ON THE SUBSET SUM PROBLEM OVER FINITE FIELDS

JIYOU LI AND DAQING WAN

ABSTRACT. The subset sum problem over finite fields is a well known NP-
complete problem. It arises naturally from decoding generalized Reed-Solomon
codes. In this paper, we study the number of solutions of the subset sum prob-
lem from a mathematicial point of view. In several interesting cases, we obtain
explicit or asymptotic formulas for the solution number. As a consequence, we
get some information on the decoding problem of Reed-Solomon codes.

1. INTRODUCTION

Let F, be a finite field of characteristic p. Let D C F, be a subset of cardinality
|ID| =n > 0. Let 1 <m < k <n be integers. Given m elements by, --- , b, in Fy.
Let Vj 1 denote the affine variety in A defined by the following system of equations

k
> X =b,
i=1

> XX, =b,

1<iy <ig<k

1<y <o <-+-<im <k

Xi— X; #0 (i # 7).

A fundamental problem arising from decoding Reed-Solomon codes is to determine
for any given b = (b1, ,by,) € Fy, if the variety V4, has an Fg-rational point
with all z; € D, see section 5 for more detail. This problem is apparently dif-
ficult due to several parameters of different nature involved. The high degree of
the variety naturally introduces a substantial algebraic difficulty, but this can at
least be overcome in some cases when D is the full field F, and m is small, using
the Weil bound. The requirement that the z;’s are distinct leads to a significant
combinatorial difficulty. From computational point of view, a more substantial dif-
ficulty is caused by the flexibility of the subset D of Fy. In fact, even in the case
m = 1 and so the algebraic difficulty disappear, the problem is known to be NP-
complete. In this case, we are reduced to the well known subset sum problem over
D C F, that is, to determine for a given b € F, if there is a non-empty subset
{z1, 29, -+ ,xx} C D such that

This research is supported by the National Natural Science Foundation of China(10331030).
1



2 JIYOU LI AND DAQING WAN

This subset sum problem is known to be NP-complete. Given integer 1 < k < n,
and b € F,, a more precise problem is to determine

N(k7baD):#{{xlax27"' ,.Tk} gD|.’L'1+l’2++$k:b},

the number of k-element subsets of D whose sum is b. The decision version of the
above subset sum problem is then to determine if N(k,b, D) > 0 for some k, that
is, if

N(b,D) =Y N(k,b,D) > 0.
k=1

In this paper, we study the approximation version of the above subset sum
problem for each k from a mathematical point of view, that is, we try to approximate
the solution number N(k,b, D). Intuitively, the problem is easier if D is close to be
the full field F, i.e., when ¢ —n is small. Indeed, we obtain an asymptotic formula
for N(k,b, D) when g—n is small. Heuristically, N (k, b, D) should be approximately
1

7 (Z) The question is about the error term. We have

Theorem 1.1. Let p < g, that is, Fy is not a prime field. Let D C F; be a subset
of cardinality n. For any 1 <k <n <q—2, any b € F,, we have the inequality

‘NW”J”‘3<Z”Sgig(k:q;n;2>cﬁﬁf)

Furthermore, let D = F\{a1,--- ,aq—n} with a1 = 0, and if b,as,--- ,aq—n are
linearly independent over F,, then we have the improved estimate

Vo) ()| g 2 () (0

This theorem implies

N(b,D) > 1/q(2" —p- q9~"229/772),

It follows that there is a constant C such that if g—n < C'- (%) then N(b,D) >0
for large ¢ > p.

The above theorem gives a sufficient condition on k for which N(k,b, D) > 0 for
all b when c is small. Our proof shows that the problem also becomes somewhat
easier when the characteristic p is small compared to q.

The above theorem assumes that n < ¢ — 2. In the remaining case n > ¢ — 2,
that is, n € {q¢ — 2,q — 1, ¢}, the situation is nicer and we obtain explicit formulas
for N(k,b, D). Here we state the results for ¢ —n < 1 and thus we can take D = F,
or Fy.

Theorem 1.2. If ptk, then

L(q
N(k,bF,) = — .
(0F) =1 (1)
Ifp| k and b =0, then
1 q) k+hq—1(q/p)
Nk, 0,F,) =~ (4) 4 (—1)rts L= .
(08 = 2 (1) + (s (UE
Ifp | k and b # 0, then

R e )
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If b= 0, then

R R ()

If b # 0, then

NkbF;) = ¢ (q . 1) et L (q{]f/ml)_

The explicit formula for the case ¢ — n = 2 is given in Theorem 3.5. Corollary
3.6 shows that the estimate in Theorem 1.1 is sharp for ¢ —n = 2. Applications to
coding theory are given in section 5. The case p = ¢ is discussed in section 4.

Notations. Let (z)o = 1 and (2), = z(x —1)---(x —k+ 1) for k € ZT =
{1,2,3,---}. For k ¢ N ={0,1,2,---} define the binomial coefficient (i) = (‘2"‘.
For a real number a we denote |a| to be the largest integer not greater than a.

2. PROOF OF THEOREM 1.2

When D equals g—1, it suffices to consider N (k, b, F:;) by a simple linear substitu-
tion. Let M (k,b, D) denote the number of ordered tuples (x1,xa,- - ,z)) satisfying
equation (1.1). Then

M(k,b,D) = k!N (k,b, D)
is the number of solutions of the equation
Ty 4 Fxp =b,xy € Dy # xy (i # ). (2.0)

It suffices to determine M (k,b, D). We use a pure combinatorial method to find
recursive relations among the values of M(k,b,F,) and M (k,b,Fy).

