Commun. Math. Phys. 359, 515-533 (2018) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-017-3060-1 Math ematical

Physics

@ CrossMark

Curvature Effect in Shear Flow: Slowdown of Turbulent
Flame Speeds with Markstein Number

Jiancheng Lyu, Jack Xin, Yifeng Yu

Department of Mathematics, University of California at Irvine, Irvine, CA 92697, USA.
E-mail: yifengy @uci.edu; jianchel @uci.edu; jack.xin@uci.edu

Received: 27 March 2017 / Accepted: 27 October 2017
Published online: 18 December 2017 — © Springer-Verlag GmbH Germany, part of Springer Nature 2017

Abstract: Itis well-known in the combustion community that curvature effect in general
slows down flame propagation speeds because it smooths out wrinkled flames. However,
such a folklore has never been justified rigorously. In this paper, as the first theoretical
result in this direction, we prove that the turbulent flame speed (an effective burning
velocity) is decreasing with respect to the curvature diffusivity (Markstein number) for
shear flows in the well-known G-equation model. Our proof involves several novel and
rather sophisticated inequalities arising from the nonlinear structure of the equation. On
arelated fundamental issue, we solve the selection problem of weak solutions or find the
“physical fluctuations” when the Markstein number goes to zero and solutions approach
those of the inviscid G-equation model. The limiting solution is given by a closed form
analytical formula.

1. Introduction

The curvature effect in turbulent combustion was first studied by Markstein [12], which
says that if the flame front bends toward the cold region (unburned area, point C in Fig. 1
below), the flame propagation slows down. If the flame front bends toward the hot spot
(burned area, point B in Fig. 1), it burns faster.

Below is an empirical linear relation proposed by Markstein [12] to approximate the
dependence of the laminar flame speed s; on the curvature (see also [13,15,16, 18], etc):

st =s)(1—d ). (1.1)

Here slo, the mean value, is a positive constant. The parameter d > 0 is the so called
Markstein length, which is proportional to the flame thickness. The mean curvature along
the flame front is «.
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Fig. 1. Curvature effect
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Fig. 2. Level-set formulation of front propagation

In general, k changes sign along a curved flame front. So a mathematically interesting
and physically important question is:

Q1: How does the “averaged” flame propagation speed depend on the curvature term?

Of course, we first need to properly define an “averaged speed”, which is basi-
cally to average fluctuations caused by both the flow and the curvature. The theory of
homogenization provides such a rigorous mathematical framework in environments with
microscopic structures. In this paper, we employ the popular G-equation model in the
combustion community.

Let the flame front be the zero level set of a reference function G (x, t), where the
burnt and unburnt regions are {G (x, t) < 0} and {G (x, ) > 0}, respectively (see Fig. 2).
The velocity of ambient fluid V : R” — R" is assumed to be smooth, Z"-periodic and
incompressible (i.e. div(V) = 0). The propagation of flame front obeys a simple motion
law: U, = s; + V(x) - n, i.e., the normal velocity is the laminar flame speed (s;) plus
the projection of V along the normal direction. This leads to the so-called G-equation,
a level-set PDE [14,16]:

G,+V(x) - DG +5/|DG| =0 inR" x (0, +00).
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Fig. 3. Average of fluctuations in the homogenization limit

Plugging the expression of the laminar flame speed (1.1) into the G-equation and
normalizing the constant le = 1, we obtain a mean curvature type equation

- DG
G,+V(x)oDG+|DG|—d|DG|div(|DG|> 0. (1.2)

Turbulent combustion usually involves small scales. As a simplified model, we rescale
VasV = V(f) and write d = de. Here € denotes the Kolmogorov scale (the small scale
in the flow). The diffusivity constant d > 0 is called the Markstein number. We would
like to point out that the dimensionless Markstein number is d - ‘% with §7 denoting the
flame thickness [16]. In the thin reaction zone regime, 6;, = O(€), see Eq. (2.28) and
Fig. 2.8 of [16]. Without loss of generality, let S?L = 1. Then (1.2) becomes

DG¢
G +V(2) DG +|DG| —d e |DG| div | ——— | = 0. (1.3)
P IDG<|

Since € « 1, it is natural to look at lim¢—¢ G¢, i.e., the homogenization limit. If for
any p € R”, there exists a unique number H ;(p) such that the following cell problem
has (approximate) Z"-periodic viscosity solutions in R":

p+ Dw

—d|p+ Dw| div| ———
|p+ Dw|

) +|p+Dw|+V(y) - (p+Dw) = Ha(p), (1.4)
then standard tools in the homogenization theory imply that

lin}) Gé(x,1) = G(x,1) locally uniformly in R x [0, +00).

