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In this paper we consider the three-dimensional Navier—Stokes equations in infinite
channel. We provide a regularity criterion for solutions of the three-dimensional
Navier—Stokes equations in terms of the vertical component of the velocity field.
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Turbulent channel flows.
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1. Introduction

Turbulence stands out as a prototype of multi-scale phenomenon that occurs
in nature. It involves wide ranges of spatial and temporal scales which makes
it very difficult to study analytically and prohibitively expensive to simulate
computationally. Turbulent channel flows are considered to be the simplest flows
confined within physical boundaries that can be simulated numerically and that
demonstrates many of the common features of turbulence. In this paper we
consider three-dimensional finite energy turbulent flows of viscous incompressible
homogeneous fluids in the infinite channel = R? x [—L, L] C IR3, subject to
the no-slip Dirichlet boundary conditions. These flows are governed by the
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three-dimensional Navier-Stokes system of equations:

a
ou

o VAu+ (u-Viu+Vp=f inQ )
V-u=0 inQ 2

u=0 on J0Q 3)

lim u(r, x) =0 4)

u(0, x) = uy(x) in Q. &)

Here, u = (u,, u,, u;) represents the unknown velocity vector field, and p is the
unknown pressure scalar; where v > 0, the constant kinematic viscosity, f, the body
forcing term, and u,, the initial velocity, are given.

Mathematically, it is well-known that the three-dimensional system (1)—(5) has
global (for all time and all initial data) weak solutions (see, e.g., Constantin and
Foias, 1988; Galdi, 1994; Ladyzhenskaya, 1969; Sohr, 2001; Temam, 1983, 2001 and
references therein). The question of well-posedness, in the sense of Hadamard, and
in particular the question of uniqueness, of these weak solutions is still an open
problem. On the other hand, it is also well-established (see, e.g., Constantin and
Foias, 1988; Galdi, 1994; Ladyzhenskaya, 1969; Sohr, 2001; Temam, 1983, 2001
and references therein) that the system (1)—(5) possesses a unique strong (regular)
solution, which depends continuously on the initial data, for a short interval of time
[0, T,), where T, depends on the size of initial datum, u,, on f, v, and L. Moreover, it
is also well-known that the existence (for all time) and uniqueness of strong (regular)
solutions is guaranteed under suitable additional assumptions (see, e.g., Berselli,
2002; Berselli and Galdi, 2002; Cao and Titi, 2007; Chae and Lee, 2001; He, 2002;
Kato, 1984; Kukavica and Ziane, 2006; Moise, 2006; Pokorny, 2003; Prodi, 1959;
Serrin, 1962; Zhou, 2002 and references therein). In particular, some of these recent
results involve conditions on only one component of the velocity field of the 3D
NSE in the whole space R? or under periodic boundary conditions (see, e.g., He,
2002; Kukavica and Ziane, 2006; Pokorny, 2003; Zhou, 2002). In this paper, we
study this type of sufficient conditions for the global regularity of the 3D NSE in the
infinite channel (), subject to no-slip Dirichlet boundary condition on the physical
boundary of the channel (see also, Moise, 2006). Using the geophysical terminology,
our condition is formulated in terms of the third component of the baroclinic mode
iy (see (16), below, for the definition of the barotropic mode (vertically averaged
mode), i, and the baroclinic mode (the fluctuation about the barotropic mode)).
Specifically, our results states that if u, satisfies

Vii; € L*([0, 00), L*(Q)), 6)

then the strong (regular) unique solution of the 3D Naiver—Stokes equation (1)—(5)
exists for all time.

Let us observe that our condition (6) seems to be slightly tighter than the
former ones (cf. e.g., He, 2002; Kukavica and Ziane, 2006; Pokorny, 2003; Zhou,
2002). However, unlike the previous works we study here the 3D Navier-Stokes in a
domain with physical boundaries under the no-slip Dirichlet boundary conditions.
Furthermore, we emphasize that the techniques developed here, which are inspired
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by ideas presented in Cao and Titi (2007), are totally different than the previous
ones.

