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0. Introduction

In this paper, we determine the trivial factors of L-functions of both integral and p-adic sym-
metric products of Kloosterman sheaves.

Let Fq be a nite "eld of characteristic p with g elements, letl be a prime number distinct from
p, and let A : Fq ! 6,“ be a nontrivial additive character. Fix an algebraic closureF of Fq. For
any integer k, let F4 be the extension ofFq in F with degreek. Let n, 2 be a positive integer.
If , liesin Fy, we de ne the (nj 1)-variable Kloosterman sum by

Kin(Fge;,) = X A(TrFqkzpq(x1+ CCe xp)):
X1608n = i x i 2F k
Such character sums can be studied via eithep-adic methods orl-adic methods. In [D1] Th&orgme
7.8, Deligne constructs a liss®, -sheaf of rankn on A ,'l:q if Ogpure of weightnj 1, which we denote
by KI, and call the Kloosterman sheaf, with the property that for any x 2 (A %q if 0g)(Fq)= F;k ,
we have
Tr( Fx; Kln.x) = (i 1)"11 1KIn(Fqk 7 X);

where F, is the geometric Frobenius element at the pointx. Let ~ be the generic point ofA,'l:q.
The Kloosterman sheaf gives rise to a Galois representation

Kly : Gal(F(T)=F4(T)) ! GL((KI n)1)

unrami ed outside 0 and 1 . From the p-adic point of view, the Kloosterman sheaf is given by an
ordinary overconvergent F -crystal of rank n overA,1:q i f 0g. See Sperber [S].



For each positive integerk, denote the L -function of the k-th symmetric product of the Kloost-
erman sheaf byL (k;n; T):

L(k;n;T):= L(A}:q if Og; SykaIn;T) 21+ TZ[TI:

We call it simply the k-th symmetric product L-function. This is a rational function whose
reciprocal zeros and poles are Weitnumbers by theorems of Grothendieck and Deligne. Let
j A,1:q if Og! P,1:q be the canonical open immersion. By de nition, we have the following
relation between the L-functions L(k;n; T) and L(P,lzq;j o(Sym* (Kl 0)); T):
L(k;n;T)

= L(PE,;ja(Sym“(Kly)); T)det(1 | FoT;(Sym“(Kin):)'o)det(1i Fi T;(Sym*(Kin)2)'*);
where 1y (resp. |1 ) is the inertia subgroup at O (resp. 1 ), and Fq (resp. F; ) is the geometric
Frobenius element at O (resp.1 ). Here we use the fact that

(Sym*(Kin)a)"* = (ja(Sym* (KIn)))o; (Sym(Kin):)'* = (jo(Sym“(KIn)) 1
We call det(1 FoT;(Sym*(Kln)2)"0) (resp. det(1j Fy T;(Sym*(Kln)2)" )) the local factor at O
(resp. 1) of L(k;n; T). On the other hand, by Grothendieck's formula for L-functions, we have
L(PE,:Ja(Sym*(KIn)); T)

det(1j FT;HY(PL;ja (Sym (KIn)))
det(1j FT;HO(Pt;ja (Sym*(Kl ,))))det(1 | FT; H2(Pt;ja (Sym* (Kl , ))))

So we get the factorization

L(k;n:T)
det(1j FT;HY(PL;j (Sym (KIy))))det(1 i FoT; ((Sym Kln)a)'o)det(lj Fi T; ((Sym Klp)a)'s )
det(li FT;HO(PL;ja (SymX (Kl ,)det(1 | FT; H2(Pt;ja (Sym*(Kl ,))))

The st factor det(1 | FT;HY(PL;j(SymX(Kl,)))) is called the non-trivial factor. It is pure of
weight k(nj 1)+ 1 by [D2] 3.3.1. All other factors on the right-hand side of the above expression
are called trivial factors. The zeros of these trivial factors give ri€ to the trivial zeros or poles of
L(k;n;T).

The aim of this paper is to determine all the trivial factors of L (k; n; T) and their variation with
k as k varies p-adically. As a consequence, we obtain some partial information on the non-tril
factor and its variation with k as well. In the casen = 2, the trivial factor problem for L(k;2;T)
was rst studied by Robba ([R]) via Dwork's p-adic cohomology. Robba determined the ftrivial
factors for L(k; 2; T) assumingp > k=2.

In [FW], we studied in detail the behavior of the Kloosterman representation & 1 based on
the work of Deligne and Katz. As a consequence, we completely determined the trivial facto

det(Li F1 T;((Sym¥Kly):)' ):



See Theorem 2.5 in [FW] for the precise statement. The trivial factor det( j FoT;(Sym*(Kl,)1)'0)
is easy to determine forn = 2. But in [FW] we were unable to determine it for n > 2. We solve
this problem in the present paper. Our result is as follows.

