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Abstract

Let F; be the finite field of ¢ elements. Let H C F be a multiplicative subgroup.
For a positive integer k and element b € F,, we give a sharp estimate for the number of

k-element subsets of H which sum to b.

1 Introduction

Let F, be the finite field of ¢ elements of characteristic p. Let H C F, be a subset. Let
1 <k < |H| be a positive integer. For b € Fy, let My (k,b) denote the number of k-element
subsets S C H such that

Z a="o.

The decision version of the k-subset sum problem for H is to determine if Mgy (k,b) > 0.
This problem arises naturally from a number of important applications in coding theory
and cryptography. It is a well known NP-complete problem, and thus there is not much
more one can say about the solution number My (k,b) in such a generality. The main
difficulty comes from the combinatorial flexibility in choosing the subset H and thus the

lack of algebraic structure for the subset H. From algorithmic point of view, the dynamic

IMSC: 05A15 11T24 11T99 12E20
2Keywords: distinct coordinate sieve, subset sum problem, finite fields, character sum, inclusive-exclusive

principle



algorithm [2] can be used to show that the decision version of the k-subset sum problem
can be solved in polynomial time if H is a large subset of Fy in the sense that |H| is of size
q¢ for some constant ¢ > 0. From mathematical point of view, we are more interested in
the actual value of the solution number M (k,b). Ideally, we would like to have an explicit
formula or an asymptotic formula for the solution number My (k,b). This is apparently too
much to hope for in general. However, we believe that it should be possible to obtain an
asymptotic formula for the number My (k,b) for k in certain range if H is close to a large
subset of F, with certain algebraic structure. For example, it is shown in [4] that if F, — H
is a small set, then a good asymptotic formula for My (k,b) can be obtained. In addition, if
H =T, or F}; or any additive subgroup of F,, then an explicit formula for My (k,b) (with
no error term) is obtained in [4][5].

When H is close to a multiplicative subgroup of Iy, the situation is more complicated
as the multiplication operation is different from the addition operation in the subset sum
problem. A multiplicative subgroup is far from the additive structure. The subset sum
problem in this case becomes a highly non-linear algebraic problem with combinatorial
constraints. In this paper, we study the case that H is a multiplicative subgroup of Fy
and obtain a sharp asymptotic formula for the number My (k,b) if the index [F} : H] is
reasonably small. Our main tool is the new sieve formula from [5] together with standard
character sum arguments over finite fields.

From now on, we let H be a multiplicative subgroup of F with index m. Thus, [H| =
(¢ —1)/m. The number of k-subsets of H is ((qfi)/m), and the sum could be any element
b of the field F,. One expects that in favorable cases that the k-subset sums are equally
distributed and thus My (k,b) should be about %((q_?/ m) The key is then reduced to

estimating the error term. Our main result is the following

Theorem 1.1. Let 1 <k < (¢—1)/m. For b € Fy;, we have the asymptotic formula

=37 0071,

and for b =0, we have

R G | B A

where p is the characteristic of Fy.

Because of the obvious symmetry

Mp(k,b) = My(|H| -k, > a—1b),
acH
we may without loss of generality assume that & < |H|/2 = (¢ —1)/2m.

Corollary 1.2. Let p > 2. There is an effectively computable absolute constant 0 < ¢ < 1
such that if m < c¢\/q and 6Inqg < k < qQ;ml, then My (k,b) >0 for all b € F,.



Note that even in the case that H is a multiplicative subgroup of Fy, we still do not
know a complete polynomial time algorithm to decide if Mg (k,b) > 0, if m is large. The
result in above corollary gives a partial answer to this algorithmic question. The case that k
is small (say, k < 61n¢q) can be treated using an easier Brun sieve approach [1], but to get a
non-trivial lower bound, one needs to assume that m is significantly smaller. For example,

in the case k = 2, one may need to assume that m < ¢/t

to guarantee the existence of
a non-trivial F,-rational point on the curve Xi* 4+ X3" = b. For algorithmic purpose, the
small k case can often be done by a quick exhaustive search or by using the more efficient
dynamic algorithm.

