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Discrete dynamical systems defined on the state space I[I = {0,1, ...,p — 1}" have
been used in multiple applications, most recently for the modelling of gene and protein
networks. In this paper, we study to what extent well-known theorems by Smale and
Hirsch, which form part of the theory of (continuous) monotone dynamical systems,
generalize or fail to do so in the discrete case.

We show that arbitrary m-dimensional systems cannot necessarily be embedded into
n-dimensional cooperative systems for n = m + 1, as in the Smale theorem for the
continuous case, but we show that this is possible for n =m 42 as long as p is
sufficiently large.

We also prove that strict cooperativity, a natural weakening of the notion of strong
cooperativity, implies non-trivial bounds on the lengths of periodic orbits in discrete
systems and imposes a condition akin to Lyapunov stability on all attractors. Finally,
we explore several natural candidates for definitions of irreducibility of a discrete
system. While some of these notions imply the strict cooperativity of a given
cooperative system and impose even tighter bounds on the lengths of periodic orbits
than strict cooperativity alone, other plausible definitions allow the existence of
exponentially long periodic orbits.

Keywords: Boolean networks; monotone systems; periodic solutions; mathematical
biology
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1. Introduction

Let (L, =) be a linearly ordered set, letn = 1 and Ly, ..., L, C L with the induced order,
and consider the set IT = []/_,L;. A map g : I1 — II defines the discrete dynamical system

x(t+ 1) = gx(1)), x(t) € II. (D

We call (1) an n-dimensional, discrete system and also identify it with the pair (I1, g).
For most of this paper, L will be the set of real numbers with the natural order, and
Li={0,...,p— 1} for some fixed integer p > 1. In this case, we speak of an
n-dimensional, p-discrete system. The case p = 2 corresponds to the so-called Boolean
networks or Boolean systems which are used in various disciplines, notably in the study
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of gene regulatory systems [1,11,12,17,21,22,27,29]. If all L; s are finite, then we may,
without loss of generality, assume that L; = {0, ...,p; — 1} for some p; > 1, but the p;’s
are not necessarily all equal. In this case, we speak of a finite discrete system.

Define a partial order on IT by x <y, if x; = y; fori = 1, ..., n. We call this relation
the cooperative order, and we will not make a notational distinction between it and the
order relation on L. A discrete system (1) is said to be cooperative if x(0) = y(0) implies
x(t) = y(¢) for every t = 0, where x(f)andy(?) are the solutions of the system with initial
conditions x(0) and y(0), respectively. Clearly, this is equivalent to the property that x = y
implies g(x) = g(y). Discrete cooperative systems have been proposed as a tool to study
genetic networks by Sontag and others [27,28].

The cooperativity property has a well-studied counterpart in continuous dynamical
systems

dx

d—t"=fi<x), i=1,...,n, )

for C! vector fields f : R" — R". Namely, the system (2) is cooperative if x(f) and y(t) are
two solutions such that x;(0) = y;(0), i =1, ...,n, then x;(t) = y;(t) for every ¢ > 0,
i=1,...,n Cooperative systems are canonical examples of the so-called monotone
systems, which have been studied extensively by Hirsch, Smith, Matano, Polacik and
others, and more recently by Sontag et al. in the context of gene regulatory networks under
exclusively positive feedback [3,7,9,19,24].

1.1 The Smale and Hirsch theorems

In the present paper, we consider two important results from the theory of (continuous)
monotone dynamical systems, and we show to what extent these results either generalize
or fail to do so in the context of cooperative discrete systems (1).

The first result was originally published by Smale [23] in the 1970s. It states in this
context that any compactly supported, (n — 1)-dimensional, C' dynamical system defined
on H= {x € R"|x; +--- +x, = 0} can be embedded into some cooperative C' system
(2). Equivalently, the dynamics of cooperative systems can be completely arbitrary on
unordered hyperplanes such as H. See also [5], where the cooperative system (2) is shown
to have bounded solutions and has only two equilibria outside of H.

One way to regard the Smale theorem in the discrete case would be to ask whether
discrete cooperative systems can have arbitrary dynamics on unordered sets
H = {x €Illx; + -+ x, = const.}. This is trivially true (see Lemma 1).

An alternative approach is to study whether one can embed an arbitrary m-dimensional
p-discrete system (1) into a cooperative (m + 1)-dimensional p-discrete system. We show
that the answer to this question is no (Theorem 8, item 3), but that the statement is true (for
sufficiently large p) if ‘m 4 1’ is weakened to ‘m + 2’ (Theorem 8, item 2).

The second result for continuous cooperative systems was proved by Hirsch [7].
A continuous cooperative system is strongly cooperative if for every two different initial
conditions x(0) = y(0), we have x;(r) < y;(¢) for all i =1, ...,n and t > 0. A closely
related definition involves the digraph G associated with the system: in the cooperative
case, G is defined as having nodes 1, ..., n, and an arc from i to j is present if and only if
9f;/dx;(x) > 0 on R". A continuous cooperative system (2) is strongly cooperative if the
digraph G is strongly connected [24]; we refer to the latter property as the irreducibility of
the system (2). Hirsch’s theorem states that almost every bounded solution of a strongly
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cooperative system (2) converges towards the set of equilibria. This result rules out stable
periodic orbits and chaotic behaviour. It was also generalized for abstract-order relations
in Banach spaces by Hirsch and extended to continuous-space, discrete-time maps by
Terescak, Polacik and collaborators [6,8,19,20].