Theorem 0.1. We have
[kgni 1)]
det(l i FoT;(Sym*(Kln):)'0) = @i )™,
u=0
where my (u) is determined by
Qi xMece@ ¥ N+ Ki 2)(1i XN+ Ki 1) ~ X

(1i x2)¢e@; xki L x¥) my (u)x":

u=0
We have
mi(u) = &(u) i c(ui 1);

where ¢ (u) is the number of elements of the set

The trivial poles of L(k;n;T) can be derived from Katz's global monodromy theorem and
Grothendieck's formula for L-functions. For completeness, we include this deduction by working
out the relevant representation theory which should be well-known to experts.

Denote by G the Zariski closure of the image of GalE(T)=F(T)) under the representation

Kly 1 Gal(F(T)=F4(T)) | GL((KI 1))

By [K] 11.1, we have

Sp(n) if nis even
G = SL(n) ifnisodd, andp62:
2 SO(n) ifnisodd,n67 and p=2;
' G, ifn=7and p=2:

If pnis even, we have { 1)" =1 in Fq. By [K] 4.2.1, we then have a perfect pairing
Klp- Kl ! Qi n):

When n is even, we haveG = Sp(n), the pairing is alternating, and Kl , is isomorphic to the
standard representation of Spf). When n is odd and p = 2, we have G = SO(n) or G = G ,, the
pairing is symmetric, and Kl, is isomorphic to the standard representation of SOf) or G,. (The
standard representation of G is de ned to be the unique irreducible representation of dimension
7.) When pn is odd, Kl, is isomorphic to the standard representation of SLf). In the Appendix
of this paper, we will prove the following result.



Lemma 0.2. Let g be one of the following Lie algebras

sl(n); sp(n); so(n); g,

and let V be the standard representation ofg. In the case whereg = sl(n) or sp(n), the repre-
sentation Sym(V is irreducible, and in the case whereg = so(n) or g,, the representation Synfv
contains exactly one copy of the trivial representation if k is even, and contains no trivial repre-
sentation if k is odd.

By [D2] 1.4.1, we have

HO(PE:o(SYmH (Kl ) = ((KI 2)2) S FaOFa®) = (1 ,)1)°;
H2(PE:ja(Sym*(KIn)) = (K1 n))ga rmroqy ( D) = (K1 n))a (i 1)

Combined with [K] 11.1 and Lemma 0.2, we get the following.

Theorem 0.3. We have

) 1 if n is even, ork is odd, or pn is odd;
det(l1i FT;HO(PL;ja(Sym*(KI = ’ ’ ’
et(l | (P&:ja(Sym™(Kla))) 1i 2T if p=2: k is even andn is odd;
Y
) 1 if n is even, ork is odd, or pn is odd;
det(Li FT;H2(PL;jo(Sym*(KI ni 12 ’ ’ ’
etl (P2:ja(Sym(Kln)) 1i g5 T if p=2; k is even andn is odd:

In a di®erent but related direction, the p-adic limit of L(k;n;T) when k goes to innity in
a xed p-adic direction was shown to be ap-adic meromorphic function in [W1]. This idea was
the key in proving Dwork's unit root conjecture for the Kloosterman family. See [W1], [W2] and
[W3]. To be precise, for ap-adic integer s, we choose a sequence of positive integeks which
approachess as p-adic integers but goes to in nity as complex numbers. Then we de ne thep-adic
s-th symmetric product L-function to be

Lp(sim;T) = IIllgn L(ki;nT)2 1+ TZ[[T]:

This limit exists as a formal p-adic power series and is independent of the choice of the sequerige
It is a sort of two variable p-adic L-function. Note that even whens is a positive integer,Ly(s;n; T)
is very di®erent from L(s;n;T). It was shown in [W1] that Ly(s;n;T) is a p-adic meromorphic
function by a uniform limiting argument. Alternatively, it was shown in [W 2] that

Lp(simT) = L(Ms(1 );T);

whereM¢(1 ) is an in nite rank nuclear overconvergent ¥smodule onA }:q if Og. This gives another
proof that Ly(s;n;T) is p-adic meromorphic. Combining the above results on trivial factors of
L (k;n; T) with the p-adic limiting argument in [W1], we prove the following more precise result



Theorem 0.4. Let d; be the coexcient of xI in the power series expansion of

1 .
(1i x3)(1i x®)ee@; xnit)

For each p-adic integer s, we have the factorization

Y _
Lo(s;mT) = Ap(s;m;T) (1 dT)%;
i=0
where Ay (s;n; T) is a p-adically entire function, (i.e., it has no poles). In particular, the p-adic
seriesLp(s; n; T) is p-adically entire, and it has a zero atT = ¢/ with multiplicity at least d; for
each non-negative integeyj .

We thus obtain in nitely many trivial zeros (if n > 2) for the p-adic s-th symmetric product
L-function L(s;n; T). This suggests that there should be an interesting trivial zero theory for the
L -function of any p-adic symmetric product of a pure |-adic sheaf whosep-adic unit root part has
rank one. Our result here provides the “rst evidence for such a theory.