Lemma 2.1. Forb# 0 and D being ¥y or F};, we have M(k,b, D) = M(k,1, D).

Proof. There is a one to one map sending the solution {z1,xs, -, 2} of (2.0) to

the solution {z1b71, 2ob™ 1, -+ 2xb~ 1} of (2.0) with b= 1. O
Lemma 2.2.

M(k,1,Fy) = M(k,1,F;) + kM(k —1,1,F}), (2.1)

M(k,0,F,) = M(k,0,F;) +kM(k —1,0,F;), (2.2)

(@ = (g — DM 1,F,) + M(k,0,F,), (23)

Proof. Fix an element ¢ € F,. The solutions of (2.0) in F, can be divided into
two classes depending on whether ¢ occurs. By a linear substitution, the number
of solutions of (2.0) in F, not including ¢ equals M (k,b— ck,F}). And the number
of solutions of (2.0) in F, including ¢ equals kM (k —1,b — ck, F}). Hence we have

M(k,b,Fy) = M(k,b— ck,F:) + kM(k —1,b — ck,F}). (2.5)

Choose b = 1,¢ = 0 we get (2.1) and choose b = 0,¢ = 0 we obtain (2.2). Note
that (¢) is the number of k-permutations of Fy, and (¢ — 1); is the number of
k-permutations of F;. Thus, both (2.3) and (2.4) follows. O

The next step is to find more relations between M (k,b,F,) and M (k,b,F}).
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Lemma 2.3. Ifptk, we have M(k,b,F,) = M(k,0,F,) for allb € F,; and hence
1
If p | k, we have M (k,b,F,) = qM(k —1,b,F;) for all b € F,.

Proof. Case 1: Since ptk, we can take ¢ = k~!b in (2.5) and get the relation
M(k,b,F,) = M(k,0,F;) + kM(k —1,0,F).
The right side is just M (k,0,F,) by (2.2).
Case 2 : In this case, p | k. Then M (k,b,F,) equals the number of ordered

solutions of the following system of equations:

1+ X9+ +x =D,

T — T2 = Y2,

T1 — Tk = Yk,

vieFy, yi#y;, 2<i<j<k.
Regarding x1,xs, - -,z as variables it is easy to check that the p-rank (the rank
of a matrix over the prime field F)) of the coefficient matrix of the above system of
equations equals k—1. The system has solutions if and only if Ef:2 y; =band y; €
F; being distinct. Furthermore, since the p-rank of the above system is k — 1, when
Y2,Y3, - ,Yr and x1 are given then xo,x3,- - ,x; will be uniquely determined.

This means the number of the solutions of above linear system of equations equals
to ¢ times the number of ordered solutions of the following equation:

Y2+ys+---+yp=>b,
vieFy, wi#y;, 2<i<j<k.

This number of solutions of the above equation is just M(k — 1,0, F;‘) and hence

M(k,b,Fy) = gM(k — 1,b,F%). O

We have obtained several relations from Lemma 2.2 and Lemma 2.3. To deter-
mine M (k, b, F,), it is now sufficient to know M (k,0,F;). Define for k > 0,

dy = M(k,1,F%) — M(k,0,F7).
Then by (2.4) we have

Heuristically, M (k, 0, F}) should be approximately %(q— 1). To obtain the explicit
value of M(k,0, FZ), we only need to know di. For convenience we set dy = —1.
Lemma 2.4. If di is defined as above, then
-1, k= 0;
1, k=1,
dy, =
—kdy—1, ptk, 2<k<q-1;

(q —k)dg—1, plk2<k<g-1.

Proof. One checks that d; = M(1,1,F;) — M(1,0,F;) =1—0 = 1. When p { k,
by Lemma 2.3 we have M (k,1,F,) = M(k,0,F,). This together with Lemma 2.2
implies

M(k,1,F;) — M(k,0,F;) = k(M(k—1,0,F;) — M(k—1,1,F})).
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Namely, dp = —kdg—1. When p | k, using Lemma 2.3 we have
M(k,1,Fy) — M(k,0,Fy) = ¢(M(k — 1,1,F%) — M(k —1,0,F%)) = qd_1.
By Lemma 2.2, the left side is dy + kdx—1. Thus, dy = (¢ — k)dk—1. |

Corollary 2.5.

di, = (1)k+L%Jk!(%L;J1>

Proof. One checks dy = —1 and d; = 1 are consistent with the above formula for
k < 1. Let k > 2 and write kK = np + m with 0 < m < p. By Lemma 2.4,

dk _ n(p—1)+m+1 . (qup)
wo - 175

= (_1)"(p—1)+m+1w
= (-1t <% - 1).

We are now ready to prove the explicit formula for M (k,b, D) when |D| equals
qorq—1.
Theorem 2.6. Let F, be a finite field of characteristic p. Let D be a subset of Fy,.
Let M(k,b, D) be the number of solutions of (2.0). Then we have

_ (g=Dr —v(b)ds
q )
Mk b, Fy) = e U(b)(qdk L)

O

M(k,b,Fy)

where v(b) = =1 if b#0 and v(b) =q¢—1 if b= 0.
Proof. If b= 0, by (2.6), we obtain
qM(k,0,F}) = (¢ — )x — (¢ — 1)di.
If b # 0, then
qM(k,b,F;) = qM(k,1,F}) = qdp + ¢M(k,0,F;) = (¢ — 1)i + dy.

The formula for M(k,b, Fy) holds.

If p{ k, then dy + kdi—1 = 0 and the formula for M (k,b,F,) holds by Lemma
2.3.