For finite discrete systems, we will consider analogue definitions related to strong
cooperativity and of irreducibility of a cooperative system (1). We are particularly
interested in whether these definitions rule out the existence of exponentially long periodic
orbits, which in finite discrete systems can be considered analogues of chaotic attractors.
In particular, we study the notion of strict cooperativity, a slight weakening of strong
cooperativity that still remains meaningful in the context of discrete systems. We show
that strict cooperativity does not rule out periodic orbits altogether, but that it puts a
non-trivial, subexponential bound on their lengths and imposes a condition akin to
Lyapunov stability on all attractors. Finally, we explore several natural candidates for
definitions of irreducibility of a finite discrete system. We show that predicted properties
of the system can dramatically change when subtle changes to our definitions are made.
While one plausible definition of irreducibility still allows for exponentially long periodic
orbits in cooperative systems (and hence does not imply strict cooperativity), a slightly
different notion of irreducible cooperative systems implies strict cooperativity and
imposes a bound of n (the dimension of the system) on the lengths of periodic orbits. This
is a much tighter bound than the one implied by strict cooperativity alone.

1.2 Outline of the sections

In Section 2, we give a general condition under which an arbitrary m-dimensional,
p-discrete system can be embedded into a cooperative n-dimensional, g-discrete system
(Proposition 4). We rely on several standard results from the literature, especially a
generalization of the classical Sperner theorem. In Section 3, we provide bounds on the
maximum size d,, of an unordered subset of II, and we use these bounds to study the
special cases n = m + 1 and n = m + 2 in the p-discrete case (Theorem 8). In Section 4,
we prove a general result on extensions of cooperative partial functions on II to
cooperative systems on Il and discuss how our results are related to a certain
generalization of Smale’s theorem. We give a short discussion in Section 5 about applying
Theorem 8 to the case of almost cooperative discrete systems [27], by showing a simple
example of an almost cooperative Boolean system of dimension m that cannot be
embedded into a cooperative Boolean system of dimension m + 1. In Section 6, we study
strict cooperativity, a slight weakening of strong cooperativity (1) and show that for finite
discrete systems it imposes substantial restrictions on the possible dynamics. In particular,
we show that strictly cooperative p-discrete systems cannot have exponentially long
periodic orbits. In Section 7, we explore several natural definitions of irreducibility for
finite discrete systems and prove bounds on the lengths of periodic orbits in cooperative
systems that are irreducible in the sense of these definitions.

2. Unordered sets and cooperative embeddings of p-discrete systems

Let Y := [[2,L; and IT = []%_ | L; and consider an arbitrary map f : % — 3. A cooperative
embedding of (2,f) into a cooperative system (II,g) as in (1) is an injective function
¢ : 2 — 11 such that g($(x)) = (f(x)) for every x € 2. A subset A C II is said to be
unordered if no two different elements a,b € A satisfy a = b. If II=T]_,{0, ...,
pi; — 1}, then we define S(x) = x; + -+ + x, for x = (x1, ...,x,) € II. These definitions
will be used throughout this paper.
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A basic property of unordered sets is the following ‘trivial embedding’ result, which is
well known at least for the Boolean case [27].

LEMMA 1. Assume that each set L; is finite. Let A C 11 be unordered, and let vy : A — A be
an arbitrary function. Then there exists a cooperative system (1) such that gl, = 7.

Proof. Let A be any unordered subset of IT which contains A, and which is maximal with
respect to this property. Define g(a) := y(a) fora € A, and g(a) = afora € A — A.Forall
other x € TI, there must exist ¢ € A such that either ¢ = x or x = a, by the maximality of
A. Ifx=aletgkx)=][0,...,0l,andifa=xletglx)=[p; — 1,...,p, — 1]. U

For the remainder of this section and the next one, let Il = {0, ..., p — 1}" for some
fixed integer p > 1. Given an arbitrary positive integer m, we will compute the least
dimension n such that any m-dimensional p-discrete system (2,f) can be embedded into
an n-dimensional cooperative system (I, g). Define the set

D:= {x € I|S&x) =In(p — D/2]}, dn,=IDI. 3

This set D is clearly unordered, because if x = y and x # y, then necessarily S(x) < S(y),
and both x, y cannot be in D. Notice that

()

We quote a generalization of Sperner’s Theorem [2,4], which states that D is a set of
maximum size in IT with this property.

LemMA 2. Consider the set 11 = {0, 1, ..., p — 1}", under the cooperative order =. Then
|Al = d,, for any unordered set A.

The following lemma will be important below, see Proposition 5.2 in [9] for a proof.

LEMMA 3. Consider a cooperative map g defined on a space 11. Then any periodic orbit is
unordered.

PROPOSITION 4. Let n, m, p and q be positive integers with p,q > 1. Then the following are
equivalent:

(1) Any m-dimensional q-discrete system can be embedded into a cooperative
n-dimensional p-discrete system.
(ii) g™ = dy).

Proof. Suppose first that ¢” = d,,, and consider any discrete system (2,f). We use an
arbitrary injective function ¢ : 3 — II such that A :=Im(¢) C D. Let y(y) :== ¢(f(x))
whenever y € A, where x = ¢ !(y). Thus by construction, Y((x)) = y(y) = H(f(x))
holds for x € %. Apply Lemma 1 to define g and obtain a full cooperative embedding.
Now assume (i) in the statement. To prove that (ii) must hold, simply consider a map f
on 3 which generates a single orbit with period ¢™. By (i), there exists an embedding
into I1, and the image of 3 is unordered in IT by Lemma 3. The inequality follows from
Lemma 2. ]
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Another form of cooperative embedding was given by Smith [25] for a large class of
non-cooperative but possibly continuous maps. In that case n = 2m holds. By Proposition
4, a much sharper bound holds for the discrete case. See also the references [13—-15,18,26].