To illustrate our ideas, we will also consider the following related but somewhat simpler
problem of counting points on diagonal equations with distinct coordinates. Since H is a
subgroup of F; with index m|(g — 1), we have H = {z™|z € F}}. For 0 < k < g —1, let

N} (k,b) denote the number of solutions of the diagonal equation
oty 4ty =0,

where the x;’s are in F} and the z;’s are distinct. There is an obvious way to compute

N} (k,b) via the classical inclusion-exclusion principle. Define
X ={(z1,22,...,21) € (FZ)’“\J:T + 2 4+l = b}
Then

N (kb)) = #{(x1,22,...,2k) € X|z; # 4,1 # j}.

Let
Xij ={(z1,m2,...,21) € X|wi = xj,i # j}, X=X Xy

Applying the classical inclusion-exclusion principle, we obtain

Na(k0) =1 () X5
1<i<j<k
k
=1X1- > 1Xgl+ D !Xz‘jUXst!—"'Jr(—l)(Q)\ M Xl
1<i<j<k 1<i<j<k 1<i<j<k

1<s<t<k

Each term on the right side can be estimated using some basic properties of Gauss sum
and Jacobi sum. The main terms are of at most O(g*). However, the number of terms in
the above inclusion-exclusion is 2(5) which can add up to a total error term which may be
greater than the main term O(q") as soon as k is greater than Q(,/q). Fortunately in [5],
J.Y.Li and D. Wan presented a new sieve for distinct coordinate counting problem which
can be used for our estimation. This sieve reduces the number of total terms from 2(5) to
k!, allowing us to deduce non-trivial information for &k as large as a fraction of ¢ (and thus
much larger than O(,/q). We will introduce their sieve briefly in Section 2. Now we state

our main asymptotic formula for the number N/ (k,b).



Theorem 1.3. For all b € Fy, we have

’N;l(k?,b)— (q_l)k

§5§<mﬁ+k+§>k’ (1.1)

and for b =0, we have

’N:;L(k,()) o (q _ql)k

< (m\/a—i—k—i-lq)) ,

k

where (t), =t(t —1)---(t — k+ 1) for a real number t.

Again, we have the symmetry

Ny (kD) = Ni(g—1—k, Y a™ —b).
a€H

Thus, we may assume that 0 < k < (¢ —1)/2.

Corollary 1.4. Let p > 2. There is an effectively computable absolute constant 0 < ¢ < 1
such that if m < ¢,/q and 6Ing < k < q;21 then N (k,b) >0 for all b € F,.

Some preliminaries will be introduced briefly in section 2. In section 3, we will illustrate
the asymptotic formula for the number N (k,b). The punchline will be our asymptotic
formula for My (k,b).

2 Preliminaries

2.1 Li-Wan’s new sieve

In [5], J.Y. Li and D. Wan presented a new sieve for the distinct coordinate counting
problem. We will introduce it briefly.

Let D be a finite set. For a positive integer k, let D¥ = D x D x --- x D be the
Cartesian product of k copies of D. Let X C D*. Every element 2 € X can be written as
x = (x1,...,2) with z; € D. We are interested in counting the number of elements in X

with distinct coordinates, i.e., the cardinality of the set

X:{(m’l,...,xk) EX‘J,’%#JIJ,Z#]}

Let S; be the symmetric group. For a given permutation 7 € Sy, write its disjoint cycle

product as 7 = (i1 -+ iq,)(J1 - Jag) -+ - (l1 -+ la,), where a; > 1,1 < i < s. Define the sign

k—U(T)

of 7 as sign(t) = (—1) ,where [(7) is the number of disjoint cycles in 7. Define

Xe={(z1,...,2) € Xl|wiy = =Tip ..., = =1y,

1

We have the following theorem:



Theorem 2.1.
X| = sign(T)|X|.