If p | k, then dy, + kdx—1 = qdg—1. By Lemma 2.3 and the above formula for
M(k,b,Fy), we deduce

M(ka ba Fq) = qM(k - 17 ba F;) = (q - 1)]6—1 - v(b)dk—L
The formula for M (k,b,F,) holds. O
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Now we turn to deciding when the solution number N (k,b,F;) > 0. A sequence
{ag,a1,- -+ ,a,} is unimodal if there exits indices k,r with 1 < k,r < n such that
ap < ap <-rap—1 S Ak = A1 = 000 = Ay 2 Qg1 2 000 2 Gy

The sequence {ag,a,- - ,a,} is called symmetric if a; = a,—; for 0 < i < n.

Corollary 2.7. For any b € F,, both the sequence N(k,b,F,) (1 <k < gq) and the
sequence N(k,b,F;) (1 <k < q—1) are unimodal and symmetric.

Proof. The symmetric part can be verified using Theorem 2.6. A simpler way is to

use the relation
Z a= Z a=0.

acF, a€Fy

To prove the unimodal property for N(k, b, FZ)7 by the symmetry it is sufficient
to consider the case k < %1. Then, by Theorem 1.2, we deduce

vt 08 -N G108 > ()= (17 D07 ) - () )

If p t k, then L%J = L%J and the right side is clearly positive. If p | k, then the

right side is
2k
_a—2k(q-1 _(q_l)g—; 11
k k—1 E_q

k
2l ()

> 0.

The last inequality can be verified from the following Vandermonde’s convolution

qa_

(-)-2 (0652 GE)6)

And so N (k,0,F) is unimodal. The proof for the unimodal property of N (k,b,F,)
is similar. This completes the proof.
O

Corollary 2.8. Let |D| = g—1> 4. Ifp is an odd prime then for 1 < k < q—2 the
equation (1.1) always has a solution. If p =2, then for 2 < k < q — 3 the equation
(1.1) always has a solution.

Proof. For any a € F, we have N(k,b,F;,\{a}) = N(k,b — ka,F}). Hence by
Lemma 2.1 it is sufficent to consider N(k,1,F7) and N(k,0,F;). When p is odd

and k = 2 using Theorem 2.6 N(2,0,F;) = 1((%3") + (¢ — 1)) = %+ > 0, and

N(2,1,F;) = 1((%,') =1) = %52 > 0. Then, by the unimodality of N(k,1,F})

and N(k,0,F;), for 1 <k < q—2, N(k,b,F,\{a}) must be positive.
When p = 2 and k = 3, from Theorem 2.6, N(3,0,F};) = %((qgl) +(q—-1)(4 -

1) = =2 > 0and N3, 1LF;) = 2((75") = (3 1)) = =2 > 0. By the

unimodality and symmetry we complete the proof. O
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Corollary 2.9. Let D = F,. If p is an odd prime then the equation (1.1) always
has a solution if and only if 0 < k < q. If p =2, then for 2 < k < q—2 the equation
(1.1) always has a solution.

Proof. Tt is straightforward from Corollary 2.8 and Theorem 2.6. O

3. THE CASE |D|=¢q—¢

Let D = F,\{a1,a2,---ac} where a1, as,---a. are distinct elements in Fy. In
this section we first obtain the explicit formula of the solution number N(k,b, D)
for ¢ = 2 and then give a general formula for ¢ > 2. The solution number
N(k,b,F\{a1, a2, --a.}) are closely related to the F-linear relations among the
set {a1, - - a.} which we will see in Theorem 3.8. After that we obtain some simple
bounds and we get a sufficient condition of k ensuring N(k,b, D) > 0. It can help
us to investigate the subset sum problem over finite fields.

The following equality is an useful formula for the summand of sign-alternating
binomial coefficients. It can be easily proved by comparing the coefficients of =™
in both sides of (1 —x)~*(1 — )" = (1 — x)" L. For other proofs and more details
we refer to [3].

Lemma 3.1.
r r—1
1)k =(—1)™ : .
S () =7 (3.0
kE<m
Let < k£ >, denote the least non-negative residue of £ modulo p. The following
equality is the summand of the modular alternating binomial coefficients.

Lemma 3.2. For any positive integers a, k we have

zk: —(=1)li/el (LJZH) = —p(—1)l+/7] <(fk;pj>+(p—1— <k >p)(—1)LH/7] (LkC/LpJ)

§=0
and so
|:0_(_1)U/m (LJ’C/LPJ)| = p(UcC/lpJ) (3.1)

Proof. Let j = njp+ m; with 0 < m,; < p. By using (3.0) we have

—p Y () o1 <k ()

=0 () + 01 < ()

The inequality is obvious by noting the alternating signs before the two binomial
coefficients. 0

We omit the proofs of the following two lemmas for the first is direct from Lemma
3.2 and the proof of the second is similar to that of Lemma 3.2.
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- k
Lemma 3.3. Define R}, = (—1)*d;/k! = —(—1)F/P] (%f/ml) and R}, = >i—o R}
Let < k >, denote the least non-negative residue of k modulo p. Then we have

R2 — —p(—1)Lk/r) (q{]f/;f) +(p—1— < k >p)(~1)14/7] (q{]f/;f) (3.2)

Lemma 3.4. Let R} = —(—1)&/»] (%’};j). Let < k >, denote the least non-
negative residue of k modulo p. Let b € F;,. Define 6y, = 1 if < b >, is greater
than < k >, and 0y 1, = 0 otherwise. Then we have

D R (I RGO R (A

i=b( mod p)

For b ¢ F), we define M (k,b) = 0 for any nonnegative integer k. Note M (k,b) <
(q/ “,’;2). In the following theorem we give the accurate formula of N(k,b, D) when
D = F,\{a1,az2}. Note that we can always assume a; = 0 and as = 1 by a linear
substitution.

