounded by a suitable negative
norm of the right hand side in (2.21)-(2.22). Take (2.21) as an example. By the splitting
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(u —up) = (u — Ryu); + (Ryu — uy); and the fact that the negative norm estimate
for (u — Rpyu), is well known, the key of the proof is then the negative norm estimate of
(Ryu — upg); which will be given in Sect. 5.1. For the estimate of u" — Ryu, similarly,
negative norm estimate of wy — Ryw and ¢ (uy) — ¢ (u) is needed which is presented in
Sect. 5.2.

We notice the undesirable factor 1/€ in (2.22) which suggests that the parameter € cannot
be too small. Especially the postprocessing may fail if one is interested in the solution in the
limit case, i.e., ¢ — 0.

3 The Cahn-Hilliard Equation

We define Lé ={v e L?: (v, 1) = 0}, and let P be the L? orthogonal projection onto L2,
Pf = f — f. We define the linear operator A = —A with domain of definition, i.e.,

9
D(A):[veHzﬂLéza—vzoonE)Q].
v

It is easy to verify A is a self-adjoint positive definite densely defined operator on L%. We
may write (1.1)—(1.3) as an abstract initial value problem

ur+eA’u+ APpw) =0, >0, (3.1)
u(0) = ugp. (3.2)

A priori bound in the H ! norm for the solution of (3.1)—(3.2) has been derived in [10].

Let W5P(Q), s > 0, p > 1, be the standard Sobolev space with the norm | - ||, ,. For
convenience, we denote by || - ||s and || - ||co the norms of the space H*(Q2) = WS2()
and L*°(2), respectively, and | - || for the usual norm in L? = L%(Q). Since A is self-
adjoint positive semidefinite, for real s, we can define the spaces H* = D(A*/?) with norms
lvls = ||A%/?v]|. It is well known that, for integer s > 0, H'isa subspace of H* N L(% and
that the norms | - |5 and || - || are equivalent on H°. In particular, we have H' = H' 0 L,
see [10].

We define G : L(Z) — H? as the inverse of A and extend to L2 by Gf = GPf for f € L?.
Namely, v = Gf if and only if Av = Pf. It can be easily verified that G is self-adjoint and
positive definite on L(z) and positive semidefinite on L.

We recall the following embedding result: for p,g € [1, 00), there exists a constant
C = C(L2, p) such that

lvllog < Cllvlls,,  for ve W»P(Q) and — > — > — — (3.3)

S.
7

S| =
Q| =
S| =

For g = oo the above inequality holds for L > é > % — 3 and, furthermore, in this case v

is also a continuous function. From Holder’s inequality, we have the following inequality
I 1 1
I vl = 1Ll pllix o > + "2 Pz 0. (3.4)
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4 Error Analysis of Standard Mixed Finite Element Methods
4.1 Preliminaries

In this paper we consider quasi-uniform meshes 7 only. That is, we consider meshes 7 for
which all elements are shape regular and of comparable size i. Then we have the following
inverse estimate (see, e.g. [36]): for all v, € Sy,

lvalls,p < CH=S=AMa=UP gy 0 0<l<s<2, 1<g<p<oo. (41

For simplicity, we will assume Q2 = €, i.e., Q is triangulated exactly. Then the following
bounds hold (c.f. [25,39]): for1 </ <randv € H'

v — Pyoll + llv — Rpvll + Allv — Ryvlli < ChY|vlly, 4.2)
and, for0 <s <2,
G2 (v — Pyo)|| + IG*2(v — Ryv) || < CR P |y, (4.3)

Here recall that §(/, s) is defined in (2.19).

For 1 < p < 00, and for any v € D(A) N WP (), we consider the standard interpolant
operator I, : D(A)NH" — S'h, ». Under more specific assumption v € H", the interpolant
Iy, satisfies

lv—Tnvll + hllv — Ipvlli < Ch"[|vll,. (4.4)
Our error estimates obtained in this paper will depend on the following constants

K. t) = luC.Ollr + lueC Ol + N Ol K@) = max K, 1). (4.5)

<i<

4.2 Error Analysis

We recall some error estimates obtained in [9] in this subsection. We first introduce the
following error decomposition

up —u = (up — Ryu) + (Rpu —u) = 0, + pu, (4.6)
wp —w = (wy, — Rpw) + (Rpw — w) = 0y + py. 4.7

Lemma 4.1 If (u, w) are sufficiently smooth then, fort € [0, T],

ID! pull + hID] pulli < Ch",  j=0,1,2,..., (4.8)
1D} pull + hIID] pully < Ch",  j=0,1,2,..., (4.9)

where C is independent of h and t and D,j = (3/01)/.