TESK

Moreover, the group Sy acts on D* by permuting its coordinates, that is

T O (.CCl,... ,xk) = (.CCT(l),... ,a?.,.(s)).

If X is invariant under the action of Sj, we call it symmetric. A permutation 7 € S, is said
to be of type (ci,...,ck) if T has exactly ¢; cycles of length i. Let N(cy,...,cx) denote the
number of permutations of type (c1,...,c;) in Si. We have the following theorem which

will be used in our main results of this paper.

Theorem 2.2. If X is symmetric, then

X|= > (D" Z%N(e,..., )| Xs].
Sici=k

2.2 Some combinatorial formulas

In order to prove the main results in this paper, we need to know some combinational

formulas as follows. Their proofs can be found in [5]. Let N(cy,...,c;) be the number of
permutations of type (ci,...,cx) in Sg. From [6], we can see:
k!
N(Clv"'7ck)

- 1eieq!2e2¢y! - - - kChey!”

Lemma 2.3. Define the generating function

Cilti,-oti) = Y Nlci,... cp)tit -t
Sici=k

(1) If t; = --- =t = q, then
Cr(g, .- q) = (g +k— 1.

(2) If ¢ > d, d|(q — s) and t; = q for d|i, t; = s for dt1i, then

d—1 d—1 L&) q—s | . _
—— —— _ T—FZ—l s+k—di—1
Ck(s,...,s,q,s,...,s,q,...)—k!E_O( I )( e 1 : (2.1)

Lemma 2.4. For any giver positive integers m,n,q and [, we have
: n m )~ \m+n+1)
>0

As a corollary, we get



Corollary 2.5. For any given positive integers s,d, k,q with ¢ > s and d|(q — s), we have

d—1 d—1
Ck‘(sa---787(]787"'7$7q?"')<($+k+q;8_1> '
k
Proof.
d—1 d—1 151 q—s | . ,
=41\ /(s+k—di—1
Co(5rns g5 .8,q,...)=k! d
k(sv »5:4, S, 15,4, ) ;( ?—1 s—1
50 gs 1
<k| d +7/_ 3+k_l_1
a 1=0 $7 s—1
a=s _ 1 -
< k! s+h+7g —(s+h+122 1
k d K

2.3 Gauss sums and Jacobi sums

In this subsection, we review and prove some basic properties of Gauss-Jacobi sums that

are needed in our proof.

Definition 2.6. A multiplicative character on Fy is a map x from F} to the nonzero complex
numbers C* that satisfies x(ab) = x(a)x(b) for all a,b € F;. We extend the definition to
the whole field F, by defining

L x=1
0) =
x(0) {0, otherwise.

Definition 2.7. Let x be a multiplicative character on F, and a € F,. Set

ga(x) = Y x(£)¢™D,

teF,

where ¢ = €*™/P and Tr denotes the trace map from F, to F. The sum gq(x) is called a

Gauss sum on F, and we often denote g1(x) by g(x).
Proposition 2.8. If x # 1, then |g(x)| = /4.

It’s proof can be seen in [3] when ¢ = p, where p is a prime. For ¢ = p", the proof is

similar.

Definition 2.9. Let x1,..., x» be multiplicative characters on F,. We define the following
four Jacobi type sums by

T -xn) = Y xaw)xe(2) - xn(yn)-
y1+"'+yn:1

Jo(xas--xn) = D> xa@)x2(2) - Xn(Yn)-
Y1t yn=0

6



T (Xt xm) = Y, xa)xa2) - Xn(yn).

Y1+ +yn=1
all y;£0

o0 xn) = >, xaw)xe(2) - Xn(yn).

Y1+ +yn=0
all y;#0

The first two sums are standard Jacobi sums. The last two sums are related to the first

two sums. These Jacobi type sums have the following properties:

Proposition 2.10. Let x; = -+~ = xi, = 1 but x4, #1,..., x4, # 1. Then,
J(X15 X2+ 5 Xn) = { T ge=m
0, if1 <e<n.
n—1 ife=mn,
B =) Fe 0 o 1

Xn(=1)(g = 1)J (X1, X2, - -y Xn—1) otherwise.