Theorem 3.5. Let F be a finite field of characteristic p. Let a; = 0,a2 =1 € F7.
Let N(k,b, D = Fg\{a1,as}) be the number of solutions of (2.0). Then we have

1/qg—2 1
N b F\ aa2)) = 5 (1)) 4 L C0RRE - 0 -0, (3a)
where RZ, M (k,b) are defined as in (3.2) and (3.3).

Proof. Use the simple inclusion-exclusion sieving method by considering whether
ag appears in the solution of equation (1.1) we have
N(k,b,F\{a1,a2})
= N(k,b,F\{a1}) — N(k—1,b—as,F\{a1,az2})
= N(k,b,Fg\{a1}) = (N(k —1,b— a3, Fg\{a1})
—N(k —2,b—2a2,F,\{a1,a2}))

=2 (CD'N(k —i,b a2, Fy\{ar})

+(=1)*N(0,b — kaz, F,\{a1,az}).
It is consistent with the above formula if we define N(0,b, D) to be 1 if and only if
b = 0 for a nonempty set D. Note a; = 0 and we have

k

N(k,b,F\{a1,a2}) = > (—1)'N(k —i,b — iay, F}).
1=0

By Theorem 2.6 we have the following formula

S a1y 1
N Fy) = (1Y) - Lt

where R} = —(—1)L¥/7] (%’;;Jl), v(b)=—-1ifb#0and v(b) =q—1if b=0. So

N(k7ba Fq\{al’GQ})
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- i(—l)i [1 (i: 1) - 3(_1)“‘@«; - mg)R}c_i].

=0 q
_l_kk_kfiq_l__kkv_ial_
BTGP St (A B EHD SRR
—l—kk—jq_l——kkv—a jas) R}
= LV 1)( } ) (0 S0~ b + o) B
1 (q—2 k : : 1
=—( —(-1) v(b — kaz + jaz)R;).

Q< k) ; ’

The last equality is from (3.0). Note az = 1 and by the definition of v(b) we have
N(ka ba Fq\{ala a2})

k
_ é(q . 2) . 3(—1)’6;}@(1)— k+ j)R (3.5)
_lq*Q_l_kk_.l,_l_k R}
—2("27) - 2w R APV R
_1(q—-2 1 kp2 ok _
_q( ] )+q< DFRE — (—1)% - M(b,k—b)

O

Combining (3.4), (3.2) and (3.3) we obtain the following simple solution number
formula compared with the formulas stated in Theorem 1.2.

Corollary 3.6. If <k >,=p—1 and b € F), then we have

N FA00) = 1 (1)t 2 (102

Now we turn to deriving a general formula for ¢ > 2 using a similar method.
For the purpose of further investigation on the solution number N (k, b, D) first we
have the following lemma.

Lemma 3.7. Let R} = —(—1)L/7] (%’7}). For ¢ > 1 if we define recursively that

P
Ry = Z?zo R§_1, then we have
k .
; k+c—2—7 q/p—l
RS = — -1 U/PJ( ) < : ' 3.6
PP c—2 )\ i) (3:6)

Proof. When ¢ = 2, this formula is consistent with the definition of RZ. Assume it
is true for some ¢ > 2, then we have

k
c+1 _ c
R =Y "R
=0
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B g () ()

R
g; W”§;C+Z_ZO<%zmv

ﬁé Lﬂﬂ(k+c—1—j)<W?—l)
= c—1 li/p)]
The last equality follows from the following simple binomial coefficient identity
Z <j+n> B (k+n+1)
s\om S\ m+1 )
O

Now we consider the general case when c is a positive integer greater than 2.
Note if £ > 45 then it is equivalent to consider

N(q —C— k7 —b— Zaian\{a17a27 T aa/c})~

=0

< 45°. Recall we have extended the definition of
M(k,b) in Lemma 3.3. That is, for b € F,,, M(k,b) = 0 for any integer k. For
convenience of obtaining our bounds and more investigation we give two different
types of formulas.

Theorem 3.8. Let D = F,\{a1,as, - ,a.} and ¢ > 3, where a1 = 0,a2 =
1,a3, -+ ,a. are distinct elements in the finite field ¥y of characteristic p. De-
fine the integer valued function v(b) = —1 if b#0 and v(b) =q—1 if b=0. Then
for any b € Fy, we have the following formulas

N(k,b,Fq\{G/l;G/Q) T ?aC})
_ ey J L
_q< k ) q( b

k k—ip k—i1——ic_2 c—1
Z Z Z v(b—i1ac—~--—(k‘—Zij)ag)R]l- (37)
i1=0i3=0 ie_1=0 j=1

1/q—-c 1 ke &

=" ) v - Cur

k k—i k—iy——ic_3 c—2 c—2 c—2
SN T ME=Y i k=Y i = b+ Y ijaci;) (3.8)
i1=0i2=0 ie_2=0 j=1 =1 j=1

where R, is defined by (3.6), and M (k,b) is defined by (3.8) if b € F), and otherwise
M (k,b) = 0. Moreover if ax =0, and b,as,--- ,a. are linear independent over F,
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then we have

Nk, b Fo\ar,as, -« s a}) = é(q . C) + %(—1)’%{;. (3.9)

Proof. Using the simple inclusion-exclusion sieving method we have

N(k7b7Fq\{a17a27"' >ac})
= N(k7b7 FQ\{a17a27 o 701071})
—N(k—-1,b—a., F\{a1,a2, -+ ,ac_1})

k
=Y (-1)'N(k —i,b—iac, F\{ar, a2 -+ ,ac_1}).