3. Bounds on cooperative embeddings

Let p > 1 and n > 0 be arbitrary and Il = {0, ...,p — 1}", D,d,, be as in the previous
section. We begin this section with several lemmas.

LEMMA 5. d,, = (p" "' /n).

Proof. Let S;:={x €II|S(x) =/}, for j=0,...,n(p —1). Each of these sets is
unordered, and therefore |S;| = d,,, by Lemma 2. Therefore,

n(p—1)
p"= > IS =0 — 1)+ Dy, = npd,,.
=0 0

LeEMMA 6. Let ¢ be such that 0 < ¢ < p. Then d,, = c", for all sufficiently large n.

Proof. By Lemma 35, it is sufficient to show that p"~!/n = ¢". But this is equivalent to
Inp = Inc+ (Inn+ Inp)/n. This inequality holds for large n since Inp > Inc. ]

We now prove an upper bound for d,, ,.
LEMMA 7. Let p,n > 1. Then d, 11, < p".

Proof. We prove the equivalent statement that d,,, < p"lforp>1,n>2 Letxbea

randomly chosen element of {0, ..., p — 1}" with the uniform distribution. For x to be in
D, we must have |n(p—1)/2l-p+1=x+-+x,- =|n(p—1)/2] and
X, =In(p —1)/2] —x; — -+ —x,—1. Let A be the event that [n(p — 1)/2]—p+1=
X1+ -+ x,-1 =|n(p — 1)/2]. Our assumption on n implies that P(A) < 1. Moreover,
note that P(x, = n(p — 1)/2] — x; — -+ — x,1|A) = 1/p. Thus d,,/p" = P(x € D) <
(1/p) and the lemma follows. O

The above estimates have important consequences for embeddings of m-dimensional
finite discrete systems into n-dimensional cooperative finite discrete systems. In particular,
unlike for continuous systems, for large m, an m-dimensional p-discrete system can not
always be embedded into an (m + 1)-dimensional p-discrete cooperative system.

THEOREM 8. The following statements hold:

(1) For every p > 1, and for every m > 0, there exists n > m such that every
m-dimensional p-discrete system can be embedded into an n-dimensional
cooperative p-discrete system.

(2) For every m > 0, there exists py such that for every p > pg every m-dimensional
p-discrete system can be embedded into a cooperative p-discrete system of
dimension m + 2.

(3) Foreverym,p > 1 there exists an m-dimensional p-discrete system that cannot be
embedded into a cooperative p-discrete system of dimension m + 1.
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Proof. The first two statements are immediate consequences of Lemma 5 and Proposition
4. For the first one, let n be large enough so that p™ < p"~!/n. Then p™ = d,, and the
conclusion follows. For the second statement, let simply p = m + 2. Then

m+1 _ p(m+2)*1

pr="L

= = =d, i,
m+2  m+2 +2p

For the third statement, let m,p > 1. Let f be defined on II so as to generate a single orbit
of length p™. Then the image of IT under any embedding ¢ into 3 = {0, ...,p — 1}""!
would also generate a periodic orbit of this length. Assuming that the system defined on 3,
is cooperative, the set Im (¢) must be unordered by Lemma 3, and therefore p™ = d,41p
by Lemma 2. But by Lemma 7, d,,1, < p™, a contradiction. O

Note that we are restricting our attention to the case where p = ¢, i.e. both systems
have the same level of discretization. This is relevant, for instance, in the special case of
Boolean networks. But if we allow g # p, then the analogue of point 3 of Theorem 8 may
fail. To see this, note that for ¢ > p and sufficiently large m we will have
p" =(¢™/(m+1)). Thus, Lemma 5 implies that in this case m + 1-dimensional
g-discrete systems contain sufficiently large unordered sets to embed every m-dimensional
p-discrete system.

One important consequence of this discussion is that cooperative systems may have
exponentially long cycles, which can be considered a form of chaotic behaviour in discrete
systems.

COROLLARY 9. Let p > 1 and let ¢ be an arbitrary real number with 1 < ¢ < p. Then for
sufficiently large n, there exist n-dimensional cooperative p-discrete systems with periodic
orbits of length > c".

Proof. Apply Lemma 1, by letting A := D and defining y : A — A so that it generates a
single period of length d,,,. The result follows from Lemma 6. g

While Lemmas 5—7 are sufficient for deriving our conclusions about embeddings into
cooperative systems, let us remark that one can prove the sharper estimate

limd,,

p" )
) =,
n—o0 <“/27TI/ZO'2>

for arbitrary p > 1 and o> = (1/12)(p — 1)(p + 1) (see Proposition 10 of [10]).

4. Smale extensions

Assume [ = H7:1Li and each L; has a smallest and a largest element. Let A C L and
v : A— L. We say that yis cooperative if for all x,y € A the implication x = y — y(x) =
() holds. Clearly, if A is unordered, then vy is cooperative, and since L has a largest and a
smallest element, a construction such as that used in the proof of Lemma 1 implies that y
can be extended to a cooperative function on II. However, the construction used in this
proof is too crude to allow for such extensions if A contains comparable elements. Here,
we use a different construction to show that any cooperative partial function on II can be
extended to a cooperative function on II.
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LemMA 10. Let [| = [, Li, where (Li, <) is complete in the sense that every subset of L;
has a supremum and an infimum in L;. Let A C Il and y: A — 11 be cooperative. Then
there exists a cooperative g : I1 — Il such that y= g | A.

Proof. Let I1, A, y be in the assumption. First note that we may without loss of generality
assume that for all z € II there exists x € A such that x = z or z = x. If not, then extend A
to a set A™ with this property and such that A*\A is unordered and each x € A*\A is
incomparable with each z € A. Extend yto y* : A* — Il in an arbitrary way, and note that
v* must still be cooperative.