T (X1 X255 Xn) = Jlla=1" = (=17, if e =n,
» X2 » Xn (_1)5J(Xie+17Xie+2,...,Xin)’ if0<e<n.

Jo (x1: X2 Xn) = Jla=1"—(@=DE)™, ife=n,
0 ) ) » AT (_1)6J0(Xie+17Xi5+2, - 7Xin)7 ZfO <e<n.

Proof. If y1,y2,...,yn—1 are chosen arbitrarily in Fy, then y,, is uniquely determined
by the condition 3 + y2 + -+ + y, = 0. Thus Jo(1,1,...,1) = J(1,1,...,1) = ¢" . An

application of the inclusion-exclusion principle gives

JH(1,1,...,1) = Z 1

Similarly,

Y1+ +yn=0
y; 70

= > 1
seIF* Yy1+-typ_1=—s
Y; 70

) (Xla"')anl)

— (-
;Kq S (g (-,



If e = 0, then none of the y; is trivial and thus x;(0) = 0. We obtain

Yo xalxe(e) . xalw) = > xa)xa(v2) - xa(Yn),

y1+-+yn=1 Y1+ tyn=1
y; 70

as the term x1(y1)x2(y2) - Xn(yn) yields 0 if there is some y; = 0. Hence, we complete
the proof of J*(x1,x2,---,Xn) = J(X1,X2,---,Xn). The proof of Ji(x1,x2,.--,Xn) =
Jo(X1, X2, -+ -, Xn) is similar.

If 1 < e < n, without loss of generality, we may assume that xi,x2, ..., Xe are trivial

and the rest are nontrivial. Then

> xalxa@2) - Xn(yn)

y1+-+yn=0

= ‘16_1 Z Xe+1(Yer1)Xet2(Yet2)s - - - Xn(Yn)
Ye+1,Ye+25---,Yn

= qeil Z X6+1(ye+1) Z Xe+2(ye+2) T Z Xn(yn) =0.
Ye+1 Ye+2 Yn

Thus Jo(x1, X2, - - -5 Xn) = 0, and similarly for J(x1, x2, .., Xn). For J* Jacobi sum, we can

apply the inclusion-exclusion principle and deduce

T (X1X2 5 Xn) = Y Xet1(Yer1) -+ Xn(yn)

Yy1+-+yn=1
Y;70,1<i<n

= Z Xet1(Yet1) - - Xn(Yn)

Y1+ tyn=1

v;#0,1<i<e
= > XetrtWer) - XnWn) = D Xet1Wer1) - Xn(yn)
y1t+-Fyn=1 Y2+ Fyn=1

4o (—-1)° Z Xet1(Yet1) - - Xn(Yn)
Yes1ttum=1

= J(]-v R 17X6+17 s 7X7l) + (71)6‘](X6+17 s 7Xn)
= (1T (Xet1s- - Xn)-

The proof for Ji(x1,x2;---,Xn) is similar.
Finally, if e = 0, then

Jo(X1 X252 Xn) = > X1 (y1)x2(y2) - - Xn—1(Yn—-1)Xn(s)
s yi1t+y2t+-Fyn—1=—5
We can assume s # 0 in the above sum and define y; = —y;/s. Then
> xaw)xa(2) - Xn-1(yn-1)
Y1t tYn—1=—5

= X1X2 - Xn-1(—5) > X1 (W) x2(¥5) -+ Xn-1(Y—1)
ity ety =1

= X1X2--- Xn—l(_S)J(X17X27 ce 7Xn—1)'



Combining these results, we have

Jo(X1 X2+ -5 Xn) = X1X2 -+ X1 (=) (X1 X2+ -5 Xn1) D XaX2 -+~ Xn(S)-
s#£0

The last sum is 0 if x1x2...-xn # 1 and ¢ — 1 if x1x2...xn = 1. The proposition is proved.