When ¢ = 3, by the formula given by Theorem 3.5 and note as = 1 we have
N(k? ba Fq\{ala az, a3})

k
S (122 R - () MG ik - i)

i=0 g \k—i

k
_ 1<q3> +é(il)kRzf(fl)kZM(kfi,k—i*b+ia3)-

g\ k i=0
By induction, (3.8) follows for ¢ > 3. Similarly, (3.7) follows from (3.5) and we omit
the proof. If b,as =1, -+ , a. are linear independent over F), then first note b ¢ F,,.
When ¢ = 2 by its extended definition we have M (k,k—b) = 0. When ¢ > 2, by the
independence of b,ay = 1,--- , a. we know k — Z;;f i;—b+ Z;;f ijacr1—; € Fp
for any index (41,42, - ,%c—2) in the summation. Hence the summation in (3.8)

always vanishes for any ¢ and hence the proof is complete.
O

Now we have obtained the two formulas of the solution number N(k,b, D). It
suffices to evaluating R and the summation in (3.8). Unfortunately the formula
given by (3.8) is extremely complicated when ¢ is large. The NP-hardness of the
subset sum problem indicates the hardness of precisely evaluating the summation
in (3.8). In the following corollaries we deduce some bounds by using some combi-
natorial properties of the binomial coefficients.

Like the proof of Lemma 3.7, simple counting shows there are (ki'le

the summation of (3.7). Note v(b) < ¢ —1 and |R}| < (q/p_l). Hence we obtain

Lk/p)
Corollary 3.9.

1/qg—c g—1(k+c—1\/(q/p—1
Nk b, D) q( k ) =7 < c—1 )(Lk/pj)' (3.10)
We now derive two improved bounds from (3.8) and (3.9). The first one is an
improved bound of (3.10).
Lemma 3.10. Let p < q. Let

k k—iy k—i1—-—ic_3 c—2 c—2

M]S:ZZ Z M(k—Zij7b—Zijac+1,j)7

i1=0i3=0 ie_2=0 j=1 j=1

) terms in

the following simple bound directly.
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gMf — Rf, < (q—p)(k J:;Q) (q{]f/;ﬁ. (3.11)

Proof. By the definition of Rf, and the proof of Lemma 3.7 we have

then we have

k k—ip k—ip—-—ic_3 c—2
R=Y Y RG-Yi)
11=012=0 ic—o=0 j=1

where R?(k) = R?. By (3.2) and (3.3) when p < ¢ it is easy to check that
-2
R2 — gM(k,b) < (¢ — (q/p )
for any b € F and hence (3.11) follows by noting that both the numbers of terms
appear in the two summations of Rf, and M} are (kjff) (I
Corollary 3.11. Let D = F\{a1, a2, -+ ,a.}). If p < ¢ then we have
1 q—c> q—p(k:+c—2>(q/p—2)

N(k,b, D) — — < — . 3.12

‘ ( ) q( k q c—2 Lk/p] (3:12)
Proof. By the notation My in Lemma we rewrite (3.8) as

1/g—c 1
N6 b F N anan.+acd) = 5 (1) + LM - )

and then (3.12) follows from the bound given by (3.11). O

We will do more asymptotic analysis in the Corollary 3.20 by using the bound
(3.12). Now we turn to consider the second bound at the special cases when
b,az,-- - ,a. are linear independent over F,,. By (3.9) it is sufficient to investigate
Rj. Unfortunately, even though Rj can be written as sum of binomial coeflicients,
evaluating it precisely seems still nontrivial. To show this, by using some combina-
torial identities by (3.6) we can easily have the following equality

Rz_tk/zwz—l(l)j[<k+i_1lip) B (k+ccl_1ipp>:|(q/pj1>+

Jj=0

()

It seems Rj, may have no closed form. When p > 3 it has been proved that even the
following simpler sum Z?:o(_l)j (kﬂff_ll*ip
cannot be expressed as a fixed number of hypergeometric terms ([6], p. 160). Now
we try to give a bound of R} by using some simple combinatorial analysis.

In section 2 we have defined the unimodality of a sequence. A stronger property
than unimodality is logarithmic concavity. First recall that a function f on the
real line is concave if whenever z < y we have f((x + y)/2) > (f(z) + f(y))/2.
Similarly, a sequence ag, ay --- ,a, of positive numbers is log concave if loga; is
a concave function of ¢ which is to say that (loga;—1 + loga;1+1)/2 < loga;. If we
exponentiate both sides of the above, to eliminate all of the logarithms, we find
that the sequence is log concave if a;_1a,41 < af. And by this definition we have
the following Lemmas which will be used to evaluate R .

)(?) has no closed form which means it

Lemma 3.12. If the sequence {a;} is log concave then it must be unimodal.
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Lemma 3.13. If two sequences {a;} and {b;} are log concave then {a;b;} is log
concave.

Lemma 3.14. If the sequence {a;} of nonnegative integers is unimodal, then
k, .

Zi:o(_l)zai S maxogigk ;.
Using the above three Lemmas now we can obtain a bound of Rj.