€—>

Here G is the unique solution to the following effective equation, which captures the
propagation of the mean flame front (see Fig. 3 below).

(1.5)

G,+Hqs(DG) =0
G(x,0) = Go(x) initial flame front.

Solution to the cell problem (1.4) formally describes fluctuations around the mean
flame front, i.e.,

G(x.1) = G(x.1) +ew(x, ’eﬁ) +0(),
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where for fixed location-time (x,7) and p = DG (x, 1), w(x, -) is a solution to (1.4)
with mean zero, i.e., fol w(x, y)dy = 0. The quantity Hy (p), if it exists, can be viewed
as the turbulent flame speed (s7(p)) along a given direction p. There is a consensus
in combustion literature that the curvature effect slows down flame propagation [17].
Heuristically, this is because the curvature term smooths out the flame front and reduces
the total area of chemical reaction [18]. However, this folklore has never been rigorously
justified mathematically. If the curvature term is replaced by the full diffusion (i.e., the
Laplacian A), a dramatic slow-down is proved in [10] for two dimensional cellular flows.
So in the G-equation setting, Question 1 can be formulated as

Q2: How does H 4(p) depend on the Markstein number d? In particular, is it decreasing
with respect to d?

We remark that the decrease of turbulent flame speed with respect to the Markstein
number has been experimentally observed (e.g., [5]).

1.1. Slow-down of flame propagation. For general V, we do not even know the existence
of Hy(p),i.e., the well-posedness of (1.4). In fact, given the counter-example in [3] for a
coercive mean curvature type equation, the cell problem (1.4) and the homogenization in
our non-coercive setting is very likely not well-posed in general. To avoid this existence
issue, as the first step to investigate the above Question 2, we consider the shear flow in
this paper:

V(x) = (v(x2),0) forx = (x1,x2) € R>.

Here v : R — R is a smooth periodic function. Then for p = (y, u) € R?, the cell
problem (1.4) is reduced to the following ODE:

d)/zu)” .
—m+\1y2+(u+w/)2+yv(y)=Hd(p) in R. (16)

It is then easy to show that there exists a unique number H 4(p) such that the ODE (1.6)
has a C? periodic solution. Throughout this paper, we denote w as the unique solution
satisfying that w(0) = 0. To simplify notations, we omit the dependence of w on d. The
following is our main result.

Theorem 1.1. Assume that v = v(y) is not a constant function. Then
(D) Ha(0, ) = |pl;
(2) (Major Part). If y # 0,

IHa(p) -

0.
ad

So Hy is strictly y decreasing with respect to the Markstein number d > 0.
3) limy_o+ Hg = Hg. Here Hy(p) is the unique number (effective Hamiltonian)
such that the following inviscid equation admits periodic viscosity solutions

VrE+ (w+wy)?+yv(y) = Ho(p) inR.

@) limg— 100 Hg = |p| +y fol v(y) dy and limy_, ;o0 w = 0 uniformly in R.
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Proofs for (1), (3) and (4) are simple. The real challenge is to prove the major part
(2). A key step in our proof is to establish a highly sophisticated class of inequalities,
see Lemma 2.3 (the discrete version) and Theorem 2.1 (a specific continuous version).
Some calculations in high dimensions will be presented in Sect. 2.2 when the ambient
fluid is near rest.

It might be tempting to think that there exists an explicit formula of H 4(p) since (1.6)
is “just” an ODE. However, this is not the case. For example, let us look at a simpler cell
problem associated with the 1-d viscous Hamilton—Jacobi equation arising from large
deviations and quantum mechanics:

—dw" +|p+w'|*+G(y)=H(p,d) inR.