Remark 0.5. . Grosse-KI&nne [GK] showed thep-adic meromorphic continuation of L,(s;n;T)
to somes 2 Q, with jsj, < 1+ 2 for some small2 > 0. We do not know if Theorem 0.4 can be
extended to such non-integralp-adic s.

The paper is organized as follows. Irx1, we recall the canonical form of the local monodromy
of the Kloosterman sheaf at 0. Inx2, we summarize the basic representation theory fosl(2). In
x3, we prove Theorem 0.1 using results in the previous two sections. Ix4, we use Theorem 0.1
and a p-adic limiting argument to prove Theorem 0.4. In section 5, we derive some comgjuences
for the non-trivial factors and its variation with k. In the appendix, we sketch a proof of Lemma
0.2 which implies Theorem 0.3.
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1. The Canonical Form of the Local Monodromy

Let K be alocal "eld with residue eld Fq, and let

v Gal(K=K ) | GL(V)



be aQ,-representation. Suppose the inertia subgroud of Gal(K=K ) acts unipotently on V. Fix
a uniformizer ¥%o0f K, and consider thel-adic part of the cyclotomic character

HB/( ,Pl_/‘)ﬂ
tlr Z(Q); %7 —p—=—
Y
w P
Note that for %in the inertia group, the I"-th root of unity i,'a?f‘) does not depends on the

choice of thel"-th root P Y.of ¥ Since the restriction to | is unipotent, there exists a nilpotent
homomorphism

N:V@Q'! V
such that
%) = exp(ti(¥):N)

for any %2 |. Fix a lifting F 2 Gal(K=K ) of the geometric Frobenius element in GalE=Fq). We
have

t(F %R = t(H%
So

exp(ti(¥):N)AF) = UY)AF)
= V%P
= YFF! %P
= UF)%F YR
= YF)exp(t|(F! 13F):N)
= YEF)exp(qt(¥):N):
Therefore
YF)' T exp(ti(%):N)%F) = exp(at (¥):N):
Hence
YF) H(U(3:N)%F) = qt(9:N:

Fix a generator 3 of Z|(1). Choose%¥2 | so that t;(3) = 3. For convenience, denote/4F) by F,
and denote the homomorphism

VI V;v7! N(v- 3)

by N. Then the last equation gives
FiINF = gN;

that is,
NF = gFN:



Now we take K to be the completion of Fo(T) at 0, let V = (Kl )1, and let ¥%: Gal(K=K ) !
GL(V) be the restriction of the representation Kl : Gal(miq(T)) I GL((KI ,)2) de ned
by the Kloosterman sheaf. In [D1] Th§orpme 7.8, it is shown that the inera subgroup I at
0 acts unipotently on (Kl,): with a single Jordan block, and the geometric FrobeniusF, at 0O
acts trivially on the invariant ((KI »):)'e of the inertia subgroup. With the above notations, this
means the nilpotent map N has a single Jordan block, andF acts trivially on ker(N). By [D2]

F with eigenvalue g" . Using the equationNF = gFN, we seeN (v) is an eigenvector ofF with
eigenvalueq"i 2. Note that if n . 2, then N (v) can not be 0. Otherwisev lies in ker(N) but F
does not act trivially on v. This contradicts to the fact that F acts trivially on ker( N). Similarly,
if n, 3, then N2(v) is a nonzero eigenvector ofF with eigenvalue q"i 3, :::, and N"i }(v) is a
eigenvectors ofF with distinct eigenvalues, they are linearly independent and form a basis oV
We summarize the above results as follows.

Proposition 1.1. Notation as above. For the triple (V;F;N) de ned by the Kloosterman sheaf,

there exists a basisep;:::;e,; 1 of V such that
F(e)= eo; F(e1) = qger; i35 Flen; 1) = " ten 2
and
N(e)=0; N(er)= eo; :::; N(&; 1) = € 2:

2. Representation of  sl(2)

In this section, we summarize the representation theory of the Lie algebrasl(2) of traceless

matrices over the “eld Q,. Denote
u 1 H 1 H f

_ vy_. O0O1 . ,_ 00O
H = 'X_OO’Y_lo

The following result is standard. (See, for example, [FH]x11.1.)

Proposition 2.1.  Let V be a "nite dimensional irreducible Q,-representation ofsl(2). Then there
exists a (nonzero) eigenvector of H such that Xv = 0. Such a vector is called ahighest weight
vector for the representation V. Let n =dim(V) i 1. For any highest weight vectorv, we have

Hv = nv:



We call n the weight of the representation. Moreover, the setfv;Y v;:::Y"vg is a basis ofV, and

we have
H(Y'v) = (nj 2)Y'v(i=0;1%:::;n);
X(Y'v) = i(nj i+)Yilv(i=0;1::::n);
Y(Y'v) = Y™y (i=0:1::0ng 1)
Y(Y"v) = 0:

Remark 2.2. The trivial representation Vo = Q, of sl(2) is the irreducible representation of weight

0. Let V; = 6,2 be the standard representation ofsl(2) on which sl(2) acts as the multipllgatiOﬂl

of matrices on column vectors. It is the irreducible representation of weight 1,and fo = é

is a highest weight vector. LetV, = Sym"(V;) be the n-th symmetric product of V;. It is the
irreducible representation of weightn, and f§ is a highest weight vector.