Given z €11, define U(z):={x EA:x=z} and Il = {z €11 : U(z) # 0}. Note
that A C I1. Let IT; := II\II, and for all z € II; define L(z) := {x € IIy : x =< z}. Note
that our assumption on A implies that L(z) # @ for all z € II;. Let wU(7)) =
{v(x): x € U(2)}.

Now define g(z) := inf y(U(z)) for z € Il and let g(L(z)) == {g(x) : x € L(z)} for
Z € L(z). Finally, define g(z) = sup g(L(z)) for z € 1I;. O

CLAIM 11. The map g defined above is cooperative and satisfies g | A = .

Proof. By completeness of = on each L;, infima and suprema under the cooperative order
of non-empty subsets of II exist and are elements of II. Thus g is well defined.

Suppose that z € A C IIy. Then y(z) = y(x) for every x € U(z) by cooperativity of v,
hence y(z) = inf y(U(z)) = g(z). Thus g [ A = .

To see that g is cooperative, let y,z € Il be such that y < z. If y,z € IIy, then
U(z) C U(y), and hence g(y) = inf y(U(y)) = inf y(U(2)) = g(z). If y,z € II;, then
L(y) C L(z), and hence then g(y) = sup g(L(y)) = sup g(L(z)) = g(z). The only other
possibility consistent with y =< zis z € I, and y € IIy. In this case, y € L(z) and hence
g(y) = sup g(L(2)) = g(2). O

We will refer to the function g constructed in the proof of Lemma 10 as the Smale
extension of v, since this is the same type of extension as he considered in [23] — even
though the actual form of the function is somewhat different in the discrete case.

Now suppose II is either {0, ..., p — 1}" or [0, 1]" with the natural cooperative order,
and let A be a hyperplane of the form A = {x € Il : S(x) = r}. If A is non-empty (which
will happen for suitable values of r), then A is a maximal incomparable subset of II.

Note that if A is a hyperplane as above, then the definition of the Smale extension g of
v can be written as

infy(U(z)), for z € Iy,
8@ = supy(L(z)), for z €1ly. )
For x € I1, let ||x|| = max{|x;], ..., |x,|} be the co-norm in R".
Lemma 12. Suppose 11 is either {0, ... ,p — 1}" or [0, 1]" with the natural cooperative

order, and A = {x € I1 : S(x) = r} is a non-empty hyperplane. Let v,y : A— 1l be
cooperative and €,0 > 0 be such that

€
Vx,y €Allx —yll < 2n+ 1= llyx) — iyl < 3 (%)
Let g and g; be the Smale extensions of y and vy;. Then

Vx,y Ellllx —yll < 8= llglx) — g1l < e. (6)
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Proof. Let A,7y,e and 0 be as in the assumption. First note that

Vx,y €lly Va € Ux3Ib € UY)lla = bll = (n = Dllx = yll. @)

To see this, let x,y € Iy and a € A withx < a. Let b € U(y) be such that Y_|b; — a;
is minimal. Such b exists by compactness of A. Note that we must have b; = max{a;,y;}
foralli € {1, ...,n}: If not, since S(a) = S(b), there would be some j with y; = b; < a;.
Letting 8= min{b; — max{a;,y;},a; — b;} and b; = b; = B,b; = b; + Band b, = by for
all k # i,j, we would have y = b* € A and > |b; — a;| < >_|b; — a;l, contradicting the
choice of b. Thus, |b; — a;| = ||x — y|| for all i with b; > a; = x;. Now consider i with
yi =b; <a;. In this situation, we must have a; —b; =) max{0,b; —q;} =
(n — D|lx — yll. The inequality |la — || = (n — 1)||x — yl| follows.

Furthermore, note that

Vxelly, Vyell,, Vac€Ukx) VYbe Lylla—>bll=2n+Dlx—yll. &)

To see this, let x € I,y € II;,a € U(x) and b € L(y). Fix i € {1, ...,n}. Then,
a; —x; = S(a) — S(x) =r — S(x) = S(y) — S(x) =< n|ly — x||. Similarly, y; — b; = S(y)—
S(b) = S@») —r=5@k) — S(x). Now, it follows from the triangle inequality that
la; — bil = 2(S(y) — S() + lyi — x1 = @n+ Dy — xl|.

Now, let x and y be such that ||x — y|| < 8.

First assume that x,y € Ily. Fix i€ n, and let a € U(x) be such that
[(g(x); — (Y(@));] < &/3. Such a exists by (4). Choose b € U(y) as in (7). It follows
from (5) that || y(a) — y1(b)Il < &/3. In particular, |(y(a)); — y1(b);| < &/3. Since y = b,
definition (4) implies that (g1(y);) = (y1()); and the inequality (g;(y)); < (g(x)); + 2¢/3
follows. By symmetry of the assumption, we will also have (g(x)); < (g1(y)); + 2¢/3 in
this case.

By the alternative definition (4) of the Smale embedding, the argument in the case
when x,y € II; is dual.

Now, assume x € Il and y € I1,. Fix i € n, and let @ € U(a) and b € L(b) be such
that |(g(x)); — (Y(@);] < &/3 and [(g1()); — (vi(b));| < &/3. By (8), |la — bll = 2n +
Dlly — x|l < 2n + 1)8, and (5) implies that |((a)); — y1(b);| < e. Now (6) follows from
the triangle inequality.

The argument in the case when x € 11, and y € Il is symmetric. O

By letting y= 1, in Lemma 12, we immediately get the following result. Since
traditionally discrete dynamical systems are defined by a continuous map, the following
lemma shows in particular that the Smale extension is a well-defined (continuous) map if y
is continuous.