Here the potential G is a smooth periodic functionand H (p, d) is the unique number such
that the above equation has C 2 solutions. The viscous effective Hamiltonian H (p, d)
actually determines the spectrum of the 1-d Schrédinger operator (Lu = —du” + Gu)
and it is closely related to the inverse scattering solution of the KdV equation [11]. We
want to remark that the strict decreasing of H(p, d) with respect to d can be easily
established in any dimension. See (2.13) in Remark 2.1.

1.2. Selection of physical fluctuations as d — 0*. To have a more complete picture, it
is also interesting to ask what is the limit of solutions of (1.6) as d — 0% (the vanishing
curvature limit). When d = 0, equation (1.3) becomes the inviscid G-equation

X
G +V(=)- DG +|DG*| = 0.
€
It is proved in [4,19] independently that there exists a unique Ho(p) such that the
corresponding cell problem
|p+Dw|+V(y)- (p+Dw) = Ho(p) inR" (1.7)
admits a periodic (approximate) viscosity solution. This implies that
lirr%) G¢(x,1) = G(x,1) locally uniformly in R x [0, +00).
€—>

Asin the curvature case, here G is the unique solution to the following effective equation,
which captures the propagation of the mean flame front:

G,+HyDG)=0
G(x, 0) = Go(x) initial flame front.
The formal two-scale expansion says that

Go(x,1) = G(x, 1) +ew(x, g) +0(?),

where the fluctuation w(x, -) is a solution to (1.7) with p = DG (x, 1) for fixed (x, 7).
Nevertheless, solutions to (1.7) are in general not unique even up to a constant. This
motivates

Q3: which solution to (1.7) is the physical solution that captures the fluctuation of flame
front?
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One natural approach is to look at the limit of solutions to (1.4) (if it exists uniquely)
asd — 0. The limit is, however, very challenging and unknown in general. In this paper,
we identify the limit for the Eq. (1.6) under some non-degeneracy conditions.

It is easy to show that as d — 07, the solution w to (1.6), up to a subsequence,
converges to a periodic viscosity solution wq of

V72 + (m+wp)? +yu(y) = Ho(p) inR. (1.8)

When y = 0, w = wo = 0. Without loss of generality, we set y = 1 in this section and
denote

Ho(w) = Ho(p).
Without loss of generality, in this section, we also assume that

max v = 0.
R

1.2.1. Uniqueness case. If |u| > fol V(1 =v)?2— 1dy,ﬁ(,u) > 1 is the unique number
such that

l —
Il = /0 J#Ew -2 - 14y,

Also, the inviscid Eq. (1.8) has a unique solution up to a constant, i.e.,

wo(x) = (sign(u))/o \/(ﬁ(u) —v()? = ldy — px +c

for some ¢ € R since wy, + 4 cannot change signs. Accordingly, by w(0) = 0,

Jim w=GignGo) [ @G0 =002 = 1y -

1.2.2. Non-uniqueness case. When |u| < fol V(1 —v)2 —1dy, Hy(u) = 1. The lim-
iting problem is more interesting since solutions to the inviscid Eq. (1.8) are not unique
if the set

Mo={xe€[0, D] vx)= mﬁng = 0}
has multiple points. For example, assume that x; € My fori = 1,2. Choose x,; €
(x;, x; + 1) such that

xi+1

/x’” JA =02 —1dy - JA =02 —1dy = p.

Xp,i

Then
So V(A =v()? = 1dy — px, Vx € [x;, xp.i]
wi(0) =1 [ VA —v))? = Ldy = [ /(1 —v(y)? = 1dy — px,

Vx € [xy,i, xi +1]
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(extended periodically) are both viscosity solutions to (1.8) and w1 —w» is not a constant.
So a very interesting problem is to identify the solution selected by the limiting process,
i.e., the physical fluctuation associated with the inviscid G-equation model. Hereafter,
we assume that

M is finite and v” (x) is distinct for x € M. (1.9
Choose the unique x € My such that

—0"(X) = min {—v"(x)}.
(%) Mo{ (x)}
Choose x,, € (x, x + 1) such that

Xy x+1
[ \/(l—v)z—ldy—/ VA =v)?2—1dy=p.