In the following lemma we will need the bound || (R,u);|lcc < C for h sufficiently small.
This can be obtained from

I(Rr)illoo < I(Rpu): — Inuslloo + e — Tnutslloo + It lloo
< W2\ (Ryu), — Tyl + Ch™ + llug |l
<CH +n "+ Kw)). (4.10)
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Lemma 4.2 Suppose (u, w) are sufficiently smooth. There exist constants C independent of
h, up and wy, such that if |un(-) || o is bounded independent of h then, ¥Vt € [0, T],

t
||0u||2+/0 16,11 < Ch* + 116, (0) |12, (4.11)

t
1617 + 1160 1I* + / (1B 1> + 116117) < CRY + 116, O)IT + 16w O) 1>, (4.12)
0

Then we have the following a priori error analysis:

Theorem 4.3 If |[u;,(0) — uo|| < Ch", then

T 172
omax lu(®) — un @)l + (/o lw() — wh(t)lldt) <Ch". (4.13)
If lup(0) — Rpuollt < Ch" and ||wp (0) — Rpwoll < Ch”,then
T 12
omax lw(®) —wa (Il + (/0 Il (e — uh)t(t)lldt) <Ch", (4.14)
T 172
omax, lu@) —up @Il + (/0 I(w— wh)r(t)llldl) <Ch!, (4.15)

5 Proof of the Main Results

In our analysis we shall frequently use the following relation, for v € L? and p = 1, 2:
1GY? Puvll < 1G* v + CHY vl 5.1)
IGH2v|| < IG%? Pyl + CH"|v]. (5.2)

These inequalities are readily deduced from the estimates ||G*/% — G‘;/ 2 Pyl < CH* for
n=1,2(see,e.g., [25,38]).

As stated in Sect. 2, in order to obtain the error estimate for the postprocessing method
proposed here, we should give bounds for ||GZ/2PH (@) — WD, lug — Ryull and

lwe — R wll. For [[G%/? P (¢ (v) — (W ))]l, in view of (5.1), we need the following result.

Lemma 5.1 (Lemma 3 in [25]) Let v € H N L(z) and € L(z) N L. Assume that F is a
smooth function. Then, there exists a constant C = C(||v||y, |V ||co) Suchthat for u =0, 1, 2,
we have that

IG**(F ) = FO)I < C (IG** @ =Wl + v = Yllogllv —vl) . (53)
Here ¢ = max{2,d/u'}, where f/ = w — 1/2 if d/ju = 2; otherwise u' = p.

Remark 5.1 In our application of Lemma 5.1, we will choose F to be either the function ¢
or its derivative ¢’, v to be the solution u of the Cahn—Hilliard equation, and v to be either
the corresponding finite element approximation solution uy or the Ritz projection Ryu.
Obviously, these choices satisfy the assumptions of Lemma 5.1. For example, the bound of
llug |loo has been proved in [9] and || Ryu |0 < C has been shown in [36]; see also (4.10).

In the following we will focus on the superconvergence estimate of ||ug — Rpu| and
lwy — Rywll.
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5.1 Superconvergence for the Concentration

In order to estimate 6, = uy — Ryu, we first derive the corresponding error equation. From
(2.11) we have for each x € Sy,

B X) + (VOy, Vx) = =((RHU):, x) — (VRaw, V)
= _(pu,tv X)—(MZ,X)JF(VW,VX), (54)

where now p, = Ryu —u and 6, = wy — Ryw, and since u; = Aw, d,w = 0 we have
Ou.ts ) + (V0u, V) = —(pus x) forall x € Sp,. (5.5
From (2.2) and (2.12) we obtain
(O, X) — €(V0u, V) = (@ un) — ¢pW), x) — (pw. x) forall x € Sp,,  (5.6)
where p,, = Ryw — w. It follows from (5.5) and (5.6) that
Ous + €AY 04 + Al Py (d(un) — d(Ryu)) = Tp, (5.7
where Ty is defined by
Th = ApPapw — A Pa($(Rru) — ¢(u)) — Prpu. (5.8)

As a consequence of the error equation (5.7), the following stability inequality can be
obtained.