COROLLARY 13. Suppose 11 = [0, 11" with the natural cooperative order, and A = {x €
I1: S(x) = r} for some 0 =r = 1. Let y: A— 1l be cooperative and g : I1 — 11 be the
Smale extension of .

(1) If y is continuous, so is g.
(1) If vy is Lipschitz-continuous with Lipschitz constant /, then g is Lipschitz continuous
with Lipschitz constant = (6n + 3)/.

Now consider any discrete-time dynamical system ([0, 117,1), let A = {x € [0, 17+
S(x) =+ 1)/2} and ¢ : [0,1]"— A be a Lipschitz-continuous homeomorphism. Let
v : A — A be such that y($(x)) = ¢(f(x)) for all x € [0, 1]". If fis (Lipschitz)-continuous,
then so is v, and Corollary 13 implies that ¢ is a (Lipschitz)-continuous embedding
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of ([0,1]".f) into a discrete-time dynamical system ([0,1]""! g) for which g is
(Lipschitz)-continuous. This is analogous to Smale’s embedding theorem for C'-systems
[23] and is our motivation for calling the function g of Lemma 10 the Smale extension of
.

If ([0, 1]",f) and ({0, ...,p — 1}",f1) are two discrete-time systems and & > 0, then
we will say that f is an g-approximation of fif [|(1/p — 1)f1(l(p — Dx]) — f(0)|| < & for
all x € [0, 1]".

Let A be as in the previous paragraph, let D= {y &€ {0, ...,p — 1y S(y) =
[(n+ D(p —1)/2]} and define D" :={a €EA:(p — l)a € D}. 1t is clear that if f is
continuous and 6 > 0 is given, B > 0 is sufficiently small relative to 8, p is odd and
sufficiently large, and if ¢, y are as in the previous paragraph, then there exist:

e a B-approximation ({0, ...,p — 1}",f}) of ([0, 11", ),
e and a function y; : A — D" such that |[¥(y) — y1(y)|| < & for all y € A,
e a function ¢; : {0, ...,p — 1} — D" such that ||dp(x/(p — 1)) — $1(x)|| < & and

Yi($1(0) = ¢i(f(x)) for all x € {0, ....p — 1}".

Now, let € > 0 be given. By Lemma 12, if we choose the above objects for &
sufficiently small relative to € and if g is the Smale extension of vy, while g; is the Smale
extension of vy, then [lg(y) — g1l <& for all y &€ [0,1]"". Let gj(x):=(p—
Dgi(x/(p — 1)) forallx € {0, ...,p — 1}"*!. From the definition of the Smale extension
it follows that g} maps x € {0, ...,p — 1}""! into itself, and the inequality |lg(y) —
g1l < e implies that g is an e-approximation of g. Moreover, we will have g|(¢;(x)) =
b1(f1(x)) forall x € {1, ..., p — 1}". However, we cannot necessarily assume that ¢ is a
cooperative embedding of ({0, ...,p — 1}", f;) into ({0, ...,p — 1}”+1,gT), since the
results of Section 3 indicate that the function ¢; may not be injective.

5. Almost cooperative systems

Cooperative systems are so named because increasing the value of one variable tends to
increase the values of other variables in the system. For instance, in the continuous case, a
condition equivalent to the cooperativity of the system (2) is 9f;/9xj(x) = 0 for i # j [24].
It has been conjectured that a system might have interesting properties if it is ‘almost
cooperative’, i.e. if the latter condition is satisfied with the exception of a single pair i # j
(see the concept of consistency deficit in [27]).

We can define a discrete counterpart of this notion as follows. Let IT = [T, {0, ...,
pi— 1), xEIlandi € {1, ...,n}. Define x'* € II by letting (x'*); = min{x; + 1,p; —
1} and (x'*); = x; for j # i. Similarly, define x'~ € II by letting (x'~); = max{x; — 1,0}
and (x'"); = x; for j # i. Itis easy to see that cooperativity of a system (I1, g) is equivalent
to the condition that

Vx €Tl (gx')); = (g(0); = (g(x™));, €))

for all i,j € {1, ...,n}. Let us call (I, g) almost cooperative if condition (9) holds with

the exception of exactly one pair < i*,j* > withi* # j* for which an order-reversal takes
place:

VxeIl (g’ 7)) = (g(0))- = (g’ 1))y (10)

One might expect that almost cooperative p-discrete systems are similar to cooperative
systems. In particular, one might expect that m-dimensional almost cooperative Boolean
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systems can always be embedded into cooperative Boolean systems of dimension m + 1.
However, this is not the case.
Consider the following simple example with p = n = 2. In this case |II| = 4 and

3
d3’2 = 2 = 3

Define g(xj,x;) := (1 — x2,x1), so that g(0,0) = (1,0), g(1,0) = (1, 1), g(1,1) = (0, 1)
and g(0, 1) = (0, 0). The system (I1, g) consists of a single orbit of length 4. By Proposition
4, this system cannot be embedded into any cooperative Boolean system of dimension 3.
Moreover, note that x; promotes the increase of the variable x,, while x, inhibits the
variable x;. Thus condition (9) holds with the exception of the pair <i,j >=<21>
and hence the system is almost cooperative.

6. Strict cooperativity for finite discrete systems

Throughout the remaining two sections, we will assume that the state space Il of our
dynamical system is finite. Without loss of generality, this means that
IT=T][.,{0,...,p; — 1}, where the p;’s are integers such that p; =---=p; = ---
= p, > 1. Of course, p-discrete systems are exactly those among the above systems for
which p; = p > 1 for all i.