Let V, be the irreducible representation ofsl(2) of weight n. Note that the eigenvaluesn;n j

each eigenvalue has multiplicity 1. Moreover, the space kel ) has dimension 1 and coincides with
the eigenspace oH corresponding to the eigenvaluen. For any integer w, let V)V be the eigenspace

of H corresponding to the eigenvaluen. We then have
Y%

dim(vvy= L fw’ nmod2andin. w-n

0 otherwise.
Moreover, we have

n.
RN .
Vyoifw=n;
0 otherwise.

Vh \ ker(X)
V¥ \ ker(X)

In general, any nite dimensional representationV of sl(2) is a direct sum of irreducible represen-
tations. Let
V = m0V0© m.V; © ¢ ¢ ¢ @ny Vg

be the isotypic decomposition ofV. For any integer w, let V" be the eigenspace dfi corresponding
to the eigenvaluew. If w is non-negative, then we have

and
dim(V"¥)= my + mysp + ¢CC



Moreover, we have

ker(X) = (moVo\ ker(X)) © (m1Vi\ ker(X)) © ¢ ¢ ¢ @my Vi \ ker(X))
= meVg ©miVI© ¢t @V

and hence
ker(X)\ V¥ = m, V'

It follows that
kerX = (ker(X)\ V%) © (ker(X)\ V1) ©¢¢¢gker(X)\ VK)

and
dim(ker(X)\ V*)= my =dim(V*) | dim(V**2):

We summarize these results as follows.

Proposition 2.3.  Let V be a nite dimensional Q,-representation ofsl(2). For any integer w, let
VY be the eigenspace oH corresponding to the eigenvaluen. Then we have

kerX = (ker(X)\ V%) © (ker(X)\ V) ©ccg
and for any non-negativew, we have

dim(ker(X)\ V%) =dim( V") dim(V"*2):

3. The Local Factorat 0

In this section, we calculate the local factor
det(l i Fot; (Sym“(Kl,))')

at 0 of the L-function of the k-th symmetric product of the Kloosterman sheaf. Let (V;N;F) be
the triple de ned in x1 corresponding to the Kloosterman sheaf. Then the above local factor is
simply 3 .

det | j Ft;ker(N : Sym‘(V) ! SymK(V))

Let V; = @2 be the standard representation ofsl(2). Set
BT (VO |



We have
H(fo)= fo; H(f1) = j fq;
X(f0)=0;X(f1)=fo:
Let Vi, 1 = Sym"i }(Vy), and set
e_lfniliifi(i_o.l ..... ni 1):
1 = || 0 1 - by ey | )'
We have
H(eo) =(ni 1)ey; H(er)=(ni 3)er; :ii; H(eny 1) =i (Nj 1)en; 1
and
X(eg)=0; X(e1) = ep; :::; X(€n; 1) = €n; 2:

Comparing with Proposition 1.1, we can identify V,; 1 with V coming from the triple (V;F;N)
de ned by the Kloosterman sheaf such thatN is identi ed with X, and the eigenspace of with
eigenvalued is identi ed with the eigenspace ofH with eigenvaluen 2ij 1.

Consider the k-th symmetric product Symk(Vni 1). It has a basis

fefel ¢edritjij | Oig+ir+ ¢C& iy, 1= kg
We have
H(epe cedrii)=((ni 1)¢ig+(nj 3)¢ii+ ¢C&(j (ni 1) Cin; 1)elel codr i

Soef ey ¢¢g ¢ is an eigenvector oH with eigenvalue (i 1)Go+(nj 3)t+ ¢ C£(; (nj 1))dn; 1.
It is also an eigenvectorF with eigenvalue

Olio+1 i+ ¢Ce(nj 1)Gin; 1 — q%((ﬂi Dki ((ni Ddo+(ni a1+ ¢¢e(i (ni 1))dn; 1)) .

q

Here we use the fact that
20¢ip+1 ¢i;+¢ce(nj 1)¢in, 1)+ ((nj L)cig+(nj 3)¢Cip+¢cce(j (nj 1)) ¢in; 1)

(ni l)(i0+ i1+ cce ini 1)
k(nj 1):