Proposition 5.2 Fix T > 0. Let u be the solution of (1.1)—(1.3), let uy be t:ts discrete
approximation via (2.11)—(2.12), and let R yu be the elliptic projection of u onto Sy . Then,
there exists a positive constant Ky > 0 such that ¥ty < T, the following estimate holds:

t
/ e~ =9 Ty (5)ds | | (5.9)
0

max |lug — Ryu| < Ky max
0<r<n 0<r<n

where Ty (s) is given in (5.8).

Proof 1t follows from (5.7) that

t
0,(t) = e~4% Py, (0) + / e U4 Ay Py (¢ (Ryu) — ¢ (upp))ds
0

t
+ / e AL Ty (5)ds. (5.10)
0
We write the integrand of the second term on the right-hand side of (5.10) as

e A Ay Py (¢ (Ryu) — ¢ (up)) = Age T4 Py (Ryu) — d(up)),

and use the mean-value theorem to estimate

t t
—e(t—s5) A2 _ Cip | Pr(p(Ryu) — ¢ (up))ll
/0 e HAp Py (¢ (Ryu) — ¢(ug))ds| < e Jo N ds
KCipp [ 116u(s)l
== = (5.11)
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Then, taking 6,,(0) = 0 into consideration, we get

KC1/2 " 116u (S)II L2

0, ()| < U=944 Ty (s)ds. 5.12
16,01 s 1 (s) (5.12)
Application of the generahzed Gronwall lemma allows us to conclude the proof. O

We then estimate the right-hand side of (5.9).

Lemma 5.3 (Lemma 5 in [25]) For any f € C([0, T1; L?), the following estimate holds:
vVt €[0,T]

t
2 —e(t—s)A2 C
/O | A5 e Py f () ds < G max O], p=3.4. (5.13)
Consequently

C
max [up — Ryull < <7z o) max 1G4/ Tull, p=3,4.
0<r<t M/

We split the truncation error in negative norm as

2 -2)/2 2 -2)/2
IGE 2Ty (1) < 1G Y2 Puld (Ruu) — ¢ +IGE > P pu sl + 1G22 Py py .
(5.14)

and estimate the three terms on the right-hand side of (5.14). For the second and third terms,
we have the following lemma.

Lemma 5.4 There exists a constant C, that depends on K (u) given in (4.5), such that for
t € [0, T] the following bounds hold:

1G> PuD] py ()| < CH™HEW =12, j=0,1, (5.15)
1G> Py D] pu 0l < CH™ "W 1 =1,2,3,4, j=0,1,2.  (5.16)
Proof By (5.1) and (4.3), we have
2
IGY{? P D pu @Il < 1G* D] pu(®)Il + CHM | D] puy ()]
< CH"M | D] p,y (). (5.17)

Then (5.15) follows from the estimate (4.9).
Concerning (5.16), using the same arguments as for (5.15), we can prove the cases yu =
1, 2. For the cases ; = 3, 4, using

Gi? = GGy = (Gn - 6)GY TP v GGl
= (Ry — DGGY P 4 GGU212
and taking into account that G is bounded, we obtain (5.16). ]

We are now ready to give the estimate of || G’,f,/ 2 Ty @®)].

Lemma 5.5 There exists a constant C, that depends on K (u) given in (4.5), such that for
t € [0, T] the following bounds hold for ju = 3, 4:

IGH > Ty ()| < CH 0, (5.18)
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Proof Due to (5.15) and (5.16), we only need to estimate the first term on the right-hand side
of (5.14). Using (5.1), we have

1G22 Pyl (Rygu) — g )]l
< 1G* D2 G (Ryu) — ¢l + CH* 2| ¢ (Rygu) — ). (5.19)
Then, applying Lemma 5.1, (4.2) and (4.3), we obtain
IGY 2" Pylg (Ryu) — ¢ ]|
< 1GW P2 Ryu —w)l + | Ryu — ullo.gllRgu — ull + CH* || Ryu — ul|
< CH™™"HW L CH"||Ryu — ullo,q (5.20)

Here ¢ = max{2,d/u'}, where W' = u—2—1/2if d/(u — 2) = 2; otherwise ' = u — 2.
To finish the proof we use the error estimate [25]

IRHu — ullo,y = OH" ). (5.21)

m}

From Lemma 5.3 and 5.5, we are in the position to formulate our main result in this
subsection.