Proposition 2.11. If x1,x2, ..., Xn are nontrivial and x1Xx2-..Xn # 1, we have

g(x1)g(x2) - 9(xn) = J(X1,X25 - - 5 Xn)g(X1X2 - - - Xn)-

Corollary 2.12. If x1,Xx2, ..., Xn ore nontrivial and x1Xx2-..Xn = 1, then
(1)
9(x1)g(x2) -+ 9(xn) = xa(=1)aJ (X1, X2 - -+, Xn—1)-

(2)
J(x1,x2,- > Xn) = —Xn(=1)J (X1, X2, - - - s Xn—1)-

Proof. The proofs of Proposition and corollary above 2.11 can also be seen in [3] when

q = p, and when ¢ = p", the proofs are similar.

Proposition 2.13. Assume that x1, X2, ..., Xn are nontrivial.
(1) If xix2 - - Xn # 1, then

1T(X1, X5 - - > Xm)| = ¢ D72,

(2) If x1x2 ... Xn =1, then
|Jo(x1, X2, Xn)| = (g — l)q(”/Q)—l'

and

|J(X17X2,...,Xn)| — q(”/2)_1,

As a corollary, if all the x; are nontrivial, we have

[T (X1, X255 Xn)| < g 7172, (2.2)

Proof. Their proofs are directly from Proposition 2.11, Proposition 2.8, Proposition 2.10
and Corollary 2.12.

3 Solutions with distinct coordinates

Recall that My (k,b) denotes the number of k-element subsets S C H such that ), qa = b.
Namely, My (k,b) is the number of unordered k-tuples (z1, 22, ..., x) with distinct z; € H
such that

r1+x2+ -+ aK =0 (3.1)



If we denote Np(k,b) be the number of ordered k-tuples with distinct coordinates satisfying
the equation above, it’s clear that Ng(k,b) = k!My(k,b).

Note that H = {y™|y € Fy}. If (z1,72,...,7) is a k-tuple satisfying the equation
above, then there exist some y; € F; such that z; = y/",1 < <k, and (y1,92,...,9) is a
k-tuple satisfying the following equation

Yyl 4+ Yyt =b. (3.2)

Let N, (k,b) be the number of ordered k-tuples (y1,%2,...,yx) with distinct y; € F} satis-
fying equation (3.2).

Remark 3.1. The number of solutions with distinct coordinates in H for equation (3.1)
(i.e.Ng(k,b)) is not equal to the number of solutions with distinct coordinates in F; for
equation (3.2)(i.e.N; (k,b)). However there exists a delicate relationship between them,

which will be described in details later.

3.1 Estimate for N} (k,b) with b # 0

As defined above,
N} (k,b) = #{(x1,22,...,2k) € (FZ)k\mT +ay 4+ 4 af' =b, z; distinct for 1 < i < k}.
For a positive integer d and element a € [Fy, we shall use the following well known relation:

#{z € Fla" =a} = ) x(a),

x4=1

where x runs over all multiplicative characters of I, of order dividing d.

In this subsection, we will estimate N, (k,b) for b € Fy.

Lemma 3.2. Let dy,- - ,d, be positive integers. Define

where b,a;(1 < i < n) are in F;. Then, we have

n—1 n

<> > IT (@ -y =" (33)

e=0 1<ic 1 <let2<<in<n j=e+1

N = Zllg =17 = (1)

10



Proof. Without loss of generality, we can assume b = 1 and d;|(¢ — 1)

n n
= 3 [[#ent == > 11 Z i)
y1+-t+yn=1 j=1 y1+-tyn=1 =1 _d;
Y70 y; #0 i
> H X Mai) Do xa(yn) e Xn(yn)
Xl _. _an_lz 1