Lemma 3.15. /
k+c—2—-7\(q/p—1
C <. . .
Ry <p 0@?@( c—2 )( Li/p] (344

Proof. 1t is easy to check that both the two sequences (**~2779) and (V71 are

Li/p]
log concave on j. So the sequence a; = (kfigﬂ ) (qL/j];;j) is also log concave by

Lemma 3.13 and hence unimodal by Lemma 3.12. Then we have

k
RS S Z(_l)u/pJaj
3=0
Lk/p] Lk/p) Lk/p]—1
== Z (_1)iaip - Z (_1)iaip+<k>p T Z (_l)iaip-&-p—l-
i=0 i=0 =0
And hence (3.14) follows Lemma 3.14 and the proof is complete. O

From (3.9) and (3.14) we then have the following improved bound.

Corollary 3.16. Let D = F,\{a1,a2, - ,ac}). If a1 =0, and b,as,--- ,a. are
linear independent over F;, then we have the improved bound

a2 st (M)

If one obtains better bounds of M} then we can improve the bound given by
(3.12). But it seems evaluating M} is much more complicated than evaluating Rf.
Let

t—1 c—2
I={[ir iz, ie—a],0< iy <k = ij1<t<c—2: b= ijacs_; € Fyl.
j=1 j=1

Simple counting shows that 0 < |I] < (ktfgz) In the proof of (3.12) we use the

upper bound |I| < (*1°5?) and in the proof of (3.15) it is the exact case |I| = 0. We
can improve the above bound if we know more information about the cardinality
of I which is determined by the set b,as,--- ,a.. For example, if we know more
about the rank of the set {b,as, - ,a.} we can also improve the bound given by
(3.12) but we will omit the details.

Recall the decision version of the above subset sum problem introduced in section
1 is to determine if >, _; N(k,b,D) > 0 where n = ¢ — ¢. Let p < ¢q. Using the
bound (3.12) we have

N(b,D) = zn:N(k,b,D)

-2 ()2 () ()
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" 1/n - q/p—2
> () - (L))
—q\k) — Lk/p]
> l(gn —p- qq—n—22<J/p—2).
q
The bound N (b, D) > % (2” fp~qq’”*22’1/p’2) shows when ¢ —n is small compared
to g then the answer of the subset problem over F is positive. For example, simple
asymptotic analysis shows there is a constant C such that if g—n = C'- (qliln;) then
the answer of the subset problem is positive when ¢ is large.

Example 3.17. Choose p = 2,q = 128,c = 4 and k = 5. Let w be a primitive
element in Fiag. When we choose D = Fyog—{0, w, w2, w3} and b =1 computations
show there are N = 1759038 solutions of the equation (1.1) compared with the
average number %(q;c) ~ 1758985. The bound given by (3.15) shows 1758893 <
N < 1769076.

Our main task is to find the value of k to ensure the solutions number N (k,b, D)
to be positive where D = F,\{a1,as2, - ,a.}. It is easy to see that when c is a
constant and ¢ << ¢ the bound (3.12) is asymptotic to be the real value. In fact
it tells us that for 2 < k < ¢ — ¢ — 2 the linear equation (1.1) always have solutions
for a enough large extension F, of F,, by some simple asymptotic analysis. Now we
shall give a more precise bound of k to ensure N(k,b, D) > 0 for given p, ¢, c.

The (complete) gamma function is defined to be an extension of the factorial to
complex and real number arguments. It is related to the factorial by I'(n) = (n—1)!
and it has the analytical integral form

F(z):/ t*~tetat.
0

And the classic binomial coefficient (7"”
numbers as

a _ I'(a+1)
(b> “To+Dra—br1) 2020

This generalized binomial coefficient still has many like properties of the classic
binomial coefficient such as the complementation rule, the Pascal’ recursion and
the following lemma directly obtained from the following asymptotic expansion for
the complex function T'(z)

) then can be generalized to positive real

1 1 139
z_—z 1/2
T(2) ~ 27 (212) Y/ {HE T 28822 T 5184058 _}

Lemma 3.18. Let n,m be positive real numbers. If 1 < m < % then

e () ) ) < ()

() ) 6w

We also have the following simple bound of the binomial coefficient by the simple
inequality n! > (2)"v2mn.
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Lemma 3.19. Let m,n be positive integers with m < n. Then we have
n en
< (=)™, 3.17
(1) = (3.17)

By using the above inequalities and some basic calculations now we give a suffi-
cient condition to ensure the solution number N (k,b, D) being positive.

Corollary 3.20. Let ¢ >p and ¢ > 2. Let |D|=q—c. If

(= VR — D) <k < TR+ V2T - ) (3.18)
e eqtec oo p
10) = (1087q(SEE5y—2) " wom
if ¢ < 2p and
f(e) = (1.087ge "(%y 2) ==t

if ¢ > 2p, then N(k,b, D) is positive and hence the equation (1.1) always has solu-
tions.

Proof. For simplicity write ¢ — ¢ — k to be m. Using (3.12) and (3.17) we have

N(k,b,D) .

()0
1

> =

g

Y

(" ) ”(““)(“’23
_ k
q c—2 5
1 Y q—c 4§ q 3
—e 6k .,
q k km
q-p k+c—2\ 1 q—c q—c G q %(q—Zp)qfc
q c—2 V2 m km q—-c
[ o fg=e\(qg—c\"
> 2
> (2mgkm) {e Gk( : ) ( m)
q—2p.a=<(k+c—2\(q—c v q—c »
—q( )7 :
qg—c c—2 k m
To ensure N(k,b, D) > 0 it is sufficient to consider when

R q—c k q—c m_ <q—2p)% k4+c—2\/qg—c »
k m 4 q—-c c—2 k

and it is reduced to the following inequality

k m £
q—c q—-c 1 q—=2p a=c(k+c—2\|P1
> |ebhg(——) P .
(1) () > o= (05)7)
By the following well known inequality

1
lo+(1-a);