Theorem 5.6 (Superconvergence for the concentration u) For u = 3, 4, there exists positive
constant C = C(K (u)) such that

max [|Rpu(t) —up @) < CH™ "0y (u). (5.22)
0=t<T
5.2 Superconvergence for the Chemical Potential

In this subsection we give the superconvergence estimate of ||0,,|| = ||[wg — Ry wl|, which
is more technical. Let us start by noticing that Py p, ; = (Rgu); — Ppu, satisfies

d
ERHM +ApRpyw = Py, (5.23)
and
—u)/2 2
ACTORg, = G20, — G pus,  m=1,2. (5.24)

The second term on the right-hand side of (5.24) can be bounded by (5.16). Thus we only

need to bound IIGIIf,ﬂPH@u.z [
For this purpose, similar to the case ||6,||, we derive an error equation satisfied by 6, ;.
Differentiating equation (5.7) we get

Oure + €A%0u; + A Puld(un) — d(Ruw)ls = Th,y. (5.25)

Hence, by Duhamel’s principle
'
2 _ 2 2 L 2 _ 2
G 20,1 (1) = e~ G0, (0) + /0 e~ I AT Pylp (Ryw) — ¢ (um)lids

t
+ / e I GEA Ty ()ds, =12 (5.26)
0
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To obtain the bound of the second term on the right-hand side of (5.26), we write
[¢(Ryu) — ¢ (up)l; as

[¢(Ryu) — ¢ (up)l = [¢'(Ruu) — ¢ ) (Ryu); + ¢’ (up)[Ryu — ugl;
and estimate the first term by the following two lemmas.

Lemma 5.7 (Lemma 6.2 in [10]) Let ||v|| and || ||1 be bounded. Then
172

IG 719" (W) — ¢ W)zl < Cliv—¥lllizl. (5.27)
Based on this lemma, we have the following result.
Lemma 5.8 There exists a constant C such that for p = 1,2,
IGH21(@ (Ryw) = ¢/ @) (Ruw) Il < CH™ D@, 1=3,4. (5.28)

Proof Taking [[(Rpu):ll1 < [[(Rgu — u):|l1 + llus |1 < C(u) and the boundness of [|ug||1,
which has been proved in [10], using Lemma 5.7, we have

IG 21L& (Ruu) — ¢ ) (Ruw) Il < ClIRgu — upg | (R 1. (5.29)

which implies (5.28) holds for u = 1.
We now turn to the case . = 2. From (5.1), using the fact || (Rgu); ||oc and G are bounded,
we have

IGu(¢"(Rru) — @' (up))(Ryu) ]|
< IGI(¢'(Ryu) — ¢’ um))(Ryu) 1| + CH?|[(¢' (Ryu) — ¢ (up))(Ruu), |
< Cl|IRgu — up|l + C(K)H*|Ryu — uy||
< CH™0Dg ). (5.30)
This completes the proof. O

To give the bound of the third term on the right-hand side of (5.26), we present the
following lemma.

Lemma 5.9 Assume |||y, ||vt]loo and ||v¢ || are bounded. Then for p = 1, 2,
IG*2[¢ W)zl =< ClIGH ]I, (5.31)
IGH21(¢' (v) = &' @)l < CIG* > =) + Cllv = Yllogllv = ¥, (5.32)
where g = max{2,d/u'}, with W' = u — 1/2 ifd/u = 2; otherwise i’ = .
Proof Let us first take p such that

12— pu/d it d/2>p,
—=112—(u—-1/2)/d if d2=np, (5.33)
p 0 it d/2 < p.

Then it is easy to verify 1/p + 1/qg = 1/2.
Let us denote E = Gz and take x € C§°(2). When u = 1, we then get
[(GM21¢' )z, )| = 1@ )z, G2 )]
= [(VE,V((G"* )¢’ v)))]
= [(VE,V(G"? )¢/ (v) + (G** )V (¢ (v)))]
< CIIVEIlllx I + CIVEIIG*xllo,pllv]l1.q-
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Let us recall that with the choice of p, due to Sobolev’s inequality, we always have
IG*2 X llo.p = ClixII-
Then we have