Let us denote by L9(Q), L9(R?), and H"(Q), H"(IR?) the usual L?-Lebesgue
and Sobolev spaces, respectively (Adams, 1975). We denote by

1

(/ |p|?dx, dx, dx3> q, for every ¢ € L1(Q)
Q
lell, = 1 (7

(/ |p|9dx, dxz) q, for every ¢ € LI(IR?).
R2
Let

V={veC(Q):V-v=0}

Since we are interested in flows of finite energy in the infinite channel (), we consider
the spaces H and V, defined to be the closures of the set 7 in L*(Q) under L*-
topology, and in H'(Q) under H'-topology, respectively. Denote by P: L> — H,
the orthogonal projection, and let A = —PA be the Stokes operator subject to the
homogeneous Dirichlet boundary condition (3). It is well known that the Navier—
Stokes equations (NSE) (1)—(5) are equivalent to the functional differential equation
(see, e.g., Constantin and Foias, 1988; Sohr, 2001; Temam, 1983, 2001)

du
Z—i—vAu—}—B(u, u) = f, (®)
u(0) = uy, )

where B(u, u) = P((u - V)u), the nonlinear (bilinear) term. We say u is a Leray—-Hopf
weak solution to the system (8)—(9) if u satisfies (see, e.g., Constantin and Foias,
1988; Temam, 1983, 2001)

(1) u € C([0, T], H-weak) N L*([0, T], V), and d,u € L'([0, T], V'), where V' is the
dual space of V,
(2) the weak formulation:

[t ) - @)dx ~ [ ulty, v) - p(x)dx
Q Q
- _ -/t’/S)(v(Vu(s, x) : Vo(x)) + (u(s, x) - Vyu(s, x) - ¢(x))dx ds
[ ] (6.0 - pedxas,

for every ¢ € %/, and almost every ¢, ¢, € [0, T].
(3) the energy inequality:

I = )l +2v [ (VR ds <2 [ [ fs.2) (s, dxds,  (10)

for all t € [0, T], and for almost every ¢, in the interval [0, 7].
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Moreover, a weak solution is called strong solution of (8)—(9) on [0, 7] if, in
addition, it satisfies

u € C([0, T), V) N L*([0, T], H*(2)).
For convenience, we recall the following Gagiliardo—Nirenberg,

Ladyzhenskaya, and Sobolev inequalities (cf. e.g., Adams, 1975; Constantin and
Foias, 1988; Galdi, 1994; Ladyzhenskaya, 1985, 1969; Sohr, 2001) in R?:

2 2
Al w2y < C ||¢||L/zr(mz)||¢||m(mz), r < oo, (11)

for every ¢ € H'(RR?), and in R3:

”lp”L"(Q) —= C ||l//||L2(SZ)||lp||H1(£))’ (12)

for every u € H'(Q),2 <« <6. Here C, and C, are scale invariant constants.
We also recall the Pioncaré inequality:

C
IVoll, = vl voev (13)
Cy
lAvl, = Vol Yo e 9(4), (14)

where C, is a scale invariant constant. Also, we recall the integral version of
Minkowsky inequality for the L” spaces, r > 1. Let ; € IR™ and Q, C IR™ be two
measurable sets, where m; and m, are two positive integers. Suppose that ¢(¢, i) is
measurable over Q; x Q,. Then,

L weoms] =

2. Global Existence of the Strong Solution

(fg B, W)I’dé>l/rd11. (15)

1 2

In this section we will show the global existence of the strong solutions to the
three-dimensional Navier—Stokes system (1)-(5) under assumption (6).
We will denote by

_ 1 L - _
001, %) = 57 L 0(x;, X, x3)dx; and 0=0— 0. (16)

Following the geophysical fluid dynamics terminology we will call 0 the barotropic
mode and 60 the baroclinic mode.

From now on, we will denote by V, = ( ,”
prove the following lemma.

Z)and A, = 2 + . First, let us

’(x

Lemma 1. Suppose that &(x,, x,) € H'(R?), ¢ € H'(Q), and y € L*(QY). Then,

/ &Il plIldx, dxy dxs < CIEN (el + V€N 1D 1 Ul + 1Vupll) 1l
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Proof. Notice that

[, eiolivian axsaxs = [ [1el( [ 1@lidss ) an s

We will estimate the above term by applying the same method used to establish
Proposition 2.2 in Cao and Titi (2003). First, by Cauchy-Schwarz inequality,
we obtain

[ 19liviax, < (/i |¢|2dx3>;</i de})é.

Thus, by the above and Holder inequality, we reach

[ 1eliglwldx, dvydxs < [ [m(/_L|¢|2dx3>2(/_Lllﬁlzdx3)2]dxl o
% L 2 % %
= (fnu'f"“”“"%) [f,R (/ Ll¢|2dx3) dx, dxz] [ [ |¢|2dx} .