Our first task is to come up with a suitable counterpart of strong cooperativity for such
systems. Let us write x < y if x = y in the cooperative order but x # y, and let us write
x<Ly if x; <y; for all i=1,...,n Recall that a continuous system is strongly
cooperative if for every two initial conditions x(0) < y(0) we have x(¢) < y(¢) for all > 0.
One adaptation of this definition to finite discrete systems would be the following:

Vx(0) < y(0)3ty > OV = 19 x(t) < y(t). (11

This property is commonly known as eventual strong cooperativity [24]. Unfortunately, no
finite discrete system of dimension n > 1 satisfies (11). To see this, note thatif n > 1, then
there exist x%(0) < x'(0) <.-- < x”(0). On the other hand, x(r) < y(t) implies
n—+ S(x(1)) = S(r)). Now (11) would imply S(x”'(¢)) = np; for sufficiently large 7. But
this is a contradiction, since S(x) = (p; — 1)n for all x € II.

So let us study a weaker version of strong cooperativity that is still meaningful in the
context of finite cooperative systems. Consider the following properties:

Vx(0) < y(0)  S((0) — x(0)) = S(y(1) — x(1)), 12)
Vx(0) < y(0) x(1) < y(D), 13)
Vx(0)  S(x(1)) = S(x(0)). (14)

Lemma 14. For any finite cooperative discrete system, conditions (12)—(14) are
equivalent.

Proof. Clearly, condition (12) implies conditions (13) and (14) implies condition (12) for
cooperative systems.

Now assume an n-dimensional finite system (II,g) satisfies condition (13). Let
x(0) € IL.Let N == Y (p; — 1), and consider initial states x°(0) < x'(0) < --- < x™(0)
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such that x(0) = x©(0), where iy, = S(x). Note that we must have S(x'(0)) =i for
0=i=N.By (13), x°(1) < x'(1) < --- < xM(1). It follows that S(x'(1)) = S(x'(0)) = i
for all 7, and in particular S(x(0)) = S(x(1)) = iy. Property (14) follows. O

We will say that a finite cooperative system (II, g) is strictly cooperative if it satisfies
conditions (12)—(14). This definition is consistent with that for Equation (13) given in
Section 5.2 of [9]. Note that this is a strong assumption to make, for instance, (14) implies that
every hyperplane induced by S is invariant for such a system. But this condition is satisfied
for various important systems, e.g. for those determined by a permutation as described below.

For example, let 7: {1, ...,n}— {1, ...,n} be a permutation, and define g, by
(g7(¥) 7y = x; forall x € Iland i € {1, ...,n}. Note that if IT = {0, ...,p — 1}", then
g maps [T into II for all permutations 7 of {1, ..., n}, but for other sets I, this will be the

case only for some but not for all permutations. If g, does map I into I1, then (II, g ;) is a
strictly cooperative system.

The order of a permutation 7 is the smallest integer » > 0 such that 77" is the identity.
Let R(n) be the maximum order of a permutation 7 of {1, ..., n}. It can be shown that
R(n) = eYnnn+o(D) a5 5 — 00 [16]. In particular, note that R(n) grows subexponentially
in n, that is, for every b > 1 and sufficiently large n, we will have R(n) < b".

THEOREM 15. Suppose ([1i_,{1, ...,p; — 1}", g is an n-dimensional strictly cooperative
finite discrete system, and let N = >\ (p; — 1). Then each periodic orbit in (I, g) has
length at most R(N).

Proof. Note that for any permutation 77, the length of any periodic orbit of (II, g,;) cannot
exceed the order of 77. However, not all strictly cooperative finite systems are of the form
(I1, g) for some permutation 7. For example, if n =2 and g(0,0) = (0,0), g(0,1) =
g(1,0) = (0,1) and g(1,1) = (1, 1), then g is a strictly cooperative Boolean system, but
not of the form g, for any permutation 7.

Fortunately, Lemma 16 below suffices for the proof of our theorem in the Boolean case
when p; = 2 for all i and hence N = n. A state in a periodic orbit of a dynamical system,
i.e. a state that is not transient, will be called persistent.

LEMMA 16. Let (I1, g) be a strictly cooperative n-dimensional Boolean system. Then there
exists a permutation 1 of {1, ... ,n} such that g(x) = g(x) for each persistent state x

of (I, g).

Proof. We will prove the lemma by induction over n. Note that it is trivially true for n = 1.
Now fix n > 1, assume the lemma is true for all k <n and let (II,g) be as in the

assumption. We will identify elements x of IT with subsets of the set {1, ...,n} and write
#(x) instead of S(x). Note that g maps one-element subsets of {1, ...,n} to one-element
subsets. More precisely, there exists a function o: {1, ..., n} — {1, ... ,n} such that

g({i}) = {o(i)} for all i. In general, o does not need to be a bijection. However, if / is the
set of all i such that {i} is a persistent state of our system, then I # @ and o[ I is a
permutation of /. Now strict cooperativity of g implies that g(x) = g,;;(x) for all x C 1.
Thus, if I = {1, ...,n}, we are done. If not, then define for y € Il such that I Ny = 0:

f) =gy UD\L

Since g(I) = g,;(I) = I, the function fis strictly cooperative on the set of all subsets of
J:={1, ...,n}\/l. By the inductive assumption, there exists a permutation ¢ of J such that
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S () = g,(y) for all persistent states in the system defined by f. Note that 7 := (o [ I) U gis
a permutation of {1, ... ,n}.
Now consider any x = x(0) € II. By strict cooperativity, we have

#(x) = #(g(x)) = #(g(x) N 1) + #(g(x) N J).

On the other hand, #(x N 1) = #(g(x N 1)) = #(g(x) N I) because g(x N 1) C g(I) = 1.
It follows that #(x(#) N J) is non-increasing along the trajectory of x(0). In particular, for
every persistent state x, we must have g(xNJ/)=gx) NI and hence
#xNJ)=#gx) NJ).