— C
4 >0

b
N
3
N———
|3

<a®% a,b>0,0<a<1
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() ()= [

So it suffices to consider

[M]q_c > [e&cq(ﬂ)“lc (k ;Lf; 2)} ,7—51. (3.19)

k2 +m?2 qg—c

we have

y (3.17) and assume k <

k+c—2 < e(k+c—2) C_2< eq+ec]?
c—2 c—2 2c—4
1

and assume k > 1, so esr < ez < 1.087. If ¢ < 2p then (%) 57 <1landitis
sufficient to consider

[L — ;);]q’c > (1.087g(ZLEEC)e2) 7

k2 4 2c — 4
and that is
(¢ —0)? eq+ ecyoy 2
= 7 > (1. (p—1)(a—e)
e 2 (L08Ta[5 — ")

Denote the reciprocal of the right side of the above inequality to be f(c) then we
obtain an quadratic equation of k

B+ (q—c—k)?<(g—0)?f(o).

It is easy to solve out

‘14 VIO - D)

where f(c) = (1.087 (Eq+e§)c’2)7<‘“1f(q*c>. Note that the condition k& < 45 can

(1— 2f(c)—1)§k§

be removed.
If ¢ > 2p then by the inequality (1 + 1/2)* < e = 2.2.71828--- and we have

(‘Iq Qf) <e % and from (3.19) it suffices to consider
(q _ C)2 2p eq + ec 2

= 7 1.087ge -
I:k2+m2] [ <2C*4) ]

And then we have

q—-c
2

“(1+ V@ - )

_ P
- (SLEc)e=2)” @=DGE=9  And the proof is complete. [

(1-+v29()-1)<k<?

where g(c) = (1.087qec_1f>2

From the above Corollary we conclude that when c is a constant then if ¢ is large
enough then N(k,b, D) > 0 for almost all k satisfying 2 < k < ¢ —c.
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4. SOME RELATED ADDITIVE PROBLEMS

In Corollary 3.11 we obtain a bound when p < gq. When ¢ = p we have the
following bound.

Theorem 4.1. Let ¢ = p. Then we have

L) ()

Proof. When ¢ = p, by (3.6) we have

k .
. k+ec—=2-3\  [(k+c—1
i = Z( c—2 >_ ( c—1 )

=0

and note that when p=q, M (k,b) equals 0 or —1 by its definition given in Lemma
3.4. Then by (3.8) we have

("2 — DY
p
. c k+c—2 .
with 0 < M < ( i ) and hence the proof is complete. O

N(k,b,D) = + (=1)* Mg (4.1)

We shall use the above bound to give a partial result in additive number theory.
Given D € F,, define

={a+b:a,be D,a#b}.

A natural question in additive number theory is how we can obtain any information
on the cardinality of 2P just from the cardinality of D. In particular, when does
2D equal F,? Using (4.2) we may obtain something about this problem.

When k = 2, by (4.0) of Theorem 4.1 it is easy to check if [D| > Z£% then
N(2,b,D) > 0 for any b € F,. This means 2P = F,, if |D| > %. This agrees
with the following famous theorem, conjectured by Erdds and Heilbronn in 1964.
Special cases of this conjecture have been proved by various researchers. The full
conjecture was proved by Dias da Sila and Hamidoune in 1994, using some tools
from linear algebra and the representation theory of the symmetric group. An
elementary proof using polynomial method was given by Alon in 1999 [4].

Theorem 4.2. If p is a prime, and D 1is a nonempty subset of F,, then
[{a+b:a,be D, a+b}| >min{p,2|D| - 3}.
The above theorem was generalized by Dias da Sila and Hamidoune [4]:

Theorem 4.3. If p is a prime, and D is a nonempty subset of F,,. Let kP denote
the set of all sums of k distinct elements of D. Then

|kP| > min{p, k|D| — k? +1}.

By Theorem 4.3, if |D| > k+ % then kP = F,, which means that the set of the
sum of all k— subsets of D covers F,,. Using (4.1) we can obtain another bound. If &
is even, and if |D| > %k then kP = F,. When k = 2 the two bounds are identical.
The second bound is far weaker than the first one when k is large. Though it does
give some information about the number of ways to write an elements in F,, to be
the sum of k distinct elements in D. And if we can improve the estimate on M} in
(4.1) then better results will follows.
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The above bound in Theorem 4.3 is also correct if F), is replaced by F, (see [5],
Page 98). Let us recite it again. If D is a nonempty subset of F,. Let k” denote
the set of all sums of k distinct elements of D. Then

|kP| > min{p, k|D| — k* + 1}.

But when p is small compared to ¢ and k, this bound is very weak. It would be
interesting to get better bound in this case.

5. APPLICATIONS TO REED-SOLOMON CODES

Let D = {21, -+ ,z,} C F, be a subset of cardinality |D| = n > 0. For
1 < k < n, the Reed-Solomon code D, j, has the codewords of the form

(f(@1),--- f(xn)) € Fy,

where f runs over all polynomials in F[z] of degree at most k — 1. The minimum
distance of the Reed-Solomon code is n — k + 1 because a non-zero polynomial of
degree at most k — 1 has at most k — 1 zeroes. For u = (uy,ug, - ,u,) € Fy, we
can associate a unique polynomial u(z) € Fy[x] of degree at most n — 1 such that

u(x;) = uq,

for all 1 < ¢ < n. The polynomial u(z) can be computed quickly by solving the
above linear system. Explicitly, the polynomial u(z) is given by the Lagrange
interpolation formula