Clearly, such x, is unique. The following is our selection result.
Theorem 1.2.

lim w = wo(x) — wo(0) uniformly in R.
d—0*

Here

f; VA —v)?2—1dy—pux, Vx € [x, x,]
wo(x) = { [2* /(A —v)2 —1dy — f;‘ﬂ VA =v)? = 1dy — px, (1.10)

Vx € [xy, x +1].

We would like to point out that selection problems of similar spirit have been studied
for the vanishing viscosity limit ([1,2,7], etc), after which the viscosity solution was
originally named. In these references, the authors aim to identify lim._, ¢+ v.. Here v is
the unique smooth solution to

—€Ave + H(p + Dve,x) = H(p,e) inR".

The most important case is the mechanical Hamiltonian H (p, x) = | p|2 + G(x) witha
potential function G. The limiting process resembles the passage from quantum mechan-
ics to classical mechanics ([1,6]). The works [1,2] deal with some special cases in high
dimensions by employing advanced tools from dynamical systems and random perturba-
tions. Assumptions therein are very hard to check, however. The method in [7] is purely
1-d. Based on simple comparison principles of PDEs/ODEs, our arguments are simpler
and more robust. In particular, they can be easily extended to handle certain cases in
high dimensions. The rest of the paper contains the proofs of the main theorems.
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2. Proof of Theorem 1.1

Proof. (1) is trivial. Let us prove (2) which is the most difficult and interesting part. Fix
(y, ). Denote ¢ = ‘“w

—%+\/1+¢2+v(y)=E(d)= HdT(p) inR

. Then ¢ is the unique periodic solution to

subject to fol d(x)dx = % To prove (2) is equivalent to showing that

E'd) < 0.

Due to the uniqueness of ¢ and E (d), their dependence on d is smooth. Taking derivative
on both sides of the above equation with respect to d, we obtain that

—dF +b(x)F = E'(d)(1+¢>) + ¢/,

where b(x) = 1 <f>2 + ¢/ 1+¢2 and F(x) = ¢q(x), i.e., the derivative of ¢ with

respect to d. Clearly, F is periodic and has zero mean, i.e., f onF = = 0. Note that v is
not constant is equivalent to saying the ¢ is not constant. Then (i) follows immediately
from Lemma 2.1.

(3) Integrating both sides of (1.6), we obtain:

1 1
Hd(p)=/0 \/7/2+(M+w/)2dy+)//0 v(y)dy. (2.11)
So due to the convexity of s(t) = /Y2 +t2,

1
Ha(p) = |pl +)// v(y)dy.
0
Also, by maximum principle, we have that
Ha(p) < |pl +max yv
and
max |u+w'| < H, —minyv < |p| +2max |yv|.
Rlﬂ | < Ha(p) RV_|P| RI)/I
Hence, up to a sequence, we may assume that
lim H; = Hy and lim w = wy uniformly in R.
d—0 d—0+

Then the stability of viscosity solution immediately implies that wg is a continuous
periodic viscosity solution to

N2 — .
y2+ (1w +wy) +yv(y) = Ho(p) inR.

Note that H(p) is unique number such that the above equation has a periodic viscosity
solutions wyq although wo might not be unique. See [8] for general cases.
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(4). If y = 0, this is trivial. So we assume that y # 0. Note that estimates of Hy and
w +w’ in (3) are independent of d. Since

1 —
w'= 20+ e w)?) (\/ yie (et w)?+v - Hd(M)) ,

we have that
max |w”| < =
R

for a constant C independent of d. Due to the periodicity of w and w(0) = 0, it is
obvious that

lim w= lim w =0 uniformlyinR.
d—+00 d—+00

Combining with (2.11), (4) holds. O

Lemma 2.1. Let d > 0 and ¢ be a non-constant C' periodic function. If the following
equation has a mean-zero, periodic solution F

—dF' +b(x)F = ¢ +a(1+¢*) inR

for some o € R and

2d¢’
b(x) = 1+"’¢"2’ + o/ T+¢2,

then
a < 0.