(G219’ ()z], )1 < CIVENlxIl + CIVEIG" xllo,pllvlig
= CIVEIxI+ CAvlAIVENTxI-

This implies
IG'21¢' )zl < 1G22 (5.34)
Now consider & = 2. In view of
AW@ W)(Gx) = (GY)AP (V) +2V(¢'(v) - V(Gx) + ¢’ (v)x,
we have

I(Glg'(0)z], )| = (@' )z, G| = [(E, A(G )¢ (v)))]
< EINGxllo,pl A" (W) l0,q + 2I(E, V(@' () - V(G x| + CIE|¢ W) loc G x -
(5.35)

Since A¢'(v) = ¢" (W) AV 4" (W)VV -V, || - [lug < Cll-ll-and || - lo2g < C|l - lr—1, we
have that

2
180/l = € (Ivll2g + V0135 g) = Cllvll.
We then can bound the first term on the right-hand side of (5.35) as follows:
IEING X llo.pllAG" (W) ll0.q < CIENxHIVII- (5.36)

Using similar arguments, we obtain the following estimate for the second term on the
right-hand side of (5.35):

I(E, V(¢'() - V(G| < CIE|vI-Ix]- (5.37)
Thus, in view of (5.36) and (5.37), it follows that
IGl¢' (v)z]]| < C|Gz].

Using this result together with (5.34), we get (5.31).
Now we turn to the inequality (5.32). Observe first that ¢ is smooth and therefore ¢ is
bounded. Then using the mean-value theorem and the fact that ||v;|o < C, it follows that

1G*21(¢' (v) — ¢’ W))uilll < I1G**[¢" () (v = Y)uelll+Cllv — Y llogllv — ¥l (5.38)

For the first term on the right-hand side of (5.38), the arguments for (5.31) can be applied to
it, yielding

IG*21¢" )W = ¥)w Il < CIGH > (w — ).

for u = 1, 2. Substituting this into (5.38), we arrive at (5.32). m]

We then estimate ||G’I§/2THJ(I) Il
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Lemma 5.10 There exists a constant C, that depends on K (u) which is given in (4.5), such
that for t € [0, T] the following bounds hold for @ = 3, 4:

IGH Ty ()] < CHH 0, (5.39)
Proof Similar to (5.14), we have

IGE 2Ty ()]l < 1G22 Pyl (Rue) — @)1l + G puss | + 1G22 0y 111
(5.40)

Then thanks to (5.15) and (5.16), we only need to bound [| G~ 72 Py [ (Riu) — ¢ ()], .
For this purpose we write

IGY 2 Pylp (Ryu) — ¢l < 1G% ™ Pul@ (Ruu) — ¢' ) (Rygu — w), 1|
HIGY ™ Pyl (Ruu) — ¢ w)uy]|
HIGY ™ Pyle W) (Rpgu — w1
=L+ 5L+ 1. (5.41)

For I}, when = 3, from (5.27) we have

G 1(¢ (Reu) — ¢ ) (Regu — w) 1| < IRgu — || (Regu — ), 1

<cH¥ !, (5.42)
When = 4, we have

1Gul(@ (Ryu) — @' (u))(Rpu — u),]||
< IGL(@ (Rygu) — ¢’ W) (Ryu — u) 1|l + CH?|[(¢'(Rygu) — ¢’ () (R — u),|
< CI|Ruu —ull 4| (Ryu — w) ||+ + CH* | Ryu — ull g4l (Rgu — u)y | 14
< Cl|Ryu — ulli|(Rgu — u);lli + CH*|Rpu — ully |(Rgu — u)|l1
<CH” 2+ CH?Y. (5.43)

For I and I3, taking ||(Ryu):|lcc < C and (4.8) into consideration, we have

hLh+1;
< IGH=D2[(¢/ (Ryu) — ¢' @)u )|l + CH"2|[[¢'(Rpgu) — ¢ (u)luy |
HIGH 22 (¢ ) (Rygu — w) 1|l + CH* ¢/ @) [ Rpgu — uly |
< 1G22 [(¢' (Ryu) — ¢’ @)u |l + CH™ 2 + |GH22[¢ ) (Rygu — ), ]|l

(5.44)
Since ||u||,, ||uslloo and |ju; || are bounded, from (5.31) and (5.32), we have
1G22 (Ruu) — ¢ )]l < CIGH 22 (Ryu — u) |
+ClIRru — ullogllRHu — ull
< CH™Cm), (5.45)

and

IG =22 u)(Ryu — u) 1l < CIG* 22 (Ryu — u),|| < CH T (5.46)
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Combine (5.40), (5.15), (5.16), (5.44), (5.45) and (5.46) to obtain
IGH* Ty 1 ()] < C(K)H" 1), (5.47)