’U/(CE) _ Z’Uﬂi H]¢z('r ZC]) )
= g — )
Define d(u) to be the degree of the associated polynomial u(x) of u. It is easy to
see that u is a codeword if and only if d(u) < k — 1.
For a given u € Fy, define
d(u, Dy ) := Unglgk d(u,v).
The maximun likelihood decoding of u is to find a codeword v € D, ; such that
d(u,v) = d(u, Dy, ). Thus, computing d(u, D,, 1) is essentially the decision version
for the maximun likelihood decoding problem, which is NP-complete for general
subset D C F,. For standard Reed-Solomon code with D = F; or Fy, the com-
plexity of the maximun likelihood decoding is unknown to be NP-complete. This
is an important open problem. It has been shown by Cheng-Wan [2] to be at least
as hard as the discrete logarithm problem.
When d(u) < k — 1, then u is a codeword and thus d(u, Dy, ;) = 0. We shall

assume that & < d(u) < n — 1. The following simple result gives an elementary
bound for d(u, Dy, i)

Theorem 5.1. Let u € Fy be a word such that k < d(u) <n —1. Then,
n—=k>d(u,Dyi) >n—du).

Proof. Let v = (v(z1),---,v(zy,)) be a codeword of D, , where v(z) is a
polynomial in F[z] of degree at most k — 1. Then,

d(u,v) =n — Np(u(z) — v(z)),
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where Np(u(z) — v(z)) denotes the number of zeros of the polynomial u(z) — v(x)
in D. Thus,
d(u, Dy ) =n— max Np(u(z) — v(z).
UeDn,k

Now u(x) — v(x) is a polynomial of degree equal to d(u). We deduce that
Np(u(z) —v(z)) < d(u).
It follows that
d(u, Dy ) > n — d(u).
The lower bound is proved. To prove the upper bound, we choose a subset {1, -+ ,xx}
in D and let g(x) = (x — 1) - - (x — z1). Write

u(z) = g(x)h(z) + v(z),

where v(x) € F,[z] has degree at most k — 1. Then, clearly, Np(u(z) — v(x)) > k.
Thus

d(u, Dy ) <n—k.
The theorem is proved.

We call u to be a deep hole if d(u, D, ) = n — k, that is, the upper bound in
the equality holds. When d(u) = k, the upper bound agrees with the lower bound
and thus v must be a deep hole. This gives (¢ — 1)¢* deep holes. For a general
Reed-Solomon code D,, x, it is already difficult to determine if a given word u is a
deep hole. In the special case that d(u) = k+ 1, the deep hole problem is equivalent
to the the subset sum problem over F, which is NP-complete if p > 2.

For the standard Reed-Solomon code, that is, D = F} and thus n = ¢ — 1, there
is the following interesting conjecture of Cheng-Murray [1].

Conjecture Let ¢ = p. For the standard Reed-Solomon code with D = F, the
set {u € F'|d(u) = k} gives the set of all deep holes.

Using the Weil bound, Cheng and Murray proved that their conjecture is true if
p is sufficiently large compared to k.

The deep hole problem is to determine when the upper bound in the above
theorem agrees with d(u, D,, ;). We now examine when the lower bound n — d(u)
agrees with d(u, Dy, ). It turns out that the lower bound agrees with d(u, Dy, )
much more often. Fix 0 < m < n —1—k, we call u an ordinary word of degree
k+m if d(u) = k 4+ m and d(u, D) = n — (k+ m). A basic problem is then to
determine for a given word u of degree k + m, when u is ordinary of degree k + m.

Without loss of generality, we can assume that u(z) is monic. Let

U(QL‘) — xk+m _ b1l‘k+m_1 N (—1)mbml‘k N (_1)k+mbk+m

be a monic polynomial in F,[z] of degree k + m. By definition, d(u, D, 1) =
n— (k+m) if and only if there is a polynomial v(z) € F[z] of degree at most k —1
such that

u(z) —v(r) = (x—21) - (T = Tpgm),
with x; € D being distinct. This is true if and only if the system
k+m

> Xi=b,
i=1



20 JIYOU LI AND DAQING WAN

> XX, =by,
1<y <iz<k+m
Z X, - Xi,, = by,
1<i1 <io <+ <im <k+m
has distinct solutions z; € D. This explains our motivational problem in the
introduction section.

When d(u) = k, then u is always a deep hole. The next non-trivial case is when
d(u) = k + 1. Using the bound in Theorem 3.9, we obtain some positive results
related to the deep hole problem in the case d(u) = k+ 1 (i.e., the case m = 1) if
q —n is small.

Corollary 5.2. Letn = q—c. Letd(u) = k+1. If k satisfy the following inequality
qg—c

2
where f(c) is defined in Corollary 3.20. Then u can not be a deep hole.

(1- 2f(c)—1)§k:+1g%(1+ 2f(c) — 1) 5.1

Proof. By the above discussion u is not a deep hole if and only if the equation
T+ T2t T = by

always has distinct solutions in D for any b, € Fj,. Using Corollary 3.20 we obtain
the result immediately. O

For fixed p and ¢ when ¢ tends to infinity simple calculations shows that the
condition given by (5.1) becomes Ing/2 <k < q—2—1Ing/2.
By Corollary 2.8 we still have following simple consequence.

Corollary 5.3. Letn > q—2. Letd(u) =k+1 and 2 <k <q—3. If ¢ > 5 then
u can not be a deep hole.

In the present paper, we studied the case m = 1 and explored some of the
combinatorial aspects of the problem. In a future article, we plan to study the
case m > 1 by combining the ideas of the present papers with algebraic-geometric
techniques such as the Weil bound.
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