Proof. Tt suffices to prove this for d = 1. The proof for other d is similar. We can solve
F in terms of ¢ and «. Using F is periodic and mean zero (i.e., F(0) = F(1) and

fol F(s)ds = 0), it is easy to obtain that

eg“)fol ¢'e=8W dx f()l €8 dx — (e8M) 1)f01 80 [X ¢/e=8M) dydx
eg(D) fol(l +¢2)e—8M) dx fol e8() dx — (e8() — 1)f01 €8 [*(1 +¢2)e=s®) dydx

Here
g(x) = /0 b(y)dy = log(1 + ¢*(x)) — log(1 + $*(0)) + /0 ¢y 1+¢2dx.

In particular, g(1) = fol ¢+/1 + ¢? dx. The denominator is obviously positive. Hence
o < 01is equivalent to proving the inequality

1 1 1 x
eg(l)/ et dx/ ) g > (8 _ 1)/ eg(x)/ =50 dydx
0 0 0 0
for every non-constant C! periodic function ¢. Denote that

h(x) = fx oV 1+¢p2dy.
0
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Then it is equivalent to showing that

1 / 1
eh(l)/ ¢ zefh(’” dx/ (1+¢?)e"™ dx
o 1+¢ 0

h(1) : 2onw [C hy
—1 1+ 0 TPy
> (e )/0( Ve /01+¢2e y

Write A(¢) = arctan ¢. Using integration by parts and ¢ (0) = ¢ (1), we have that
1 1
LHS = "D (A(¢(1))e_h“) — (1) + / AM@)e "1+ ¢2 dx) / (1+¢He"™ dx.
0 0
and the RHS is
RHS = ("0 = 1) (3 2(@) 1+ 92 dx = 2@ (D) fy (1 +¢7)e") dx)
(D 1) ([ (4 Dt [ 3@)e Oy T+ §2dydx) .

By Fubini Theorem,
1 X
/(1+¢2)eh<x)/ AMP)e "o/ 1 + @2 dydx
0 0
1 1
=/ ,\(¢)e—h<x)¢\/1+¢2f (1+¢%)e"Y) dydx.
0 X

Then LHS—RHSis A+ B — C for
1 X
4@ =V [ @00y Tg? [+ 6 dyar,
0 0

1 1
B(¢)=/ )\(¢)e_h(x)¢\/1+¢2/ (1+¢>e"Y dydx.
0 X

and
1
C¢) = ("D 1) / AM@)(1 +¢2) dx.
0

If h(1) = 0,then A+ B — C = A+ B > 0 since sA(s) > 0. Cleary, “ = 0" if and only
if = 0. So we assume that

h(l) #£ 0.
Also, note that for (j;(x) = —¢(—x), the correspsonding

2¢'$
1+¢2

b(x) = +¢/1+¢2 = —b(—x)

and F(x) = —F(—x) satisfies that

—F' +b(x)F =@ +a(l +¢?).
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Hence, without lost of generality, we may further assume that
h(1) > 0.
Denote ¢, = max{¢, 0} and ¢_— = min{¢, 0}. Aso write

() = fo ¢1/1+ 0% dy.

Note that 2(x) = h* + h~. Now let us prove the following lemma. O

Lemma 2.2. We have that

A@) + B(@) — C@) = " V(A1) + B(s) — C () .
The equality holds if only if ¢ > 0, i.e., p— = 0.
Proof. Clearly

A@@) = "D [T a@e "D /T+¢7 [(1+¢De") dydx
="V [T a0 Op T+ g2 [ (1+ g2 el I dydx

> e WA(p,), since h~(x) < h~(y) forx > y.
Also,

B(¢) = [y M@n)e o /T+ 92 [1(1+¢2e" D) dydx
=" O [Fa@e ™ g/ T+ g2 [1(1+ g2 Ml D= De=h™ ) gydy

> " DB(¢y) since 0> h~(y) = h~ (1) forall y € [0, 1]
and

C@) < (D = 1) [ M) (1 +¢2) dx

IA

_ (M-
= mC(¢+)

<0,
Obviously, for all inequalities to hold, we must have h~ =0and ¢_ =0. O

Now let us continue the proof of Lemma 2.1. Since 2(1) > 0, that ¢ is not constant
implies ¢ is not constant either. By a small perturbation like ¢, + €, we may assume
that ¢, > 0 in computations below. Then h* is strictly increasing. After changing of
variables 2" (x) — x and writing ¥ (h*(x)) = ¢+ (x) and T = h*(1), we obtain that

T X 2
Ay = Aty :eT/ A(W)e_x/ —Vl:ﬂey dydsx,
0 0

T T 2
B =bry = [ awe [0 ayax
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and

dx.