This equality also shows that
(ni ¢Cig+(nj 3)¢ip+c¢ce(j(ni 1)¢in 1" k(nj 1) mod2

For each non-negative integerw, let

10



and let dx(w) be the number of elements ofDy (w). We have dy(w) =0 if w6 k(nij 1) mod 2 or
if w>k(nj 1). Note that

is a basis of the eigenspace (s;/h(.vni 1))V of H with eigenvalue w. By Proposition 2.3, we have

kg D
ker(X ) = ker(X)\ (Sym*(Vn; 1))
w=0
and
dim(ker(X)\ (Sym*(Vo; 1)) = di(w) i di(w+2):
Now (Sym*(Va; 1))" is also the eigenspace oF on Syn¥(V) with eigenvalue g“z"~. So we
have
3 ’ k(vi 1) k(ni 1)j w
det | j Ft;ker(N : Sym(V) ! Symf(V)) = @i q 2z t)%Widdw+) .
w=0

As dg(w)=0if w6 k(nj 1) mod 2 orifw>k(nj 1), we have
3 - [k(”il)]

det | Ft ker(N :Sym‘(V)! Symk(V)) = (1 gty (kni Di 20i delkini 1)i 2u+2) ,
u=0

Set
G(u) = de(k(ni 1)i 2u)
so that we have
3 S

det 1 Ft; ker(N : Sym‘(V)! Symf(V)) = (1 gUt)s Wi cclui 1)
u=0

In the following, we nd an expression forcg(u) j c(uij 1).
Note that ¢ (u) is the number of elements of the set
flio;:iiiing 1)jij ., 0y ip+ir+ CC&in, 1=Kk OCig+1¢i,+¢C&(nj 1)¢in, 1= ug

Taking power series expansion, we get
1 X X

= uyk.
i A xy)ee@i xly) e (u)xUyX:
Since
iy 1 =1 x"y) 1 .
AT @i xy)ce@i xmily) ' (1i xy)ee@; x"y)’
we have

X X
@i VO sy ) =@ i x"y)( c(ux"(xy)*);
k;u k;u

11



that is,

X

k+1l — n+u+k,k+1.

X X
G (U)XUy G (u)x"y G (U)X Ry G (U)x
k;u k;u k;u k;u

y

Comparing the coexcients of y¥, we get

X X X 0 X +kj 1
(U)X G 1(U)x" = C(Wx")x i (G 2 (u)x)xME
u u u u
that is,
X 1i xn+ ki 1 X
c(u)x! = 1 xk Ci 1(u)x":
u u
Applying this expression repeatedly, we get
X 1 . Xn+ ki 1 X
U [ ] u
u Gk (U)x Xk u Ck; 1(U)x

(Li x"HiBE g xrekih X ’

- (1 xkil)(@dj xk) " i 2(U)x

= ¢¢¢

(Li x")ee@; x""kiH@; xkit)
@i x)ee@; xkil)(1i xv)

Therefore
X

X
(ck(u) i c(ui 1))x“ c(uxi x  a(u)x”

u u u

= 1ix)  c(uxt

_ @i oxMee@i x"tki2) (1 xntki L)
= 0T @ X (@ xR
(i x")ee@ x"Tki2)a xnrkily

(1i x3)ee@i xkiH@ai xk) -

Cf’li Xn)¢¢(ﬂ.i Xn+ki 2)(1i Xn+ki 1)

Sock(u)i c(uj 1)isthe coexcients ofx" in the power series expansion @ X2 6@ X DT x5

This proves Theorem 0.1 in the introduction.
4. p-adic Symmetric Product L -functions

Let s be ap-adic integer. Recall that the p-adic s-th symmetric product L-function is the p-adic
limit
Lp(sinT) = lim L (Sym"“ (KIn); T);
il

12



wherek; is any sequence of positive integers going to in nity as complex numbers and apprehing
to s asp-adic integers. Since Kj, is pure of weightnj 1, for each positive integerk;, Grothendieck's
formula for L-functions implies that we can write

Pki;n;T) ]
(@i gmi Dki=2T)(1j glni Dki+2) =2T))ei’

L(ki;mT):= L(AE, if 0g; Sym‘ (Kl ,);T) =
where
P(ki;m;T)=det(1j FT;HY(PL;ja(Sym (Kl ))))det(1i FoT;((Sym“Kl,)s)'o)det(1j F1 T;((Sym*Kln):)'t );

and g is the multiplicity of the geometrically trivial representation in Sym ¥ (Kl ,). In fact, by
Theorem 0.3, we know thate, = 0 unless p =2, k; even andn odd, in which case we haveg = 1.
Taking the limit, we deduce that

Le(simT) = lim P(ki;n;T):

Fix a positive integer r. By the results in [W1] (Theorem 5.7 and Lemma 5.10), the number of
zeros and poles of theé_-function L (ki; n; T) ask; varies is uniformly bounded in the diskjTj, <p'.