Y1+ tyn=1
y; 70
1

5[<q ~ 1" = (-]
+ Z

1
1

Z Hx (ai)J* (x1, -

Xd7 =1 =1
C=x, =1
Xigiqr o Xip, # 1

;[(q —1)r - (1))
+ Z

~5 Xn)

Xiq =

2 [[x )

J(Xie+17 e )X'in)'
d1 = =xdn = =1
x” = =x4, =1
Xigypr-oo Xip, 71
With Proposition 2.13, we have
n—1

LA TRV EY

n

< 2 1T (@ —vva"
e=0 1<t 41 <let2<-<in<n j=e+1

As a corollary, if d; = m, for all 1 < i < k, then

n—1

<3 (7)m- ey (3.9

e=0

< (L4 (m=1)va)"/\V/a.

’N* - 2= 1= 1Y

Theorem 3.3. For all b € F, we have

’N:;(k,b) o (q_q]-)k

<\2<m\/§+k+;> .

k
Proof. Let X* = {(z1,...,x) € (F})F|a" +

+ " = b}. As X* is symmetric, we
can apply

Ny(kb)= > (=D)F2%N(ey, ...,
Sici=k
cx), and X* = {(x11,

)| X7,

where 7 is of type (cy,

 Tpey) € (B2 +- 42T + 220 +
+2a8, +- ka4 -+ kap, = b}. In order to compute Ny, (k,b), we should compute
| X*| first. Denote

di(p) = { 0. p1é

1, pli

11



and n = > ¢;(1 — d;(p)). Then,

q
1<i<k;1<t;<c;,
pti

Applying (3.4), we have

* 1 ¢
MXA—qm—wZz

<(q- 1)2 cidi(p) 4 (q — 1)2%&(?)(1 + (m — 1)\/&)2 Ci(1*5i(P))/\@
< 2(qg—1)Z%® (1 4 (m — 1)\/@)2@(1*&@))/\/@

Then apply Theorem 2.2 and Corollary 2.5, we have

‘N;(k,b) Ay _ql)’“ < \2 ((m— 1)yg+k+ LT IV (mp Dﬁ)}g
2 qg—1
< % ((m—l)\/@—i—kﬂ—p)k

2 q
<—1|m q—|—k‘+> .
Q( \f p

k

Theorem 3.4. Let p > 2. There is an effectively computable absolute constant 0 < ¢ < 1
such that if m < c¢\/q and 3Indq < k < Q;QI then Ny, (k,b) >0 for all b € Fy.

Proof. Replacing ¢ by a smaller constant if necessary, we may assume that m <
cv/q—1< /g, then (m —1),/q < m+/q — 1. By Theorem 3.3, it is sufficient to prove

(q—1Dp _ 2 (q—l )
> S (Tt ktmy/g 1),
q Va p k
that is )
(L 1 k+myq— 1)

This holds obviously when the following inequality holds:

qg—1
q%—l—k—i—m q—1

> (4q)7F.

Since m < ¢y/g—1 and k < qg—l, it is sufficient to prove the following inequality holds:

q—1 1
— > 17— = (49)
q7+k+m\/ﬁ 5+§+C

N
x-"‘

Now, p > 3 and thus 1/p + 1/2 < 5/6. It is sufficient to choose a positive constant ¢
satisfying the inequality ¢ < ( i - — %. This is possible if (4q)ﬁ < €'/6, where e is the
4q) 2k

natural number. That is, if £ > 31n4q. The proof is complete.

12



3.2 Estimate for N}, (b,0)
We now turn to the study of the number N (k,b) when b = 0.
Lemma 3.5. Let dy,--- ,d, be positive integers. Let
Ng = #{(z1,...,2) € (F)" a1zl + - + apai® = 0},

where a; € Fy. Then,

= q;1+Z > @-DgT

Proof. Without loss of generality, we can assume d;|(g — 1).