T 1 2
Clds) = Cry = (7 — 1)/0 “‘/’)—V;w

So

T X /1 2
A1y +Bry —Cry = el / A()e ™™ / i e’ dydx
0

T
+/ )»(I/f)e_x eydydx
0

1)/ k(lﬁ)

Let M = max|o,71 ¥ = max[o,1] ¢+ > 0. According to Theorem 2.1 by taking f(x) =
A(Y) = arctan(yr), g(y) = %, L = arctan(M) and § = ——, we have that

V1+M2
VI o(f) and

ATy + Bry = Croy 2 525 flo rp MY (0) = (W (1) dxdy

= 7 o M@ () = 2 (0PI () (v) dxdy
> 0 since ¢, is not constant.

Here J (x) = ¢4 (x)/1 + ¢2. Combining with Lemma 2.2, A(¢) + B(¢) — C(¢) > 0.
O

2.1. The key inequalities. Givenn € N. Let {b;x}1<i k<n and {I;ik}lsi,ksn be two given
sequences of positive numbers satisfying that for all i, k

i n n k
D b+ bu=) bu+) bu=c.
=1 I=i 1=k =1
Here c is a constant independent of i and k. Also,

min{ min bj;, min bzk} >17>0. (2.12)
1<k<i<n 1<i<k<n

Lemma 2.3. Assume that L > 0 and g € C((0, L]) satisfies
g'(a) < —0 for some6 > 0.
Then

Za,2g<ak)bk+2a,2g(ak>bk>cZa1g<az)+— > (@i —ap)’
i=1 =

i=1 k=i 1<i,k<n

forall (ay, az, ...,a,) € (0, L]". Here T is from (2.12). Moreover, if 6 > 0, the equality
holds ifand only ifa; = a» = - -+ = a.
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Proof. By approximation, we may assume that & > 0. For convenience, denote

n i n n
Wiar, az, ..., a,) =y ai ) glabix+y_ai Y gla)bix
k=1

i=1 i=1 k=i
and
“ Ot
H(ai,ay, ..., ap) = czaig(ai) 5 Z (ai —ap)’.
i=1 1<i,k<n
It suffices to show that for any fixed r € (0, L),

min (W — H) =0
[r.L]"

and the minimum is attained when all g; are the same.
Choose (a1, a», as, ..a,) € [r, L1" such that

W(ai, az, a3, ..ay) — H(a, a2, a3, ..a,) = [mLi%(W — H).
r’

527

Assume that d; = maxj<;<,{a;}.Ifa; =r,thena; = a, = --- = a, = r and we are
J <i< J

done. So let us assume that
aj >r.
Then
Wa; — Hg; <0 at(ay, az, as, ..an).
Here we include < 0 since a; might be equal to L. Accordingly,
A1 8@0bjk + i 8@0bj
+¢/(@)) Yo abs +8'@p) Yo aub
<c(ga;) +a;g' @) +23 ,;0t@; —ar)
On the other hand, since g’ < —0 < 0, we also have that
S g@bjk+ i g@bje
+8'(a;) Yj—; axbij +g'(aj;) Yol by

> c(glaj) +a;g' @) +23 . 0ta; — ).

Hence all equalities should hold and a; = a, ... = a, follows from that g is strictly

decreasing. Then W (ay, ay, a3, ..a,) — H(ay, az, as, ..a,) = 0. O

Now we are ready to state a specific continuous version for our purpose.
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Theorem 2.1. Let T > 0 and f € C([0, T]) be a continuous positive function. Suppose
that g € C'((0, L]) for L = max[o,7] f.
(1)If g’ < —0 for some 6 > 0, then

T[T fe™ [ g(feY dydx + [ foe™ [T g(f(y))e’ dydx

> (" = 1) fy FO(F@Ndx+5 fiorp @) = F() dxdy.