It must also be the case that g(x) NJ C f(x N J). Since #(f(x NJ)) =#x N J) by
strict cooperativity of f, we must have g(x) N J = f(x N J) for every persistent state x of
(I1, g). Tt follows that if x is a persistent state of (II, g), then x N J is a persistent state of
(3.f). Thus g) = goi/(x N 1) U golx NJ) = g(). O

Now consider the general case where p; = 2 for all i. Unfortunately, we cannot hope to
prove the exact analogue of Lemma 16. To see this, consider the system ({0, 1,2}, g),
where ¢(0,0) = (0,0), g(0,1) = (1,0), g(1,0)=(0,1), g(1,1)=g(2,0) = g(0,2) =
(1, 1), g(1,2) =(1,2), g(2,1) =(2,1), g(2,2) = (2,2). This system is clearly strictly
cooperative. If 7 were a permutation as in Lemma 16, then we would need 7(0) = 1 and
(1) = 0 because both (0,1) and (1,0) are persistent states. On the other hand, (2,1) and
(1,2) are persistent steady states, so this would force 7 to be the identity.

Now let IT=T].,{1,...,p; —1}" and (Il,g), N be as in the assumption of
Theorem 15. Let 3 = {0, 1}{\]. Foreachi € {1, ...,n}, let J; be the set of integers j such
that Zj{;ll(pk —D<j=3_ (= D.Forl =/ =#(J;)=p; — 1,letj(i,/) be the /-th
element of J;. Define amap ¢ : [ = X sothatfori € {1,...,n}and/ € {1, ...,p; — 1}
we have i(x);; ) = 1 iff x; = /. Clearly, ¢ is an injection. For y € X, define z(y) by
Wiy = 1iff £ = #({/" : yji = 1}). Note that z(y) is always in the range of ¢, and
z(y) = y whenever y is already in the range of (. Moreover, the function y — z(y) is strictly
cooperative. Now define f : 3 — 2 so that f(y) = f(z(y)) for all y and f(¢x(x)) = y(g(x)) for
all x € IL

Then, ¢ is an embedding of (Il,g) into (3,f). Moreover, if (II,g) is strictly
cooperative, then so is (%, f). Since the lemma is true for p = 2, each periodic orbit in
(2.f) has length at most R(N), and since i is an embedding, the same must be true for
(I, g). 0

Open Problem 17. Suppose (11, g) is an arbitrary n-dimensional strictly cooperative finite
discrete system. Can the system have a periodic orbit of length greater than R(n)? What if
we assume in addition that (II, g) is p-discrete for some p > 2?

Our results can perhaps be considered analogues of the result in [19] for discrete-time
continuous-space strictly cooperative systems. Our Theorem 15 gives a non-trivial,
subexponential bound on the lengths of periodic orbits of strictly cooperative finite
discrete systems. Moreover, strict cooperativity implies that ordered orbits in finite
discrete systems are fairly robust, as shown in the next result.

Lemma 18. Consider a strictly cooperative finite discrete system (1), and let x(0) and y(0)
be two arbitrary initial conditions (i.e. not necessarily ordered). Then, S(|y(t) — x(t)|) =
S(|y(0) — x(0)|) for all t > 0.
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Proof. Suppose first that S(|y(0) — x(0)|) = 1. Then necessarily the two initial conditions
are ordered; suppose without loss of generality x(0) < y(0). By condition (14) and
cooperativity,

S(1y(0) = x(O)) = SG(0) = x(0)) = S(¥(0)) — S(x(0)) = S((1)) — S(x(1))
= S(Iy(1) = x(DH).
1 k —

If S([y(0) — x(0)|) = k > 1, then there exists a sequence of states x = x*, x!, ..., xk =y,
such that S(|x/*! — x/|) = 1 for every j. Then

S(y(1) = x(HD) = S(xF (1) = x* DD + -+ + S " (1) = XD
= S(Ix*0) = x* 1O+ -+ Sx"(0) — x°(0)]) = k = S(|y(0) — x(0)]).
O

In other words, perturbations of initial conditions do not amplify along the trajectory,
which implies an analogue of Lyapunov stability for all attractors.

7. Cooperative irreducible systems and long periodic orbits

In this section, we will explore several possible discrete counterparts of the notion of
irreducible cooperative C'-systems and will show how these conditions relate to strict
cooperativity and what bounds they impose on the lengths of periodic orbits.

Recall that a digraph (directed graph) G = (V, A) is strongly connected if every node w
in V can be reached via a directed path from every node v € V.

Now let us define discrete analogues of irreducible cooperative systems by associating
directed graphs G = ({1, ...,n},A) with a cooperative system (II, g). Recall that in the
definition of irreducible cooperative C'-systems, an arc < i,j > was included in the arc
set A iff Df(x); > 0 on R", where Df(x) is the Jacobian of f(x), and the system was called
irreducible if the resulting directed graph G on R" was strongly connected. Alternatively, a
digraph G, can be defined locally for every x € R" by letting < i,j > be an arc in G, if
and only if Df(x); > 0. A cooperative C I_system in which G, is strongly connected for
every x € R”" is still strictly cooperative; see, for instance, Corollary 3.11 in [9].

Recall the definitions of x'~ and x’* from Section 5. For an n-dimensional finite
discrete system (I1, g) and x € I, let us define a directed graph G, = ({1, ...,n},A}) by
including an arc <i,j >€ A} iff g(x); < g(x'*); or g(x'7); < g(x);. Moreover, let us
define a directed graph G, = ({1, ...,n},A,) by including an arc <i,j>€ A, iff <
i,j >€ Al andif 0 <x; < p; — 1, then g(x'"); < g(x); < g(x'),.