By using Minkowsky inequality (15), we get

[/mz </_i |¢|2dx3>2dx1 arxz}é < /_i (/]RZ |4 dx, dx2>é dx,.

Thanks to (11) with » = 4, for every fixed x; we have

1
1

4 1
4 2 2
( [ 191z, dxz) < Cllpl s e 16115 o
As a result of the above and the Cauchy-Schwarz inequality, we obtain

L 4 % L
[ ([ ot an dn) axs = € [ 1o 6o i
—-L \YR? -L

1

L 2 L
< ([ 1 8myss) (| 100,

< C(I1ol> + Vol D1l

o=

Therefore,

-

L 2
[/m </_L'¢'2dx3> dx, dXz} < C(lpl> + IVl N1l (17)

By using (11) with r = 4, we have

1

1
1/2 1/2
[ et ] < Clale 10 ey
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Thus, by the above and (17), we get

[ el 1l dx, dxy < ClElP L + 19l b1
X (1912 + 1, 8l12) 21 - 0

Theorem 2. Let f e L*([0, 00), L>(Q)),uy € V. Let u= (uy,u,,u;) be a weak
solution of the system (8)—(9) in [0, 00). Suppose that for T >0, Vi, € L*([0, T],
L*(Q)); that is, iy satisfies

sup [[Vies(1)[, < oe. (18)

0<t<T

Then u is the strong solution of the system (8)—(9) on [0, T].

Proof. Let u, € V. Following, for instance, the Galerkin method one can show
that there exists a unique strong solution u for the system (8)—(9), with the initial
datum u,, for a short interval of time (see, e.g., Constantin and Foias, 1988;
Ladyzhenskaya, 1969; Sohr, 2001; Temam, 1983, 2001. Suppose that [0, T,) is the
maximal interval of existence of this strong solution u. It is also well known (see,
e.g., the above references) that there exists a Leray-Hopf weak solution for the
system (8)—(9), with the same initial datum u,, which exists globally in time, i.e. for
all time ¢ > 0. Most importantly, following the work of Sather and Serrin (1963) one
can show that all the Leray—-Hopf weak solutions coincide with the unique strong
solution, u, on the interval [0, T,).

To conclude our proof we need to show that 7T < T,. Suppose, arguing
by contradiction, that 7, <7, and that (18) holds. If we show that the
limsup,_, - [u(?)||zn < oo then [0, T,) is not a maximal interval of existence, which
leads to a contradiction.

For the rest of this proof we consider the strong solution, u, in the the interval
[0, T,). From the energy inequality of (10), which is satisfied by all the Leray-Hopf
weak solutions (see, for example, Constantin and Foias, 1988; Ladyzhenskaya, 1969;
Sohr, 2001; Temam, 1983, 2001, for details), we have

L4 2 -
4Ol = C== + ¢ ol (19)
o [ Il = g, o)
for all ¢ € [0, T,), where
F= ||f||L°°([(),oo),L2($l))' (21)

In particular, since r < 7, < T we have

t
(15 + V/O IVu(s)3ds < K, (22)
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where

F>(L*+v7)

K1=C v2

+ 2l 3. (23)

Taking the inner product of the equation (8) with —A,u in H, and notice that
P@xi = 5X,P fori=1, 2, we get

1 d||Vyull3
ST Al vV = [ (F = Blu,w) - Ay dxy dx dixs
By integration by parts we get

Ouy Ou; duy,

0x; Ox, 0x,

) ', (' (B O %)2+(%)2+%%
N le 6x2 axl 6x2 0x, 0x, 0x, 0x,

—[ B(u, u) - Ajudx, dx, dx; = / Z —dx, dx, dx,

Ouy, Ouy Guk Juy Ou; Juy au; Jus Quy
— dx;dx,d
i) 0%3 0x; ﬁx, ZZ 0x; 6x, 8x1 6x3 6x, 6x, TN A
[y (2 2_%%+ u ), (0w Gu oy
ol oxy | \ox 0x, 0x, 0x, 0x, 0x, 0x, 0x,
2 [ Ou, Ouy Ou, Ouy 0*uy uy uy
+ — 4 u— —u—
0x; 0x5 0x, 0x5 0x,0x;, 0x; 0x,0x5
Ouy Ou; duy 2 Juy 0142 Jus Juy
it R i N dx, dx, d
=) 0x; 0x; 0x E 6x, 0x, 6x, 6x1 TN 4

s [ (0w, \>  [0u,\> 0wy  [Ou,\>  [Ouy\"  Ouy du,

= f - =) ==+ =) H () + =2

Q 6x3 0x, 0x, 0x, 0x, 0x, 0x, 0x, 0x,
(auk ity Ou, Oy 0*u, 6143 u, )