In particular, the number of zeros of the polynomial P (k;;n; T) (the numerator of L(k;;n;T)) as

ki varies is uniformly bounded in the diskjTj, <p". Under the condition k , n, we have

Li xMee@i x"KA@ i x"KY (@i xK)ee@i x" A xMH Y
Lix)ee@i xkiHLi x) (L] xA)ee@i x"i (L x"i Y
It follows that my(j) = d; for j - k, wheremy(j) is de ned in Theorem 0.1, andd; is de ned in
Theorem 0.4. So we havamy, (j) = d; forall1 - j - r provided that ki , max(r;n). Then by
Theorem 0.1, we can write

Y .
P(kiymT)= B (k;mT)  (1i dT)%;
j=0
where B, (kj;n;T) 2 1+ TZ[T] is a polynomial in T. Furthermore, the number of the zeros of
Br (ki;n; T) in the disk jTj, <p' is uniformly bounded ask; varies. This implies that the limit

. Lp(s;n;T)
‘A — . -0 p
CromT)y =i BelkimT) = R gy
exists and isp-adically analytic in the disk jTj, <p'. In particular, Ly(s;n; T) is p-adically analytic
in the disk jTj, <p" and has a zero atT = ¢ I with multiplicity at least d forO- j - r. Aswe
can taker to be an arbitrarily large integer, we deduce that

, Lp(s;n;T)
C - = C - - 0 P
Ap(si nyT) . r“,r]T] Cr (Sl n,T) lezo (1 | ql T)dj

is p-adically entire. This proves Theorem 0.4.

13



Note that Theorem 2.5 in [FW] shows that for (n;p) = 1, the limit of the local factors at
in nity disappears and hence has no contribution to the zeros ofp-adic s-th symmetric product
L -function. This together with the above proof implies that

Ap(sim;T) = lim det(L i FT,HY(PE;jo(Sym" (KiIn)));

that is, Ay(s;n; T) is the p-adic limit of the non-trivial factor of L(A,l:q if Og; Symki (Kly); T) ask;
approaches tos. It is a p-adic entire function. Its zeros are called non-trivial zeros ofL(s; n; T).
Some partial results on the distribution of the zeros ofL ,(s; n; T) were obtained in [W2].

Remark. The same proof shows that the entireness property fok ,(s; n; T) can be extended to any
p-adic s-th symmetric product L-function of a lisse pure positive weightl-adic sheaf whosep-adic

unit part has rank one. The Kloosterman sheaf is just the rst such example. The ordinay family

of Calabi-Yau hypersurfaces is another important example, see [RW] for a copiete treatment.

5. Variation of the non-trivial factor

In this section, we derive some consequences for the non-trivial factor
Kq(k;n;T):=det(l | FT;HY(PL;ja(Sym (Kln))) 2 1+ TZ[T]:

This is a polynomial with integer coezxcients, pure of weight k(n j 1) + 1. Its degree can be
computed explicitly by the degree formula for L(k;n;T) (Theorem 0.1 in [FW]) and the degree
formulas for the trivial factors of L(k;n;T) as implicit in Theorem 2.5 in [FW], Theorem 0.1 and
Theorem 0.3.

In the simplest casen = 2 and g = p, the polynomial K,(k; n; T) is the Kloosterman analogue
of the p-th Hecke polynomial acting on weight k + 2 modular forms. It would be interesting to
understand how the polynomial K, (k;n; T) varies asp varies while k is xed or as k varies while
p is xed.

For xed k and n, the polynomial K ,(k; n; T) should be the p-th Euler factor of a motive M.,
over Q. It would be interesting to construct explicitly this motive (its underlying sc heme) or its
corresponding compatible system of Galois representation or its automorphiénterpretation. In
the case whemn =2 and k - 4, it is easy, see [CE]. In the casea =2 and k =56, the polynomial
Kp(k;n; T) has degree 2 and is known to be the Euler factor ap of an explicit modular form, see
[PTV] for the case k =5 and [HS] for the casek = 6.

Just like the case forL (k;n; T), we are interested in how the polynomialK ,(k; n; T) varies as
k varies p-adically. The “rst simple result is a p-adic continuity result.

14



Proposition 5.1 . Let ki;k, and ks be positive integers such thatk; = k, + p™ks with k; not
divisible by p. Then we have the congruence

Kp(kiim T) * Kp(ke;n; T)(mod pmn(me=2):

Proof : Let g = p. The Frobenius eigenvalues of the Kloosterman sheaf at each closed point are
all divisible by p except for exactly one eigenvalue which is g-adic 1-unit (i.e., congruent to 1
modulo p). From this and the Euler product de nition of the L-function L(k;n;T), we deduce the
slightly stronger congruence:

L(ki;n;T) " L(kz;n; T)(mod pmntmka)y:

To prove the proposition, it remains to check that the same congruence in the propsition holds for
the trivial factors. This follows from the explicit results stated in Theo rem 2.5 in [FW], Theorem
0.1 and Theorem 0.3.