[m}

Theorem 5.11 Fix T > 0. Let u be the solution of (1.1)-(1.3), let ug be its discrete approx-
imation via (2.11)~(2.12), and let Ryu be the elliptic projection of u onto Sy .. Then, there
exists a positive constant C > 0 such that ¥ty < T, u = 0, 1, 2, the following estimate
holds:

max IG%26, I < CH™H "Dy,  1=3,4. (5.48)
<t=<n

Proof For the second term on the right-hand side of (5.26), we write [¢p (Rgu) — ¢ (up)l; =
[¢"(Ryu) — ¢'(up)(Ruu), + ¢’ (up)[Ruu — upyl;, so that

t
/ e—e(t—s)AﬁAg*“)/zPHM)(RHu) —¢up)lds
0

t
= /0 e I AT Py (@ (Ruw) — ¢ i) (Ru)i1ds

t
2 —
+ / e <U=AY ACTI2 Pyl (wp) (Ryu — up)ds
0

=L+ D (5.49)

Here, by Lemma 5.3 and Lemma 5.8, we have

t
_ 2
1] 5/ HAS W2 g=€t=9A3 G2 [(' (Rpu) — ¢ (up))(Rpu)1| ds
0
120, o
< oy x| GH1@ Riw) = ¢ ) Ry
< CH P0Depy, 1=3 or4. (5.50)

Then, taking into account that |6, ,(0)|| = 0, we have

t
2
1G4 26,0 < CH™ "D ey (1) + 11 + H/ e I G Ty (5)ds
0

t
= CH™D ey () + 1L + H / AP N G Ty (5)ds
0

t
< CHF+5(F,Z)£H(I) + ”12” + / HA([.II_M)/Ze_G(I_S)A%I Gll_/lzTH,t(S) H ds.
0
In view of Lemma 5.3 and Lemma 5.10, the above inequality becomes

n/2 r+48(r,l) C
1G5 601 Ol < CHP D)+ 2l + o g (m) max

Gl Ti5)|
< CH™P Dy () + | L) + CH™D gy om), (5.51)

where m =1 — .
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We consider the cases © = 0 and = 1, 2 separately. First let us consider the case i = 0.
Then for I we argue as follows. Since ||¢'(ug)[Rpu — ugli|| < C||64.|l, we obtain that

12
12l S/
0

_C / 160c )1,
Velo Ji—s
A standard application of the generalized Gronwall lemma leads to the inequality (5.48) for
the case u© = 0.
We now turn to the cases u = 1, 2. From (5.1) and the fact that G and ¢’ are bounded,
we have

Ane NG i) ]| ds

(5.52)

G 1l )b I < 1GIP wr)bu (I 4+ CH> ¢ p)bu (5)]]
< Cllfus ()|l < CH Dy 1), (5.53)

Hence, Lemma 5.3 may be applied to yield
t
ol = [ A g o, 1| ds
0

C
= ca—wpr Jhax IG 119 (ur)Oui (]I

0<s<t
< CH™P"D gy, (5.54)
Substituting this into (5.51), we obtain the desired result for the cases u = 1, 2. O

We are ready to formulate our main result in this subsection.

Theorem 5.12 (Superconvergence for the chemical potential w) There exists positive con-
stant C = C(K (u)) such that forn =1,2,1=3,4

max [ Riw(®) = wiy (0l < € (H D0y @)+ HH00) - (5.55)
Proof From (2.11) and (5.23), we have A /%6,, = —G"/*6, , — G"/*p,... Then (5.55)
is a direct consequence of (5.48) and (5.16). ]

As a consequence of the above analysis, we have the following corollary, which gives an
H' error estimate of the chemical potential w and an L? error estimate of u;.