Uy———— —
s \0x; 0x; 0x, 0x5 0x,0x5 (')x, 0x,0x5

_ﬁ3[§ (£ (Qutm), () $ 7 (e duyau]
so1 L0\ 0x; 0x) 0x; \ 0x3 0x, im0 ox;  0x,) 0x,
dity Ou; duy & (% 6142) ity Ouy

ox, 0x, 5x,

dx, dx, dx;.
| 8x 8x1 0x, }xl T2

o \0x;  0x,

Then, from the above and the Cauchy-Schwarz inequality we obtain

1d|V,ul?
2 dt

+ vl Agull3 + IV ll3 < FllA,ull, + Cf |ia3| [ Vuul [V, Vue| dx, dx, ey

+ c/ |Vits| |V, u2dx, dx, doxs + c/ ||| Vits||V, Ve dx, dx, dixs.
O 9)
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where F is given in (21). By applying Lemma 1 we obtain

/|Zt3||Vu||VhVu|dxldx2dx3
QO

< Cllas )l (aislly + 1V, a5 11,) 21 Vel (N Vel + 119, Vo) 2 (19, Ve
_ - - 1/2 1/2 1/2
< Cllas ), | Vull, |V, Vull, + Cllias 15119, 115 [Vully > 19, Vully* |9, Vel
1/2 1/2 1/2 3/2
< Cllull,||Vully ||V, Veell, + Cllaally [V, ]l | Vel |31V, Ve 15 (24)

By Holder inequality, we reach
[ Vsl VP dx, dx dey < € Vi)l
< ClIVis o Vyully*(1Vyulls + 19, Vull )2 (25)
And also by Hélder inequality, we obtain
/ |u|| Vit ||V, Vue|dx, dox dixs
Q

= Cf]RZ{llu(xl, X35 Mool Vits (xy, 20, )1V, V(g x5, ) 2} dxy dx,

12

12
= C/ {Hu(xl, X2, ')”2/
]RZ

ou
6_)63(xl’ X3, ) )

¥t (rr. 00 )9, Wity -)||2}de dx,

1/8
<l [ hutnowotan ) | [

1/4
S A T AT
RZ

ou

6_x3(x1’x2’ )

4 1/8
dx; dxz}
2

1/4 oV, u 1/

4
== IVl 1V, Vas 15V, Vullo. (26)
3

1/4 1/4
= C”””z/ ||Vh”||2/

ou
0x3 ||, 5

By (24)—(26) and Young’s inequality we get

d||Vyul3
# + [V, Vull3 < CF? + Cllu3]| Vull3

2
IIV%IIZ‘)IIWII%’
2

ou

1/2 ~
+ C(”“”z/ IVul3 + (1 Vits 5 + flull3

0x5

where F is given in (21). Thanks to Gronwall inequality, we obtain, for all
tel0,T,),

1
1V,u())])3 + v / 1V, Vu(s) |2 ds < Ko,
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where
K, = eCK12+C(T+K12)max05s57HVfg(s)H‘z‘[”u()”ill(ﬂ) + F? 4+ CK2). 27)
Recall that ||u||} = [u- Audx, dx, dx;. It is well know that |lu|); is equivalent to
[ Vul3 (see, e.g., Constantin and Foias, 1988). Taking the inner product of the

equation (8) with Au in H, we get

1d]ul}
2 dt

v Aul? = /Q(f — B(u, u)) - Audx, dx, dx

< FllAully + Cllulg]| Vuel| || Aue]|

A 113
23 || du 172
< FllAully + ClIVull3” | 2| Vel | Au*.
32
Here, we used (cf., e.g., Galdi, 1994, p. 33)
ou 121 2w 121 ou 12
e e N S
X1 ||, X |, | 0x3 |,
By Young’s inequality we obtain
d”’fi”z 8/3 || Ou 3
2 L v Aully < CF + ClIVyully™ | =] llull}-
t X3

By Gronwall inequality and (27), we obtain, for all ¢ € [0, T,),

t
()} +v / | Au(s)|2ds < K,

where

4/3 ,2/3

K = K g By ) + F. (28)
Therefore,

lim sup ||u(7) ||2 <K,
t—>T,

which leads to a contradiction that [0, T,) is the maximal interval of existence, and
this completes the proof. |
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