Let s be ap-adic integer. Choose a sequence of positive integeks going to in nity as complex
numbers and approachings as p-adic integers. The above congruence foK (k; n; T) implies that
the limit

Ap(sin;T) = lim Kp(kiin;T)
exists and it is exactly the non-trivial factor A,(s;n;T) in Theorem 0.4. It follows that Ap(s;n;T)
is a p-adic entire function. It would be interesting to determine the p-adic Newton polygon of the
entire function Ap(s;n;T). This would give exact information on the distribution of the zeros of
Ap(s;m; T).

The rigid analytic curve in the (s;T) plane de ned by the equation Ay(s;n;T) = 0 is the
Kloosterman sum analogue of the eigencurve in the theory op-adic modular forms studied by
Coleman-Mazur [CM]. It would be interesting to study the properties of the rigid analytic curve
Ap(s;n; T) =0 and its relation to p-adic automorphic forms.

6. Appendix

In this section, we sketch a proof of Lemma 0.2 in the introduction. The main eference for
this section is [FH].

First recall the dimension formula for irreducible representations of simple Le algebras. Let
g be a simple Lie algebra (overQ,). Choose a Cartan subalgebrah of g, and let R be the set of

roots. We have the Cartan decomposition

M M
g=h ()
@®2R

15



For each®2 R, let He be the unique element in fig; g; @] such that & He) = 2. The weight lattice
oy is the lattice in h” generated by those linear functionals™ with the property ~(He) 2 Z for all
®2 R. Fix an ordering of R. Let R* be the set of positive roots, and letW be the Weyl chamber.
Set L

e = .

* 2®2 R+ v
For any , 2 ayw \W , the dimension of the irreducible representation j with highest weight , is

given by
Y h+%e_ Y (+%@

THa @ i@ !
®2R* 2 ® ®2R* (@

dim(j )=

where (; ) is the Killing form on h®, and

_ 2(;®)
h;®i = (He) =
for any ~ 2 h® and ® 2 R. See [FH] Corollary 24.6.
For each pair 1- i;j - n, let E; be the (n £ n)-matrix whose only nonzero entry is on the
i-th row and j-th column, and this nonzero entry is 1. For each 1- i - n, let L; be the linear

functional on the space of diagonal matrices with the property
& 1 ifi=]
(Es ) = =1
LiBi)= o s

Consider the Lie algebrasl(n) of traceless g £ n)-matrices. Let h be the space of diagonal
matrices in sl(n). It is a Cartan subalgebra of sl(n). The set of roots of sl(n) are

RZfLii ijlsjg
and
HLiiLj = Eii | Ej] (ISJ)
Choose an ordering of roots so that
R* =fLii Ljji<j g

is the set of the positive roots. We have

X
Vo= (nj L;:
i=1
(To deduce this formula, we use the fact thatL,; + ¢¢ ¢ L, = O for sl(n).) By the dimension
formula, for any

=,il .+ ¢cce L,

B
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lying in the intersection of the weight lattice and the Weyl chamber, the dimension of the irreducible
representation j  of sl(n) with highest weight , is

. Y + %@
dm( ) = th/z-@
®2R* '
_ Y (+%Ei Ey)
“Ei i Ej)

P .
Yo it (ni DL)Ei i Ej)
( (i DHLi)(Ei i Ej)

_ i st
g A0
In the case where, = kL1, we have
Y2 .
o k ifi=1;
T0 ifi, 2
So we have
dim( )=Y ki1 P ke .
1 KL 1 ji 1 ni 1 .

1<j

Note that the dimension of j_, is exactly the dimension of Synf(V), where V is the standard

highest weight KL ;. So we must have
Sym‘(V) =i i,

In particular, Sym*(V) is irreducible.
Now supposen = 2m is an even number and consider the Lie algebrap(n) of matrices of the

form
HA B 1

C D
where A;B; C;D are (m £ m)-matrices, B and C are symmetric and A' + D = 0. Let h be the
space of diagonal matrices insp(n). It is a Cartan subalgebra of sp(n). The set of roots of sp(n)
are
R=f8L;i8Ljjl- i;j - mgif Og:
Choose an ordering of roots so that
R = fLii Ljji<j g[f Li+Ljji- jg

is the set of the positive roots. Using the dimension formula, one can showhat for any

= ’1L1+ ¢¢$’mLm

5
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lying in the intersection of the weight lattice and the Weyl chamber, the dimension of the irreducible
representation j  of sp(n) with highest weight , is

Yo i i dY it gr2me2iii jY itm+lii
jii ) 2Zm+2j ij j i m+1iji

i< i<j

dim(i )=

From this formula, we deduce
dim(i )_uk+2mi 1“,
PkLa) ™ 2mi 1
Note that the dimension of j_, is exactly the dimension of Synf(V), where V is the standard
representation ofsp(n). As above, this implies

Sym“(V) =i w,:

In particular, Sym*(V) is irreducible.
Now consider the cases wherg = so(n) or g,. In these cases, there is a symmetric non-
degenerateg-invariant bilinear form Q( ; ) on V. Consider the contraction map
Symf(V) I Symfi2(V);
X
vieew 7! Q(Vi;Vj)vi CCE ¢ 8 C OV :
i<j
It is an epimorphism of representations ofg. We will show the kernel of the contraction map is
irreducible.
First consider the case wheren = 2m is even, and the Lie algebra isso(n) of matrices of the

form
HA B 1

C D
where A;B;C;D are (m £ m)-matrices, B and C are skew-symmetric andA! + D = 0. Let h be
the space of diagonal matrices inso(n). It is a Cartan subalgebra of so(n). The set of roots of
sqo(n) are
R=f§Li&Ljjl- i;j - mi6jg
Choose an ordering of roots so that
R* =fLii Ljji<j g[f Li+Ljji<jg
is the set of the positive roots. Using the dimension formula, one can showhat for any

= 1L+ ¢cce¢ Ly

5

lying in the intersection of the weight lattice and the Weyl chamber, the dimension of the irreducible
representation j of so(n) with highest weight , is
gim y= | lieitEiEY e 2midig

i jii " 2mij i j

5
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From this formula, we deduce

o _(k+mj I)}(k+2mj 3)!
dm(i )= —m T Dam; gk

Note that

H K+2mj 1ﬂ_ H k+2mj 3ﬂ

dimG w,) = K i ki 2 =dimESym (V)i dim(Sym 2(V)):

Since the contraction map Synf (V) ! Symki 2(V) is surjective, and its kernel has a highest weight
kL1, it follows that j ., coincides with the kernel of the contraction map. So we must have

Sym“(V) =i ., © Symki 2(V):

Using this expression repeatedly, we get

!

Symk(V) = i (ki 2i)Ly-

i=0
In particular, when k is even, Synf(V) contains one copy of the trivial representation, and when
k is odd, it contains no trivial representation.

Next consider the case wheren = 2m +1 is odd, and the Lie algebra isso(n) of matrices of the

1

E
FA;
0

form 0
@

®Oo>r
TOoW

where A;B;C;D are (m £ m)-matrices, E and F are (m £ 1)-matrices, G and H are (1£ m)-
matrices, B and C are skew-symmetric,A'+ D =0, E't+ H =0, and F' + G = 0. Let h be the
space of diagonal matrices inso(n). It is a Cartan subalgebra of so(n). The set of roots of so(n)
are

R=f§L;8Ljj1- i;j - m;i6jg[f§ Lijl- i- mg

Choose an ordering of roots so that
R* =fLij Ljji<j g[f Li+Ljji<j g[f Lig
is the set of the positive roots. Using the dimension formula, one can showhat for any

=, +¢cCe Ly

B

lying in the intersection of the weight lattice and the Weyl chamber, the dimension of the irreducible
representation j of so(n) with highest weight , is

5 5

gimG )= | eiioitIi Y v je2medii Y
' 2m+ 1 ij | i

1.
i+m+§||_
i<j bl i<j i m+3i

[y
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From this formula, we deduce
2k+2mj I)(k+2m; 2)!
(2mi 1)k!
H k+2mr§ﬂ ) J k+2mj 2 i
k : ki 2
dim(Sym¥(V)) i dim(SymXi 2(v)):

dim( k)

The same argument as before shows that

!

Sym(V) = i (ki 2i)L.-

i=0
In particular, when k is even, Synf(V) contains one copy of the trivial representation, and when
k is odd, it contains no trivial representation.

Finally let n =7 and consider the Lie algebrag,. The following points on the real plane form

the root system R of g,:

® =(1;0
3 3
®2:(§;?);
®3_ 1- §-
(39
® =(0; §8;
13
®5:(i§;¥)§
&_ -3- é.
—(15-7),
1T i@ 2= i ®; 3= i@ 4= i®; 5= )®; 5= ®:

W is the positive cone generated by®; and ®,, and the weight lattice oy is the lattice generated

by ® and ®. Any element in @y \W is of the form
A !
1 Pz b
, = a® + b® = éa;7a+ 3b ;

where a and b are non-negative integers. Using the dimension formula, one can show that the
dimension of the irreducible representation j with highest weight , = a®; + b& is

.. _ (at1)(at b+2)(2a+3b+5)(a+2b+3)(a+3b+4)(b+1)
dim(j )= 170 :

In particular, the dimension of the irreducible representation j e, is

2¢3¢7¢4¢5¢1 _ .
120 -

dim(i o,) =
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So je, is the standard representationV. The dimension of the irreducible representation jxe, is

(k+1)(k+2)(2k +5)(k +3)(k +4)

dim(j ke,) =
H 1 u 120 g
k+6 . k+4
6 ' 6

dim(Sym*(V)) i dim(Sym*i 2(V)):

The same argument as before shows that
V3]

Sym(V) = i (ki 2)@s-
i=0

In particular, when k is even, Synf(V) contains one copy of the trivial representation, and when
k is odd, it contains no trivial representation. This "nishes the proof of the propostion.
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