Corollary 5.13 There exists positive constant C = C (K (u)) such that
lur —up ll +llw —wyl| + Hllw—wyly < CH". (5.56)

Proof From Lemma 4.1 and Theorem 5.12, we have the desired estimate for the chemical
potential w. The L? error estimate of u; is a direct consequence of (4.8) and (5.48). O

It is convenient to give results providing negative norm estimate.
Theorem 5.14 There exists positive constant C = C(K (u)) such that for u = 1,2
16" w = will = € (H* Do)+ H#0W), 1=3,4; (5.57)

IG*2 D} (u —up)| < € (H'*“’v%(l) + H’“““)) L 1=3,4,j=01. (558
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Proof 1t follows from the splitting wg — w = wy — Rgyw + Ryw — w and (4.3) that

IG* > (wy — w)|| < IG**(Rgw — w)|l + |G**(wy — Ryw)|
< CH™M0W 4G 2 (wy — Ryw). (5.59)

Since G is bounded, we have |G/ 2(wy — Rgw)| = |GA%W/2(wy — Ryw)| and use
(5.55) to get (5.57).
To prove (5.58), we also consider the splitting

Uy —u=uy — Ryu+ Ryu — u. (5.60)
Then from (4.3) and (4.8), we get
1G* D] tu =) < I1G*”D] (uyr — Ruyw)ll + 1G> D} (Rigu — )|
< IG*2D! (upyy — Ryu)|| + CH' T3¢, (5.61)

Now in the case j = 0, using the fact that G*/? is bounded and the superconvergence estimate
(5.22), we have

IG*"*(up — wll < Clug — Rpul| + CH T
<cC (H’“"J)eH(l) + H’“‘W’) . 1=3.4 (562
For the case j = 1, it follows from (5.61), (5.2) and (5.48) that

1G* (g — u) || < 1IGX (wp — Ruu) || + CH" | (g — Rygu),|| + CH )
<c (H’*‘S(’J)zﬂ(l) + H’*‘S(’vﬂ)) . 1=3.4. (5.63)

This completes the proof. O

In [29] and [28], the H -1 e, = 1, negative norm error estimates of the finite element
methods were obtained for the nonstationary Navier—Stokes equations and the incompressible
MHD equations, respectively. In this paper, we generalize their negative norm error estimates
to the fourth order problem and the case © = 2.

5.3 Proof of Theorem 2.1

In this subsection, we give a detailed proof of our main result Theorem 2.1.

Proof of Theorem 2.1. We consider the splitting u —u" = u—Rpu+Ryu—u" andw—w" =
w— Ryw + Ryw — w". The term u — Ryu and w — Rjw can be readily estimated by using

(4.8)-(4.9), so that,
lw = Rywl + hllw = Rywlly + llu — Ryull + hllu — Rpulli < Ch™. (5.64)

We will concentrate on the estimates of u” — Rpu and wh — Ryw.Foru =1,2,

Af‘“)/z(wh — Ryw) = —ij/z [y — )], (5.65)
_ 1
AP — Ry = — Gl Tw — w + §w) — )] (5.66)
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Then from (5.65), by (5.1), (5.58) and the fact that H < h we have

2
lw" = Rywlla—y = 1G> (upr — u)||
< IG**(up — u), |l + Ch* || (upr — u),|
<C (HrthS(r,l)ZH(l) + Hr+¢3(r,/4)) + Ch*H"

= C(H™ Doy + HHOW) 1=340 (5.67)

Using this result together with (5.64), we get (2.15) and (2.16). ]
We now direct our attention to the proof of (2.17) and (2.18). From (5.66), we have

" = Ruullz—y = € (1G> wi = w)ll + 1G> @wm) = p@)l) . (5.68)

For the first term on the right-hand side of (5.68), in a similar way, using (5.1), (5.56) and
(5.57), we find

IGE (wy — w)l| < 1G**(w — w)|| + Ch* |wy — w|
<C (H’““%H(l) T H’“(””)) =34, (5.69)

For the second term on the right-hand side of (5.68), we have

IGE (@ um) — pw))|l
< IG**(p(up) — ¢ + Ch* || (un) — )|
< CIG"*(uy — w)ll + Cllugy — ullogllup — ull + Ch*|lugy — ul|

<C (H’”"J)ey(z) + H’”‘”“) +Cllun —ulloglum —ull, 1=3,4, (5.70)

where g is the value in Lemma 5.1. To estimate [luy — u||o,4, We use the inverse estimate
(4.1), the fact that (r, I) = §(r, — 2) when [ = 3, 4, and Theorem 5.6 to get

lugr — Ruullog < CHYI™ 2 |uy — Ryu| < CK )yH P"I=2=d/P gy (1),

where d/q —d /2 = —d/ p has been used. In view of (5.33), we have r +6(r,1 —2) —d/p >
&(r,1 — 2). This and (5.21) lead to

lu —usrllog < CK ™22y 0y < CHYO D0y ().
Hence, by (4.13), we have
lur —ullogllun —ull < CH Doy ). (5.71)
Substituting this inequality into (5.70) yields
1GH @ ) — @)l = € (HFH0Dey @) + B0 (5.72)