No= > [[#eaf =u = D HZXZ‘%

y1+-+tyn=0 =1 y1t+-+tyn=0 =1 d
y; 70 y; 70
= > Hx (@) > x1w) - xnlyn)
xl==xin =11 R
1 _
= g[(q — )" = (g— (="
n
+Z Z HX G/Z JO X17'-'7Xn)
Xd1 —. —1 =1
Xip == X ie =1
Xigppr e Xip # 1
1 n n—1
= 5[((1 — )" = (g—1)(=1)""]
n—1 n
+Z Z HX_I(G”L)( ) !]O(Xze-ua--‘inn)'
e=0 X‘lil = ... = Xin = =1
Xip =0 = Xie =1
Xigpqr Xip 7 1

Xigqpy Xigqg * - Xin =

By the estimation for the sums Jy and J in Proposition 2.13, we have

—=T= 4+ ..+ ;ZA (=
In particular, when d; = m for all 1 < i < n, we have

LS (i

q q e=0

IN

1
Ny — =(¢—1)"
’0 S

qg—1

= 1+ (m—1)yg)" <1+ (m—1)y/g)".

q

13
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Theorem 3.6. We have

(q— 1)

]N;<k,o> -l

< <m¢a+k+ q) . (3.7)
P/

Proof. Let X§ = {(x1,...,x) € (FF)*[aT + -+ + 2" = 0}. As X is symmetric we can
apply

Ny (k,0) = > (=) 2Ney, ..., )| Xg, ],
Sici=k

where 7 is of type (c1,...,¢c), and X5 = {(T11,...,The,) € (F;)Ecilw’ﬁ + o2y, +
225 + -+ 228, + -+ kayy + -+ kg, = 0}. In order to compute N7, (k,0), we need
to compute X, first. Let ;(p),n be defined the same way as before. We have

X5 = (g = D= P g, ) € F°] D iy =0},

1<i<k;1<t;<c;,
pti

With the result of Lemma 3.5, we can conclude

(¢q—1=

‘\XSTI - < (g = D=L+ (m —1)y/a)"

Applying Theorem 2.2 and Corollary 2.5, we have

\Nm,m—‘q‘q”’“ < Y Nenen...en)g— DB+ (m—1)y/a)"
S
< ((m—l)\/a+k+pl>k

(maese)

k

Theorem 3.7. Let p > 2. There is an effectively computable absolute constant 0 < ¢ < 1
such that if m < ¢,/q and 6Ing < k < q;21 then N}, (k,0) > 0.

Proof. The proof is similar to the proof of Theorem 3.4.

4 The subset sum problem

Suppose H is a subgroup of Fy, so H = {2™|z € F}}, as F is a cyclic group. Our goal is
to estimate Ng(k,b) ( and thus My (k,b)), which is the number of solutions with distinct

coordinates in H of the following equation
r1+x2+ -+ ap =D,

Actually, let

X:{($17$2,...,$k) 6Hk|$1+$2+"‘+xk:b},
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Then
Ny (k,b) = #{(z1, xa, ..., 1) € X|z; distinct},

Obviously, X is symmetric. So we can apply Li-Wan’s new sieve formula to compute
Ny (k,b).
4.1 Estimate for Ny(k,b) with b# 0

Similar to the analysis above, we need to compute )27 first, where 7 is a permutation of
type (c1,c2,...,¢,) in Si, and X7 = {(z11,.. ., %115+ They) € HX G|z 4 - + 210y +
-+ + kxge, = b}. Note that ) ic; = k.

Theorem 4.1. For any b € Fy, we have

a3 (5),

q m

gja(\/a+k+nzp)k.