(2)IfIf g > 0 for some O > 0, then
el [y fe™ [ g(f (e dydx + [y fFx)e™ [1 g(f()e” dydx
<" =D fy fFOF@Ndx =5 fio e 1 £ () = () dxdy.

Proof. (1)Forn € N, letx; = ‘L fori = 1,2, ..,n. Note that fori, k = 1,2,3,...n,

i n T+% _1 n k
ZeT—x,-Hq + Zexl—xi — ¢ - — ZgT—x1+xk + ZeXk_Xl'
I=1 I=i er =1 = I=1

Then desired inequality in (1) follows from Lemma 2.3 and Riemann sum approximation

. I 1
by taking a; = f(x;), c = < ,T =1,
en —1
bix = el =Nt and by = %% forl <i, k <n.

(2) follows immediately from (1) by considering —g. O

Remark 2.1. Similar to the proof of Theorem 1.1, (1) in the above Theorem 2.1 also
implies that the one dimensional viscous effective Hamiltonian H (p, d) given by the
cell problem

—dw"+H(p+w)+Gx)=H(p,d inR

is strictly decreasing with respect to the diffusivity d > 0 for a non-constant function
G, and a strictly convex function H : R — R. Here we choose f = p+w’ and g = #
after suitable translations. It remains an interesting problem whether this is also true in
high dimegsions. For the special case H(p) = %| p|?, using integration by parts, it is
easy to derive that

8ﬁ(p, d) fT" IDwd|Ze’wd dx
5d = — fw P <0 (2.13)

and “="holds if and only if G is a constant. Here w, represents the derivative of w with
respect to d. On the other hand, if H is non-convex, then (2) in the above Theorem 2.1
implies that for some p, H(p, d) could be strictly increasing with respect to d.
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2.2. Calculations in high dimensions in perturbative cases. Consider the case of weak
flow or §V for 0 < § <« 1. Let p € R” be a unit vector satisfying the Diophantine
condition, i.e., there exist 8, C > 0 such that

- C >
lp k| > TG for all k € Z"\{0}.

Owing to [9], when § is small enough, the cell problem (1.4) has a viscosity solution.
Formally, we can write the solution as

w = dwy + 8wy + 0(87)
and the constant (turbulent flame speed)
Ha(p) = |pl+38a1(p) +8%a2(p) + O(S). (2.14)

By comparing coefficients of 8 and 8%, w; and w, are determined by inhomogeneous
linear equations. They can be solved in terms of Fourier series. For example, w; satisfies

—d(Aw; —p-D2w1 -p)+p-Dwi+p-V=ai(p).

The equation for w; is more messy. Applying Fredholm alternatives to both equations,
we have that

ou(p)=p~/T Vdx =p-Ao

and

1 I P A1k
wip)=; [ pwilar=5 3 PR |p i pan?p B
T tezmo @ W P DS+ 1A

where A; € C" are Fourier coefficients of V,i.e., V = ZEeZ'l A;eizng'x. Clearly, ﬁd(p)

is strictly decreasing with respect to d. The approximation of H;(p) (2.14) can actually
be proved easily through maximum principles of viscosity solutions, i.e., evaluating at
where w — Swq — 52w2 attains maximum/minimum values.

3. Proof of Theorem 1.2
Let us first prove some lemmas. Recall that

Mo=1{xe€[0, D] vkx)= mﬂng =0}.

See Sect. 1.2.2 (non-uniqueness case) for the range of u, defintions of x and x, and
other assumptions like (1.9).

Lemma 3.1. Assume that Mg = {x}, i.e., it contains a single element. Then

fim W=

d—0* d
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Proof. Since M has only one element, 1 — v > 11in (x, x + 1). Then it is easy to see
that periodic viscosity solutions to

J1+(m+wy)?r+v(y) =1 inR

are unique up to a constant. Hence, since w(0) = 0,

dliI%+ w = wop(x) — wp(0) uniformly in R. 3.15)