Combine (5.64), (5.68), (5.69) and (5.72) to get (2.17) and (2.18). This completes the proof.
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6 Numerical Experiments

In this section, we present one numerical example in order to support the analysis developed
in this paper. Due to the limitation of space, here we only give an example for which the exact
solution is constructed. More examples involving practical applications have been presented
in the paper [49]. We implemented the schemes by using the MATLABO software package
iFEM [5].

We consider the Cahn—Hilliard equation

Wt AleAu—¢w) = f xeQ, >0,
u(x,0) = up(x) x e, 6.1)
= () —eAu) =0 x €09.

over the domain € = (0, 1)2, where ¢ takes the typical type (1.4). Lete = 0.1, and the exact
solution be

u = e " sin?(rx) sin(ry).

Then functions f and uo(x) can be chosen to satisfy (6.1). Observe that our analysis can
be easily generalized to the case where f is a known function. After rewriting the above
equation as a mixed formulation, we apply MFE methods with linear element (P;) and
quadratic element (P,), respectively. For time discretization, we use the backward Euler
scheme

un+l —u .
S )+ (ng“, Vvh) — f forall vy € Sy, (6.2)
e (Vi V) + (st —wit ) =0 forall g€ S (63)

with At = 1.0e-5, where uj and wj, denote the approximations at #, = nAt, respectively.
This fully implicit scheme is energy-stable and uniquely solvable when At < 4¢ (see [10]).
The errors at 7 = 0.01 for P; and P, mixed finite element approximation are presented in
Tables 1 and 2.

We then apply our postprocessed MFE methods. The numerical results are presented in
Tables 3 and 4. A comparison of Tables 1, 2, 3 and 4 confirms that the convergence order
matches our theoretical estimate for linear and quadratic elements.

Table1 At = 1.0e-S5,

T = 0.01, Py mixed finite h llu = unlh Ratio Jlw —wpll Ratio
element approximation /16 2.805653e—01 1798280
132 1396404e—01 201 9.063605¢—01 198
64 6972192¢—02  2.00 4541101e—01  2.00
001 by mixed fmfecememt " Iu—will Raio [lw—wylli__ Ratio
approximation /16 1.149667¢—02 8.7822366—02
132 2.900157¢—03  3.96 22051546—02  3.95
64 7273173e—04 3.9 5.588638e—03  3.98
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Table 3 At = 1.0e—5, T = 0.01, P} postprocessing mixed finite element approximation

H h Nu —ul||y Ratio llw — wh|[; Ratio
1/4 1/16 6.388851e—01 1.916974

1/8 1/64 1.921115¢—01 3.32 5.069748e—01 3.78
1/16 1/256 5.060618¢—02 3.79 1.284365¢—01 3.96
132 1/1024 1.282033e—02 3.80 3.221215¢—02 3.99

Tabled At =1.0e—-5T =
0.01, P, postprocessing mixed
finite element approximation

H h lu — ul||; Ratio  [Jw — wh||; Ratio

1/4 1/16 5.986256e—02 9.686167e—02
1/8 1/64 4.980803e—03  12.02  6.285356e—03  15.01
1/16  1/256  3.343822e—04 1490  3.975132e—-04  15.81

7 Summary

In this paper, the postprocessing mixed finite element methods have been applied to solving
the Cahn-Hilliard equation, a fourth order nonlinear differential equation. The methods can
be described as: on the coarser mesh we first compute the mixed finite element approxi-
mations until a fixed time at which we need a higher accuracy solution, then at the fixed
time the approximations are postprocessed by solving two decoupled linear elliptic problems
on a finer grid (or higher-order space). The analysis presented here shows that this tech-
nique remains the optimal rate of convergence for both the concentration and the chemical
potential approximations. The negative norm error estimates, which are new and non-trivial,
are also obtained. A numerical example confirms the theoretical results and illustrates the
effectiveness of the postprocessing MFE methods.
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