Proof. As H = {2™|z € F,}, we can write z;, = yi, for some y;, € Fy, where
1<i<k,1<t;<¢. So )Z'T equals the following

X: = {(ylla"'aylcp"'aykck) € (]FZ)ZCZ‘yﬁ_F_{-yﬁl ++ky2’zk :b}

Note that y™ = (y")™ iff y = y’&, where £ is an m-th root of unity. The number of variables
in X, is > ¢, so
%= 2L

where | X*| has been computed in section 3.1. Then | X,| is given by

1 ’y . ,
. (q — 1)2(:261(1))#{(' L T, ) € (Fq)"\ E izyy, = 0}.
1<i<k
1<t;<c;,pti

Thus

~ — 2(q — 1)2=¢cd(P)(1 —1 > ci(1=6i(p))
‘|XT| Lg=lipa| g DEEOA S n 1)) |
q m mZCZ\/Q

As analyzed above, applying Theorem 2.2 and Corollary 2.5, we can conclude

‘NH(k,b)—; (q_l>k < \2 Z N(ci,ca,. .. ) (T)zcm@ (Wm_”\/‘?y

m

As a corollary, we have
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Corollary 4.2. For b € F, we have

e 3(5)

(1)

Theorem 4.3. Let p > 2. There is an effectively computable absolute constant 0 < ¢ < 1
such that if m < c¢\/q and 3Indq < k < ‘IQ;mI then My (k,b) >0 for all b € F}.

. . q—1
Proof. Replacing c by a smaller constant if necessary, we may assume that /g < c?—=.

By Corollary 4.2, it is sufficient to prove

1,q9g-1 l.g—1 qg—1
“(=2), >2 . p— .
q( m )k* ((c—|—2) m + mp e/ V4
That is,
(%)
m Jk 22\/&

((e+ 2% + 4k

This holds obviously when the following inequality holds:

1 1
> (4q)2F
I, 1= ’

C+§+5

equivalently,

1 1 1
c < - —(=+=2).
(4 P 2

Since p > 3, we have 1/p+ 1/2 < 5/6. The existence of such a positive constant c is
possible if (4q)ﬁ < /6 where e is the natural number. That is if k¥ > 31In4q. The proof

is complete.

4.2 Estimate for My(k,0)

In the following, we discuss the case when b = 0.
Let
XO = {(xlax%..-,.fk) S Hk|$1—|—x2_|_+xk :0}

Then
Ny (k,0) = #{ (21,22, ...,33) € Xo|a; distinct}.

Obviously, )f(i) is symmetric. So we can apply the new sieve formula to compute Ng(k,0).
Similar to the analysis above, we need to compute )?07 first, where 7 is a permutation of
type (c1,c2,...,¢) in Sk, and Xo, = {(x115- -, T1crs - » They,) € Hzci\xll + -+ Xy +
-+ + kxye, = 0}. Note that ) ic; = k.

INH(k,O) _ ; (q_l)k

m

Theorem 4.4.

(ae)

k
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Proof. As H = {2™|z € F,}, we can write z;, = yi, for some y;, € Fy, where
1<i<k,1<t;<¢. So )?07 is related to

XST:{(ylla"'vylcla"'aykck) ( )ZCl|y11 +yﬁl++ky]:’rék:0}
by the formula
5 1 — 1 X5,
|X0T| - mTTCi’

where | X | has been computed in section 3.2. It follows that | Xor| is given by

L (= DESHDR( .z, ) e ®) S il =0},

>o¢
m 1<i<k
1<t;<c;.pfi

Thus

(q — 1)2 Cz‘&(P)(l + (m — 1)\/6)201(1*52'(1)))
m2-ci ’

As analyzed above, applying Theorem 2.2 and Corollary 2.5, we can conclude

_ 2o cbi(p) /q -1 n
< 3 N o (1) (Ll
m m
m—1 1 _
§<()\/>q++k_1_|_ql>
m k

)

~ 1 qg—1 .
\’XOT\ - )Ze| <
q m

1
N k,O—f—
‘H( ) .

k

As a corollary, we have

MH(k,O)—;<?>‘ - <\/§+k—1+n‘3p)

Corollary 4.5.

k

Theorem 4.6. Let p > 2. There is an effectively computable absolute constant 0 < ¢ < 1
such that if m < c\/q and 6lnq < k < ‘12;m1, then My (k,0) > 0.

Proof. The proof is similar to the proof of Theorem 4.3.
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