Here wy is given by (1.10). Fix § > 0 and denote

[FJA=( 82 —1dy forx>x
us,+(x) =

[E/A=a£6u?2—1dy forx <i.
Apparently,
us,—(x) < uog(x) = wo(x) + ux < ug4(x) forx € [x, — 1, x,1\{x}
and us _(x) = uo(x) = us +(x) = 0. See the left picture on Fig. 4. Denote

es = min  {ug(x) —us —(x), us+(x) —uo(x)} > 0.
X=Xy OF X;;—

and
_ _ 1
ugs +(x) = wx) —wx)+pulx —x) + 56
Clearly, by (3.15), when d is small enough, there exist x4 5.+ € (x;, — 1, x,) such that
ug 5+(Xd,5,+) — us +(xXa,8,4) > ug s +(x) —us+(x) forallx € (x, —1,x,)
and

uds,—(xd,s,—) —us,—(xd,5,—) < ugs—(x) —us _(x) forallx € (x, —1,x,).

Hence maximum principle implies that

d“8,+ N2 H
5y 1+ g )P v < Ha(w) atxas..
L+ (ug ) '

So
dug + _ _
————F— < Hg(w) —1+dv < Hy(n) — 1 atxgs+.
1+ (uS,Jr)2
Sending d — O first and then § — 0, we derive that x4 5 + — x and
Hy(p) — 1
fimint 4TS T,
d—0t d
By looking at x4 s, —, similarly, we can obtain that
H -1
lim sup Haw) =1 < =V =V"(0).
d—0* d

Hence we finish the proof. O
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s+

us,—
/_/ ug

Y

v

Fig. 4. Left: graphes of us 4+ and u. Right: Turning points

Remark 3.1. The above proof based on comparison and maximum principle actually
also shows that for any subsequence {d,,} — 0, if

lim+ w(x) = wo(x)

dy—

and itp = px + Wwo(x) has turning point at some x’ € M, i.e. there exists a T > 0 such
that (see the right picture on Fig. 4)

[V —=v)?—1dy forx e[x x'+1]
f;/‘/(l—vﬂ—ldy forx e [x' — 1, x],

io(x) —ip(x") =

then

lim Ha, () -1 = /="' &).

Mm—>+00 dn
Lemma 3.2. Suppose that w is a periodic viscosity solution to the inviscid equation

Vit(pn+w)2+v=1 inR.

Then xo € R is a turning point of u(x) = ux + w if and only if u(x) attains local
minimum at x.

Proof. “="1s obvious. We only need to show that any local minimum point xo must be
a turning point. By the definition of viscosity solutions,

1+v(xg) > 1.

So v(xg) = 0 and xg € Mj. Choose T > 0 such that (xg, xo + 7) N Mo = ¥ and
i'(xg+71) = p+w(xg+71) > 0. Then we must have that

iW'(y) >0 foranyy € (xg, xo + 7) where i1’ exists.

Otherwise there will be a local mimimum point in (xp, xo + 7). Note that any local
minimum point belongs to M. This will contradict to the choice of t. Accordingly,

i =+v/(0=v)2—=1 in (xg, x0+7).
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Similarly, we can show that for some ¢/ > 0,

==y (1 =v)2—=1 in(xg — 7/, x0).

O
Proof of Theorem 1.2. Step 1: We first show that
H, -1
lidmior}rf% > /=0 (@) (3.16)

In fact, let 2(x) be a smooth periodic function satisfying that 4(x) = 0 and h(x) > 0
for x ¢ x +7Z. For € > 0, denote

Ve(x) = v(x) — eh(x)

and H 4 (p) from the cell problem (1.6) with y = 1 and v replaced by v,. It is easy to
see that

Hy() > Hye(p).

Choose € small enough such that

1
[ <f V(1 —ve)? —1dx.
0

Clearly, maxg ve = 0 and the maximum is only obtained at x + Z. Then (3.16) follows
immediately from Lemma 3.1.

Step 2: Suppose # = px + w is the limit of a subsequence of ux + w as d — 0.
Combining with the above Remark 3.1 and assumption (1.9), (3.16) implies that & can
only have a turning point at x. Owing to Lemma 3.2, u does not have local minimum

points in (¥, X +1). Together with |u| < fol v (1 —v)2 — 1dx, itis easy to see that there
exists a unique x,, € (X, x + 1) such that & is increasing in (x, x,,) and is decreasing in
(x,, X +1). Hence w must be uniquely given by the formula (1.10). O
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