Let us call the system (I1, g) strongly irreducible if ({1, ...,n},(),cn As) is strongly
connected, semistrongly irreducible if ({1, ...,n},( ey A}) is strongly connected, and
irreducible if G, is strongly connected for all x € II.

The three notions defined above are plausible discrete counterparts of the concept of
irreducibility of ODE systems. We will see that for cooperative finite discrete systems, the
notions of irreducibility and strong irreducibility coincide. Note that for Boolean systems,
A, =A, for all states x; hence the notions strong irreducibility and semistrong
irreducibility coincide in the Boolean case. But, we will see that these two notions have
dramatically different implications for the dynamics of non-Boolean finite discrete
systems.
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Let 7 be a permutation of {1, ..., n}. Recall the definition of the function g, from the
previous section. Note that a finite discrete system (II,g,) is strongly irreducible,
iff (I, g, is semistrongly irreducible and iff (II, g,,) is irreducible iff the permutation
is cyclic.

THEOREM 19. Suppose (I1,g) is a cooperative irreducible finite discrete system. Then
(I1, 2) is strictly cooperative and strongly irreducible. Moreover, there exists a cyclic
permutation T of {1, ..., n} such that g = g.

Proof. Let x,y € Il be such that x < y. Pick i € {1, ...,n} such that x < x'* = y. Then
there exists some j with < i,j >€& A,; otherwise G, could not be strongly connected. Thus
gl); < g(xi+)j = g(y) by cooperativity, and condition (13) follows. Thus, (I, g) is strictly
cooperative.

Now let us consider Aj, where 0= [0, ...,0]. Let us write {i} for the x € IT with
x; = 1 = S(x) and call such x a singleton. Note that < i,j >€ Ay iff g({i}); > 0. By strict
cooperativity, g({i}) is a singleton, and it follows that the outdegree of each i in Gj is at
most one. Strong connectedness of G now implies that the indegrees and outdegrees in Gj
of all nodes are exactly one. Let 7: {1, ...,n} — {1, ... ,n} be defined by =(i) = j iff
<i,j>e A(). Then, 7 is a permutation. Moreover, if 7 could be decomposed into
non-empty pairwise disjoint cycles, then Gy would not be strongly connected. Thus, 7
must be cyclic.

It remains to show that g = g,.. We will show this by induction over S(x). If S(x) = 0,
then g(x) = x by strict cooperativity, hence g(x) = g.(x). By the way we defined 7, we
also have g(x) = g,(x) whenever S(x) = 1.

Now let us assume g(x) = g,(x) for all x with S(x) =k, and let y be such that
S(y) = k + 1. Then, y = x'* for some i and x with S(x) = k. By the inductive assumption,
gx) = gx(x). If x; =0, then (g(x)); =0 but we must have both g(x) < g(y) and
g{i}) = {j} = g(y), so g(y) = g(v), and strict cooperativity implies g(y) = g,(y). If
x; > 0, then the definition of A, implies that there must be j with g(x'7); < g(x); < g(x™);.
But by inductive assumption, the only j with g(x'™); < g(x); is 7(i), so we must also have
g(); < g(x”)j. It again follows that g.(y) = g(v), and hence g(y) = g.(y) by strict
cooperativity. |

COROLLARY 20. Periodic orbits in cooperative irreducible n-dimensional finite discrete
systems can have length at most n.

Proof. The maximal order of a cyclic permutation on {1, ... ,n} is n. O

Corollary 20 gives a stronger bound than Theorem 15 does for strictly cooperative
p-discrete systems.

For non-Boolean systems, the assumption of irreducibility in Theorem 19 or Corollary
20 cannot be replaced by the assumption of semistrong irreducibility.

Example 21. For every n there exists a cooperative semistrongly irreducible 4-discrete
system (II, g) of dimension n that contains a periodic orbit of length d,, ,.

Proof. Fix n, let ({0, 1}",f) be a cooperative Boolean system with a periodic orbit of length
d,» and 7 be a cyclic permutation of {1, ...,n}. Let I ={0,1,2,3}" and define a
function g : IT—1II as follows. Let S={x €E Il : minx =0 =maxx <3}, M = {x €
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IT:1=minx = maxx =2} and L = {x € Il : maxx = 3}. For x € §, let g(x),; =0
whenever x; = 0 and g(x) ;) = 1 whenever x; > 0. For x € M, let g(x); = 1 +f(x — 1)
and for x € L let g(x),; =2 whenever 0 < x; <3, g(x); = 0 whenever x; =0 and
8(X) ;) = 3 whenever x; = 3.

Note that the restriction g [ M is isomorphic to f, hence the restriction of our system to
M is cooperative and has a periodic orbit of length d,, ». It also follows immediately from
the definitions that the restriction of our system to S as well as its restriction to L
cooperative. Moreover, consider x € S, y € M and z € L. Then g(x) = g(v), and x = z
implies g(x) = g(z). Similarly, y = z implies g(v) = g(z). Since no element of S can sit
above an element of M or L, and no element of M can sit above an element of L, strict
cooperativity of the whole system follows.

It remains to show that our system is semistrongly irreducible. It suffices to show that if
(i) = j, then < i,j >€ A} forall x € II. Fix x and i, j with j = 7(i). If x; = 3, thenx € L
and (g(x'7)); =2 <3 = (g());. If x; = 2, then x™* € L and (g(x)); =2 < 3 = (gx™));.
Similarly, if x; = 1, then x'~ € S U L and (g(x'7)); = 0 < 1 = (g(x));. Finally, if x; = 0,
then x € SU L and (g(v)); = 0 < 1 = (g(x™));. O
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